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DIFERENCNE A DIFERENCIALNE ROVNICE
Uvod

V tomto predmete ndm ide o matematicky aparat pre opis dlhodobého ¢asového
vyvoja viac-menej izolovaného systému v désledku vnatornych mechanizmov v nom
prebiehajucich. Abstrahujeme od materidlnej podstaty systému, ktord moze byt
fyzikdlna (pohyb planéty v dosledku gravitacného zakona), biologicka (frekvencia
genotypov v désledku mechanizmu selekcie), ekonomickd (vyvoj cien komodity v
doésledku trhovych mechanizmov), alebo ina.

Matematicky model takéhoto systému budeme nazyvat dynamickym systémom
(dalej DS). V zavislosti od toho, ¢i jeho stav budeme sledovat v oddelenych ¢asovych
okamihoch (sekunda, den, rok, generacia), alebo nepretrzite, budeme mu prida-
vat privlastok diskrétny, resp. spojity. V tomto predmete sa obmedzime na
kone¢norozmerné DS, t.j. také, ktorych stav je opisatelny koneénym poétom pre-
mennych.

Stavom DS nazyvame taki informaciu o iom, ktorej znalost v nejakom ¢asovom
okamihu spolu so znalostou vnitornych mechanizmov vyvoja systému umoziuje
predpovedat jeho vyvoj v budiicnosti pri absencii vonkajsich vplyvov.

I. DISKRETNE DYNAMICKE SYSTEMY A DIFERENCNE ROVNICE

1. Jednorozmerny, linearny a afinny dynamicky systém

1.1. Priklady

Populécia (s neprekryvajicimi sa generaciami) sa rozmnozuje v ”taktoch”, pri-
¢om jedinec mé v priemere b > 0 (birth rate) potomkov. Aky je ¢asovy vyvoj
populacie?

Oznacme x(t) pocet jedincov v t-tom ¢asovom obdobi.

Bilancia:

z(t +1) = bx(t).

Hodnoty x(t) tvoria geometrickti postupnost, teda plati
z(t) = b x(ty).

Asymptotické spravanie:

Akb>1: populécia rastie nad vSetky medze
b=1: zostava konstantna
b<1: vyhynie,

¢o je Malthusov zdakon.

Na rovnaky matematicky model vedie nasledovnd tloha: Vklad v banke je
uroc¢eny sadzbou i percent za trokové obdobie. Ak sme na zaciatku to-tého ob-
dobia vlozili ¢iastku x(ty), akd bude hodnota vkladu v obdobi ¢7

Ak ozna¢ime x(t) vysku vkladu v t-tom obdobi, plati

2(t+1) = (1+i/100)z(t),

preto
z(t) = (1 4+i/100)" "2 (ty).
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1.2. Linearny jednorozmerny systém (LDS)

Zovseobecnenim prikladu 1.1 dostaneme linedrny dynamicky systém (LDS). Ide
o systém, ktorého stav je opisany realnym cislom x a ktorého hodnota v okamihu
t + 1 je uréend jeho hodnotou v ¢ase ¢t vztahom

z(t+1) = az(t), (1.2)

kde a € R. Za priestor stavov mozeme vziat X = R; (ale aj X = {0}). Ak
a > 0, mozeme za stavovy priestor vziat aj X = [0,00), X = (—00,0]; ak a > 0, a]
X =(0,00), X = (—00,0) (preco?).

Predpis (1.2) mdzeme prepisat do tvaru

z(t+1) —x(t) = (a — 1)z(t).

Preto sa klasicky nazyva tiez diferenc¢nd rovnica.

Trajektoriou dynamického systému (1.2) cez bod z (kratsie trajektériou bodu
o) nazyvame postuponost z(t) = x(t, z), t = 0,1,2, ..., ktoré spiiia (1.2) a 2(0) =
zo. Plati

x(t, o) = a'xo. (1.3)

Rovnovaznym stavom (pevnym bodom) DS (1.2) nazyvame stav & taky, ze z(to) =
T = z(t) pre t > to; zrejme je to prave vtedy, ak & = az, preto mu hovorime aj
pevny bod. Pre a # 1 m& LDS (1.2) zrejme jediny pevny bod 0. Tento je
- asymptoticky stabilny pre |a| < 1 (t.j. kazda postupnost z(t) generovana vzta-
hom (2) k nemu konverguje pre t — 00),
- nestabilny v zrejmom zmysle pre |a| > 1
Vyssie uvedenym pojmom déame presny zmysel v Kapitole 2 v abstraktnom kon-
texte.
Ak a = 1, st vSetky body pevné. Ak a = —1, trajektéria z(t,x() fubovolného
bodu xy # 0 pozostava z dvoch bodov +xg, presnejsie x(t, zg) = (—1)'zo. Je teda
periodickou trajektoriou s minimalnou periédou 2.

1.3. Linearna nehomogénna diferen¢na rovnica a afinny jednorozmerny
LDS

Linedrnou nehomogénnou diferen¢nou rovnicou nazyvame rovnicu
x(t+1) = ax(t) + b(t). (1.4)
Indukciou si mozeme overit, Ze pre postupnosti, vyhovujice DR, (1.4) plati
t—1
2(t) = a " x(t) + Y | a1 b(s). (1.5)
s=to

Analégia formuly (1.5) sa ndm objavi u linedrnych diferencidlnych rovnic ako for-
mula varidcie konstdnt.
Ak b(t) = b nezavisi od t, dostavame z (1.3) afinng dynamicky systém

z(t+1) =ax(t) +b. (1.6)



Ak a # 1, (1.4) m4 jediny pevny bod

b
r = . 1.
=1 (1.7)
Odchylka od tohoto bodu Z(t) = x(t) — & vyhovuje vztahu
T+ 1) =2(t+1)—2T=ax(t)+b—at —b=al(x(t) — &) = aZ(t). (1.8)

Teda Z vyhovuje LDR (1.2) a z toho vyplyvaju zrejmé désledky pre stabilitu

rovnovazneho stavu (1.7). Vsimnime si tlohu, ktort hra znamienko a. Ak a > 0,

trajektorie su monoténne, ak a < 0, trajektdrie osciluja okolo pevného bodu z.
Ak a # 1, mozno z (1.4) trajektériu x(t) = x(t, o) bodu zg vypocitat v tvare

t
. a"—1
= . 1.
x(t) axo—l—ba_l (1.9)

Ak a =1 a b +# 0, systém nema pevny bod a plati
x(t, xo) = o + tb.

1.4. Linedrny pavucinovy (cobweb) model

modeluje dynamiku ceny produktu na c¢iastkovom trhu s jednym produktom v
konkuren¢nom prostredi.
Oznacime

q%(t) ... dopyt po produkte (d — demand)
q°(t) ... ponuka produktu (s — supply)
p(t) ... cena produktu (p — price)

Predpokladame, ze
e dopyt sa riadi okamzitou cenou, kym ponuka cenou v predchadzajiicom okamihu:

q"(t) = D(p(t)), ¢°(t) = S(p(t — 1)) (1.10)
e dopyt klesa s cenou a ponuka s nou sttipa, obidvoje linearne:
D(p) =a—b
®) P a,b,d>0,c>0 (1.11)

S(p) =—c+dp
e trh je v kazdom okamihu v rovnovéhe,
4(t) = ¢* (1), (1.12)
Ak do (1.12) dosadime (1.10) a (1.11) dostaneme
a—0bp(t) = —c+dp(t—1),

a po posune t —t+ 1

(a+c)— %p(t), (1.13)

S =

p(t+1) =



teda spravanie p sa modeluje afinnym DS.

Prirodzenym stavovym priestorom by bolo X = [0,00), to vSak sa zobrazenim
(1.11) vo vSeobecnosti nezobrazi do seba; nezostava nam iné ako vziat za stavovy
priestor X = R. Skuto¢nost, Ze postupnost p(t) generovand DS (1.13) moze prejst
z kladnych do zapornych hodnét nasvedcuje, ze model je nedokonaly.

Pevny bod
a—+c
b+d

p=

je podla (1.3) asymptoticky stabilny, ak d < b (teda ak ponuka reaguje opatrne-
jsie, nez dopyt, alebo v ekonomickej terminoldgii dopyt je elastickejsi nez ponuka),
nestabilny, ak d > b. KedZe znamienko koeficientu pri p(t) v (1.3) je zaporné,
trajektorie osciluji okolo bodu p.

1.5 Ulohy zlozeného tirokovania

Ak v (1.4) intepretujeme z(t) ako vysku vkladu s trokovou mierou 100(a —
1) na obdobie, mozeme b(t) chépat ako vysku vkladu v case t. Aparat linearnej
diferencnej rovnice ndm umoziuje systematicky formulovat a riesit rozlicné tlohy
zlozeného trokovania. Uvedieme dva priklady:

Sucasnd hodnota kuponového dlhopisu.
Majitel kupénového dlhopisu dostane od jeho vypisovatela v uréenych terminoch do
doby jeho splatnosti vyplatené ¢iastky nazyvané kuponmi a v termine jeho splatnosti
jeho nomindlnu hodnotu spolu s kupénom. Sucasni hodnotu dlhopisu v danom
c¢asovom okamihu definujeme ako vysku vkladu s referené¢nym trokom, ktord by
umoznila vyberat v budiicnosti ¢iastky rovné vynosom z dlhopisu a ni¢ viac.

Ak oznacime z(t) stcasni hodnotu dlhopisu v case t, d(t) vyber z referenéného
vkladu v case t, a termin jeho splatnosti 7', plati

x(t+1)=ax(t) —d(t+1), (1.14)

z(T) =0, (1.15)
kde a = 1+1i/100 a i je referen¢ény trok. Dalej plati
0 pret =0

d(t)=<% ¢ pret=1,..T—1, (1.16)
n+c pret=T

kde ¢ je vyska kupénu a n je nominalna hodnota dlhopisu.
Z (1.14) a (1.15) vyuzitim (1.5) dostavame pre stcasni hodnotu z(0) rovnicu

T-1
0=a"z(0)— > o' "Mt +1),
t=0

alebo ekvivalentne

2(0) =) a*d(s).



Dosadenim za d(t) z (1.16) a pouzitim vzorca pre sucet geometrického radu dosta-

neme
a1 -1
z(0)=a " |(n+c)+ a———c|.
a —

Ako sa zabezpecit na starobu
V sitcasnosti je na ro¢né zivobytie treba ¢iastku z, rocnd inflacia, resp. rocna
urokova miera sa predpoklada vo vyske 100(a — 1)%, resp. 100(b — 1)%. Aladar
pojde o 30 rokov do penzie. Kolko musi dovtedy nasetrit, aby z nasetreného mohol
financovat svoje zivobytie na dal$ich 25 rokov?

Ak pre 30 <t < 55 oznacime x(t) vysku Aladarovych tuspor, plati

Podobne ako pre stcasnit hodnotu dlhopisu dostaneme pre z(30) rovnicu a jej
riesenie.

2. Jednorozmerny nelinearny dynamicky systém

2.1. Pevné body, periodické body a ich stabilita

Ide o DS, ktorého postupnosti {«(¢)}, maji hodnoty v X C R a st generované
vSeobecnym rekurentnym vztahom

x(t+1) = f(z(t)) (2.1)

Podla stupiia hladkosti f hovorime o C'"-dynamickom systéme, r > 0.
Pevné body 2 st rieSeniami nelinedrnej rovnice

&= f(%)

Pevny bod zobrazenia f" = fo fo---o f sa nazyva periodickym bodom periédy
T raz
r; ak r je jeho minimalna peridda, nazyva sa r-cyklom.
Doélezitu ulohu hrajui pevné body a cykly, ktoré predstavuja ustalené stavy mo-
delovaného systému. Pevny bod Z nazyvame:
e stabilnym, ak z zo — & vyplyva z(t, xg) — & rovnomerne v ¢, alebo ekvivalentne
Ve >0 3§ > 0 také, ze ak |zo — 2| < § potom |x(t,z9) — Z| < € pre kazdé t > 0
e asymptoticky stabilnym, ak je stabilny a deg > 0 také, ze

lzo — | < g9 = 2(t, z9) — & pre t — o0
e nestabilnym, ak nie je stabilny.
Veta. Nech f je C' a nech & je pevny bod f. Potom 2 je

o asymptoticky stabilny, ok |f'(Z)] < 1
e nestabilny, ak |f'(z)| > 1.
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Dokaz.

1. Nech |f/(2)| < 1. Potom existuje € také, ze |f/'(z)| < a <1 pre |z — Z| < e.

Ak |x — &| < e, potom podla vety o strednej hodnote

() = 2] = [f(2) = F@)] = [/ (D)lz — 2| < afw - 2]

kde 9 je medzi = a &; ak |z(0) — Z| < €, potom z (2.2) dostavame indukciou

z(t) — 2| <e, |2(t) - @] < o'|2(0) — 2

Ak |x — &| < ¢, plati z podobnych dévodov ako v 1.

|f(z) = 2| = ol — &),

(2.2)

. Ak |f'(z)| > 1, podobne Je > 0 a o > 1 také, ze |f'(z)| > a > 1 pre |[x — 2| < e.

preto |z(t) — | > a'|z(0) — 2|, pokial |z(s) — Z| < e pre 0 < s < t. Nech by

loge—log |z (0)—Z|
log

bolo Tubovolne blizke &, pre ¢ >

, plati |x(t, xog) — 2| > e.

Kym |f’(Z)| rozhoduje o stabilite bodu &, znamienko f’(%) zasa rozhodne o
tom, ¢i sa v okoli bodu Z trajektdrie spravaji monoténne (ak f’(z) > 0) alebo

oscilatoricky (ak f/(z) < 0).

2.2 Logisticky model popula¢nej dynamiky

Realistickejsie nez v Malthusovom modeli 1.1 je predpokladat, ze s velkostou
populécie klesd rychlost rozmnozovania (napr. vzrastom tmrtnosti vzhladom na
obmedzenost potravinovych zdrojov). ZjednoduSene predpokladame, Ze rychlost

rastu populacie klesa linearne s jej velkostou:
r(z) =q(K — ).
Potom sprévanie populécie mozeme opisat vztahom
z(t+1) = f(xz(t)),

kde
f(x) =r(x)r =q(K — x)x.

