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ARMA models

o Terminology:
o AR - autoregressive model
o~ MA - moving average
o ARMA - their combination

o Firstly: autoregressive process of first ord@&R(1)
o definition
o stationarity, condition on parameters
o calculation of moments and ACF
o Simulated data
o practical example with real data

o Then:
o autoregressive processes of higher order
o how to choose a suitable order of an AR model for
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Autoregressive process of the first order
AR(1)
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AR(1) - definition

e AR(1) process
Tt = 0 + awi_1 + Uy,

wheres anda are constants angd;; } Is a white noise

o Letfortimet =ty we are given the value,, :
Lto+1 = 0 + ATty + Uty41,
Ltog+2 — 0 + ATpg+1 T Utg+2 =

0(1+ @) + a’myy + (QUpg1 + Ugg+2)

Lto+3 =
In general:
1 _ o T—1 |
1) St =aTa + 30+ Y ot
=0
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AR(1) - stationarity

e From (1):

0
t—t '
Ty = Cxy, + 1 o + g ol uy—
— o

o Deterministic initial conditionsvalue of the process at
timety IS xo— process

o Random initial conditions
o Process is generated foe R— valuex,, IS

random.
o If =1 < a < 1, then forty; — —oo we obtain
0
1 .
(2) Tt =T aé -+ § 0 o Uy
]:

o Wold representationy; = o/ for |a| < 1— process
IS weakly stationary

ARMA models Part 1: Autoregressive models (AR) — p.5/75



AR(1) - moments

o Recall the explicit expression of the process (2):

5 o0
l -« i Zo @)
j:

Tt —

e EXxpected value

) .
E[il}t] = F 1_&+Z&jut_j
_ 7=0 i
5 = 5
— J —
1_&+§%aEmhﬂ —
j:

& E[ZL’t]:Olﬁ: 0=20
o In general:£[z] # 9, but they have the same sign
(since|a| < 1)
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AR(1) - moments

e Variance
- OO _
Varlx: = Var T — Z ol g
_ J=0 _
0. @) 0. @)
= Z Var|ladui—;| = Z a?Varu;_ ]
=0 =0
E 1
_ 2 27 2
_ Y et
=0
where

o we used that the dispersion of a sum of
uncorrelated random variables i1s a sum of variances

o o is a variance of white noisgy; }
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AR(1) - moments

o Autocovariancegwe use that z€'ov|uy, u;| = o for
k =1andCovluy,u;| = 0for k #£1):

Covlxg,x4—s] = F (Zoﬂ'uti) (Zajutsj)

1=0 7=0
00 00
1+
— S Qv jE[ut—zut—s—]]
o L4
1=0 5=0
_ 02§ :@S+2]_&81 .
—
j=0

e Autocorrelations

Cor|ry, xy_g| = Corlr, 21| =

Var|x)Var|z;_g)
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Example - simulated data

o AR(1) process
Tt = 0 + awi_1 + Uy,
where the white noise; has a normal distribution,
§=0,0%2=1
» We considerr = {0.9,0.6, —0.9}

o We present:
o theoretical ACF
o simulated trajectory
o sample ACF estimated from the simulated data
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Example - simulated data,= 0.9

e Theoretical ACF:

0.

o

12 2 4 B B 7 & 9 10

Teoreticka ACF
o

-0.5

Revision question: What are its values equal to?
o Simulation of the process and its sample ACF:

= (FR=] B_gtu.oue MIQ, 1) nezarizka
G 1
4f i
gl
~
z 5
[ =
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rl =]
[a]
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Example - simulated data, = 0.6

e Theoretical ACF:

—

=2
in

Taorsticka ACF
=
[ |
[ ]
[]
[
[

1
=
in

i 2 & 4 5 6 7 & 9 10

Revision question: What are its values equal to?
o Simulation of the process and its sample ACF:

= 0.5 B_gbuUou M0, 1) nezavizls

dhadnuta z dat

o

(] mm
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I
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Example - simulated data,= —0.9

e Theoretical ACF:

N I I I I |
_n.5I I I I 1

Teoreticka ACF
=]

12 3 4 & 6 F & g9 10

Revision question: What are its values equal to?
o Simulation of the process and its sample ACF:

