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Urokové miery

* Doteraz sme modelovali okamzitu drokovu mieru
* Teraz: urokove miery s ostatnymi splatnostami
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Dlhopisy

* Dlhopis
© cenny papier, ktory v stanovenom case (naz. sa

splatnost’ alebo maturita dlhopisu) vyplati dohodnutu
sumu - nech jeto 1 USD

° P(t,T) = cena dlhopisu v Case t , ak jeho maturita je v

case T
° R(t,T) = urokova miera s maturitou 7' v Case t
° Plati:
log P(t,T
PU.T) = DT 1) — - EPED)

* V short rate modeloch: cena dlhopisu P je rieSenim PDR,
P = P(r,t,T)
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Odvodenie PDR pre dlhopis

* SDR pre short rate:

dr = u(t,r)dt + o(t,r)dw

* Uvazujme dlhopis s maturitou 7" , potom Itoova lema dava:

oP oP o” 82 oOP
~ — N——
KB (t,’l“) o5 (t,?“)

e Portfolio: 1 dlhopis s maturitou 77 a A dlhopisov s
maturitou 77 ; jeho hodnota:

II = P(T,t,Tl) + AP(T,t,Tg)
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Odvodenie PDR pre dlhopis

* Zmena hodnoty portfélia:

dil = dP(r,t, T1) + AdP(r,t,T»)
- (/“LB('rataTl) + AMB(TataTQ)) dt
+(op(r,t,T1) + Aop(r,t,T3)) dw

* Eliminujeme nahodnost' tym, ze zvolime

UB(ta r, Tl)
UB(t7 r, T2)7

A=—

potom

OB t,?“,Tl
dIl = (ILLB(t,T,Tl) — O'Bgt . Tgi

up(t,r, Tg)) dt
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Odvodenie PDR pre dlhopis

* Vynos bezrizikoveho portfolia musi byt r (okamzita
urokova miera), t.j. dII = rIldt:

up(t,r,T1) — Zig:;: ;;;,ug(t,r, Ty) = rll
* Dosadime:
pup(t,r, 1) — Zig::: giuB(tm T5)
— (P(t,r, Ty) — Zii: ;;;P(t,r, T2)>
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Odvodenie PDR pre dlhopis

* Maturity 77,75 boli fubovolné, preto musi existovat’
A= \(r,t) tak, ze pre kazdeé t¢:

up(r,t,T) —rP(r,t,T)
O-B(Tat7T)

A(r,t) =

* Funkcia A\ = A\(r,t) nezavisi od maturity 7'; nazyva sa
trhova cena rizika

* Zaver: PDR pre cenu dlhopisu P = P(r,t) je

0P OP  o?(r,t) 0°P
e + (p(r,t) — A(r, t)o(r, t))a + 5 92 rP = 0.

pre r € (0,00),t € (0,7T) s koncovou podmienkou
P(r,T)=1prer € (0,00)

Cenv dlhopisov v short rate modeloch — p. 7/21



Explicitné riesenia

* Explicitné rieSenie pre cenu dlhopisu:
° VaSickov model s trhovou cenou rizika \(r,t) = A
° CIR model s trhovou cenou rizika \(r,t) = Ay/r

* RieSenie hfadame v tvare
P(r,7) = A()e BT

kde r =T —1t

* Dosadime do PDR pre cenu dlhopisu = dostaneme
system obycajnych diferencialnych rovnic pre funkcie
A(T), B(1) = tento system sa da explicitne vyrieSit
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Vasickov model

* System ODR:
. 0‘2
—A+7AB2—(/<;<9—)\J)AB = 0
B+kB—-1 = 0

so zaciatocnymi pomienkami A(0) = 1, B(0) =0

* Funkcie A, B:
1_6—%3’7’
B(1) =
() =——
log A(T) = l(1— ) —7| R 7 (1—e "2
g A(T) = - € T T 43 € 3

kde R, =0 — 22 _ &

K 2K2

* Plati: R, Je limita vynosovych kriviek

Cenv dlhopisov v short rate modeloch — p. 9/21



Tvary vynosovych kriviek

=< inverse

Yield

\
R

humped

=t

normal

Time to Matunty

M. Keller-Ressel, T. Steiner: Yield Curve Shapes and the Asymptotic Short Rate
Distribution in Affine One-Factor Models - tvary kriviek vo vSeobecnom 1-fakt. model
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Kalibracia:

Furibor, 2011
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Simona Chattova, diplomova praca (2013)
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Co ma byt short rate?

* V predchadzajucom priklade 1W Euribor; preco nie
overnight (Eonia):

Obr, 2: Vsl sadzby BEONIA v pricbeln rokua 2014 a vyzoatend konee mesineoy [Zdroj:

MM

EONIA 2014

] ) “,.rh
s

—ENA =——=Paosledny obchodny defv mesiaci

Juraj Ivan, bakalarska praca (2015)
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Co ma byt short rate?