Transformaciou x = Ky, ¢K = p mozeme (2.3) normalizovat do tvaru
y(t+1) = py(l —y).

Budeme teda uvazovat vztah
z(t +1) = fu(z(?)),

kde
ful@) = pz(1 - 2)

(2.3)

(2.4)

Ak 0 < p <4, (2.4) generuje DS na stavovom priestore X = [0, 1] (potom totiz

max f = f(1/2) = p/4 < 1),

(2.5)



Sktimajme, ako vyzerajui pevné body a ich stabilita pre r6zne hodnoty wu.
Pevny bod % je rieSenim rovnice

A

T =pz(l— ).

Jednym riesenim je #o = 0. Pre > 1 je dalgim rieSenim () =1-1/p.
Stabilita: f'(0) = u, preto Zo je asymptoticky stabilny pre p € [0, 1) a nestabilny
pre > 1. Dalej plati f'(1—1/p) = 2— pu, preto x1(p) je asymptoticky stabilny pre
1 < p < 3. Pre u > 3 st obidva pevné body nestabilné. Co sa deje s trajektériami?
Ukazeme, ze pre p = 3 sa od bodu z1(3) = 2/3 oddelia 2 periodické body. Plati

fux) = plpa(l - 2)][1 - po(l - 2)]
— _N3x4+2ﬂ3$3 o (N2 +M3)$2 _i_,u2x

Nenulové pevné body fﬁ su riesenim rovnice
F(x,p) = pPa® —2p2% + (0% + p®)r — p®> +1=0. (2.6)

Plati F(2/3,3) = 0 a 2£(2/3,3) = 0, preto nemdzeme v okoli bodu (2/3, 3) pouzit
vetu o implicitnej funkcii na to, aby sme z rovnice (2.6) vyjadrili z jednoznac¢ne ako
funkciu pu.

KedZe vieme, Ze jednym z korenov rovnice (2.6) je aj pevny bod x = 1 —1/u
zobrazenia f, mdzeme polyném na lavej strane (2.6) vydelit koreriovym ¢initelom
x =1—1/u. Dostaneme polyném

pla® — (1 + p?)e + p® + p
Tento polyném moézeme dalej vydelif 1 a dostaneme
G(a,p) = p?a® — (p° + pe + p+ 1.
Bod z je 2-cyklus (teda pevnym bodom f 3 a nie pevnym bodom f,,) prave vtedy, ak
G(x,pn) = 0. Kedze 8G/8x(§, 3) = 0, stéle este nemdzeme z rovnice G = 0 vyjadrit
z jednoznacne ako funkciu p. Plati viak 0G/0u(2,3) = —1 # 0, preto podla vety

o implicitnej funkcii existuje funkcia ¢ na okoli bodu 2/3 taka, Ze lokalne v okoli
bodu (2/3,3) je G(x, u) = 0 prave vtedy, ak p = ¢(x). Derivovanie vztahu

Gz, p(2)) =0
dostdvame )

2 0G/0x(35,3

¢ (2) - oaae =0 7)
3) G ou(2.3)
dalsim derivovanim (pri zohladneni (2.6)) dostaneme
o <g) _ _02G/8x2(2§,3) _ 18
3) " 0G/on(3.9)
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Lokélne v okoli bodu (2, 3) teda body 2-cyklu lezia na krivke

,u:go(a:):3+9<x—§>2+0<x—§)2.

Je to krivka tvaru paraboly, otvorena smerom rastu p. Znamena to, ze cyklus sa
vyskytuje pre p > 3.

Aby sme mohli rozhodnit o stabilite cyklu pre p blizke 3, potrebujeme zistit
hodnoty funkcie g(x) = (f72)'(#)| 4= (2) Pre = blizke 2/3. Plati g(2/3) = 1,¢'(2/3) =
0,9"(2/3) <0, preto g(xz) < 1 pre z blizke 2/3. To znadi, Ze pre u blizke 3 je cyklus
asymptoticky stabilny. Detaily prenechéavame ¢itatelovi ako cvicenie.

Logisticky model (2.4), (2.5) bol v poslednych troch desatro¢iach predmetom
intenzivneho skiimania. Dokézalo sa, Ze existuje nekonecnd postupnost pu; = 3 <
po < pig -+ < 4 takd, ze pre pu = uy sa zo stabilného k-cyklu odstepi stabilny (k+1)-
cyklus, pricom k-cyklus stabilitu strati. Postupnost {ux} nema 4 ako limitu; pre
hodnoty p dost blizke 4 sa vyskytuje 3-cyklus. D& sa dokazat, Ze ak pre niektoré
0 < p < 4 existuje 3-cyklus, musi pre toto u existovat k-cyklus pre Iubovolné
k. Presnejsie, mozno existenciu cyklov vyéitat z tzv. Sarkovského postupnosti
usporiadania prirodzenych cisel

3<h<T7< +<2:3<2.5< -<-..<2F.39F. 5 .
<---<22<2?2<2<1 (2.8)

takto: ak sa pre nejaké 0 < pu < 4 vyskytuje k-cyklus, potom sa vyskytuju vsetky
l-cykly také, ze | > k v usporiadani (28).

Dalej plati, ze ak sa vyskytne 3-cyklus, potom sa systém sprava ”chaoticky”.
Volne povedané to znadi, ze trajektorie ktoré vychadzaja z lubovolne blizkych bodov
sa mozu spravat celkom odlisne.

2.3 Nelinearny pavucéinovy model

O ”pavuc¢inovom” modeli 1.4 niet nijakého dévodu predpokladat, Ze funkcie S, D
su linearne. Prirodzené je vSak ocakavat, ze S je rastica, kym D je klesajuca.
Vyplyva to aj zo zadkladnej mikroekonomickej tedrie.

Predpokladajme teda, ze S, D st C! a D(p) > 0 pre p >0 S’(p) >0, D'(p) <0
pre p > 0. Potom zrejme S je rasttica, D je klesajica a mé C*! inverzni funkciu

D=1 pre ktort plati
1

(D~ (q) = D(D1(q)

Ak existuje p > 0 také, ze D(p) = S(p) (¢o budeme v dalsom predpokladat), potom
je jediné (pre¢o?). Rovnako ako v (1.4) odvodime z podmienky rovnovahy (1.10)
pre spravanie jednorozmerného dynamického systému

p(t+1) = D" o S(p(t)), (2.9)

ktoré ma jediny rovnovazny bod p. Plati
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PodTla Vety 2.1 je p asymptoticky stabilny ak S’(p) < D’(p) (¢o znadi, ze spotrebitel
reaguje na zmenu ceny ’elastickejsie”, ako dodavatel) a nestabilny, ak S’(p) >
|D’(p)|. Lokalne trajektérie vzdy osciluju okolo bodu p, pretoze S’(p)/D’(p) < 0.
Zaujimavé dynamické spravanie pavucinového modelu mozeme dostat, ak S nie
je monoténna funkcia. Ekonomicky to nie je celkom za vlasy pritiahnuté - mozno
si napriklad predstavit, ze dodavatel po prekroceni urcitej cenovej hladiny (a tym
mieru zisku) ma viac nez o zvySenie svojich prijmov zaujem napr. o volny ¢as, aby
mohol prijmy uzit. Predpokladajme napriklad, ze D(p) je linedrna ako v 1.9,

D(p):a_bp7

ale S(p) je kvadratick4,
S(p) = c+dp — ep?,

a teda pre velké p > 0 je klesajica. Samozrejme, Ze tento model mé opodstatnenie
len na takom intervale kladnych hodnot p, v ktorych je D(p) > 0 aj S(p) > 0.

Ukézeme, ze pri vhodne zvolenych kladnych hodnotach a,b, ¢, d, e mozno trans-
formaciou

p=A—Bx (2.10)

dynamicky systém (2.7),
1 2
p(t+1) = 7 [a — ¢ —dp(t) + ep*(t)] (2.11)

pretransformovat na (2.4) tak, aby v intervale x € (0,1) bolo p > 0, D(p) > 0 aj
S(p) > 0.

Skutocne, ak zvolime a = 3+ 2u, b =1, c =1, d = 3u a e = pu, potom pre
A =2, B =1 dosadenim do (2.10) z (2.9) dostaneme

2—a(t+1)=3+2u—1=3u2—z(t) + u2—z(t)?

teda
z(t+1) = px(t)(1 — x(t)).

Dalej, ak = € [0, 1], potom p € [1,2], D(p) > 1a S(p) > 14 3up—up?® = 1+ p(3p —
p?) = 3.

To znaci, ze pre uvedené hodnoty a, b, ¢, d ma pavucinovy model rovnako komp-
likovant dynamiku, ako logisticky model z 2.2.
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3. Viacrozmerné linearne DS

3.1. Priklad. Fibonacciho postupnost. (Leonardo Pisano, 13. str.)
Sledujme populaciu kralikov, ktoré poc¢nic od 2. mesiaca zivota splodia kazdy
mesiac par krélikov. Ako sa bude asymptoticky vyvijat ich populacia?
Odhliadnime od zrejmych nedostatkov modelu (imrtnost, obmedzenost zdrojov)
a oznac¢me y(t) pocet krali¢ich parov v t-tom mesiaci. Potom plati

y(t+1) = y(t) +y(t - 1).

Ak zacneme s jednym péarom, potom y(0) = y(1) = 1.
Ulohu mozeme preformulovat: oznadéime x1(t) = y(t — 1), z2(t) = y(t), z(t) =
(z1(t), x2(t)). Potom plati

teda

kde
0 1
(1)
3.2 Explicitny vypocet trajektorii linearneho dynamického systému

xz(t+1) = Ax(t) (3.1)

r €R" A—nxn— matica.
Zrejme plati

x(t) = Atz (0).

Ide teda o to, pocitat mocniny matice tak, aby bola vidno ich asymptotika. Ak su
vlastné hodnoty matice A rozlicné, oznacme ich \{,...,\,, a oznac¢me vq,...,v,
ich vlastné vektory. Potom plati

Av; = N, 1=1,...,n,
t. j.
AV =VA kde V = (v1,...,vn)
A =diag (A\1,...,\n)
a V je regularne. Z toho dostavame
A=VAV!
Al

At=VAVI=V v (3.2)
)\t
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Vsimnime si, Ze sa ndm moze stat, ze \; st komplexné.

Pre viacnasobné korene moézeme postup modifikovat, v tomto texte to vSak ne-
budeme robit.

Uzito¢né je chépat to este inak. Ak pretransformujeme vektor x na vektor T
transforméciou

2(t) = VE(t) (3.3)

potom plati
Vi(t+1)=AVZ(t)

a teda Casovy vyvoj Z(t) sa riadi LDS
Ft+1) =V AVE(t) = AZ(t); (3.4)
LDS (3.4) sa rozpada na n nezavislych jednorozmernych LDS
Zi(t+1) = NZ(t) (3.5)
(ak \; st imaginarne, moézu byt niektoré LDS imaginarne (pozri cvicenie!)).
Z (1.3) vyplyva, zZe kazdua trajektériu systému (3.4) resp. (3.5) mozno napisat v

tvare
.fi (t) = Ci)\f;,

kde ¢; = x;(0), alebo ekvivalentne
z(t) = Z ciei\l = Ale (3.6)
i=1
kde e; je i-ty jednotkovy stiradnicovy stipcovy vektor a ¢ = (c1,...,c,)T . Z (3.3),
(3.6) vyplyva, Ze kazdu trajektériu (3.1) mozno vyjadrit v tvare
z(t) = VAle,
alebo

x(t) = Z civiAL, (3.7)
i=1

kde v; st vlastné vektory vlastnych hodndét \; a ¢; st vhodné konstanty. Ak
pozname z(0), mozeme vektor ¢ koeficientov uréit z rovnice

Ve = z(0), (3.8)

alebo ekvivalentne zo stistavy rovnic

Zcivi = z(0), (3.9)

pretoze matica V je regularna.
Spolu s imagindrnou vlastnou hodnotou A matice A je jej vlastnou hodnotou

aj A. Rovnako st komplexne zdruzené ich vlastné vektory v,v. Napriek tomu,
Ze v pravej strane formuly (3.7) sa vtedy vyskytuju komplexné ¢isla, jej hodnota
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x(t) samozrejme musi byt realna. Vo vyjadreni (3.7) pre x(t) sa vyskytna cleny
col! + do)t. Pretoze x(0) je redlne, plati

cv +dv = x(0) = z(0) = ¢v + dv,

a teda

(c—dyv+ (¢ —d)v = 0.
Kedze v, v st vlastnymi vektormi rozliénych vlastnych hodnot, st linedrne nezavislé,
z ¢oho vyplyva ¢ = d. Vo vyjadreni (3.7) pre z(¢) budua teda ¢leny s A\, A mat tvar

x(t) = ... + coA + coXl... = . 2Re(cv\l), ..

Ak X vyjadrime v poldrnom tvare A\ = p(cos ¢ +ising), p = |A|, ¢ = arg A\, potom
plati ¢ # 0 a

M= pt(costy +isintyp),

A= pt(costy — isintyp),
a teda

2(t) = o\t + G =
= 2Recv\' = p'(acosty + bsintyp)

pre vhodné vektory a, b.
Priklad. Compute the solution of LDE (3.1) with the matrix

.’L’Q(t + 1) = —Z’l(t) + Q?Q(t)
satisfying x1(0) = 1,22(0) = 0. B
The eigenvalues of A are A\=1+14, A\=1—i and v = (1,4), v = (1, —i) are the
corresponding eigenvectors.
Hence z1(t), x2(t) satisfy

x1(t) = 2Re{(y +6)(1 +14)"}
22(t) = 2Re{(vy +i0)i(1 + )"}
= 2Re{—0 +iv)(1 +14)'},
where 7, § are determined by the condition for x(0). Moivre’s formula enables us

to compute z(t) without dealing with complex numbers. We have A\ = 1+ i =
V2(cos(tZ) + isin(tZ)) which yields A' = (v/2)*(cos(tZ) + isin(tZ)), so

21 (t) = 2(v2)! (v Cos(tg) - 5sin(t£))
2a(t) = Q(ﬁ)t[—écos(tg) — ysin(tD)]

4
Since cos 7 = sin 7 = %, the values of v, § are solutions of the equations 2y = 1,

0 = 0 so we have v = %, = 2. Thus, the solution is
21(t) = (V2)' cos(t)
72(t) = (vV2)' sin(t7)
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3.3. Priklad. Diskrétny model dynamiky populacie s vekovou
Strukturou.