=-09 B_gHu.ou M(D,1) nezavizk

1

DE-I I I ]

o 0 40 B &0 1m0 " 4 2 3 4 FE B 7 & 9 10

AZFodhadnuta z dat

| I
[m)] + Fa (] [ ] + [m)]
= =
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Example - real data

e G. KirchgéassnerCausality Testing of the Popularity Function: An Empirical
| nvestigation for the Federal Republic of Germany, 1971-1982, Public Choice 45
(1985), p. 155-173.

e [Kirchgassner, Wolters], example 2.2

o Germany, January 1971 - April 1982
e CDU, = popularity of the CDU/CSU

Peteent

56 -
54 -
57 4
50 -
48 4
46
44 -
47 -

40 T T T T T T 1 T T T T toyear
1971 1973 1975 1977 1975 1981

a) Populanty ol the CDL/CUSLT, TU71 — TUK2
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Example - real data

o Estimated AR(1) model:

CDU, = 8053 + 0834CDU_ + 0,
(3.43)  (17.10)

R = 0683, SE = 1.586, Q(11) = 12.516 (p = 0.326).

The estimated t values are given in parentheses. The autocorrelogram, which is
also given in Figure 2.4, does not indicate any higher-order process. Moreover,
the Box-Ljung O Statistic with 12 correlation coefficients (i.e. with 11 degrees of
freedom) gives no reason Lo reject this model.

pir)

1
0.5
0.5
0.4

0.2
D —Wvg%& . |
02 g 5 10 15 20

0.4

0.6 -
084 ¢} Estimated autocorrelation function of the

residuals of the estimated AR{l)-process

with confidence intervals

.1
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Example - real data

e |Is the estimated model stationary?

e Residuals from the model should be a white noise:

o On the graph with ACF there are intervals. What
they are used for? Compute its bounds using the
avallable data.

o In the text authors mentioned ACF of the residuals
and Ljung-Box Q statistics - what hypothesis are
tested, how and what are the results?

o What is the expected value of the random variable
CDU;?
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Predictions

o Process is stationary it has a constant expected value

e Itis also meaningful to comput@nditional expected
value

o In the previous example:
o We have a stationary process as a model for
popularity
o We have foundinconditional expected value of the
process it is constant

o Conditional expected valugfor exampleWhat is
the expected popularity next month if its current
value is 40 percent? What if the initial popularity is
35 percent? different answers
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Predictions in an AR(1) model

o Intuition (more precisely in more complicated models,
where it is not so obvious)

o Foruz, := CDU, we have a model

ry = 8.003 + 0.834x:_1 + uy

» White noiseu,; will be replaced by its expected value
(zero)

o Forz;_; we take
o Its realized value:;;_1, If it IS available

o prediction of the value; 1, If it has not been
realized yet
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Predictions I1n an Al

R(1) model

o For two different initial conditions:

A | B | e | B | _E | F | e | H |
1 |delta 8,053|
"2 |alfa 0834
|5 . |
4 40/ 55|
5 41413 53923 60 ~
"6 | 4259144| 5302478 Mg
T | 4357426| 5227567 50 —
B | 4439394 5165091 et
9 | 4507754 51,12986 40 5
0| 4564767 506953 0
M| 46,12316| 5033288
12| 4651971 5003062 20
13| 4685044 4977854
14| 4712627 495683 10
15| 47 35631| 4939296
E I::I T T T T T T T T T T T
T 1 2 3 4 5 6 7 8B 9 10 11 12
18

e What is their common limit?
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Motivation for more complicated models

Mills, Markellos: The Econometric Modelling of Financial Time Series. Cambridge University
Press, 2008

Data: http://www.lboro.ac.uk/departments/ec/cup/dfeital

o Quarterly data, 195201 - 20050Q4

o Variables:
o short term interest rate (3 months))
o long term interest rate (20 years)

o We will modell the difference between long term and
short term rates
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Motivation for more complicated models

e Behaviour of our time series:

spread

1950 1960 1970 1980 1990 2000
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Motivation for more complicated models

o Estimated ACF:

spread

ACF
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Motivation for more complicated models

e In R, we will use the packagastsa: Applied Statistical
Time Series Analysis

o We estimate an AR(1) model:

o For stationarity: the AR coefficient has to be less than
1 in absolute value

o AR In SARIMA relates to autoregressive terms

o SARIMA denotes more general models which we will
study later
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Motivation for more complicated models

