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FAST MEAN REVERTING VOLATILITY IN
FONG-VASICEK MODEL OF INTEREST RATES

Bedta Stehlikova

[n Fong-Vaslcek mosdel of interesi rates, the |estantaneous imierest rate (short rate) follows a mean reverting process
amdl fte wolntility folbows o Hessel square root process. We conslder diferent time scales for the volatility aed the short rate
processes and we are Interested In propertles of the term strecteres, which cormspond o fast mean reverting wolatility, The
maln result of this paper s the proof of the mosstone decrease of the diference between interest rates with the rame value
of short rate and wolatility, as the speed of volatility evelution Incroases.
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I INTRODNICTION

Term structuee of lnterest rates s the dependence be-
tween the nberest rates and the time to matureity. Short
rate mdels are prmulated In terms of a stochastie dif-
ferentlal equation (or & system of them) for the Instanta-
neous interest rate (short rate). Ciher Intersst rates ame
determined by bond prices, which are selutions of the
partial differential equatlon. This equation 18 dercived by
constructing & non-stochastic portfollo and using the no-
arbitrage principle (e.f. [3]). In [3], & review of short term
models ¢an be also fownd.

In this papor we deal with the Fong-Vasleek model of
intercst rates [2). It is a two-factor model, in which the
volatilicy sell s stochastie, too, We study the volatilicy,
which evolves ln a difforent thme seale than the short rate.
In particular. wo are Interested In fast mean revorting
volatility. This s motivated by paper (1], where the serles
ex pansion of the bond price with respect to the parameter
deseribing the tlme secale of wolatility 18 derlved. This
expanslon s uwsed to study the asymptotices.

We are Interested In fast mean reverting volatility too.
Howewer, we do not want to restrict oumselves only to the
asymptotlecs, we are loterested In the behaviour lor the
high (but folte} spoesd as well. We consider two Intercst
rabes with different times Lo maturitbes, corresponding to
the same value of the short pate and volatilicy. We prove
that under some conditiong the difference hetween theso
Interest rates 18 a decressing function of the solatility
apepead.

2 PFONG-VASICERK MODEL
OF INTEREST HATES

In Fong-Vasicek msodel, the short mate follows the [ol-
bowlng system of stochastic diferential equations:

dr = &y (8 — r)dt + /oedw,

dy = Falfy — y)dt + 3wy W
wheee p € [—1,1] 18 the corvelatlon between the nere-
ments of the Wiener processes wn amd wea.

Il the market prices of risk of the short rate and of
the volatility are A,/ and Ay /4 respectively (for some
constants Ay amd Ay ), the price of bood with time to
maturity v has the form (see [2])

Plr,r,y) = AlrjeBirlr-lrly, i2]
Hence the Interest rates are glven by
Riroy) = _ BBl
- LAl B0, C0y g

Theee are several numerbcally efficlent ways of computing
the lunctbons Alv], Biv) and Or) appearing In (2] and
(3], see [2], [4], [5].

In what follows, we assunse that the conditlon on Ay

hulcl=: )
My -
b= Eﬁ]

(4]

In (5] we derived some properties under this condition,
which will he wsed in this paper. We also use the following
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Fig. 1. The effect of increasing spoed of the velatility evolution on term strectunes (Uime to maturity on the horlzonial axls, interest rate
on the vertial axisl. The term siructures In each Agwre correspond to diferent values of voladlity.

characterization of the functions A, B, {7 they satlaly the
gyetem of ordinary differential equations

A=Al 0,8 + Fa )
B=-riB+1, (5]
O = -2 B — &l — Ma,

with Initial eondiilons A[0) = 1, B[(0) =0, C(0) =0
and they can be wrltten in the [ollowing form:

B=(1—e7)/n,,
. B? . - i g
E:-[l,.ﬂ+?+ [Fa + Aadl +'L".|'3'E]E+EH]- ()

A= 1Lup[:—lﬂ|7 + 0B — gy j:rt?[.-a]ds} .

4 FAST NMEAN REVERTING YOLATILITY

IT the volatllity evolves In a time seale with the oot
£ = [, then the eguatlon fer g n (1] becomes

: g
dy = ?—[ﬂg — wldt + —= /.

7

The [ast mean reverting volatility corresponds te small
values of & and the limit & — 0. II we define ks = &5 /e,
=4/ E, we obtaln the stochastle differential equation

dy = ka(fa — w)dt + vyfpdues

where the ratlo g2/o” s constant. Hence we can fix the
raLio
rxft = k (7l

and consider the fast mean reversion as large values of «
land the corvesponding values of g2 ) and lmit v — oo,

4 THE MAINM RESULT

Flrstly, we peesent a numerieal example. In Figo 1,
there are terms structures for the same values of parame-
Lers ki, B, B and E, the same values of short rate and

volatiicy, hut the Increasing speed of volatllity evolution,
We notice that the differences between the interest ratos
decrease with Increasing speed of volatility. In the rest of
this paper, we prove this observatlon analytlcally.

Before the proof itsell, we recall from [5] eertaln prop-
erties which hald I the conditbon (4) 18 satlsfled: O(r) Is
prositive for ¢ = 0 and

Ci =0, S0 =0, C0)=—4 . (8]

Let us now define

ac
Dir,v) = El:'r:t.‘:l.