Pri presnejsich modeloch populac¢nej dynamiky dlhsie zijacich populécii s prekry-
vajucimi sa generaciami treba brat do tivahy, Ze jedinci st schopni mat potomstvo
iba v ur¢itom ¢asovom intervale.

V zjednodusenom modeli Tudskej populacie predpokladajme, Ze potomstvo mozu
mat jedinci vo veku od 20 do 60 rokov, pri¢om nerobime rozdiel medzi muzmi a
Zenami. Stav populdcie opiSeme vektorom x = (1, x2, x3), kde

x1 je pocet jedincov s vekom v intervale [0, 20]

x9 je pocet jedincov s vekom v intervale [20, 60]

x3 je pocet jedincov s vekom v intervale nad 60 rokov.

Oznacime my, amrtnost k-tej vekovej skupiny pre k = 1,2, 3 a b pérodnost druhej
vekovej skupiny.

Ak zjednodusene predpokladame, Ze vo vekovych skupinach je populacia vzhla-
dom na vek rovnomerne rozlozena a za jednotku casu vezmeme rok, dostaneme
nasledovny systém:

zi(t+1)= (1 —my — %) x1(t) + bxa(t)

ot +1) = 2—10901@) + (1 e 4%) 2a(t) (3.10)

st +1) = 4—10902@) + (1= mag)as(b).

Zo $tatistickej rocenky Slovenska za rok 1991 sa daji parametre systému odhadnut
takto: m; = 98 x 1074, my = 4.13 x 1073, mg = 5.5 x 1072, b = 2.87 x 10~2. Pre
tieto hodnoty bude teda systém (3.10) mat tvar

xz(t+1) = Ax(t),
kde
0.94 0.029 0

A=10.05 0971 0
0 0.025 0.945

Matica A ma zrejme vlastnt hodnotu As = 0.945 s vlastnym vektorom vz = (0,0, 1).
Dalsie dve vlastné hodnoty st vlastnymi hodnotami matice

0.94 0.029
0.05 0.971 )°
Jej charakteristickd rovnica je
A —1.91A+0.91=0
a jej korenmi st A\; = 0.997 a Ao = 0.914. Vlastnymi vektormi v vlastnych hodnot
Ak st vp = (0.42, 0.84, 0.4) a v2 = (0.66, —0.58, 0.47). Podla (3.56) mozno kazdu
trajektoriu napisat v tvare

2(t) = crviA] + cav2h + c303A5.
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Kedze |\;| < 1, i = 1,2,3, plati z(t) — 0 pre t — 0. To znaci, Ze pri tychto
hodnotéach pérodnosti a timrtnosti by populdcia vyhynula. Dalej si v§imnime, Ze

fL‘(t) = )\i [clvl + CQUQ()\Q/)\l)t + 631)3(>\3/)\1)t] .

KedZe Ao < A1, A3 < A1, druhy a treti ¢len v zatvorke konverguja k nule pri ¢t — oo.

Vekovy profil populécie sa teda bude asymptoticky priblizovat vektoru v.

3.4 Vypocdet rieSeni linearnej diferen¢nej rovnice druhého a vyssich

radov.
Vseobecna linedrna diferencéné rovnica 2. radu ma tvar
y(t +1) = ary(t) + aoy(t — 1),

alebo ekvivalentne
y(t +2) = ary(t + 1) + aoy(t).

Je Specidlnym pripadom DR n-tého radu

y(t+n)=ap1y(t+n—1)+ ... + agy(t).

Substiticiami
y(t) = z1(t), - y(t+n— 1) = z,(t)
mozeme rovnicu pretransformovat na n-rozmerny linearny DS
z(t+1) = Ax(t)

so ”sprievodnou maticou”

0 1 0 0
0 0 1 0
A= :
........... 0 1
ap a3y az ... Qap-—1

o ktorej je zname, ze jej charakteristicky polyném je

A" — an_lx\”_l — . — al/\ — ap,

(3.11)

(3.12)

Tento polyném mézeme dostat priamo z rovnice (3.11) zdmenou ¥ za y(t+k). Jeho
trajektorie mozeme pocitat postupom z odseku 3.2. Pretoze ndm staci pocitat iba
prvu zlozku vektora x, nemusime hladat vlastné vektory. Vieme totiz ze ak su

korene polynému (3.12) navzajom rozne, plati

y(t) = z1(t) = AL + -+ p L.

Koeficienty p1, ..., p, mozeme urcit, ak mame dané napr. xg, alebo ekvivalentne
y(0) =yo, ...,y(n — 1) = yp_1, a to zo systému n nezavislych linedrnych rovnic

PN PN, =y, j =1,

(3.13)

Ak mé charakteristicky polyném dvojicu komplexne zdruZengch koretiov A # A,

potom koeficienty pri nich budd komplexné, p,p. V pripade n

p, p2 = P a pre urcenie p dostaneme rovnice
2Re p(=p+P) = ¥o
2Re(pA)(= Ap + Ap) = y1.

2 bude p; =
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3.5. Riesenie ulohy 3.1

Vlastné hodnoty st riesenim rovnice A2 — X — 1 = 0, teda

A2 = 2

PodTla 3.4 moZno riesenie y(t) vyjadrit v tvare
y(t) = pAL + qy,

kde p, g st konstanty, nezavislé od t. Z rovnic y(0) = y(1) = 1 dostavame pre p, q
systém rovnic

pt+gqg=1
A1p+ Aaq = 1.
Ich riesenim je
1= a1
L W v Vi

Pre t — oo plati

yt+1)  pATt+ gt

y(t)  pA g
t
Ap+q(%-,& \
Y — A1, pret — oo,
p+a(32)

teda pomer dvoch nasledujacich ¢lenov konverguje k zlatému rezu pre t — oo.

3.6. Priklad. Pravdepodobnost hra¢ovho bankrotu. Predpokladajme, Ze hrac¢ hré
hazardni hru, v ktorej s pravdepodobnostou p vyhra 1 korunu a s pravdepodob-
nostou 1 — p ju prehra. Jeho pociatoéna hotovost je ng kortn, ak vyhra N > 0
kortn, prestane hrat. Aka je pravdepodobnost jeho bankrotu (t.j. vyprazdnenia
jeho hotovosti)?

Ozna¢me P(n) pravdepodobnost bankrotu, ak hrd¢ ma hotovost n. Kedze po
jednej hre sa s pravdepodobnostou p dostane do stavu n+1 a s pravdepodobnostou
1 — p do stavu n — 1, plati

P(n) =pP(n+1)+ (1—p)P(n—1),
z ¢oho pre P dostaneme diferen¢nii rovnicu

1 1—
P(n+1)=-Pn)— —LPn-1).

p p
Dalej plati P(0) = 1 (bankrot je isty) a P(N) = 0 (hra¢ konéi hru a preto s istotou
nezbankrotuje).

Vsimnime si, Ze v tejto diferencénej rovnici premenné n (zodpovedajica doterajse;

premennej t) nemé charakter ¢asu. Dalej si viimnime, Ze ide o ”okrajovia” tilohu,
v ktorej si1 hodnoty P dané na koncoch intervalu.



16

3.7 Pevny bod a asymptotické spravanie trajektorii

Ak A — I je reguldrna matica, potom LDS

z(t+1) = Ax(t) (3.14)
ma jediny pevny bod 0. Jeho stabilitné vlastnosti definujeme rovnako ako v jed-
norozmernom pripade s tym, Ze |- | chApeme ako normu v R™. Plati
Veta.

a) Ak su absolitne hodnoty vsetkych vlastngch hodnot matice A < 1, potom je 0
asymptoticky stabilny.

b) ak si absolitne hodnoty vsetkych vlastnych hodnot < 1 a vsetky vlastné hodnoty
s || =1 su jednoduché, potom je 0 stabilny.

c) ak je |- | aspon jednej vlastnej hodnoty > 1, potom je 0 nestabilny pevny bod.

Pozn. Vsimnime si, ze A — I je regularna prave vtedy, ak A nema vlastnii hodnotu
1.

Dokaz vety. Urobime ho pre pripad navzajom rozlicnych vlastnych hodnét. V
takom pripade transformacia x = VI z 3.2 prevedie DS (3.14) na DS (3.4), V,
A ako v 3.2. Plati

|z < [V]] ], (3.15)
jZ| < [Vl (3.16)
Z (3.5) vyplyva
3(t)] < N[2(0)], kde X = max |\,
z ¢oho podla (3.15),(3.16) dostavame

|z (t)] < NVII[V=H2(0)].

Z toho vyplyva a), b).

Ak |A;| > 1 pre nejaké i, potom pre Z(0) = de; (e; = i-ty jednotkovy vektor) plati
T(t) = dMte;, |Z(t)| = A5, Trajektéria x(t) = V(t) splita |z(0)] < |V||Z(0)| =
|V|§ podla (3.15), avsak podla (3.16) |z(¢)| > [V 7Yz (t)] = |V YN[t >
V==YV |7\l z(0)]. To znadi, Ze 0 je nestabilny. O

3.8 Viacrozmerny afinny dynamicky systém a formula variacie konstant

Analogicky ako v jednorozmernom pripade nazyvame afinnym dynamicky systém
tvaru

2(t+1) = Az(t) + b, (3.17)

kde z,b € R™ a A je n x n matica. Ak je matica A — I regularna, potom (3.9) ma
jediny pevny bod, a to
&= (I—-A)""b.

Lahko si overime, ze spravanie odchylky od pevného bodu y(t) = z(t) — & sa riadi
linedrnym dynamickym systémom

y(t+1) = Ay(t).
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Z toho ihned vyplyva, Ze o stabilite pevného bodu Z rozhoduju vlastné hodnoty
matice A podla Vety 3.5.
Pre linedrnu nehomogénnu diferenéni rovnicu (nejde o dynamicky systém, lebo
b zavisi od t)
x(t+1) = Ax(t) + b(t).

odvodime analogicky ako v jednorozmernom pripade indukciou vztah

x(t) = AP og(tg) + i AT175p(s),

S:to

Analogicka formula pre linedrne nehomogénne diferencidlne rovnice sa nazyva for-
mulou varidcie konstdnt.

3.9 Stabilita Samuelsonovho modelu narodného hospodarstva

V modeli sa stav hospodarstva opisuje v diskrétnych casovych okamihoch
t=...,0,1,... nasledovnymi premennymi:
- celkovymi prijmami Y ()
- prostriedkami vynalozenymi na spotrebu C(t)
- investiciami I(t) a
- vlddnymi vydavkami G(t)
Predpoklada sa, ze:
- vladne vydavky st konstantné v ¢ase - G(t) = G
- rozpocet je vyrovnany, t.j.

Yt)=Ct)+I(t)+G (3.18)
- spotreba je priamo imerna prijmom v predchidzajicom obdobi,
Cit)y=7Y(t-1), (0<y<1) (3.19)
- investicie st imerné zmene spotreby,
It)y=a(Ct)—C(t—1))) (a>0); (3.20)

Konstanta 7 sa nazyva hraniénym sklonom (propensity) k spotrebe, a je tzv.
akcelerator.

Dosadenim z (3.19) a (3.20) do (3.18) dostaneme

Yt)=9Y({t-1)+a(Ct)—C(t—-1))+G
=Y{t-1)+ay[Y(t—-1)-Y(Et—-2)]+G (3.21)

t.j. Y (t) splita afinni diferenénii rovnicu
Y(t)=7v(a+1)Y(t—-1)—arY(t-2)+ G (3.22)

ktord ma pevny bod
Y
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VysSetrime jeho stabilitu.
Charakteristickd rovnica rovnice (3.22),

M —~ya+DA+ay=0

mé korene

1
Al2 = 2 [(a + 1)y +v/12(1 + a)? — 4ay| .

Ak odhliadneme od hrani¢ného pripadu dvojnasobného korena, treba rozlisit dve

moznosti: 1. Ak
4o

>7
T At ap

(3.23)

potom Aj, A9 su realne a plati

A= S(a+ 1)y + V721 +a?) — day

N = N =

> —(a+1)y— V721 + )2 —day =Xy > 0.

Vsimnime si, ze krivka v = (1173)2 prechadza bodom a = 0, v = 0, rastie pri a < 1
a klesa pri a > 1; maximéalna hodnota 4 = 1 sa dosahuje pri a = 1.

KedZe |X2| < |A1|, rovnovazny bod Y bude stabilny, ak [A\;| < 1 a nestabilny ak
|A1] > 1. Aby bolo |A\1| < 1, musi platit

(a+1)y<2 (3.24)

a teda nerovnost |[\1| < 1 bude ekvivalentna nerovnosti

\/72(1 +a)? —day<2—(a+1)y

resp.
V(1+a)® —day < [2— (a+ 1)7)*,

ktora je splnend prave vtedy, ak v < 1.
Z (3.23) a (3.24) dostavame (« + 1)(1173)2 <2 atedaaja<l
Ak teda plati (3.23) a
a<la~y<l, (3.25)

vtedy pevny bod Y je stabilny, ak jedna z podmienok (3.25) nie je splnend a (3.23)
splnené je, Y je nestabilny.