> sarima (spread,1,0,0,details="FALSE"™)
Efic
Call:
stats:arima(x = xdata, order = clp, d, 9}, =seasonal = list(order = c(P, D,
Q), period = 5), xreg = xmean, include.mean = FALSE, optim.control = list(ts

REPORT = 1, reltol = tol))

Coefficients:
arl Xmean
0.89156 1.0473
2.e. 0.0286 0.54891

sigma™? estimated a=s 0.5106: log likelihood = -234.8, aic = 475.61

SLIC
[1] 0.3463184

EAICCc
[1] 0.3561018

EBIC
[1] -0.622425
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Motivation for more complicated models

o Checking residuals - ACF:

ACF of Residuals

0.2 0.6

ACF

-0.2

o Revision:
o What is the null hypothesis?

o What are these intervals used for and how are they
constructed?

o What Is the outcome?
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Motivation for more complicated models

o Checking residuals - P values of Ljung-Box statistics:

p values for Ljung-Box statistic

04 08

0.0

e We have residuals from AR(1) model, the degress of
freedom are decreased by 1
e Revision:

o What is the null hypothesis? What is the result of
the test?

o How Is the statistic computed and what Is its
distribution under null hpothesis?
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Autoregressive process of the second order
AR(2)
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Previous example - modelling spread

o We found out that AR(1) model

Tt = 0 + awi_1 + Uy,

IS not suitable (residuals are not white noise)

o We try to use in addition ta;_; alsox;_»:
Tt =0+ Q1T4—1 + a9 + Uy

e Such a process is calleditoregressive process of
second order

e In the same wayutoregressive process;eth order:

Tt =0+ 01T4—1 + ...+ pTi—p + Uy

o Firstly we will study the AR(2) process
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A

R(2) - definition

AR(2) process:

Tt = 0 + a1T4—1 + wi_9 + Uy

Already withoutu, It Is more complicated than AR(1) -
roots of the characteristic polynomial

We try another approach (not substitution)
Using lag operator:
(1 —a1L — oszQ):Ut = )+ wy
a(L)ry = 0+ wy
Wold representation and stacionarity
ry=a YL)6 4+ a (L)
— we need inverse operator (L)
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AR(2) - definition

o Inverse operator—!(L); we find it using anethod of
undetermined coefficients:

Cv_l(L) = o + Y1 L + @DQLQ + ...
and

(3) 1 = (1 — oL — OszQ)(w() -+ ZﬂlL -+ ¢2L2 -+ .. )

» We compare coefficients in front @f on both sides of
(3):
Vv — a1hj—1 — agj_2 = 0,

Yo =1, Y1 =1
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AR(2) - stationarity

o Stationarity conditionsTo satisfy the condition
> 17 < oo the roots of the charakteristic equation

2\ — 1A — g = 0
need to be less than 1 in absolute value
» In other wordsroots of the equation
(L) =1—a1L —anl* =0

have to be greater than 1 in absolute value aigside
of the unit circle

o The same as for AR(1) before: rootsa@fL) = 0 are
outside of unit circle
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Example - modelling spread

Estimated AR(2) model:

* sarima (zpread,2,0,0,details="FALSE™)

Efit
Zall:
stats:arima(x = xdata, order = c(p, d, g}, =seasonal = list(order = c(F, D,
Q), period = 5), =reg = xmean, include.mean = FALSE, optim.control = list(ts

REPORT = 1, reltol = tol))
coefficients:

arl ard Hmean

1.1809 -0.288B6 1.044%9

5.2, 0.0&650 0.0651 O0.4212

sigma™? estimated as 0.4677: log likelihood = -225.42, aic = 458.84

SLIC
(1] 0.2678181

EAICE
[1] 0.277855

SBIC
[1] -0.6853031
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Example - modelling spread

o Show that the estimate process is stationary.

o What we test about the residuals - state null hypotheses
and explain the tests

o What Is their result?
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Example - modelling spread

o ACF:

ACF of Residuals
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Example - modelling spread

o P-values of Ljung-Box statistics

p values for Ljung-Box statistic

04 04
L1 1 1 1 1

p walue

0.0

lag

For residuals from AR(p) model the degrees of
freedom are decreased py
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A

