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Outline

o What is a unit root and what is its consequence

o If we have unit root - how to transform the data, so that
we can use the ARMA methodology

e How to find from the data that there i1s a unit reot
unit root tests
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Examples

o Consider the process = y; 1 + u;:
o Itis a nonstationary AR(1) process with a unit root
o for its differences\y; = y; — y,—1 we have
Ay = uy
o SO0Avy, IS a stationary process

o Consider a nonstationary process with a unit root

(1-— %L)(l D) =14 (1— %L)ut

Then for the differences
Ayr =y — Yr—1 = (1 — L)yt
we have
(1 - 20)Ay =1+ (1~ 3Ly,

S0 Ay, IS a stationary process
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Examples

o Consider nonstationary process with a double unit root

(1— %L)(l — LYz =1+ (1— %L)ut

The for the second differences
Ay = A(Ay;) = (1= L)(1 — L)y = (1 — L)y,
we have . .
(1— §L)A2yt =1+ (1— gL)ut,

so A%y, is a stationary process

e In general:
If the multiplicity of the unit root isk (and the others
are outsider the unit circle), then its k-th differences are
stationary.
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ARIMA models

o We need need to differentiate the prockssnes, In

order to get a stationary process, it is callei@rgrated
process of ordet, denoted by (k)

o If thesek-th differences follow ARMA(p,q), then we
say that the original time seriesA®RIMA(p,k,q).

o For exampley, If

1 1
(1- L)1~ LYz =14+ (1— gL)ut,

IS ARIMA(1,2,1) process.
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Our aim

o Consider firstly AR(1) modeli; = 6 + pxy—1 + wy
o We want to:

o test a hypothesis about a unit rqtten, the
process is nonstationary), $ : p = 1

o find outit can be rejected in favour of the
stationarity- H; : p < 1
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Unit root and the t-statistics

We try to use the hypothesis testing about coefficients of a
regression modé&dnown from econometrics.
For example:

o Set

o Simulate

o Estimate the model=—c+ px + ¢

o We note:
o estimate of the parameter

o value of the t-statistics corresponding to hypothesis
Hy : p = 1 (which holds)

» Repeatl0° times and plot the histogram
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Unit root and the t-statistics

o Example of the simulated data:
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Unit root and the t-statistics

Estimated regression:

Call:
Im{formula

Residuals:
Min 10 Median 30 Max
-75.067 -19.239 3.818 20.520 74.772
Coefficients:
Estimate 5td. Error t value Pr(=|t]|)

(Intercept) 4.72079  4.00941 1.177 0.24
X 0.95689 | |©.03459 | 27.662 <2e-16 ***

Signif. codes: @ '***' @, Qo1 "**' ©.01 '*" 0.0 '." 0.1

Residual standard error: 28.24 on 198 degrees of freedom
Multiple R-squared: ©./7944, Adjusted R-squared: 0./7934
F-statistic: 7/65.2 on 1 and 198 DF, p-value: < 2.2e-16

Estimated coefficient is 0.95689
it _ 1 jc 0.95689—1
T-statistics to test = 1 1S =437
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Unit root and the t-statistics

o Estimated ofp: normal distribution

Histogram of ro
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Unit root and the t-statistics

o t-statistics to test/; : p = 1: Student t-distribution

Histogram of tstat
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Unit root and the t-statistics

Another simulation:
o Consider vector generated as = 21 + &
o Take SOy = 2, T = 241
e Estimatethe model=c+ pz +¢

o Note again:
o estimate of parameter
o value of t-statistics to tesi, : p = 1 (which holds)

o Repeatl0’ times and plot the histogram
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Unit root and the t-statistics

o Example of simulated data - time series s
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Time
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Unit root and the t-statistics

o Example of simulated data - data for regression
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Unit root and the t-statistics

Estimated regression:

lesiduals:
Min 10Q Median 30 Max
-2.01047 -0.684723 0.00159 (©.53995 2.84017

Coefficients:
Estimate Std. Error t

(Intercept) 0.09589 0.07489

@.91962 0. A2

Ll =
LN Y e

Signif. codes: © '"#***¥' Qg Pl '**+' 0@l '+ Q.05 '." 0.1

lesidual standard error: 0.9496 on 198 degrees of freedom
ultiple R-squared: 0.8458, Adjusted R-squared: ©.845
-statistic: 1086 on 1 and 198 DF, p-value: < 2.2e-16

Estimated coefficient is 0.91962

ot _ 1 ic 0.91962—-1 __
t-statistics to test = 1 is 222021 = —2.88
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Unit root and the t-statistics

o Estimates of parameter not a normal distribution

Histogram of ro2
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Unit root and the t-statistics

o "t-statistics" to tesfi, : p = 1. does not have a
t-distribution

Histogram of tstat2
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e \We cannot use critical values of the t-distribution
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Unit root and the t-statistics

e Solution - the mall idea:
o we keep the test statistics
o butwe use different critical values

o Quantiles from our simulations:

-

(Istat2,D.05)

(tstat2,0.01)

- critical values should be similar

o Question:

o What if we have a process of a higher order instead
of AR(1)?
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Unit root tests

o AR(1) process:

(1) Yt = PYt—1 + Ut
unit root means that = 1.
o Equivalently:
Ay = (p— 1)y—1 +w

and we are interested irstatistics from the
significance of coefficient at_; - but with another
critical value
o This critical value
o depends on number of data
o changes, if equation (1) has a constant term or a
linear drift

e IngeneralAy, = a+ 5t + (p — — Dy_1 + wy
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Unit root tests

o AR(p) processy; = ary;—1 + aayi—2 + ... apls—p + Uy
unit root— a; + ..., = 1.

