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Exotic options

* Path-dependent options - payoff depends not only on the
value of the underlying asset at the expiration time, but
also on its evolution (path) before the expiration time

* Lowers the risk coming from sudden changes in prices

* Extra credit 2013, the price rose during the last day before
the expiration of the options:
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http://finance.google.com/
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Asian options

* Payoff depends on historical average of stock prices

* Classification of Asian options:
© based on averaging - arithmetic or geometric average

° pased on position of the average in the payoff - can
take the role of the stock price or the exercise price

* Average:
o arithmetic:
discrete case 4, = = > | S,
continuous case A; = 1 fot S_dr

© geometric:
discrete case ln 4, = £ 5" | In Sy,

continuous case In A, = 1 [*In S, dr
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Asian options

Stock price and its average (dashed line):
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Asian options

* Position of the average in the payoff
° the average price A enters the payoff taking the role of
the stock price - the option is called average rate call,
resp. put :
V(S,A,T) =max(A— FE,0) fora call
V(S,A,T) =max(E — A,0) for a put
° the average price A enters the payoff taking the role of
the exercise price - the option is called average strike
call, resp. put :
V(S,A,T) =max(S — A,0) fora call
V(S,A,T) =max(A—S,0) for a put
* So we have, for example:
° Asian arithmetically averaged average rate call option,

° Asian geometrically averaged average strike put option
|
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Differential of the averaged price

e \We will use continuous time
* Arithmetic average:

St — Ay
t

dA 1 [t 1
oS Sdr+=S =
i 2 ), T

* Geometric average:

InS; — In A;
t

dA 1 [t 1
E :At [_t_2/0 lnSTdT—I—zlnSt] :At

°* |n both cases:

ir-ar(S)a

where f(x,t) = (x — 1)/t, resp. f(z,t) = (Inx)/t
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PDE for the Asian option price

* Geometric Brownian motion for the stock price
dS = puSdt + oSdw, stock pays continuous dividends with

rate D
* Option price V =V (S5, A, 1):

oV OV 0 p0V OV (S
W Was o (WL TPV (5 )

* As in the case of the Black-Scholeso model:

© portfolio: option + stocks

° elimination the random part of the SDE for the portfolio
value

° vyield of a riskless portfolio has to be equal to r (riskless
Instantaneous interest rate)
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PDE for the Asian option price

* Resulting PDE for the Asian option price V' (S, A, t):

S + (r — D)S— + — —rV =0

O | o OV W (5
ot EXg 95 ") 04

for S € (0,00), A € (0,00),t € (0,7)
* Terminal condition depends on the option, e.g.,

V(S,A,T) =max(S — A4,0)

for S € (0,00), A € (0, 00)

* Three variables, but only one derivative of the second order
— the PDE is not in a suitable form for finding a numerical
scheme — for average strike option we perform a
transformation
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Transformation for average strike options

* Transformation:

V(S,At) = AW (z,t), x= %
* PDE for the function W (x, t):
oW o ,0*W oW oW
5 + 5% 52 —|—(T—D)ZB%—|—JC(CB,7§) (W — x%) —rW =0

forx € (0,00),t € (0,T)
* Terminal condition for = € (0, c0):

Wwell(z, T) = max(z — 1,0), WP%(z,T) = max(1 — z,0)
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Average strike option - example

* Option price V (S, A, t) for selected ¢:
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Barrier options

* Similar to classical call and put options

* The difference: if at some time of the life of the options the
stock price hits the given barrier, then:
° the option is no longer valid

° the option holder receives rebate from the writer
* Example: stock price (blue), barrier (brown)

70 70
B0 ] 5O
5 50 ] 3 50
* ______/ "
30 30 .
- . . , , , ioption expired
0 g2 04 0.8 0a 1 O 0.2 0.4 0.B 0.5 1

t t
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Barrier options - barrier and rebate

e (Classification of barriers:

° down-and-out: if the stock price hits th
above

e barrier from

© up-and-out: if the stock price hits the barrier from below

* A typical example of a barrier:
B(t) = bEe T~

where 0 < b < 1, > 0 are constants
* Example of a rebate:

R(t) = E (1 - e—W—t)) |

where 8 > 0 is a constant - satisfies R(T)

=0

XV.
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PDE for a down-and-out option

* Option is valid in the domain S > B(t) - here, the
Black-Scholes PDE holds:

OV 1 , .8V oV -

for S € (B(t),0),t € (0,T).

* On the boudary, i.e., for S = B(t) - the option is cancelled
and its value equals the rebate:

fort e (0,T).