R(2) - moments

o Weakly stationary AR(2) process:
Tt = 0 + Q1Ti—1 + Ti_9 + Uy

e EXxpected value
o denoteu = F[x;]; then

o= 0+ aiu+ o,
0

1l — o1 — a9

M:
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A

R(2) - moments

e Autocovariances of AR(2) process - motivation
o recall - sample ACF for spread:

spread
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AR(2) - moments

o Autocovariances of AR(2) process - motivation

o sample ACF for spread was similar to AR(1)
process

o however, AR(1) was not a good model, but AR(2)
was

o what is the bahaviour of the ACF of AR(2)
process?

o can it be similar to ACF of AR(1)? (it seems so0)

o can it be "totally different"? (i.e. "this is certainly
not AR(1), but it can be AR(2)")
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AR(2) - moments

o Autocovariances - computatiowe can assume zero
expected value, I.e.

Ty = o1x—1 + aoxi—9 + wy / X T_g, 1]

Blri_sry) = oqBwi—sti—1] + aoE|xi—sxi—2] + Elri—suy]
e Fors =0,1,2 we obtain:
7(0) = a1y(1) (2)
(1) = a17(0) + azy(1)
7(2) = a1y(1) + azv(0)
- system of equations: v(0) = Var|xz, v(1), v(2)
o Fors > 2 - difference equation:
(4) v(s) —a1y(s — 1) —azy(s —2) = 0,
with initial conditions from the previous point
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A

R(2) - moments

o Autocorrelationswe divide the difference equation (4)
and its initial conditions by(0):

p(s) —aip(s —1) —azp(s —2) =0

p(0) =1,p(1) = -— -

ap
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AR(2) - ACF - example 1

o Spread modelled by AR(2) process:

coefficients:
arl ar’z Xmean
1.1809 -0.2886 1.0449
z.e. 0.0650 0.0e51 0.4212

o Difference equation for autocorrelations:

p(s) —1.1809p(s — 1) + 0.2886p(s —2) =0

initial conditions:p(0) = 1, p(1) = 2509
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A

R(2) - ACF

o ACF is a solution to difference eqution

p(s) —aip(s —1) —azp(s —2) =0

= behaviour depends awots of charakteristic
equation

2\ — 1A — g = 0
e A1, )\ - real(and different): ACF has a form
p(s) = c1A] + c2A;

Stationarity:|\; o] < 1

e )\, - complex ACF is a dumped combination of
sine and cosine

p(s) = r*(c1 cos(ks) + casin(ks))
StationaritV:T <1 ARMA models Part 1: Autoregressive models (AR) — p.41/75



AR(2) - ACF - example 2

O PI’OCGSS;‘Ct = 1.4513t_1 — O.85£Ift_2 + Uy
o correlations satisft the difference eqution
p(t) — 1.4p(t — 1)+ 0.85p(t —2) =0

o and Its solution
p(t) = 0.922"(¢1 cos(0.709t) + c2 sin(0.709¢))

o c1,co from initial conditionsp(0), p(1)
o cos(kt),sin(kt) — period%
in our caser = 2 = 8.862 ~ 9

0.709
= In data generated by this process we can expect

this period
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A

R(2) - ACF - example

o Figure:
o realization of the process
ry = 14xs_1 — 0.8dx4_9 + uy
o sample ACF

#=14 By .85 Mo bUL U M0 ) nezavisk

: .:,Il _____ = | | [ "

-0.5F

ACZFodhadnuta 2 dat
|
|
|
| i
|
|
|
|
-
.
|
|

| | | "
m) ] + 2 o a2 + ]
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AR(2) - real data

[Kirchgassner, Wolters], example 2.6

o 3-months interest rate, Germany, 197091-1998qg4

Percent

16 -

14

12

10 4

8 -

@ \j ﬂ\—u//\\\

4 e
.