2. Ak
4o

< T3>
TS At ap

(3.26)

potom st A\; a Ay = A\; komplexne zdruzené a plati

1| = Var,

stacionarny bod Y je teda asymptoticky stabilny, ak ay < 1 a nestabilny, ak
ay > 1.
Dalej, z 3.7 vyplyva, ze trajektérie budu oscilovat okolo rovnovazneho bodu.
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4. Nelinearne viacrozmerné DS

4.1 Rovnovazne stavy a ich stabilita

Uvazujeme nelinearny DS, dany rekurentnym vztahom

z(t+1) = f(z(t)), (4.1)

kdezxe X CR"a f: X - X jeC", r>0.
Rovnovazny stav & DS (4.1) je rieSenim rovnice (vektorovej)

f(&) =2,
¢o je vlastne systém n rovnic a n neznamych
filxy, ... zn) =y, i=1,...,n.

Na rozdiel od afinného DS nemozno vo vSeobecnosti tento systém rovnic explicitne
riesit a Gasto nie je ind moznost ako hladaf rieSenia numericky. Predpokladajme
vSak, ze sme taky bod nasli a zaujima néas jeho stabilita. Plati

Veta. Nech f je C' a nech & je pevnym bodom zobrazenia f. Potom % je

- asymptoticky stabilnym, ak su absolitne hodnoty vsetkych vlastnych hodnot op-
eratora D f(Z) mensie ako 1

- nestabilny, ak md niektord z vlastnych hodnot operdtora D f(Z) absolitnu hod-
notu vicsiu ako 1.

Pozndmka. Volne povedané, veta hovori, Ze o stabilite pevného bodu rozhoduje v
nekritickych pripadoch linearizacia zobrazenia v nom.
Urobime dékaz stability pre pripad rozliénych vlastnych hodnét. Dokaz nesta-
bility je vo viacrozmernom pripade narocnejsi a je mimo ramca tohoto textu.
Oznacme y = x — 2. Plati

T+yt+1)=f@+y®t) =[f(@) +Df(@)yt)+wy)y(?), (4.2)
teda
y(t+1) = (A+w(y))y
kde
A=Df(2)
Jim w(y) = 0.

Ak st vlastné hodnoty matice A navzajom rozliéné, plati podla (3.2)
AV =VA
kde V je regularna a A = diag {A1,...,A,}. Polozme y(t) = Vz(t). Z (4.2)

dostaneme

2(t+1) =[A+ V3 w(Vz(t)V]z(t),
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a teda
2(t+1)| < (a+ [VTH[VIw(Va(t)])|2(t)], (4.3)
kde
a=max {|A],..., ||} < 1.

Pretoze lim, ,ow(y) = 0, existuje § > 0 také, ze ak |z| < 6, potom |w(V2)| <
(1= a)|V||[V~L. Zvolme £ > 0 a polozme §* < min{e/|V|,d}. Ak |2(0)| < &*,
potom zo (4.3) dostéavame

()] < (a + VIV Hw(V (2(0)D]2(0)] < 5 (a +1)2(0) < 2(0) < 67,

DN |

pretoze (o +1) < 1.
Indukciou vzhiadom na ¢ dostaneme

2(t)] < [2(0)] <67,
¢o prechodom k premennej y dava

)] = V)] < VI[z@)] < [V][2(0)]
= VIV < VIV HIy(0)] < [VI[V—Hs"

¢o znadi, ze ¥ je stabilny, a

1 t 1yl t
y@] < VIz@)] < [VI[5(a+ DF[0)] < VIV (e + D]F[y(0)] — pre t =0,
teda & je aj asymptoticky stabilny.

4.2 Model kratkodobych fluktuacii vymennych kurzov

V diplomovych pracach K. Bodovej (2004), J. Szolgayovej (2006) a T. Bokesa
(2007) sa vysetruje diferen¢né rovnica

x(t+1)—z(t) =a(z(t) —x(t — 1)) — blz(t)|x(t)

s a, b > 0. Modeluje sa nou vplyv trhu na kratkodobé spravanie vymenného kurzu
vybranej cudzej meny v domécej mene. Model je rovnako pouzitelny na modelo-
vanie cien inych Spekulativnych aktiv, ako st akcie, nehnutelnosti, atd. Rozumieme
nimi aktiva, ktoré sa kupuju a predévaju v rozli¢nych éasovych okamihoch s ciefom
zisku. Ide o ”heterogeneous agents model”, zohladinujici heterogenitu aktérov na
trhu.

V rovnici x oznacuje kratkodobti odchyTku od rovnovazneho vymenného kurzu,
ur¢eného ekonomickymi fundamentami (ako napr. paritou kipnej sily, ¢ aroko-
vym diferencidlom). Prvy ¢len na pravej strane predstavuje zmenu kurzu v dosledku
zmeny dopytu chartistov, ktori predpokladaji ze smer pohybu kurzu v predchadza-
jucom ¢asovom intervale bude pokracovat aj v budicnosti. Na druhej strane funda-
mentalisti, vplyv ktorych predstavuje druhy ¢len predpokladaja, ze odchyleny kurz
sa v buducnosti bude vracat do rovnovaznej polohy; faktorom |z(t)| sa vyjadruje,
ze aktérov s fundamentalistickym spravavnim pribuda s velkostou odchylky. Tymto
model zohladiiuje to, Ze rovnovazny vymenny kurz nie je jednoznacne definovany.
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Zaujima nas v prvom rade stabilita rovnovazneho kurzu x = 0. Charakteristickou
rovnicou linearizacie v bode x = 0 (3.4) je

M—(14+ar—a=0

s korenimi 1, a. Podla vety z 4.1 je teda pre a > 1 rovnovazny kurz nestabilny. Pre
a < 1 veta o stabilite nerozhodne, pretoze charakteristickd rovnica ma okrem toho
aj koren 1.

Pouzitim jemnejsich metéd (vety o centralnej variete) sa da dokéazat, ze rov-
novazny bod je pre a < 1 asymptoticky stabilny. Simulécie priebehu riesenia
naznacuju, ze pre a > 1 dochadza k trvalym fluktudciam kurzu. Zaver teda je,
ze ak akcia chartistov, charakterizovana parametrom a prekroc¢i prahovi hodnotu
1, rovnovazny kurz straca stabilitu a prichddza k trvalym fluktudcidam vymenného
kurzu.

4.3. Abstraktny dynamicky systém

Nech X C R™. (C"-diskrétnym) dynamickym systémom, r > 0 nazyvame pos-
tupnost C" zobrazeni ¢; : X — X t=0,1,... takych, Ze
1. ¢o je identické zobrazenie
2. P10 Ps = Prys pret,s =0,1,2...

C" - zobrazenie f : X — X zrejme generuje C" - dynamicky systém predpisom

oi(x) = fi(z) (=fo-—-of(x)) prexzcX, t=12,...

t razy

Naopak, kazdy dynamicky systém je takto generovany zobrazenim ;. Ak x(t),t =
0,1,..., je postupnost, generovand rekurentnym vztahom

z(t+1) = f(z(t)), t=0,1,2...,
a ; je dynamicky systém, generovany zobrazenim f, potom zrejme plati
z(t) = @ (2(0)).

Hodnoty x zrejme moézeme v silade s Uvodom nazvat stavmi DS.
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II. DIFFERENTIAL EQUATIONS AND CONTINUOUS DYNAMICAL SYSTEMS
1. Differential equation as a ”limit” of a discrete dynamical system

1.1 Example. Ideally stirred vessel

A vessel of volume V is filled by a liquid I. Starting at ¢ = 0 liquid II flows into the
vessel with volumetric flow rate q. The liquid in the vessel is stirred very efficiently.
We idealize the stirring by assuming that at any time instant the concentration of
liquid IT is the same at any point of the vessel. We would like to determine this
concentration as a function of ¢.

Modelling the situation in the spirit of Chapter I we follow the concentration in
discrete time instants t; = jA¢ and write down the material balance of the instant
t and the instant ¢t + At:

Va(t + At) = Va(t) + ¢At — qu(t) At (1.1)
" 2(t+ At) = {1 - %At] (t) + %At (1.2)

The equation (1.2) generates an affine DDS; we can e.g. compute its stationary
state and stability of the latter.

The model (1.2) is far from being flawless. It implicitly assumes that z(¢) remains
constant in the interval [t, ¢ + At], then jumps to z(t + At) given by (1.2).

To remedy the model we rewrite (1.1) as

o(t+ At) —z(t) ¢
0=~ Ly,

Assuming now that x(t) is differentiable we pass to the limit for At — 0 to obtain

dz(t) ¢
— = (- a(t)). (1.3)

We have obtained a new object which will be called differential equation. By analogy
to the recurrence relation (1.2) we expect that once we fix z(¢), it should determine
a unique function z(¢) (to be called solution of(1.3)) for all ¢ > to. Unlike in the
time discrete case this is by no means obvious and a theory is needed to establish
it. In fact, it is not true in general unless certain assumptions are imposed on the
equation.

1.2 Example. Population dynamics

Consider a population with overlapping generations. Unlike in the case of non-
overlapping generations (I. 1.1) we follow the population continuously and expect its
size to vary nearly continuously in time. Therefore, to assume that the population
size x(t) varies differentiably with time is not a gross distortion.

If we denote by rAt the number of offsprings an individual has during a time
interval of length At¢, and by z(t) the size of the population at time ¢, we can
approximately write

z(t + At) = x(t) + rAtz(t) = (1 + rAt)x(t)
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7 2t + Ab) — ()

At
Passing to the limit as in (1.1) we obtain the differential equation

= rx(t).

z(t) = rx(t).
2. One-dimensional autonomous equation

2.1. Linear equation

This is the equation
T =azx (2.1)

By direct inspection it can be checked that for each ¢ € R the function
z(t) = ce™ (2.2)

solves equation (2.1). The constant ¢ can be uniquely computed from the condition
that z(t) passes through the point (to, xo), i.e., that x(tg) = x¢. Indeed, substituting
into this condition from (2.2) we have

cet = g,
or,
c = xge 0,
Substituting into (2.2) we obtain
z(t) = zoett) (2.3)

Note that (2.3) gives a solution not only for ¢ > ¢y but for all ¢t € R.

The formula (2.3) represents the Malthus law for populations with overlapping
generations.

We do not know so far that (2.3) is the only solution passing through (¢, zo).
To prove the latter, let z(¢) be any solution of (2.1) through (t¢, z¢). Consider the
function

2(t) = e~ (2 (t) — zoe® 1)),
. We have

d
%z(t) = —ae “(z(t) — xoea(t_tO))

+ e~ (@(t) — axoedtH0))

= e "(&(t) — ax(t)) = 0.

Hence, z(t) is constant. Since, in addition, z(ty9) = 0, we have z(t) = 0, which
completes the proof.

Note that £ = 0 is a stationary solution, i. e. constant solution of (2.1); if
a # 0, it is the only one.We define stability, asymptotic stability and instability of
a stationary solution almost literally as it was defined for discrete time dynamical
systems in 1.2.1. The only difference is that we allow ¢t to run through all positive
reals instead of integers.Then, obviously, £ = 0 is stable if a < 0, asymptotically
stable is a < 0 and unstable if a > 0.
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2.2 Affine equation

We consider the equation
T=ar+0b (2.4)

1. If a = 0, then the unique solution passing through the point (tg,xg) is
z(t) = xo + bt — to)

2. If a # 0 then (2.4) has a stationary (equilibrium) - i.e. constant solution Z(t) = Z.

It has to satisfy Z(t) =0, i.e.

at +b=0,
or,
E=—=

a
For the deviation y(t) of a solution z(t) from z, y(t) = z(t) — & = z(t) + 3 we
obtain,

i0) = i(0) = as(t) + b =a ()= ) + = ay(e),

Consequently, y(t) is a solution of the LDE (2.1). Its solutions are

u(t) = ylto)e" ).

Hence, the function

b b
Mﬂ=—5+Pwﬂ+Aew4w

is a solution of (2.4), passing through the point (g, xo).
Note that (1.3) is an affine equation (2.4) with a = —¢q/V, b = q/V. Therefore,
if initially V' is filled by liquid I, i. e. z(0) = 0, we have

z(t) =1—e 9V,

Obviously, in the case a # 0, a decides the stability properties of the stationary
solution # in the same way as in 2.1

2.3. General autonomous equation

We consider the equation
&=f(x) feCYUR),

U € R open, and we are looking for a solution z(t) passing through (¢g, zo).

If f(z¢) = 0 then such a solution is obviously z(¢) = z¢. We do not know so far
that this solution is unique.

Let now f(z¢) # 0; without loss of generality suppose f(xg) > 0. Then, f(x) #
for € V, V a neighborhood of zg. If z(t) is a solution through (to,xo), then
x(t) € V for t € I, where I is a neighborhood of ty. Therefore, (t) = f(x(t)) >
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on I and, consequently, x(¢) has an inverse function ¢t = 7(x) on I. For t € I we
have

dr 1
dr — f(z)
hence
t—to = 7(x(t)) — T(x(to)) = F(2(t)), (2.5)
where
F(x) = ’ Ldy.
zo J(Y)

For z € V, F has an inverse; from (2.5) we obtain
x(t) = F7Ht —to). (2.6)

Theorem. Let f € CY(U,R), U an open subset of R. Then, for eachty € R, xo €
U there ezists a unique solution (i.e. a function x(t) such that @(t) = f(xz(t))
through the point (to,xo) (i.e. such that x(tg) = xo9) on some open interval I
containing to. One has:
(i) z(t) = xg if f(xg) =0
(i) z(t) >0 for allt € I if f(xo) >0
(iii) ©(t) <0 for allt € I if f(xo) <O.
(iv) If x1 € U is such that f(x1) =0, f(z) > 0 for zo < x < x1 then x(t) — x1 for
t — 00.
In cases (ii) and (iii) (2.6) holds for all t in the interval of existence of the
solution.

Remark. The interval on which we consider the solution x(¢) is not uniquely defined.
Therefore the solution is unique only after we have fixed this interval. However,
there is a maximal interval of existence of a solution. As we will see later, it may

be bounded even if U = R.