* Terminal condition for S € (B(t),00),t = T depends on the
option type:

Vell(§ T) = max(0,S — E), VP¥(S,T) = max(0,E — S)
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PDE for a down-and-out option

* Transformation to a fixed domain z € (0, c0):

V(S,t) = W(z,1), z=1n (%) |

* PDE for the function W:

AL p-Z _ o) _sw=0
8t+20 Ox? " 2 “ ox "

oW 1282W+< o2 >8W

for x € (0,00),t € (0,7T).
* Boundary condition: W (0,t¢) = R(t) pret € (0,7T).
* Terminal condition:

veadl(z, T) = Emax(0, be® — 1)
VPul(z, T) = Emax(0,1 — be?®)

for x € (0, c0).
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Up-and-out option: homework

* Write the mathematical formulation of pricing an
up-and-out option: PDE (and its domain), boundary
condition, terminal condition

* Transform it to a PDE on a fixed domain
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Barrier options: example

* Price of a barrier option:

325 35 375 40 425 45 475
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Barrier options: interactive

* Web page:
http://demonstrations.wolfram.com/BarrierOptionPricingWithinTheBlackScholesModel/

* Requires the player, available at:
http://demonstrations.wolfram.com/download-cdf-player.ntmi

barrier type  up and out | up andin  down and out | down and in

opson type [call put |
Vdjz'—__'lj_[: 1 and in call: price ¥s. spot
b

‘time to expiny

shoue vanilz ¥

barrier opton  —— strike .
wanitla antion harrier

Wolfram ﬁ Demanstrations Project demonstrations wolfram.corm
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Basket options, options on indices, etc.

* Payoff of the option depends on the value of several assets
or on the value of an index

* EXAMPLE 1: spread options - payoff depends on a
difference between values of two assets at the expiration
time, e.q.,

V(Sl, SQ,T) — max((Sl — S2) — E, 0)
- useful for example for commodities (prices of an input

and an output)

* EXAMPLE 2: options on indices - for example S&P 500,
NYSE, ...
If each stock follows a GBM, we obtain n-dimensional
Black-Scholes equation (n = number of stock in the index)
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Basket options, options on indices, etc.

* Trading S&P 500 options:

S&P 500" Weeklys Options

Average Daily Volume Rose 98% from 2012 to 2013

197,126

99,358
28,910

2,782 3,930 10,053 18,074

2007 2008 2009 2010 2011 2012 2013

Source: CBOE www.cboe.com/SPXW

http://www.cboe.com/
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Lookback options

* |Lookback options - payoff depends on the maximal price of
the underlying asset during the given period

M = M%O = max (S, t € [Tp, 1)),

where T > 0

* For example: maximum M instead of the stock price on the
payoff:
Vedl(S M, T) = max(0, M — E)
VPu(S M, T) = max(0, E — M)
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Spread options: Margrabe formula

* Recall: spread options

V(Sl, SQ,T) — max((Sl — 52) — E, O)

* Suppose that the stocks do not pay dividends and that

dS] = ulsldt+c7151dw1
dSs = p9Sodt + o9S2dwo

where E|dw;dws| = pdt

* For the case of £ = 0 there is an explicit formula for the
option price - co called Margrabe formula

* We derive the PDE for the option price and find its solution
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Spread options: Margrabe formula

* Similarly as in the derivation of the Black-Scholes model

* Portfolio:
© one option V
o —Aj stocks S,
o —A, stocks S5
Portfolio value: P =V — A151 — AySs
* Change in the pofolio value P = dV — A1dS1 — A2dSo,
where
° dS1,dSy are in the assumptions
° dV is given by the multidimensional Ito lemma (since
V = V(Sl, Sg,t))

* We eliminate randomness (terms dw1, dws) - by setting

_ oV _ oV
Ay = asl’A2—asz

* Yield of a riskless portfolio has to be r |
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Spread options: Margrabe formula

* The resulting PDE:

1% oV ov 1 4, ,0*V 1 5 0 0%V
ot T lgs, T, Tatigg T 7252552 052
0%V
+p01095159 95155 —rV =0

with terminal condition

V(Sl, SQ,T) — maX(Sl — SQ, 0)

* Transformation:

S1

V(S17‘927t) — Szf(aj,t), r = —
S2
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Spread options: Margrabe formula

* PDE for the function f(z,t):

Of |1, ,0°f

-, T 50X

7 _p
ot 2 Ox? ’

kde 6° = 0% + 05 — 2po1 09
* Terminal condition f(z,T) = max(x — 1,0)
* This is the Black-Scholes PDE for a call, where
° the variable x corresponds to the stock price S
© exercise price £ =1
° Interest rate Is zero
* Hence, the solution is: f(x,t) = xN(dy1) — N(ds), where

~ 2
_ logaz+Z-7

dy= 22 dy = dy — 6/7
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Spread options: Margrabe formula

* Solution in the original variables (i.e., the spread option
price):
V(S1,59,t) = S1N(dy) — SaN (d2),
where
log g—; + %27
di = e

- this is known as Margrabe formula

7d2:d1_5-\/;

* HoOMEWORK: Derive the spread option price, if the stocks
pay continuous dividends with rates ¢y, ¢-.

XV. Pricing exotic derivatives — p. 26/26



	Exotic options
	Asian options
	Asian options
	Asian options
	Differential of the averaged price
	PDE for the Asian option price
	PDE for the Asian option price
	Transformation for average strike options
	Average strike option - example
	Average strike option - example
	Barrier options
	Barrier options - barrier and rebate
	PDE for a down-and-out option
	PDE for a down-and-out option
	Up-and-out option: homework
	Barrier options: example
	Barrier options: interactive
	Basket options, options on indices, etc.
	Basket options, options on indices, etc.
	Lookback options
	Spread options: Margrabe formula
	Spread options: Margrabe formula
	Spread options: Margrabe formula
	Spread options: Margrabe formula
	Spread options: Margrabe formula