* Odhadovanie short rate spolu s parametrami Vasickovho
modelu:

Euro short rate, 2008 < 10" Euro shaorl rate, 2070
; . . .
T
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Ficure 5. Comparison of the estimated short rate and the overnight for
Euribor: 2008 (left), 2010 (right).

J. Halgasova, B. Stehlikova, Z. Buckova: Estimating the short rate from the term
structures in the Vasicek model |, Tatra Mountains Mathematical Publications 61
(2014), 87-104
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CIR model

* System ODR:
A+ kOAB = 0,
2

B+(/<;+AJ)B+%BQ—1 ~ 0,
so zaciatocnymi pomienkami A(0) =1, B(0) =0
* Funkcie A, B:
2 (9™ — 1
B(r) = Gl

(W +¢) (9™ — 1) +2¢°

2pe(P+¥)T/2 o2
(¢+¢X¢T—D+ﬂ¢) ’

kde ¢ = k + Ao, ¢ = /Y2 + 202 = \/(k + \o)? + 202.

A@):(

Cenv dlhopisov v short rate modeloch — p. 14/21



Vseobecny jednofaktorovy model

* Vo vSeobecnosti neexistuje explicitne riesenie

* Numerické rieSenie PDR, analytické aproximacné formuly,
Monte Carlo simulacie

* Napriklad (so zameranim na moj vyskum v tejto oblasti):

© Y. Choi, T. Wirjanto, : An analytic approximation formula for pricing
zero- coupon bonds , Finance Research Letters 4 (2007), pp. 116-126.

B. Stehlikova, D. Sevéovi: Approximate formulae for pricing
zero-coupon bonds and their asymptotic analysis. International Journal
of Numerical Analysis and Modeling, 6(2) 2009, 274-283.

© T. Chernogorova, B. Stehlikova: A Comparison of Asymptotic Analytical
Formulae with Finite-Difference Approximations for Prici ng Zero
Coupon Bond . Numerical Algorithms 59 (4), 2012, pp. 571-588.

B. Stehlikova, L. Capriotti: An Effective Approximation for Zero Coupon
Bonds and Arrow-Debreu Prices in the Black-Karasinski Mode l,
International Journal of Theoretical and Applied Finance 17, 2014, 1450037
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Viactaktorové modely

* Motivacia:
© vynosova krivka nie je jednoznacne urcena hodnotou
okamzitej urokovej miery
© viac moznych tvarov vynosovych kriviek
© samotné modelovanie okamzitej Urokovej miery
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Konvergencné modely

* Domaca urokova miera pred vstupom do menovej Unie je
ovplyvnovana urokovou mierou v menovej unii

* Ukazka: Slovensko pred prijatim eura:

110, 2008 - 31 12, 2008, Brit-or and Eonia

- L — - 3 —e
=1ty L e decE janid
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Konvergencné modely

* Prvy model:
T. Corzo and E. S. Schwartz: Convergence within the European Union:

Evidence from interest rates . Econom. Notes 29, 2000, 243-268.

* Tieto modely su predmetom vyskumu na katedre, napr.
Z. Zikova, B. Stehlikova: Convergence model of interest rates of CKLS type

Kybernetika 48, 2012, 567-586
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Short rate ako sucet dvoch faktorov

* Okamzita urokova miera ako sucet dvoch faktorov, kazdy z
nich je modelovany stochastickou diferencialnou rovnicou
(napr. Vasickovho alebo CIR typu)

* Aplikacia:
L. Sestak: Mathematical Analysis and Calibration of a Multifactor Pan el
Model for Credit Spreads and Risk-free Interest Rate , dizertaCna praca, FMFI
UK, 2012

r=r" e

kde "/ je risk-free rate (spolo€na pre vsetky Staty) a r je
credit spread (pre kazdy Stat samostatne)
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Short rate ako sucet dvoch faktorov

HRigk-free rate and cre dit spreads
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Dvojfaktorové modely

* Model pre okamzita urokovu mieru: r = r(x,y), pricom z,y
su faktory spifiajlce systém

dr = jpg(z,y,t)dt + o (x,y,t)duy
dy = py(x,y,t)dt + oy(z,y,t)dw,
_ ofw, ol
korelacia: ]E[d::-::dyﬂ = pdt
* Cena dlhopisu: P = P(x,y,t)
* PDR pre P(x,y,t): znovu portfolio z dlhopisov s réznymi

maturitami (teraz tromi), také pocty dlhopisov, aby portfolio
bolo nenadhodné
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