0 . . . . . year
1970 1875 1880 1985 1990 19395
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A

R(2) - real data

o Estimated AR(2) model:

GSR, = 0577 + 1.407GSR,, — 0498 GSR_, + {,
(2.82) (17.49) (-6.16)
R* = 0.910, SE = 0.812, Q(6) = 6.431 (p = 0.377)
p(x)
1-
0.8+
0.6+
0.4 -
0.2
0 ll\ - ‘/\\‘\ — - T
—_ "\\_\‘lr,l' T T "wf 1
-0.2- 5 10 15 e, 20
0.4
-0.6-
-0.81 ¢) Estimated autocorrelation function of the
-1- residuals of the estimated AR(2) process

with confidence intervals

ARMA models Part 1: Autoregressive models (AR) — p.45/75



AR(2) - real data

o Questions about the model:
o Is it stationary?
o Check residuals - ACF, Q-statistics (what are the
degrees of freedom?).
o What Is the expected value of the process?
o What is the bahaviour of its ACF?

o Explain the following assertion from the book
(p.49) and compute the given values:

"The two roots of the process are 0.70 +/- 0.061, I.e.
they indicate cycles ... the frequenty- 0.079
corresponds to a period of 79.7 quarters and
therefore of nearly 20 years."
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1.
Autoregressive process pith order - AR(p)
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A

R(p) - Introduction

We have seen AR(1) and AR(2) proceses, their ACF
can be similar - how to distinguish them?

In the same way we can define AR(p) process - what is
its ACF?

How to determine the correct order of a model for
data?

AR(p) process we show:
o stationarity roots outside of the unit circle
o ACF: given by a difference equation gfth order

o the firstp autocorrelationginitial conditions for the
difference equation): from the system of equations;
useful computation, we will use it also later
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AR(p) proces - stationarity

e AR(p) process:

(5) zr=0+a1m—1 + axi—2+ ... + apri_p + Uy,
t.]. a(L)xy = 6 + u, Where
a(L)=1—a1L—...—apL?
e Wold representation and stationarity:
Ty = oz(L)_l((? + uy),
inverse operataf (L)' in the form

(L) P =1+ 1L+ yol? + ...
» For coefficients); we obtain difference equation

Y — a1 — ... —pr_p =0
= in order to) _ v+ the roots of
A —a APt~ —a, = 0 need to be inside the unit

circle, I.e.roots ofa(L) = 0 have to be outside of the

. . ARMA models Part 1: Autoregressive models (AR) — p.49/75
Linit circle



AR(p) process - moments

e EXxpected value:
we denote: = x| and take expected value of both
sides of (5):

0

l—oa1—...—qy

p=0+oaip+...+opu = =

e Variance autocovariancedWLOG§ =0

Ty = Ti—1+ ...+ pTi_p + Uy / X Ti_g, F|.]

v(s) = ary(s —1)+...py(s — p) + Elupze—s]
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AR(p) process - moments

e \ariance, autocovariancegontinued:
o s=20,1,...,p — system ofp + 1 equations with
unknownsy(0),~(1),....v(p):

¥(0) = ary(1) +a2v(2) + ... + apy(p) + 0°
(1) = ay(0) +a2y(1) + ... +oypy(p — 1)

1B) = ary(p—1)+an(p—2)+ ... +ayy(0

(6)

o others from the difference eqution

(7)) () —ay(t—1)—...—apy(t —p) =0

ARMA models Part 1: Autoregressive models (AR) — p.51/75



AR(p) process - moments

e ACF:
o difference equation - we divide (7) by0):

p(t) —aip(t —1) — ... —app(t —p) =0
o Initial conditions - lash equations from (6) divided
by ~(0):

p(1) = ar+ap(l)+...+app(p—1)
p(2) = aip(l)+az+...+app(p—2)

p(p) = %ﬂp—D+@w@—2%%~+@p

- calledYule-Wolker equations
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A

R(p) process - ACF - example 1

o ACFinR:
o functionARM Aacf from packagestats
o we computed ACF of the process
ry = 14oxs_1 — 0.85x4_9 + uy
o now in R:
ARM Aacf(ar=c(1.4,-0.85), lax.max=20)

ARMA models Part 1: Autoregressive models (AR) — p.53/75



AR(p) process - ACF - example 1

-0,

>

32502500

8

428341440

iz

19968432

15

«131920936

18

23161083
> barpiot{acfi)

0.

0.

Ja

. To6T36TE

4

66804054

-
i

LO8TOS824

10

33835028

13

33284188

isg
06722071
18
1489436858

20945946

5

LBITTEETE

=3
iy

38815278

296378601

17

20624895

20

01165188

T2 R Graphics: Device 2 (ACTIVE)

1.0

&
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AR(p) process - ACF - example 2

o AR(3) process; =1.52;1— 0829+ 0.22_ 3+ wy

ﬁ R Conscle ElE]EE]

> oacfd=AEHMiscl (ar=c(l.5,-0.8, 0.2 lag. max=21)
> ‘barplot (acf?)

