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V.

Moving average process of the first order
MA(1)
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Data from previous lecture

Ben VogelvangEconometrics. Theory and Applicationswith EViews. Pearson Education
Limited, 2005.

Chapter 14.7. - The Box-Jenkins Approach in Practice

e Monthy data, January 1960 - September 2002

e pcocoa; - cOcCOa prices, we take logarithms and because
of stationarity we will work with differences
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Data from previous lecture

o Estimated ACF:

Series: diff(logpcocoa)
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o One significantly nonzero autocorrelation and the
remaining ones are nearly zero
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Example from the first lecture

o Letwu; be a white noise, we define

Tt = Ut + Ut—1

o We computed:
Elx:] =0, Var[zy] = 207

o2 pre T =1

Covlzr, Teir] = { 0 preT =23

1/2 pre T =1

Corles, o] = { 0 prer =23

o ACF Is zero forr = 2,3, ... - exactly the property
which we need
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Generalization - MA(1) process

o Letwu, be a white noise, then

T = p+ up — Pupq
IS called amoving average process of the first order -
MA(1)
o Wold representation:; = pu+ >~ ¢jus—;
MA(1) processiyy = 1,1, = —5,¢; =0forj =23, ...
e Moments and ACF:
Elx)] = pn, Var[zy] = (1 + 8%)o*

—Bo? forr =1

Covlay, Tir] = { 0 forT=2.3

)
__B_ forr =1

Cor|xs, x = 1+5°

zt, Tt 0 form =23
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MA(1) process - examples

1. Letu; be a white noise with distributiov (0, 4), we
define

1
Tt = Ut T §Ut—1

Then:Elx] =0, Var|y] = (1+(1/2)?) x4 =5
[ 1/2
= 2/5 f =1
Cor|x, xpys] = 1T/ / T
0 fort=2.3,...

2. Letwu; be a white noise with distributioi (0, 1), we
define

~

Yt = up + 2up—1
Then:E[y| =0, Varjys] =(14+4)x1=5

2
—= =2/5 forr =1
Cor|yt, Yi+r] = { b for - — 2.3
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MA(1) process - generalization

o Let ustake an MA(1)

Cor|zt, vqr] = <

process, i.e. ACF of the form

)
——1f52 form =1

0 forT=2.3,...

\

e Suppose now that we are given the valye- (1) and
we want to find the coefficient, 1.e.

p1:_1+52

B
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MA(1) process - generalization

o We have therefore the equation:

== BBl =

0.6

04r o - o
//N

0.2 : : L

o 0

-0.2F

-04F

S R
— two solutionssy, 59, they satisfys, 55 = 1.

e Processes

1
T =+ U — Pup—1, Ty = p+ U — U1

have the same ACF 7

o If we want a unigue parametrizationg need an
additional Condition' ARMA models Part 2: Moving average models (MA) — p.9/20



Invertibility of a process

o We will try to write the process in AR%) form:

T = [l + U + Y101 + Yoxy o +P3wp3 + ...

- If Is It possible,the process is called invertible
e For MA(1) process:

re = p+(1—pL)u
(1-BL) e = (1— B0 ptu

(1 — BL)~ ! exists for|3| < 1, then
(14+BL+ L%+ .. oy = p/(1 — B) +w

vt + Bri_y + Brro + ... = p/(1 = B) + uy
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MA(1) - invertibility

o We obtainednvertibility conditionfor MA(1) process:
B <1
o Another way how to express it:
o we have a process = i+ (1 — SL)uy
o root of the polynomial — gL iIs1/p

o Invertibility condition means that root of

1 — BL = 0 has to be in absolute value greater than
1, I.e.outside of the unit circle
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MA(1) - computation of PACF

o Recall the general formula:

[ 1 p(1) ... p(1) )

det

\ p(k—=1) p(k—=2) ... p(k) )

[ 1 p(1) ... p(k—1)
p(1) 1 oo plk—=2)

(1) Prr =

det

\ p(k—1) p(k—2) ... 1)

e For MA(1) we havey(k) =0fork =23, ...
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MA(1) - computation of PACF

o PACF is not zero after some lags (as it holds for AR):

¢ = p1)

P A NTC R WY A (Y
bW p@ ) e 0 )y

ODY = = —
det ! p(1) det ! p(1) e
p(1) 1 p(l1) 1
1 p(1) p(1) L p(1) p(1)
det [ p(1) 1 p(2) det [ p(1) 1 0
p(2) p(1)  p(3) 0 p(1) O p(1)3
o33 = = = 5
1 p(1) p(2) 1 p(1) 0 L= 2p(1)
det | p(1) 1 p(1) det [ p(1) 1 p(1)
p(2) p(1) 1 0 p(1) 1
5, = —p(1)*

(1= p(1)%)? —p(1)?
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Real data - cocoa prices

o Data from the beginning of the lecture

o MA(1) model for differences of logarithms (variabje
In the output from R):

> zarima(v,0,0,1,details=FALSE)

£fitc

Call:

stats: rarima (X = xdata, order = cip, d, g9}, =Seasonal = li=t (order = c(P, D,
Q), period = 5), Xreg = xmean, include.mean = FALSE, optim.control = 1li=s$s

EEPCET = 1, reltol = tol))
Coefficients:
mal HINE ST
0.3520 0.0024
s.2. o.0402 0.0037

Sigma™2Z2 estimated a= 0.003897: log likelihood = €93.861, aic = -1381.21
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Real data - cocoa prices

o ACF of residuals:

ACF of Residuals
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o Ljung-Box statistics:

p values for Ljung-Box statistic

04 08

p value

0.0

e Model is OK.

lag
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VI.

Moving average process of order MA(Q)
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MA(q) process - definition and properties

o Letwu, be a white noise, then

T = p+up — Prug—1 — Poup—2 — ... — Bali—q
IS called amoving average proces gfth order -
MA(Q)

o Wold representation:; =y + >~ ¢jur—;

MA(q) processiig = 1,11 = —f1,... 0y = =4, 0; =0
for ; > ¢ — MA(Q) proces is always stationary

e Moments, ACF, PACF:
Elwd = p, Varled = (1+ 61 +...5))0”

Cov|xy, w47 =0 forr=q+ 1,9+ 2,...
= Cor|ry, 7] =0 forr=qg+1,qg+2,...
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MA(q) process - definition and properties

o Computation of the firsj autocorrelations (we can
assume; = 0):

Cov|zy, vi4r] = El(w — Prug—1 — ... — Byui—g) X
(ut+T — 51Ut+7—1 e e T 6qut+T—Q>]
= E[ut (Ut+T — 61Ut+7—1 e T 6qut+T—Q)]
—B1Eut—1(Utpr — Brttsr—1 — ... — BglUtrr—q)]
—BqE[ut—q(ut—l—T — Blut—I—T—l ... T 5qut+T—Q)]
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MA(q) process - definition and properties

e Continued:

(—B1+ BiB2+ ... + By_184)0°
(—B2 + B1B3 + ... + By—2By)0”

T=1 = (1)
T=2 = (2

F—q = (g) = (=By)o”

o PACF - substitution of ACF into (1)
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MA(q) process - definition and properties

o Invertibility:
Ty = A+ u— Srug—1 — Poup—2 — ... — Byui—q
vy = p+(1—-50L—...—B,LYuy
o Existence of 1 — 5L — ... — 3,L%) ! - roots of
1—-pL—...—5,L%=0have to be outside of the unit
circle
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