Wi ghow that there exists v such that Dir, v) < 0 lor
all ¥ = 0, whenewer v = . The prool conslsts of two
sveps. Flrstly, we show that If O = 0 for some sulflcbently

large o and some ¢ = (0, then D=0 Secondly, taking
a large fixed ., we show that the lunctbon D) 18 negative
on some nelghbourhood of ¢ = (5 In the whole peood, we
asgunmee that the function & I8 sufliclently seooth.

Suppose that O = 0 lor some © > 0 and ¢ > 0.
Differentlating the equation lor O o (6], we obtaln the
eqqiiality for this polat (¥, w):

D=2k v + A+ pB)C + v 7). i)

The function B 8 bounded and & §s a positive constant,

henee there I8 oo such that for o = o the following

tneguality holds for all + = 0
kv 4 Ay + pB =10, [ 141]

Sinee O = 0, IV =0 lor some ¢ = vy and ¢ = 0, from
(&) and {9) we obtaln D < 0.

Diffprentlating the equation for £ we obtaln
D=0, Di0.e)=0, Bio,u)=0,
B{0,w) = —(2k v + Az + pB(0, 0} }C(0, u) .

From (9) it follows that 2ko + A + pd3 0 w) = 0 for
¢ = gy from [7) and (4) it follows that S0 ¢) < 0.
Henee lor o = iy

D0l =0, Di0w)=0, Di{0e) =0, Bl <.
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This mplics that DM+, w) < 0 for v [rom an Inteeval of
the form (0, 7). This completes the proof.

Let us now consider ¢ 2> 1. We have shown that
Clr w18 deceeasing bn o or o = vy, Furthermose, the
function € I8 posithve lor v = 0. Henoe, there exists the
lmit of &v, v) as ¢ approaches infinity, Define

Lir] = Em 7, )

for v = 00t I8 cloar that Dir] > 0. We show that the case
when Li7} = 0 for some § 5= (b leads o an unrealistic
behavlour of the term structunes (lnterest rabes oonvergo
to Infinity). Heoce, we will further study only the caso
when Ll:'l] = [} for all +.

Suppose that LiF) > 0 Ipr some ¥ = 0. Fietly, we
show that Lir] = 0 on an Inteeval (7 — k7)) for some
h = 0. Evaluating the derlvative € in v = 7 glves

C = —[(MB + B 2] + v (A + pB)C + v* [k + C2)C7].

which approaches Infinlty as « — oo, Hence for o > ©
the derlvative C(7,v) I8 negative. It follows that for
from an Interval of the form (7 — &, 7) the Inegquality
Clryu) = OfF.v) holds., Taking lmit for v — oo we
obtaln Lir) = LiT), 80 L 18 posltive also for ¢ € (7 —
fi. 7], We procesd o the computation of the lmit of
Intercst rates as v — oo. Uslng (3) and (6) . we write
the Interest rate B, r, gy, o) a8

E‘Jk ]

R=g1— By Bk, ¢
3 7

J|r s, wds + Er+ = .
o T T

We show that the integral [7C{s vjds has a positive
limit for @ — oo, If 7 ls sultably chosen. It implices that
for these maturities also the Inberest rates Riv,orop, )
converge to inflnity. We obialn this assertlon [eom the
Follorwing computation:

limm Jlrr{?[.-i::v:l:l&=fr]]m {T:a,r.l:ld_q:er:a]- (L]
= o o pi = =] o

Chooslng + such that the Interval (7 — Rk 7). In which
L s positive, I8 contalned In the Interval (7]}, ylelds to
a posltive value of the Integral _fn' Liglla. To justify the
flrst equality In (10}, It sufflees to show that

lim

T—FEX2

Jlr E’[.-a:m,.)d.-z:f lm O &, ity pds
o o T—h o

for all sequences < we < . ... This eguality holds
because with the possible exceptlon of some flest terms,

LT

the sequence {C[8, va) a1 18 decreasing and convergent
for all & € ({.+], which allows us to apply Lebesgue's
monotane convergence theorem.

We now analyze the second case left, when Liv) =0
for all + = {). Let us conslder two values of the volatility
g, without loss of generality we can assume that gy <
pe- Then Riv, riy.v) = KElr, & i v) and the difference
beptwecn the two interest rates Is

H:T:r1:l:l|']-|1ll] - R[?.'r: yhll:l = {:‘[quju .
1

As a lunctlon of the varlable v, the term (g — g )/fv
= a positlve constant, and Cv,v) I8 & decreasing lune-
thpn for large values of o, Henee also the difference be-
tween the lnterest rates decreases with Increasing wvaluo
of the parameter ¥. Recalling that the Umit for o — oo
s Lir), which equals zero, we conclude that cthe Jdiffes-
ences hetween the lnterest rates converge 1o eero and this
convergenes B monotone for large values of o.

i CONCLUSLONES

We Investigatod [ast mean reverting volatility n Fong-
Vasleek model of Interest rates. We proved that under
gpecifled conditiong the difference betwosn the Intercest
pabed corresponding o the same value of short rate and
volatility Is a decreasing funetion of the speed n which
the volatllity cwolwes.
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