T
= |

i R: R Graphics: Device 2 (jﬂ::CTI‘i.n"'E} @lﬂ”ﬁl -'
e | -
] L
. _
s
E; ) __________{}[}[}[}[J[][][][][]E]E]E]E]E:::
o 2 4 6 @& 10 12 14 16 18 20
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R(p) process - ACF - example 3

o AR(3)process; =122, 1 —04a2; 90— 0123+
o We can expect complex roots.

& R Console (|

> goid=RBMRacf (ar=c|l.Z;=0.9,=0.1) ; lag.ma=z=20)

> barplot [acfE]l

) - "
H'R Graphics: Device 2 [ACTIVE) || | [T

1.0

0.4

I
L
[ |
[ ]

[]

|

[

[

I

I

I

I

|

I

I

I

I

-0.2
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AR(p) process - ACF - example 3

e Roots v R:
o functionarmaRoots from packagdArma
o returns values of the roots - they have to be outside
of the unit circle

o EXERCSE write down the polynomial, the roots of
which we compute now

> armaRoots (c(1.2,-0.4,-0.1}) Roots and Unit Circle
re im di=st
1 1.08842 0.6381 1.2703
2 1.0884 -0.6381 1.2703 W —
3 -6.1868 0.0000 &.19&8
> -
5
p B
£ ®
2 Nl
L))
o [ -
c )
"Cr Ll
EEI' i
ARMA molels Part 1: Autoiegreséive models (AR) — p.57/75
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A

R(p) process - ACF - example 4

T o i =, = =3 - e ™ ri Py -
F agfs=aMiacT (ar=c{1.5,-0.8,<0.32) 1dg.max=20)
> barplot (acts)

::.. |

2 R Graphics: Device 2 (ACTIVE) ==

% : DDDDEDUUDEDUHD HH

o 2 4 6 10 12 14 16 168 20

o How is it possible?
o absolute value of ACF greater than 1
o Increasing
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R(p) process - ACF - example 4

R R Consaole

> ormaBoors ot . 5,-0.8,-0.2))
re im dist

1 8.7811 98.5712 0D.8515

2 9O.7XY -O.57%2 0.851%

3 -5.5221 0.0000 5.5221

>

TR R Graphics: Device 2 (ACTIVE) E=mEoE

Roots and Unit Circle

"q.' —
+=
{0 & e
E T
e
o L | &
£ Lo
E o

s e

I | | I

Real Part

e Process is not stationary ACF calculation does not

make sense
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R(p) process - ACF - example 5

00 02 04 06 08 1.0
00 02 04 06 08 10

HHHHHHHDHHHHDmm HHHHDHHmm ========

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

o ACF for two processes: one ASR(2) and the other is
AR(3)

o We cannot distinguish them

o Working with real data - moreover, we do not have
exact values but estimates
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V.

Parctial autocorrelation function - determi-
ning the order of AR process
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PACF - motivation

e consider some random processwith zero expected
value and modell it using its lagged values:
Tt = B1wt-1 + Bowr 2 + ...+ Bpri_g + wy

o Denote coefficients &,;, wherek is the number of
lags ofz which we used andis a coefficient at;;_;

rr = Prix—1 + wy

Ty = DPorxp—1 + Posxi_2 + uy

Ty = Pg1ap-1+ P3oxt—2 + P33wi_3 + Uy

vy = Prixi—1 + Proxi—2 + Prgxri—3 + ... + Prpryp + wy

e If 2 1san AR(p) process, ttheh,;, = 0 for k& > p.