Proof. We postpone the proof of uniqueness to a later chapter. It will be proved
in the context of the general existence and uniqueness theorem.
Conclusion (i) follows immediately by integration and uniqueness.

(ii) Assume f(xo) > 0. We prove that &(¢) > 0 as long as z(t) exists. Assume the

contrary, i. e., there exists a ¢; such that @(¢;) = 0. Then, we have

fz(tr)) = 0.

Hence, x(t) = x(t1) is the unique solution through (t1,2(t1)). This contradicts
%(to) > 0.
Case (iii) can be turned to the Case (ii) by the transformation t — —t.

(iv) By uniqueness of the constant solution z; we have
z(t) < x1. (2.7)

Since #(t) is increasing it has a limit z* < z7. Assume z* < x;. Then f(z) > 0
for © € [xg,2*] and, consequently, f(z) > 6 > 0 for x € [xg,z*]. We have &(t) =
f(z(t)) > 0, hence x(t) > x¢ + §(t — t9) — oo which contradicts (2.7).
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Let now V' be the maximal interval containing xo such that f(z) > 0 for x € V.
By continuity, V' is open. Define z(t) by (2.6) for ¢t € F'(V). By the formula of the
derivative of an inverse function we have

) = ey = @O

hence z(t) is a solution of (2.6) on I = F(V). O

Remark.
(1) The formula (2.6) gives a solution through (tg, zo) even if f is merely continuous.
However, as we will see later it may not be the only one, if f is not differentiable.

(2) Conclusions analogous to (iv) for ¢t —= —oo and/or x; < z( can be obtained
from (iv) by the transformation ¢t — —t, x +— —ux; the details are left to the
reader.

Corollary. Let f(z) = 0. Then, & is asymptotically stable if f'(Z) < 0 and
unstable if f'(Z) > 0.

In case f'(Z) = 0, & can be asymptotically stable, stable but not asymptotically
stable, or unstable. We leave it to the reader to find examples for all three cases.

2.4. Example. Logistic equation
As in example I. 2.2 we assume that the rate of proliferation of a population
(with overlapping generations) decreases linearly with population size,

T =ro(K —x).

From Theorem 2.2 it follows that this equation has exactly two equilibria, namely
0 (unstable) and K (stable). Physically interesting nonnegative solutions z(t) are
increasing while 0 < z(t) < K and decreasing while z(t) > K. We can compute the
solutions explicitly by the method discussed in 2.3. Indeed if x(¢) is a nonconstant
solutions passing through (¢g, zo), we have

t x(t)

1 1
ds = — —d
/ 5 To (K —2)x s

to To

hence
1

ro(t —to) = 74 (logKai(tgz(t) +long_0x0)

which is equivalent to

K.CCO
(t) = 7o + e~ Krolt—t) (K — z)’ (2.8)

From (2.8) it follows that every positive solution tends to K for ¢t — oc.
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2.5. Example. The Solow model of economic growth

Consider an economy with aggregated product. The production function Y
(measuring product amount) is a function of the amount of invested capital K and
labor L, Y = f(K,L), K,L >0, f € C..

Assumptions
1. Of JOK,0f/OL >0, 0%f/0K?,0%f/OL? <0

2. f is doubly homogeneous,

f(YK,vL)=~f(K,L).

(find such a function!)
Then, we have

f(K, L) = Le(k),

where

k= K/L7 (p(k) = f(k7 1)'

We have
o'(k) >0, ¢"(k) <O0. (2.9)

Note that, because of (2.9), ¢’ is bounded below and decreasing, hence converges
for k — oc.

Solow’s assumptions are that a constant part 0 < s < 1 of the capital is in-
vested and that labor proliferates by the Malthus law. Mathematically, this can be
expressed by

K=sY, L=)AL, A>0.

Consequently,
k=(K/Ly =K/L—-KL/L*=5sY/L—\K/L=g(k), (2.10)
where
g(k) = sp(k) — Ak.
Assume ¢(0) =0, s¢’'(0) > A, s¢'(c0) < A. Then we have g(0) = 0 and

g'(0) = s (0) — XA > 0, (2.11)

hence g(k) > 0 for k > 0 sufficiently small.
On the other hand, there is a k* such that for & > k* one has s¢’(k) < A\ —§ for
some 0 > 0, hence
g(k)=so'(k) =A< -6 <0. (2.12)

Integrating (2.12) we obtain
g(k) < g(k™) —o(k — k) (2.13)

for k > k* which implies g(k) — —oo for k — oo.
From (2.10) it follows that there is a k > 0 such that g(k) = 0.
We have
9" (k) = s¢"(k) <0,
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hence ¢’ is decreasing. From (2.11) and (2.13) it follows that g(k) has a positive
maximum at a point k3 > 0. We have ¢'(k;) = 0 and, since ¢’ is decreasing,

g’ (k) <0 for k > ky. Obviously k> ky, kis unique and
g'(k) <0,g(k)>0for 0 < k < k and g(k) <0 for k > k. (2.14)

Hence (2.10) has two equilibria 0 and %, 0 being unstable by (2.11) and % being

asymptotically stable. In fact, by Theorem 2.3 (iv) and 2.3, Remark 2, k is globally
asymptotically stable in (0,00), i.e. every solution k(t) with k(0) > 0 satisfies

k(t) — k for t — oo,
2.6. Equations with separable variables

Those are differential equation of the form

dx

= () (2) (2.15)

with g, f continuous I — R, J — R respectively, I, J open subsets of R.
Let to € I, o € J. If f(z¢) = 0 then a solution through (¢o, z¢) is z(t) = xo.
Let now f(xo) # 0; without loss of generality assume f(z¢) > 0. Then, f(z) >0
on some open interval V' 3 xo. If 2(t) € V for t € U, from (2.15) we obtain

t

/g:(t)fL /f 1 /g(S)ds (2.16)

to

Integrating (2.16) we obtain

z(t)=F~! /g(s)ds . (2.17)

for t € U, where F is as in 2.3. Differentiating (2.17) one can readily verify that it
provides a solution of (2.15) through (¢g,xg). Again, with f merely continuous it
may not be the only such one.

A precise analysis of solutions in the spirit of Theorem 2.3 is more complicated
and will not be given here.

3. Higher dimensional linear equations

3.1 Linear autonomous (homogeneous) equation

We consider the equation

T = Az, (3.1)

where © € R", A € L(R",R™) - i.e. Ais an n X n- matrix. In components (3.1)
writes as

........................... (3.2)
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For this reason we call the equation also a system of linear autonomous equations.

We assume (as usual) that the eigenvalues of A are mutually distinct. We proceed
as in (I.3.2) and by a suitable linear transformation decompose (3.1) into a system
of mutually independent one-dimensional linear equation which we know to solve:

Let A1,..., A\, be the eigenvalues and vy, ..., v, the corresponding eigenvectors.
Denote

V= (v1,...,0p)
A = diag {M\,..., ).

The transformation x = VZ brings (3.1) to the equation
=V 'AVZ = AZ.

If z(tp) is a solution of (3.1) satisfying the condition z(¢g) = z° then Z(t) = V~1z(¢)
satisfies the condition Z(tg) = 7° = V120 and its components #1(t),..., 7, (t)
satisfy the equations

*%j :)\j.’f‘j, jzl,,n (33)

For )\, real we know by 2.1, 2.3 that the unique solution of the j- th equation of

(3.3) satisfying the condition Z;(to) = ZJ is

i(t) = eM (1030, (3.4)
To deal with imaginary A; we introduce the Euler formula:

eV = cosy +isin~y for v € R.

Note that v +— €*? maps the real line to the unit circle in the complex plane, points
27 apart being mapped to the same point.

Adopting Euler’s formula we readily check that (3.4) remains valid for complex
A; as well. Indeed, if \; = a + ¢3 we have

% (eAj(t_t°)> = % [eo‘(t_tf’)(cos B(t —to) + isin B(t — to))]
= ae®tt0) (cos B(t — to) + isin B(t — to))
+ e(710) (— B sin B(t — to) + i3 cos B(t — to))
= e®t=t0) [0 cos B(t — to) — Bsin Bt — to)
+i(asin B(t — to) + Beos B(t — to))] =

= (a +i3)e* ) [cos B(t — to) + i sin B(t — to)]
e )\jeAj(t_tO).

Thus we have
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Theorem. Assume that the spectrum of A consists of mutually distinct eigenval-
ues. Then, the unique solution xz(t) of the equation (3.1) satisfying the condition
x(to) = 2° is

z(t) =V diag (eAl(t_tO), - .eA"(t_tO)) V10, (3.5)
where V. = (v1,...,v,), A; are the eigenvalues of A and v; are their respective
etgenvectors.

Remark.

1. It is possible to compute the solution of (3.1) in a closed form also in the case
of A having multiple eigenvalues.

2. In practice, to compute a particular solution with a given initial value, one
proceeds as follows: From (3.5) it follows that

z(t) = crope o) 4o e g ettt (3.6)

c=(c1,...,cy)t, ¢ = V7lxy. That is, (ci,...,c,) is the solution of the linear
system of independent linear equations

Ve=uxg (3.7)
or, in components,

V11€1 + -+ + VipCn = T10 (3.9)
Up1C1 + ** + UnnCpn = Tno

withv; = (vij,...,Unj), o = (210, .- ., Tno). In this way, to compute a particular
solution one can reduce the computation of the inverse matrix V' =1 to the solution
of the system of equation (3.8) (the computation of V ~! requires the solution of
n such systems).

3. Computing real solutions one can entirely avoid dealing with complex numbers.
Indeed, if \ is an imaginary eigenvalue, with eigenvector v then ) is an eigenvalue
as well with eigenvector v. Therefore, the sum (3.6) contains terms

cvert—to) + dz‘;e;\(t_to).

Since we look for real solutions we have z(t) = Z(¢); as in 1.3.2 we obtain d = ¢.
If we denote A = a4+ 183, v = z 4+ 1w, ¢ = a + b, for d = ¢ we have

cvet=to) 4 gpert—to) — 2Re(cve>‘(t_t°)) =
2e(t=t0) L[z cos B(t — to) — wsin B(t — to)] — b [wcos B(t — to) + zsin B(t — t)]} .
Rearranging all the terms of (3.6) with imaginary A; we can completely avoid
dealing with complex numbers. Let us note that for fixed A complex the two

terms in equation (3.8) containing a, b turn out very simple, namely

az — bw.
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Example. Compute the solution of LDE (3.1) with the matrix

a=(00 )

following z1(0) = 1, 22(0) = 0. B
The eigenvalues of A are A\ = -1+ i, A= —1—id and v = (1,—1), v = (1,7) are
the corresponding eigenvectors.

We will search for the solution in the form z(t) = 2Relc _12 e(=179!] where

¢ = v+ 1 is a complex constant to be computed from the initial conditions.
Carrying out the multiplication in the right-hand side we obtain

_ . 1 4 . o —t [ 7ycost —osint
x(t) = 2Re|(y + 19) <—z) e “(cost+isint)] = 2e <—5cost —ysint )
from the conditions for x(0) we obtain the equations for ~, §: 2y =1, —20 =0
So, the solution is z1(t) = e ! cost, xa(t) = e 'sint

3.2 Stability of the zero solution of a LDE

Every linear equation has at least one stationary (time constant) solution. The
stability concepts are defined literally as in the time discrete case of Chapter I. The
only difference is that, in the definition, ¢ can take all nonnegative values rather
than nonnegative integers.

Theorem. The zero solution of (3.1) is
(i) asymptotically stable, if the real parts of all eigenvalues of A are negative,
(ii) stable, if the real parts of all eigenvalues of A are non-positive and the eigenvalues
with vanishing real parts are simple,
(ii1) unstable if some eigenvalue has a positive real part.

Proof. As in the case of Theorem 1.3.7, we prove conclusions (i) and (iii) for A
having distinct eigenvalues,
Let A1,..., A, be the eigenvalues of A and let vq,...,v, be respectively their
eigenvectors. If A = max{R\; : j =1,...,n} <0, we have
|| = Pt cos SNt + i sin I\ jt| < M.
By (3.5), we have
2 (t)] < [V]eXVH]2(0)] — 0 for ¢ — oo

and
lz(t)| < e provided |z(0)| < |[V|~HV e

This proves (i).
To prove (iii) let j be such that R\; > 0. Choose z(0) = dv;. Then, V~1z(0) =
e; (the j-th unit coordinate vector) and, by (3.5),
[2(6)] =51V eset| = dluglle]

=3|v;]e™t (cos It + sin IAt).
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No matter how small ¢ is, for t = 27/3\; we have
2 (t)| > |vj|e®Mit — oo for t — oo

which proves (iii).

Remark. Why real part for DE while absolute value for discrete DS? Consider a
DE

T = Ar.
If we approximate the derivative by finite difference, we obtain

x(t + At) — x(t)
At

= Az (t);

i.e. the sequence z(t) is generated by the recurrent relation
z(t+ At) = (1 + AAt)z(t).

This gives
2(1) = (1 + AAL) 37 2(0) ~ e z(0).

Note that |e*| < 1 precisely if ReX < 0.
4.STRUCTURE OF SOLUTIONS OF A LINEAR DIFFERENTIAL EQUATION

4.1 The space of solutions

Consider the differential equation
T=A(t)x (4.1)

forx e R, A € C(R, L(R™,R™)) (i.e. Aisan nXxn-matrix continuously depending
on t). For the moment we assume that for each to € R, 20 € R™ there is a unique
solution through (¢g,z°) and this solution is global (i.e. it exists on all R). We
know already that this assumption holds true in case A is constant; we show in the
next section that its validity extends to all linear equations.

We prove the following

Theorem. The solutions of (4.1) form an n-dimensional linear space and the map
() — z(t) (z(-) a solution of (4.1)) is a linear isomorphism for each t.

In a more classical language Theorem 4.1 claims that a linear combination of
solutions is a solution again and that there are precisely n linearly independent
solutions. Moreover, solutions are linearly independent if and only if so are their
values at any ¢y € R.

