Metddy riesenia uloh z pravdepodobnosti a Statistiky

Domaca uloha 1, termin odovzdania: 28. 2. 2024 (na zaciatku cvicenia)

e RieSenia sa odovzddvaju napisané na papieri (nie elektronicky).

e Pri rieSeni domdcich uloh mézZete v primeranej spolupracovat, ale vysledné rieSenie
musi napisat kaZdy samostatne. Odpisané ulohy budu hodnotené 0 bodmi. Ak
spoluprdcu nebudem povaZovat za primerand, zmeni sa systém domdcich uloh tak, Ze
kazdy bude riesit iné zadania.

e PIny pocet” bodov za domdcu ulohu je 60, mézZete vsak ziskat aj viac ako 60 bodov.
Do vypoctu priemeru sa pocitaju vsetky ziskané body. , Plny pocet” sa chdpe v tom
zmysle, Ze ,plny pocet” z kaZdej ulohy + bezchybnd pisomka = 100 bodov

Priklad 1 (20 bodov). Na kaZdej zo Siestich kartiCiek je napisané jedno pismeno a su
usporiadané tak, Ze vytvdraju slovo KARATE. ZamieSame ich (tak dobre, Ze kazdé usporiadanie
karti¢iek ma rovnaku pravdepodobnost) a uloZime vedla seba. Aka je pravdepodobnost, Ze
vznikne slovo RAKETA?

Priklad 2 (20 bodov). Hraci Adam, Boris a Cyril sa umiestnili v Sachovom turnaji s rovnakym
poctom bodov na prvom mieste. O celkovom vitazovi sa ma rozhodnut v dodatoc¢nych hrach.
Za vitazstvo sa v nich dava jeden bod, za remizu pol bodu a za prehru ni¢. Hry budu prebiehat
nasledovne: Najskor hraci zohraju kazdy s kazdym po jednej hre. Ak niektory z nich ziska viac
bodov ako obaja ostatni, stdva sa vitazom. Ak sa na prvom mieste znovu umiestnia viaceri
hraci, ti medzi sebou znovu zohraju takéto kolo. Takto sa bude pokracovat, kym nebude
uréeny vitaz.

Adam hra Sach dobre, ale opatrne. S Borisom ani s Cyrilom nikdy neprehra, ale Borisa porazi
len s pravdepodobnostou 0,1 a Cyrila s pravdepodobnostou 0,2. Stretnutie medzi Borisom a
Cyrilom je dobrodruiné a nikdy sa nekonéi remizou. Boris v tejto hre zvitazi s
pravdepodobnostou 0,6 a Cyril s pravdepodobnostou 0,4. Vysledky jednotlivych hier su
nezavislé. Aka je pre jednotlivych hracov pravdepodobnost, Ze sa stanu vitazmi turnaja?

Priklad 3 (40 bodov). Vratime sa k prikladu z cvicenia, kde vystupoval Student na pisomke
z dejepisu, na ktorej tipoval odpovede. Na cvi¢eni sme uvazovali situdciu, Ze voli nahodnu
permutaciu odpovedi. M6zZe viak postupovat aj tak, Ze sa pri kazdom prezidentovi rozhodne,
aké obdobie mu priradi asrovnakou pravdepodobnostou zvoli hociktord z moznosti.
Odpovede pre jednotlivych prezidentov pritom voli nezavisle.

a) (10 bodov) Aké zndme pravdepodobnostné rozdelenie ma pocet spravnych odpovedi
v tomto pripade? Uvedte typ rozdelenia a jeho parametre.

b) (10 bodov) Akd je strednd hodnota poctu spravnych odpovedi, ktoru takymto
postupom dosiahne?

c) (10 bodov) Za kazdu spravnu odpoved je jednej bod. Akd je pravdepodobnost, Ze pri
tejto stratégii bude mat z pisomky nula bodov?

d) (10 bodov) Predpokladajme, Ze Student potrebuje ziskat z pisomky aspor jeden bod
(kvoli systému hodnotenia a jeho doterajsim vysledkom z tohto predmetu). Navrhnite
stratégiu, pri ktorej to dosiahne s najva¢Sou moznou pravdepodobnostou.