ARMA models Part 1: Autoregressive models (AR) — p.62/75



PACF - definition and computation

o Coefficientd,,. Is calledpartial autocorrelation
of orderk

o Their sequence form theartial autocorrelation
function (PACF)

o Computation: we start from
T = Pp1x—1 + Ppowy—o + Pp3wr—3+ ... + Py + wy
and similarly as in the case of Yule-Wolker equations
we get
p(1) = Pp1+ Ppap(l) + ...+ Py p(k — 1)
D1 p(1) + P + ... + Ppg p(k — 2)

e

—~
DO

~—
|

Pryp(k—1) 4+ Ppo p(k —2) + ... + P

e

/N
??A

N———"
|
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PACF - definition and computation

o Matrix form:

1 p(1) o pk=1) | [ @ | [ p() ]
p(1) 1 . plk—2) k2 _ p(2)
| p(k—1) p(k—2) ... 1 || ®kk | | p(k)
o We need onlyp,,., we use Cramer rule:

[ 1 p(1) .o p(1) )

det

\ p(k=1) pk—2) ... p(k) )

[ 1 p(1) .. plk—1) )
p(1) 1 oo plk—2)

(9) Prrp =

det

\ p(k—1) p(k—2) ... 1)
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PACF - example: A

o We compute:

P19

ot L p(1)
p() p(2) ] p2)—p(1)2

et 1 p(1) 1-— 0(1)2
p(1) 1

=0

o From the definition of PACF - also the following

Qpr =0
e FOra =0.9:

1

o
in

Teoreticka PACF
=]

o
in
T

|
s

|

1 ARMA models) Partil: Autoregressive

models (AR) — p.65/75
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PACF - example 1

o PACF In R - agaimPRM Aacf from packagestats

o FOrz; = 14241 — 0.852,_9 + u; we computed ACF,
now PACF:

ARM Aacf(ar=c(1.4,-0.85), lax.max=20, pacf="true")

ARMA models Part 1: Autoregressive models (AR) — p.66/75



PACF - example 1

R. R Console =Er]E
opacti=—ARMAsCY igr—ci{l .4 -0.85) Iag. max=20 pacr="trus" h
> barplot {pacti)
> | _ .

IR R Graphics: Device 2 (ACTIVE) ||| (e

0.5

-0.5
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PACF - example 2

o AR(3) process; =122, 1 — 0829+ 0.5 243 + wy

> barplot{ARMEacT (ar=c{il.2;

> |

U84 88 yiagimeE=1 5 pacf="trae} j |

R3 R Graphics: Device E".I[jﬂ-:i'i IEI'EI'.'E";I:

04 08

-0.2

=
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PACF - example 3

o AR(4) process
Tt — 1.2 Tt—1 — 0.8 Ti—9 + 0.4 Ti—3 + 0.15 Ti_4 + Ut

R R Conscle E=HINEE (S
> barplot (ABMAacT (er=c(l.2,-0,8,0.4,0.15) , lag.max=20,pacf="trua™) ) =
T R Graphics: Device 2 (ACTIVE) = e =

04
=
[ ]

]

-0.2
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PACF - example 4

o Recall:
ACF for two processes, oneAsR(2) and the other one
AR(3), but we were not able to distinguish them:

00 02 04 06 08 1.0

] Hﬂﬂﬂﬂﬂmmmmm____

L H____D__HHDHH

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

|
00 02 04 06 08 10
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PACF - example 4

o PACF of these processes:

o
o
o
o

o
<

00 02 04 06 08

|

=

o Now itis clear thatn the left we have AR(2andin the
right we have AR(3process
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PACF - estimation from data

o Into (15) we set the consistent estimates of
autocorrelations+ consistent estimates @f; ;.

o For AR(p) process we have,;,. = 0 for k£ > p, for these
k asymptotically

1

Var[Ci)kk] ~ T
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PACF estimation - example 1

o We modelled spread; using functien we
get ACF and PACF:

Series: spread

I I
2 3

ACF
-0.2 04 038

I
1
LAG

PACF
-0.2 04 0.8
I I

o We see thait suggest estimating AR(2) proce@shich
we did)
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PACF estimation - example 2

e Previous real data examples:
o popularity (left) - AR(1)
o Interest rates (right) - AR(2)

plr)

0.8 - b) Estimated Autocorrelation (—) and partial (- . . .
s ) ; . {. ) P ) b) Estimated autocorrelation {—) and partial
. o autocorrelation functions with confidence -0.8- : S .
; autocorrelation () functions with confidence
intervals -1

inlervals
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Next lecture

o Data:pcocoa - cocoa prices; ACF for differences of

lagarithms:
Series: diff(logpcocoa)
G _
=L O
o [ T [
= L r_ T I IO UL
| | | | | |
0.0 0.5 1.0 15 20 25

o Following lecture: models with this property
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