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1 Introduction

The aim of the paper is to show our progress towards proving the following
conjecture from (1):

Conjecture 1. Let A and V be nonnegative de�nite matrices. De�ne the

function f : [0,∞)→ R by

f(λ) = tr((A− λV)+V).

Then f is convex.

Remark: For a symmetric matrix H of type n × n we de�ne its positive
part H+ as follows: If u1, ..., un is an orthonormal system of eigenvectors of
H and h1, ..., hn are corresponding eigenvalues of H, then

H+ =
n∑

i=1

max(hi, 0)uiu
T
i .

Notation: For a vector a, the symbol 〈a〉 denotes the diagonal matrix
with the elements of a on the diagonal.

2 What we know

Lemma 2. If matrices A and V commute then the function f is convex,

nonincreasing and piecewise-linear.
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Proof. It is a standard result in the matrix theory that if nonnegative de�nite
matrices A and V commute than they have simultaneous spectral decompo-
sition, i.e., A = U〈a〉UT , and V = U〈v〉UT , where U is the matrix of eigen-
vectors of both A and V, and the components of the vectors a = (a1, ..., an)′,
v = (v1, ..., vn)′ are eigenvalues of A and V. Note also that if U is an orthog-
onal matrix and Λ is a diagonal matrix, then (UΛUT )+ = UΛ+UT .

Therefore for any λ > 0:

f(λ) = tr((A− λV)+V)

= tr((U〈a〉UT − λU〈v〉UT )+V)

= tr(U(〈a〉 − λ〈v〉)+UTU〈v〉UT )

= tr((〈a〉 − λ〈v〉)+〈v〉)

=
n∑

i=1

max(aivi − λv2
i , 0).

The last term of the previous chains of equalities is obviously a sum of convex,
nonincreasing and piecewise-linear functions of λ, i.e., a convex, nonincreas-
ing and piecewise-linear function itself.
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