Priklad 4 (40 bodov). Pokracujeme v analyze prikladu o Studentovi, ktory tipoval odpovede na
pisomke z dejepisu. Umelej inteligencii sme zadali otazku na pravdepodobnost nulového
poctu spravnych odpovedi v pripade, Ze Student volil ndahodnu permutdciu odpovedi, ktoré
priradil k jednotlivym prezidentom (teda uvaZujeme stratégiu z cvi¢enia). Spravili sme to
dvakrat, v obidvoch pokusoch sme sa na Ul obratili s otdzkou:

f You

A high school student who hadn’t opened his American history book in weeks was
dismayed to walk into class and be greeted with a pop quiz. It was in the form of two
lists, one naming the 24 presidents in office during the 19th century in alphabetical
order and another list noting their terms in office, but scrambled. The object was to
match the presidents with their terms. The completely clueless student had to guess
every time.

He chose a random permutation of the list. What is the probability that no president
is matched with his term in office?

Odpovede su vo forme obrazkov uvedené na konci tejto domacej ulohy. Ako textovy subor su
na stranke predmetu pri subore so zadanim ulohy.

a) (10 bodov) Vo oboch pokusoch nam umel3 inteligencia spomina tzv. dearrangements
aich pocet D(n). Vysvetlite, ¢o tento pojem znamend a vypocitajte hodnotu D(n)
priamo z definicie pre mald hodnotu n (3 alebo 4).

b) (10 bodov) Pre D(n) sa uvadza vztah D(n) = (n — 1)(D(n — 1) + D(n — 2)). Je tento vztah
spravny? Svoje tvrdenie dokazite. Teda: Ak tvrdite, Ze vztah je sprdvny, dokdzte ho. Ak
tvrdite, Ze nie je sprdvny, ndjdite kontrapriklad — hodnotu n, pre ktort sa sprdvny pocet a pocet
ziskany uvedenym vztahom lisia.

c) (10 bodov) Zaciatoéné podmienky pre rekurentny vztah si v prvom pripade uvedené
ako D(0) = 1, D(1) = 0, vdruhom ako D(1) = 0, D(2) = 1. Su tieto hodnoty spravne?
Dokazte.

d) (10 bodov) Pri vypocte D(24) sme dostali v prvom a druhom pokuse rézne vysledky (a
tym padom aj r6zne odpovede na otdzku o pravdepodobnosti). Je niektorad z nich
spravna? Alebo je spravna hodnota ina? Kde konkrétne nastala prva chyba vo vypocte,
resp. vypoctoch, ktoré davaju zly vysledok (teda pokial je vypocet spravny)?



Prvé rieSenie umelej inteligencie
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To solve this problem, we need to find the number of permutations that result in
no president being matched with his term in office, and divide it by the total
number of possible permutations.

The number of ways to choose a random permutation of the list is 24!, since there
are 24 presidents.

To calculate the number of permutations that result in no president being
matched with his term, we can use the principle of derangements.

A derangement is a permutation of a set in which none of the elements appear in
their original position. Let's denote the number of derangements of a set with n
elements as D(n).

For a set with n elements, the number of derangements can be calculated
recursively using the formula D(n) = (n-1)(D(n-1) + D(n-2)), with D(0) =1and D(1) = 0.

For our case, we have n = 24, so we can calculate D(24) by applying the formula
recursively:

D(24) = (24-1)(D(23) + D(22)) D(23) = (23-1)(D(22) + D(21)) D(22) = (22-1)(D(21) + D(20)) ...
D(2) = (2-1)(D(1) + D(0)) D(1) =0 D(0) =1

Using this recursive calculation, we can determine that D(24) = 9,455,551.

Therefore, the probability that no president is matched with his term in office is
given by D(24)/24!:

P = D(24)/24! = 9,455,551/24! = 0.367879

So, the probability is approximately 0.367879, or about 36.79%.