Proof. Take ty € R, 2° € R™. Consider the map z° — z(-,2°), where z(-, 2°) is
the solution of (4.1) through (¢o, xo). This map is obviously linear (by uniqueness),
surjective (by existence) an injective (by uniqueness). This proves the Theorem
(why?) O
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4.2 Fundamental matrix

If p1(t),...,om(t) are solutions of (4.1), i.e. if
Gt = A, i=1,...,m (1.2)
for all t € R, we can equivalently write
d(t) = A(t)D(t), (4.3)

where ®(t) is the matrix with columns ¢;(t) (we understand ® as the matrix with
¢; as columns). If m = n and ¢1(),...p,(t) are linearly independent then ®(¢) is
called fundamental matriz of solutions (henceforth abbreviated as FM). In a more

classical terminology, w1(t),...,p,(t) are called fundamental system of solutions.
One has

Theorem.
(i) ®(t) is a fundamental matriz if and only it solves (4.3) and is regular for each
t

(i) If ®(t) is a FM then every solution x(t) can be written as x(t) = ®(t)c for a
suitable constant vector c.

(i5i) If ®(t) is FM and C is regular then ®(¢t)C is a FM.

(iv) If ®(t), ®(t) are FM then there exists a reqular matriz C' such that ®(t) = ®(t)C.

The proof is immediate and is left as an exercise. [
Of particular importance is the FM ®(¢,7) (called transfer matriz) defined by
the normalization condition
O(r,7)=1.

By Theorem (iii), ®(¢,7) can be obtained from any FM ®(¢) by
d(t,7) = ()@ (1)

By uniqueness of solutions, we have obviously
o(r,t) = [®(t, )]

and

O(t,s)P(s,7) = P(t, 1) (4.4)

(prove as exercise).

4.3. Autonomous equation

We show that for the autonomous equation we have
O(t+s,7+s)=®(t,7) Vs € R (4.5)
Indeed, let ¥(t) = ®(t + s,7 + s). We have

U(t) =Dt +s,7+5)=AD(t+ 5,7+ 5) = AU(t)
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and
U(r)=®(r+s,7+s)=1

which proves (4.5).
The equality (4.5) means that ®(¢,7) is a function of ¢t — 7 only; we write

®(t, ) = A7),

Then, e? indeed has properties of the exponential: one has %eAt = Aett, 40 =1,
and, by (4.4),

eAltts) — gAtAs Vs, t € R.
4.4. The linear nonhomogeneous and the affine equation

We consider the equation
= A(t)x + b(t) (4.6)

with A as in 4.1, b € C(R,R™). We have

Theorem. The solution x(t) of (4.6) through the point (to,z°) is given by the
variation of constants formula

(1) = Bt to)z° + / CB(t, $)b(s)ds (4.7)

to

Proof. Although the formula can be proved simply by verifying the properties of
x(t) given by (4.6), we prefer to derive it in a similar way as in the one-dimensional
case.

Let z(t) be the solution of (4.6) through (t9,z%). Multiplying (4.6) by ®(to, )
we obtain

B(to, t)a(t) — B(to, ) A(t)z(t) = B(to, t)b(t) (4.8)

Differentiating
D(to, 1)®(t,t0) = I

with respect to ¢ we obtain

D (to, t)A(t)P(t,to) + %@(to, t)®(t,to) =0,

or, multiplying by ®(¢g,t) from the right,

_%cp(to, t) = ®(to, 1) A(t) (4.9)

Substituting (4.9) into (4.8) we obtain

%((I)(to,t)x(t)) = ®(to,)b(2).

Integrating from ty to ¢ we obtain

B(to, )a(t) — 2° = / ' B(to, $)b(s)ds (4.10)

to
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The formula (4.7) is obtained by multiplying (4.10) by ®(¢,t¢) from the left. O
Remarks. 1. Since ®(t,s) = ®(t)®1(s) for any FM ®, we can write (4.7) as

x(t) = D(t) [q)_l(to):z:o +/ q)_l(s)b(s)ds} = ®(t)c(t) (4.11)

to
with .
c(t) = {fl)_l(to)xo +/ q)_l(s)b(s)ds} :

to
The formula (4.11) is an explanation of the name variation of constants.
2. Formula (4.7) also shows that every solution of (4.7) is obtained as a sum of one
particular solution of the nonhomogeneous equation plus an appropriate solution
of the homogeneous one. This is an obvious consequence of the fact that the
difference of two solutions of a linear nonhomogeneous equation is a solution of the
corresponding linear homogeneous equation. Indeed, if z(t),Z(t) are two solutions
of (4.6) then y(t) = x(t) — Z(t) satisfies

§(t) = () — (1) = A(D)((t) - (1) = AWy (2).

3. Formula (4.7) (or, (4.10)) enables us to compute the solutions of a linear nonho-
mogeneous equation in case we know the solution of the corresponding homogeneous
equation. The latter is the case if e. g. A is constant. Then, (4.7) reads

t
z(t) = eAt—to) 5,0 +/ eA(t_s)b(s)ds

to

t
_ eA(t_tO) (SL’O-F/ eA(to—S)b(S)ds) .
to

4. In general, the most effective procedure to compute a solution by the variation
of constants method is as follows:

Take any fundamental matrix ®(¢). From Remark 1 we know that ®(t)c(t) is
a solution of the nonhomogeneous equation for a suitable ¢(¢). To find c(t), we
substitute into the differential equation (4.6) to obtain

—[@(t)c(t)] = A(t)@(t)c(t) + b(1).
Differentiating the left-hand side we obtain

A)D(t)c(t) + @(t)é(t) = A(t)®(t)e(t) + b(t),
hence
O(t)e(t) = b(t).

If we denote w(t) the solution of this t-dependent system of linear algebraic equa-
tions and integrate, we obtain

where [ w(t) is any primitive of w(¢). An arbitrary solution of the nonhomogeneous
equation is then given by the formula

2(t) = B(t) <c-|— /w(t)dt)

with a suitable ¢ which can, e. g., be determined by initial conditions.
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Example. Find the solution of equations

.’i?l :.’L‘l—2.'172—|—€t
.’i?g = 333‘1 — 4.’172 + 1,
satisfying x1(0) = 1,22(0) = 2.

The eigenvalues of the matrix of the homogeneous equation are A\; = —1, Ay = —2
and v; = (1,1), v2 = (2, 3) are the corresponding eigenvectors.

The matrix . o
e v 2e”
‘I)(t) - (e—t 36—215)

is the fundamental matrix of the homogeneous equation.
We can find the solution of the nonhomogeneous equation as z(t) = ®(t)c(t),
where ¢(t) is a solution of the equation

20 = ().

e tey(t) + 2e 2y (t) = €
e_tél(t) + 36_2té2(t) =1

Solving this system of linear equations with unknowns ¢; (), ¢2(t) we obtain the
formulas

é1(t) = —2e’ + 3e*

éo(t) = —e3 4 2,

integrating them with respect to ¢ we obtain
¢, 3 2
c1(t) = —2e" + 2¢ + dy

1 1
Cg(t) = —§€3t + §€2t + d2

where d, do are integration constants to be still determined. Substituting for ¢(t)
and ®(¢) we have formulas for z(t):

3 1 1 )
x1(t) = (—2€_t—|—§€2t—|—d1)€_t—|—2(—§€3t+§€2t—|—d2)6_2t = dle_t+2dge_2t—1—l—éet
2o(t) = (—9e—t 3 o b o L3 1o 2t _ g —t o 11

o(t) = (—2e +2e +dq)e " +3( 36 +26 +dy)e " = dje "+3dqe 2+26

Conditions for x(0) give equations for the integration constants dy, ds:
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the solutions of which are dy = —35, d2 = %
In conclusion, the solution is:

5 1 _ 10
$1(t):8€t—1—§€ t—ge 2t
1 1
xo(t) = §et -1+ §e_t + ge_%

In the special case A(t) = const = A, b(t) = const = b we shall call (4.6) an
affine equation. If A is regular then (4.6) has a unique stationary solution

r(t)y =2 =—A"1h

By Remark 2, the deviation y(t) = x(t) — & from & satisfies the linear homogeneous
equation y = Ay. Consequently, stability properties of the stationary solution &
are determined by the real parts of the eigenvalues of the matrix A according to
Theorem 2.3.

4.5 Higher order linear equations

We consider the equation
y™ +a, 1Oy 4 ag(t)y =0, (4.12)
(homogeneous), or
v + a1 (y" T 4+ ag(t)y = h(t) (4.13)

(nonhomogeneous), where y € R, ag,...,a,—1,h € C(R,R). We say that the
function y(¢) is a solution of 4.12 resp. 4.13 on the interval I if we have

Y @)+ an 1 (YD () + -+ ao(y(t) = 0

resp.
Y () + an—1 (y "V + -+ ao(y(t) = h(h)
forallt € I.
By introducing the variables 1 =y, x2 = 9, ..., 2, = y("1 we transform the

equation (4.12) resp. (4.13) into the equation

T =A(t)z (4.14)
resp.
T = A(t)x + b(t) (4.15)
in R, where x = (z1,...,2,) € R",
0 1 e 0 0
Alt) = 0 0 ] , b)) = 0
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If A(t) = A, b(t) = b constant, we will call (4.15) affine. Note that y(t) = z1(¢). It

follows from Sections 4.1, 4.4 that:

e the solutions of (4.12) form an n-dimensional linear space,

e for every to,y° = (13, ...,y°_;) there is a unique solution of (4.12) or (4.13) such
that

y(to) =u8, 9(te) =3, ..,y D(te) =93,
e the unique solution of (4.13) through (¢g,4") is given by

n

y(0) =Y et to)s? s + [ et hls)ds (4.16)

i=1 to

where ¢;;(t, s) is the ij-th entry of ®(¢,s),

e since the rows of the fundamental matrix of the system (4.14) are derivatives
of its first row, in case the coefficient a;(t) are constant and the roots of the
characteristic equation Ay,...\, are mutually distinct, a fundamental matrix
®(t) of solutions of the corresponding system (4.14) can be easily obtained by

eMt etnt
AeMt o )\, eMnt
q)(t) — 1 n
n—1_Mt n—1_Ant
AT eMt Lo AT e

e since A is a companion matrix, in case the coeflicients a; are constant, its char-
acteristic polynomial is A 4 a,—1 A" "1 + -+ + a1\ + ao.

e it can be readily checked that if A is a root of the characteristic polynomial A" +
Ap_ 1 A"+ +ay A +ag of multiplicity k then the equation (4.12) with constant
coefficients a1, . .., a, has solutions t/e*, j =0,...,k — 1; it can be proved that
if we let A run through all roots these solutions constitute a fundamental system.

Remark. In some particular cases, e.g. in the case of an autonomous equation
with simple eigenvalues Aj, ..., \, of its characteristic polynomial and h(t) = e/
8 # \; an exponential, the formula allows us to compute the solution in a shortened
procedure. Indeed, in such a case p1,(t,s) = p1,(t — s) = 2?21 dije*it=%) hence

to

n n t
y@=2%@“%&+2%&7gww%7
j=1

4,j=1

t
/ (=X tB)s gg — 1 X [e(ﬁ—kj)t _ e(B_Aj)t0:|

to J

Therefore,

y(t) = Z ;e + et (4.17)

j=1

where

n
d. .
oy = e (z il ~ A)
i=1 J

n dnj
c=
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The solution can be computed directly by substituting (4.17) into the equation and
the initial conditions. We show this in the case n = 2.
We rewrite (4.17) as

y(t) = yu(t) + ynu(t)
where

yu(t) = cre™Mt + cgeet

ynm(t) = ce’t.

Since yp () is a solution of the homogeneous equation
Yo + a1y + aoyn =0,
we have
§(t) + a1y(t) + aoy(t) = Ginm(t) + arynm(t) + aoynm(t)
= 32ce®t + a1 8celt + agee”.

In order that y(¢) is a solution of the equation

j+ a1y + aoy = ™

we therefore must have
(3% + a18 + ag)ce’t = &

which gives
1

- B2 +a18+ap

C

In a similar way the solution can be computed also in other cases: e.g., if 3 = A; for
some j, one takes ynp(t) = ctePl, if h(t) = acos Bt + bsin Bt, one takes ynp(t) =
ccos Bt + dsin ft, etc.

The general rule is that if the roots of the characteristic polynomial are mutually
distinct and h(t) = t’e® with 3 a positive integer then yyz(t) can be sought in
the form p(t)e** where p(t) is a polynomial of degree 3 if a is not equal to any
of the roots of the characteristic polynomial and of degree 3 + 1 otherwise. This
rule extends also to the case of a complex which means that if « = p + iv (or,
h(t) = tP[a cosvt+bsinvt]) then yyp(t) can be sought in the form e#[p; (t) cos vt +
p2(t) sin vt], the degrees of the polynomial being determined in the same way as the
degree of p in the case of « real.

Note that if h(t) = ahq(t) 4+ bha(t) and y;(t) are solutions of the equations

Y+ an_1 (YD + - ao(t)y = ha(t),
i = 1,2 then ay; (t) + bya(t) is a solution of (4.13). This linearity property allows

us to obtain solutions of nonhomogeneous equations with right hand sides being
linear combinations of the above special ones.
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Example. Find the solution y(¢) of the equation:

j-3j+2y=c’
satisfying y(0) = 0, ¢(0) = 0.

The characteristic polynomial A\? — 3\ + 2 has roots 1,2, both different from the
exponent of the right-hand side of the equation. Hence, we can find the solution in
the form: y(t) = cre’ + coe?! + de™?