o Write Iin the form:
Yt = pyi—1+01Ay 1 +0Ay_o+. .+ 0, 1Ayi_pi1 +us,

Wherep22§:1&j,9¢:— ?Z,H_lozj (i:1,...,p—1)
o Equivalently:
Ay = (p—1)yr—1+01 Ay 1+02Ay o+ . . +0, 1Ay pr1+uy

and we are interested trstatistics for coefficient at
Yt—1

o In generaly can have a trend and/or intercept
Ayy=a+pt+ (p—Dyr—1 + 01Ay—1 + O2Ay o+ . ..
‘|‘(9p—1Ayt—p+1 T Ut

Unit root,differencing the time series, unit root test (ADF test) — p.20/27



Augmented Dickey-Fuller test (ADF)

Wayne A. Fuller (1976)
David A. Dickey, Wayne A. Fuller (1979, 1981)

o We estimate
Ay = a+0t+(p—Dy—1+01Ay—1+. ..+ 0 Ay +wy
where we have to
o decidewhether to include a constantand/or
linear trends (depending on whether they are
present in procesg

o choose:

e Then, we are interested irstatistics from significance
test about coefficient in front af_;, butwith correct
critical values
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ADF test - critical values

o James G. MacKinnon (1991 available as a part of an
expanded version from 2010:

James G. MacKinnorCritical Valuesfor Cointegration Tests. Queen’s Economics
Department Working Paper No. 1227, 2010..

Dostupné online: http://ideas.repec.org/p/qed/wpaRei7.html

o Values obtaines by simulations:

Table 1. Response Surface Estimates of Critical Values

N Variant Level Obs. Bac (5.e.) o3 32
1 no constant 1% 600 |-2.5658 | (0.0023) —1.960 —10.04
2% GO0 —1.9393 | (0.0008} —0.398
10% 260 —1.6156 | (0.0007) —0. 181
1 no trend 1% GO0 —3.4336 | (0.0024) —5.909 —29.25
5% GO0 —2.8621 (0.0011) —2.738 —8.36
105 600 —2.5671 (0.0009) —1.438 —4.48
| with trend 1% GO0 —3.9638 | (0.0019) —8.303 —47.44
2% GO0 —3.4126 | (0.0012) —4.039 —17.83
10% 600 —3.1279 | (0.0009) —2.418 —T.D08
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ADF test - critical values

o If we useT data points in the regression, the critical
value isf + 51/T + (/17

e In our example from the simulations: constant without
trend,T" = 200:

N Variant Level Ohbs. B (8.e.) & 3o

| no trend 15% GO0 |—3.;1Z‘T.Rﬁ | (0.0024) | —5.904 | | —ET}.EEI
5% GO0 —2.8621] (0.0011) | —E.?HH' | —S.i-‘iﬁl

LS 600 —2.0671  (0.0009) —1.4.38 —4.48

o for 1 percent:

—3.4336 — 5.999/200 — 29.25/200% = —3.451
o for 5 percent:

—2.8621 — 2.738/200 — 8.36,/200% = —2.879

o Compare with t-distribution (different) and quantiles
from simulations (ok)
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ADF testin R

o Library
e Function (ur - unit root, df- Dickey-Fuller) with
parameters:

o . possible values arexift (constant without
linear trend), (constant and linear trend),
(nothing)

o . maximal number of lags

o scriterion for the choice of lags
(information criteri: AIC, BIC)
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ADF testin R

o Example:spread from the earlier lectures difference
between long-term and short-term rates)

e INR:
summary(ur.df(spread,type="drift",|lags=8,selectagdC")

e summaryn order to obtain also critical values, not
only the test statistics

R R Console fa = )
¥ summary (ur.df {spread, type="drift"¥,lags=8, =electlaga="BIC") )
TR NIRRT PRI RAR 512

¥ Augmented Dickey-Fuller Test Unit Root Test #
BEEEEERRERRRERRRRRRRREERSRRRRRREERSERREEEES

Tasr ramraaaisn AriFfe
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ADF testin R

o Vystup:estimated regressi@and thetest statistics

Call:
In{formula = z.diff ~ z.lag.1 + 1 + z.diff.laqg)

Regiduals:
HMin 1Q Median 30 Max
-2.62148 -0.37475 -0.01138 0©0.35785 2.57280

Coafficienta:

Estimate Std. Error t value Pr(>lt|)
{(Intercept) 0.10035 0.05592 1.794 0.074240 .
-0.10720 0.02741 (=3.511)0.000125 *=*

z.diff.lag 0.23007 0.067086 4.326 2.3Be—-05 #*#w

= s =

Signif. codes: 0 “Y**%* Q.001 “*% 0.01 '+ 0,085 *.* 0.1 *“* 1

Residual standard error: 0.7006 pn 204 degrees of freedom
Mulciple R-sqguared: 0.1216%, dju=sted E-sguared: C0.113
F-statistic: 14.12 on 2 and 204/DF, p-value: 1l.806e-06

Value of test-statistic 1s:|-3.9112]17.6395
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ADF testin R

o Output:test statisticandcritical values

¥

Value Oof tesc-statistic is:|-3.59112|7.6395

Critical wvalues for teat statistics:
ipct Spct 10pet
tauZz -3.46 -2.88 -2.57

=l T = BT a £

= o9

o Criterion:Hypothesis about the unit root is rejected, if
the statistics is less than the critical value
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