Druhé rieSenie umelej inteligencie

V textovom subore na stranke predmetu su Ciselné hodnoty prehladnejsie, napriklad:

Using this recurrence relation, we can calculate D(24):
D(3) = (3-1)(D(2) + D(1)) = (2)(1 + @) = 2

D(4) = (4-1)(D(3) + D(2)) = (3)(2+1) =9

D(5) = (5-1)(D(4) + D(3)) = (4)(9 + 2) = 44

D(6) = (6-1)(D(5) + D(4)) = (5)(44 + 9) = 265

D(7) = (7-1)(D(6) + D(5)) = (6)(265 + 44) = 1854

D(8) = (8-1)(D(7) + D(6)) = (7)(1854 + 265) = 14833
D(9) = (9-1)(D(8) + D(7)) = (8)(14833 + 1854) = 133496

Tiez je mozné ich kopirovanie.
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To solve this problem, we need to determine the number of derangements of the
presidents' terms, as well as the total number of possible permutations.

A derangement is a permutation of a set in which no element appears in its
original position. In this case, it means that no president should be matched with
their term in office.

Let's denote the total number of presidents (24) as n.

The number of derangements for n is given by the following recurrence relation:
D(n) = (n-1)(D(n-1) + D(n-2))

with initial conditions D(1) = 0 and D(2) = 1.

Using this recurrence relation, we can calculate D(24):

D(3) = (3-1)(D(2) + D(1) = (2)(1 + 0) =2 D(4) = (4-1)(D(3) + D(2)) = (3)(2 +1) =9 D(5) = (5-1)
(D(4) + D(3)) = (4)(9 + 2) = 44 D(6) = (6-1)(D(5) + D(4)) = (5)(44 + 9) =265 D(7) = (7-1)
(D(6) + D(5)) = (6)(265 + 44) = 1854 D(8) = (8-1)(D(7) + D(6)) = (7)(1854 + 265) = 14833
D(9) = (9-1)(D(8) + D(7)) = (8)(14833 + 1854) = 133496 D(10) = (10-1)(D(9) + D(8)) = (9)
(133496 + 14833) = 1334961 D(1) = (11-1)(D(10) + D(9)) = (10)(1334961 + 133496) =
14684570 D(12) = (12-1)(D(11) + D(10)) = (1) (14684570 + 1334961) = 161730541 D(13) = (13-
1)(D(12) + D(1)) = (12) (161730541 + 14684570) = 1775552102 D(14) = (14-1)(D(13) + D(12)) =
(13)(1775552102 + 161730541) = 19469394261 D(15) = (15-1)(D(14) + D(13)) = (14)
(19469394261 + 1775552102) = 213237862152 D(16) = (16-1)(D(15) + D(14)) = (15)
(213237862152 + 19469394261) = 2335530910401 D(17) = (17-1)(D(16) + D(15)) = (16)
(2335530910401 + 213237862152) = 25600888296580 D(18) = (18-1)(D(17) + D(16)) = (17)
(25600888296580 + 2335530910401) = 281140877257601 D(19) = (19-1)(D(18) + D(17)) =
(18)(281140877257601 + 25600888296580) = 3095769953579882 D(20) = (20-1)(D(19) +
D(18)) = (19)(3095769953579882 + 281140877257601) = 34113428869167083 D(21) = (21-
1)(D(20) + D(19)) = (20)(34113428869167083 + 3095769953579882) =
375165429561837450 D(22) = (22-1)(D(21) + D(20)) = (21)(375165429561837450 +
34113428869167083) = 4129676631751178811 D(23) = (23-1)(D(22) + D(21)) = (22)
(4129676631751178811 + 375165429561837450) = 45493251749266976864 D(24) = (24-1)
(D(23) + D(22)) = (23)(45493251749266976864 + 4129676631751178811) =
500644087983736878725

Now, let's calculate the total number of possible permutations:
P(n) =n!
P(24) = 24! = 6,204,484,903,868,800

Finally, the probability that no president is matched with his term in office is:

Probability = D(24) / P(24) = 500,644,087,983,736,878,725 | 6,204,484,903,868,800

Hence, the probability is approximately 0.0807, or 8.07%.