If we differentiate this formula and substitute its derivatives for y(t), y(t), i(t)
into the equation, terms with e’ and e?* will cancel out and we obtain an equation

for d: .
d1+3+2)=1 which gives d = 5

Substituting into the conditions for y(0), (0) we obtain equations for ¢y, c:

1 1
01+C2+6=07 c1+2c— - =0,

6
which gives ¢; = —%, Cco = %. Hence, we obtain the solution
1 1 1
£) = St _ T2ty ot

In case we replace the right-hand side e~! by the function cost the exponential
expression of which is cost = L;” Because i is equal to none of the roots
1 or 2, we can find the solution in the same way as in the case e!, in the form
y(t) =1 et +cge?t 4+-dy cost+ds sint where dq, ds can be determined by substituting
this formula and its derivatives into the differential equation and ci, ¢ can be
computed from the conditions for y(0) and ¢(0).

If in the nonhomogenous equation was, e. g., ae’, the exponent would be equal
to one of the roots of the characteristic polynomial. Hence, the solution would be

given by the formula: y(t) = cie! + cae?t + dtet
Example. Find the solution y(¢) of the equation:

i — 20 + by = e’ sin 2t

satisfying y(1) =0, y(1) = 1.
The roots of the characteristic polynomial A2 — 2\ + 5 are 1 & 2i. Because

. 28t | _—2it (1424)¢ | (1—2i)¢ . .
elsin2t =ef&=E& — = ¢ = and the coefficients 1 4 2i are equal to the

roots of the characteristic polynomial, we consider the solution in the form:

y(t) = Re[(c + dt)e 201
where ¢, d are complex constants, or directly in the real version
y(t) = (c1 +dit)e "t cos2(t — 1) + (¢ + dot)e! "t sin2(t — 1).
Equivalently, we can replace the argument ¢t — 1 by ¢. However, since the initial

conditions are prescribed in point the ¢t = 1, computing with an argument ¢t — 1 is
simpler.
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4.6 The harmonic oscillator

Assume that we have a point of mass m attached to a spring the other end of
which is fixed. If we move the point from its equilibrium position, the restoring
force of the spring will push it back. For small deviations (to be denoted by y) the
restoring force F' can be assumed to depend linearly on y and point to the direction
opposite to y, i.e.

for some k£ > 0. Applying the second Newton’s law we obtain for y the differential
equation
i+ wiy=0, (4.18)
where wy = (k/m)'/2.
The characteristic equation
M4rwi=0

has two conjugate imaginary roots +iwg. By 4.5 the two real independent solutions
are coswyt and sinwpt. Therefore, every solution can be written in the form

y(t) = ccoswpt + dsinwot
for suitable ¢, d. Note that we have
y(t) = Acos(wot — ) (4.19)
where the amplitude A = (c>+d?)'/? and the phase shift o is defined by cos p = ¢/A,
sinp = d/A.
From the expression (4.19) it follows that every solution exhibits periodic oscilla-

tions the frequency of which increases with increasing restoring force and decreasing
mass m.

4.7. Example. Forced oscillations of an electric network. Resonance

Consider an electric network involving self-induction (L), resistance (R) and
capacity (C') which is forced by an external source with time-dependent voltage
u(t). The equation for the current in the network is

|
RI—i—LI-I—a/I—u:O.

Differentiating, we obtain

. R. 1
Y R G
tpltpel=

If we denote I =y, b= R/(2L) and wy = (LC)~/2, we obtain for 3 the equation
i+ 2by + wiy = /L. (4.20)

Note that in the absence of resistance and external forcing equation (4.20) coincides
with the equation (4.18), and therefore will exhibit periodic oscillations.
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We assume that the forcing u(t) is sinusoidal, with frequency w,
u(t) = asinwt,
then
u(t) = aw coswt;

because of linearity we can without loss of generality take aw/L = 1. We assume
that the damping b is nonzero but small, in particular, that 0 < b < wy. Then, the
characteristic equation

A+ 2bA +wi =0

has a pair of complex conjugate roots
A2 = —b=£1iQ,

where Q = (W@ — b?)1/2.
Then, any solution of (4.20) can be expressed in the form

y(t) =e % (v cos Qt 4 § sin Q)
+ ccoswt + dsinwt (4.21)

with suitable +, 6, c,d. Note that the solution of the homogeneous equation e~

(7 cos Qt + § sin t), representing ”free” oscillations of the network without forcing,
decays to zero with ¢ — co. Let us now compute the constants c, d, appearing in
the terms representing ”forced” oscillations.
Differentiating
y(t) = ccoswt + dsinwt (4.22)

with respect to time we obtain

Y = —cw sin wt + dw cos wt (4.23)

§j = —cw? coswt — dw? sin wt. (4.24)
Substituting (4.22) - (4.24) into (4.20) we obtain
(—cw? + 2bdw + wic) coswt + (—d? — 2bcw + wid) sin wt = cos wt
hence

c(wd — w?) + 2bwd = 1
—2bwe + (Wi — w?)d = 0.

Solving this system of linear equation for ¢, d we obtain

e wd — w?
T (wg - w?)? 4 4b202?’
2b
d=— nd

(wg — w?)2 + 4b2w?’
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Hence, we have
y(t) = Acos(wt — )
where the amplitude A is given by

A= [(w§ — w?)? + 4°w?] 12 )

and the phase shift 1/ is up to an integer multiple of 27 given by the equalities

cosp = (wj —w?) [(w§ — w?)? + 4b*w?] e

sing) = 2bw [(w§ — w?)? + 4b%w?] 1z

Note that if b is small, the amplitude may reach very large values for the frequency
of forcing w equal to the internal frequency wg of the network. This phenomenon
is called resonance and makes wireless transmission of electromagnetic oscillations
possible. It may have unwanted effects as well, e.g. ”"humming”of car bodies at
certain revolution frequencies of a car engine etc.

5. General theory of differential equations

5.1. The need of theory

Besides one-dimensional equations with separated variables, linear homogeneous
equations (autonomous in higher dimensions) and linear nonhomogeneous equa-
tions (with homogeneous part autonomous in higher dimensions) only rather spe-
cial classes of equations allow their solutions to be expressed in a closed form, i.e.,
roughly speaking, as a formula consisting of a finite number of terms containing
constants, elementary functions and their primitives. The vast majority of them is
listed in a classical book by E. Kamke from the twenties. No serious effort is made
nowadays to find additional equations which are ”integrable” in this sense. There
is a good reason for it: in the beginning of the 19th century Liouville proved that
an equation as simple as & = x2 + ¢ is not integrable.

Since we are not able to compute the solutions explicitly, the question arises
whether our expectations of existence and uniqueness of a solution passing through
a given point is true. The following examples show that this is not the case unless
certain assumptions are imposed on the equation.

(i) Non-ezistence:

Consider the equation

&= f(x)

where f(z) =1 for z <0, f(x) = 0 for z > 0. Obviously, there is no solution
through the point (g, 0) for any to (why?). Note that f is not continuous.

(ii) Non-uniqueness:
The equation

i = zl/3

has at least two solutions through the point (¢°,0) namely z(¢) = 0 and

(t) = E(t - to)} 3/2.
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(iii)

Note that f is continuous but has no derivative at = = 0.
Non-extendability:
The solution through (¢g, z°) with 2° # 0 of the equation

is
1

1
R—t‘i‘to

x(t) =
Obviously, z(t) — oo for t — % + to and, therefore, is not defined on all R.

Note that the right-hand side of the equation has superlinear growth for x —

+o0.

5.2. Basic theorem on existence, uniqueness and extendability of
solutions

Theorem. Let U C R x R™ be open, f € C*(U,R"). Then, for each (to,2°) € U
there exists a unique solution of the differential equation

&= f(t,z). (5.1)

through (to, 2°). The solution can be extended to the boundary of U in the following
sense: for each compact K C U the solution can be extended to contain a point in

U\ K.

Remarks.

1.

Existence should be understood in the following way: there exists an open in-
terval I 3ty and a function z € I : I — U satisfying (5.1) and z(to) = 2°.
Uniqueness should be understood in the following way: whenever we fix an
interval I C R there exists at most one function x : I — R" satisfying (5.1) and
x(tg) = 2°.

It follows from Remark 2 that if I C J, x is a solution on I and Z a solution on J
then x(t) = 2(t) for t € I. This circumstance allows us to skip the interval when
talking about existence. Moreover, it allows us to define the maximal interval of
existence I« by

Tk = U {(tl, ,t3) : solution through (to,z") exists on (tl,tg)} )

If U = R x R", then extendability to the boundary means that the solution is
either unbounded for t > ¢y (¢ < ) or can be extended to an interval containing
[to, 00) ((—o0, o], respectively).

If continuity of f is assumed instead of continuous differentiability, existence is
preserved but uniqueness is not. Uniqueness can be proved under a somewhat less
restrictive assumption than continuous differentiability, though, namely ”local
Lipschitz continuity in z”. We will not pursue this issue in this text, however.

There are essentially two ways to prove the theorem. We will discuss them in

the following two sections.
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5.3. The method of Cauchy-Peano

The methods reflects the idea of the differential equation being a ”limit” of a
discrete dynamical system (Section 1).

Consider the differential equation (5.1) with U, f as in 5.2. Looking for a solution
through a point tg,2° € U, we take a 7 > 0, N a positive integer and denote
At = 7/N. We approximate & = dx/dt in (5.1) by the finite difference (x(t + At) —
x(t))/At to obtain the recurrence formula

T(tip1) = x(t:) + f(ti, x(t:)) At (5.2)

for i = 0,1,...,N — 1, t; = to + iAt. With x(tg) = 2° fixed it defines uniquely
the values z(¢;), i =0,...,N. We now define a function (the Euler polygon zn(t)
on [tg,to + 7] in such a way that its graph consists of segments joining the points

(ti, .’L‘(tz)), il.e.

ry(t) =zn(ti) + % [N (tiv1) — 2N ()]

:.CCN(ti) -|- (t — ti)f(ti,xN(ti)) fOI' ti S t S ti—l—l- (53)

Approximating the derivative by the backward difference (x(t) — z(t — At))/At we
can extend x to [tg — T, o]

The existence theorem of Cauchy-Peano says that if f is continuous and 7 is
chosen sufficiently small then the sequence xy is well defined and one can extract
from it a uniformly convergent subsequence whose limit is a solution of (5.1) through
(to,x°). Tt can be proved that if f is C! then zy(t) converges and its limit is the
unique solution of (5.1) through (g, z°).

The advantages of the methods are
e it yields existence if f is merely continuous (then, one can prove merely existence

but not uniqueness),

e it suggests a certain simple method to compute solutions approximately.

The disadvantage is that the proof is technically rather complicated.

5.4. Picard’s approximations

This method employs the natural iteration procedure: guess a solution, substi-
tute it to one side of the equation, then compute the other side of equation to
obtain a new, hopefully better guess.

Note that x() is a solution of (5.1) if and only if

z(t) = 2° —I—/t f(s,z(s))ds (5.4)

A function x(t) satisfies (5.4) if and only if it is a fixed point of the operator 7
defined by

(Tz)(t) = 2° —l—/t f(s,z(s))ds

We prove that on a suitable chosen functional metric space 7 is a contraction and,
thus, has a unique fixed point.
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Given (tg,x°) € U, there exists a d > 0 such that the rectangle Q = {(¢, ) :
it —to| < d, |z —°| < d} is contained in U. Denote

K= sup [f(t,2)|
(to)eQ

L= sup [Df(t, )],
(t2)eQ

the set of continuous functions on the interval [ty — d, to + ¢] with values in the set
{z:|x —x9| < €}, J,e to be chosen later.

M is a closed subset of the Banach space C([tg — 0, to + 0], R™) and, therefore,
is a complete metric space; we denote by || - || the norm on M induced by the norm
in

C([to — 5, t() —|— 5] ,Rn), 1e

ol = sup [z(t)].

We need the following

Lemma. Let Q € R™ be convez and let f € C1(Q,R™), L = sup |Df|. Then, we
have

|f(z) = f(2)| < Llz — x|
for all x,z € Q.
Proof. By the Leibniz-Newton formula

If(ac)—f(a?“)lzlf0 Df(z +9(z —2))(z - 7)dd| <
< |/O |Df(z +9(x — 7))dV||z — 7| < Llx — 7|

since f(Z + Y(xz — Z)) € Q and, therefore |f(Z + VJ(x —Z)| < L for all 0 <9 < 1.
Let © € M. For |t — to| < §, we have
t

(Ta)(t) —2®| = | | f(s,2(s))ds| < |/t |/ (s,2(s)|ds|

to

< K|t — to| < K6.

Hence, 7 : M — M provided ¢ < ¢/K. Further, by the Lemma, for z,z € M, and
|t —to] < 0 we have

I(Tx)(t)—(Tf)(t)lé/t |f(s,2(s)) = f(s,2(s))|ds]

t
< 1] [ Jals) - a(s)lds < alls ~ 3,
to

where oo = Lé. Thus, 7 is a contraction provided § < 1/L.
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It follows that once § < min{e/K,1/L}, T is a contraction and, by the Banach
fixed point theorem, has a unique fixed point £. Obviously Z is the unique solution
through z° on the interval [ty — §,to + d].

To prove the second part of the theorem suppose that x is a solution of (5.1) on
an interval I, {(t,z(t)):t € I} C K C U with K compact and that the solution
cannot be extended to the right.

Denote t* = sup I.

For t,7 € I we have

|z(t) —a(7)| < !/; |f(t, (1)) |ds| < Mt — 7]

where M = sup |f(¢,x)| < co. It follows that x(t) satisfies the Bolzano-Cauchy
t,x)eK
condition for( t )—> t* and, therefore, has a limit z* € K.

By the first part of the theorem, there exists a solution Z(¢) through (¢*,z*). By
uniqueness, this solution coincides with the solution z(t) for ¢ < t* and, therefore
extends is for ¢ > t*. This contradicts the assumption of I to be maximal. A similar
contradiction is obtained for the lower limit of I. The two contradictions complete
the proof of the theorem. [

Remark. 1. We assumed f to be C'! by simplicity. From the proof it is easy to see
that it is sufficient that f is continuous and its partial derivative with respect to x
is continuous.

5.6. Approximate computation of solutions

Theorem 5.2 on existence and uniqueness makes it legitimate to compute a
particular solution satisfying a given initial condition by various approximation
schemes.

One can obtain an estimate by employing the Euler polygon of 5.3. As an
example, consider the problem

t=2>+t, x(0)=1 (5.5)

from 5.1 and estimate x(0.2) by employing (5.4) with tc = 0, 7 = 0.2, N = 4,
At = 0.05. One has

24(0.05) = 1+ 0.05(1 +0) = 1.05
24(0.1) = 1.05 + 0.05((1.05)% 4+ 0.05) = 1.108
24(0.15) = 1.108 4 0.05((1.108)% + 0.1) = 1.174
24(0.2) = 1.174 + 0.05((1.174)%? 4+ 0.15) = 1.250

At this moment, we do not know how good the estimate 1.250 for (0.2) is. In order
to improve it it is natural to try to use (5.4) with a smaller step size At. However,
due to round-off errors this idea has its limits. Therefore, more sophisticated nu-
merical method have to be introduced. We leave this topic as well as the problem
of estimation of accuracy, of the results to the subject ”Numerical methods”.

In the case of one-dimensional equations, another way to estimate solutions is
to employ inequalities. To this end we prove the following
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Theorem. Let f € C1(U,R), U C R? open. Let z(t), t € [to, 7] be differentiable
and satisfy

&(t) < f(t,2(t))
fort € (to, 7). Let y(t), t € [to, 7], be a solution of the equation
y=rty)
such that y(to) = z(to). Then, z(7) < y(1).
Proof. Denote
2(t) = =(t) — y(1).
Using the Leibnitz-Newton formula, we obtain

L) = L)~ y0) < Pl a(0) ~ fEy0) = a0, (56)

where

a(t)Z/O Of 0x(t,y(t) + I(x(t) — y(t)))dV,

is continuous. Denote Z(t) = e Ji “(S)dsz(t)_ We have
7 _rt e
dd—l(f) — % [6 Tt a(S)dsZ(t)} — e iy a(s)ds 2(t) — a(t)=(8)] < 0,

hence

Z(T):Z(O)—l—/tT%(s)dsSO—i—O:O

and, consequently z(7) < 0 as well.

Obviously, the Theorem holds with < replaced by >. We demonstrate the use
of the Theorem on the Problem (5.5).

We have

T2 20)

hence z(0.2) > y(0.2), where y(t) is the solution of the problem

dy/dt =y*  y(0) =1.
We have
y(t) = (1 -1~
hence
2(0.2) > (1-0.2)"! = 1.25.
On the other hand for ¢ € [0,0.2], we have
#(t) < 22(t) + 0.2,
hence
x(0.2) < z(t)
where z(t) is the solution of
5=2240.2, z(0) = 1.
We have
2(t) = (0.2)Y/2 tan((0.2)*/2t + arctan(0.2)7/?),

hence
2(0.2) < (0.2)Y2tan((0.2)%/2 + arctan(0.2) ~*/2) = 1.301.

We see that by the Euler polygon we have estimated the solution with accuracy
10~
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5.7 Linear equations

Consider the equation
T =A(t)x

with A : R — L(R™,R") continuous. By the Remark in 5.2, through each point
(to, x°) there exists a unique solution. We show that each solution can be extended
to R. By Theorem 5.2 it suffices to prove that, if () is a solution on some interval
I which is bounded from above then z(t) is bounded on 1.

Let t* = sup I; take some ¢y € I and denote z(tg) = 2°. Further, denote

M = 2sup|A(t)|.
tel
If | - | is the Euclidean norm, we have
d 5,  d
E|m(t)| =5 < x(t), z(t) >=< z(t), A(t)z(t) > +

< A@)z(t), 2(t) >= 2 < (1), A(t)z(t) >
< [A@®)|Jz(6)]* < Mx(t)]?,

By the Theorem from 5.6 we have
|x(t)|2 < (IL‘O)QBM(t_tO) < (CCO)zeM(t*_tO).

Hence, x is bounded on [ for ¢t — t*, a cotradiction. A similar argument works for
the left hand limit of I.

6. General autonomous differential equations.

6.1. Stability of stationary solutions of autonomous differential
equations

Consider the differential equation

i = f(z) (6.1)
with f € C1(U,R*,U C R", U open.

Theorem. Let f € C', f(2) = 0. Then, the stationary solution x(t) = & of the

differential equation (6.1) is

e asymptotically stable if the real parts of all eigenvalues of the matriz D f(Z) are
negative

o unstable, if the real part of at least one eigenvalue of D f(&) is positive.

Proof. We prove asymptotic stability for the case of mutually distinct eigenvalues.
Denote A = D f(), then

f(@)=(A+w(x-2))(z—2)
where

lim w(x) = 0.

r—0
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Let A; be the eigenvalues, v; their eigenvectors. Then, as in 1.4.1 we find that =(t)
is a solution of (6.1) if and only if y(t) = V~!(x(t) — %) satisfies the differential
equation

j=A+V 7 w(Vy)y (6.2)

where V' = (vy1,....v,).
We have (note that y may be imaginary)

Lo = 5 < y(0).50) >

=< §(1), Ay(t) + VT w(Vy(t)) > + < y(t), Ay(t) + V- 1w(Vy(t)) >

=2 RAfyl* +2R[< y(0). Vw(Vy()) >]

< 200y + 2V ly ()] lw(y(t))]

where \g = max Re \; < 0 (note that for \; imaginary we have \; = \;, y;(¢) = 7:(?)

for some j, hence

< Yin Niyi >+ < Gj, Ny > =< i, \iyi > + < Yi, \iYi >
=20\ + Ni) < Tin ¥ >
= 4%)\i|yi‘2
= 2[R\ |yi|* + RN [y;1%]).

Let & be chosen so small that [V ~!{|w(Vy)| < —3Xo|y|. Then, if y(¢) is a solution
of (6.2) and [y(t)| < 6, we have

SR < oly()P (63

Similarly as in 5.3, from (6.3) we conclude
d _
S llyPe ] <o

hence
ly(t)| < |y(0)|e /2 for t > 0. (6.4)

For z(t) = Vy(t) this means
j2(t) = 2| = [VI[y(@)| = [VI[y(0)[e**/? < [VI[V~H]a(0) — 2|/,
Hence, |z(t) — 2| < |[V||[V71|2(0) — 2| and z(t) — & for t — oco. This proves that

Z is asymptotically stable.
The proof of instability is more involved and will be omitted.
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6.2. Example. Continuous dynamics of the supply and demand cobweb
model

In the linear (I.1.4) and nonlinear (I1.2.3) cobweb model we assumed that suppliers
and consumers make their decisions in discrete time instants to achieve immediate
equilibrium. Now, we assume that the decisions are made continuously with the
intention to move towards equilibrium.

The underlying microeconomic theory postulates perfect competition: the prod-
uct is supplied by a large number of firms for which price is exogeneous, i. e. cannot
be affected by their individual actions. The equilibrium value ¢ = S(p) results from
the rational choice of the profit maximizing quantity of production.

Unlike in the discrete model, we do not assume that equilibrium can be achieved
immediately. Rather, we assume that firms move gradually towards production
equilibrium by changing the quantity of their production and market mechanisms
move price gradually towards the demand equilibrium.

We denote price resp. quantity by p resp. ¢ and suppose that equilibrium
demand resp. supply is given by ¢ = D(p), ¢ = S(p) where D : (0,00) — (0, 00)
and S : [pg, 00) — [0, 00) are C! and satisfy D’(p) < 0, S’(p) > 0. Further, suppose
that there is and equilibrium price p € [pg, 00) for which supply meets demand, i.e.
S(p) = D(p)(= q). Note that p, ¢ are uniquely determined (why?). We assume that
the rate of movement towards equilibrium is proportional to the deviation from the
latter. Then, we have

p=p(D(p) —q)
q¢=a(S(p) — 9.

with a, 8 > 0. By our assumption, this system of equations has a unique positive
stationary solution p = p, ¢ = ¢. To determine its stability we employ Theorem
6.1. If x = (p,q), T = (p,4) and if f(x) is the vector of the right-hand sides, we

have Df(#) = <§€,:((5)) :g) :

The eigenvalues A1, Ao of D f(Z) satisfy A1 +Xy = —a8S5"(p) < 0, \1 A = a8 [S'(p) —
D’(p)] > 0. Hence, their real parts are negative which means that & = (p,q) is
asymptotically stable. Note that the result is different to the discrete time model
1.1.4 in which equilibrium may be unstable.

A similar conclusion can be obtained if it is assumed that the supplier sets
price while the consumer chooses quantity or both agents decide on both price and
quantity.

6.3. Example. The IS-LM model

The dynamic version of the famous IS-LM model of the Keynes theory of equi-
librium in the money and capital markets leads to the same mathematical model
as 6.2. Denote:

i(t) interest rate

Y'(t) gross national product

L(Y, 1) aggregated liquidity demand

S(Y') savings
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e /(i) investment
e M money supply
e P price level.

It is assumed that OL/0Y > 0, L/0i <0, S’ >0,Y’ <0 and

L(Y,i)=M/P (money market equilibrium)
S(Y)=1I(i) (capital market equilibrium).
The dynamic model assumes that interest changes so as to move the money market

towards equilibrium while income changes so as to move towards equilibrium of the
capital market. That is, we have

dy .

S = all(i) - S(v))
di .
=AY, i)~ M/P)

with «, 3 > 0 or, more generally,

dy
— =H(I(7) = S(Y
= H(I(0) - S(V)) o

di
— = Hy(L(Y,i) - M/P)
with Hq(0) = H2(0) =0, H{(0) > 0, H5(0) > 0.

Let (Y,%) be the IS-LM equilibrium, which is a stationary point of (6.5). To
determine its stability we compute the differential of the vector of the right-hand
sides of (6.5) at (Y, %) which is

( ~H()S'(Y)  H{O)I'(Y) )
~H{(0)ZE (Vi) Hy(0) (Vi)

The arguments dropped, we have \; + Ao = H{S' + HL0L/Ji < 0 and A o=
H{H,(—S"0OL/0i + I'0OL/di) > 0 which means asymptotic stability as in 6.2.

6.4. Trajectories of autonomous differential equations

By a trajectory of a solution x(t) of a differential equation
= f(x) xreUeR" (6.6)
we understand the set
{z(t) : t € interval of existence of z(-)}.
We can visualize a trajectory as the
e natural projection of the graph (¢, x(t)) of the solution z(¢) into the x-space

e a parametrically defined ”curve” x = z(t) in the z-space.
Why is ”curve” in quotation marks? The answer can be found in the following
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Theorem. Let f be Ct. Then, there is a unique trajectory of the equation (6.6)

through every x° € U which is

e the point 2% if f(2°) =0

o a simple differentiable curve if f(x°) # 0; this curve is closed if and only if the
solution through x° is periodic.

Remark. We say that C C R"™ is a (C!) differentiable curve if there exists a C!

map ¢ : I — R™, I an interval of the real line, such that C' = ¢(I) and ¢'(t) # 0

for all ¢ # I (and, thus ¢ has local differentiable inverse in a neighborhood of t).
For the proof we will need the following

Lemma. If f € C' 7 € R and x(t) is a solution, then also Z(t) = z(t — 7) is a
solution.

Proof. We have

930y = Lot —r) = fat 7)) = 1))

O
Note that the proof does not go through if the right-hand side of the equation
depends on ¢.

Proof of Theorem. Let x(t), Z(t) be two solutions passing through z° then, there
are t1, ts such that xz(t1) = Z(t2) = 2°. Denote y(t) = Z(t—t1 +t2). By the Lemma,
y(t) is a solution of (6.6). Further, we have

y(tl) = Zf‘(tl - tl + tg) = .T(tg) = .’E(tl)
Therefore, by uniqueness (Theorem 5.2)

T(t —t1 +t2) = y(t) = =(t)

for all t. This, however, means that x(t) and Z(¢) define the same trajectory by a
different parametrization (shifted by t1 — t2).

For the sequel we note that from the above argument it follows that all solutions
having the same trajectory are time shifts of each other.

Let f(z°) = 0. Then, a solution z(t) passing through z° for some ¢ is stationary,
i.e. z(t) = 2°. This means that its trajectory is x°.

Let now

f@®) #0 (6.7)
and let z(t) be a trajectory passing through x° for some ¢ = t5. Then, we can
take x(t) as the parametrization of its trajectory required in the definition of a
differentiable curve provided we prove that &(t) # 0 for all ¢.

Assume the contrary, i.e. that there is a t* such that #(¢*) = 0. Since z(t) solves
(6.7) we have f(x(t*)) = 2(t*) = 0. By uniqueness of solutions, z(t) = z(t*), hence
#(to) = 0. This contradicts (6.7).

It is obvious that the trajectory of a non stationary periodic solution is a closed
curve. To prove the converse, suppose that z(¢) is a closed curve. Then, there exist
to, T such that z(tg + 7) = x(t9). Denote y(t) = z(t + 7). By the Lemma, y(t) is
a solution. Further, we have y(tg) = z(to + 7) = x(to). Hence, by uniqueness we
have

2t +7) = y(t) = (1)

for all ¢, which means that x(t) is periodic.
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7. Two-dimensional autonomous equations

7.1 Trajectories of two-dimensional equations

Consider a two dimensional equation

&= f(x)

or, equivalently,

i1 = f1(x1,22)

.’tg = f2(.’131,£(32) (71)
with f € C1(U,R?). Let x(t) be a trajectory such that @ (t) = fi(z1(t), x2(t)) # 0
for t € I. Then, the part {z(t) : t € I} of its trajectory satisfies
de‘Q/dt _ fg(fl‘l,xg)
de‘l/dt fl(fl‘l,xg) '

This circumstance allows us to obtain the nonconstant trajectories as curves which
at any of their points satisfy either (7.2) or

de‘l/de‘Q = fl(fl‘l,xg)/fg(fl‘l,xg) (73)
(note that if z(¢) is a nonconstant trajectory, then, by Theorem 6.1, at any t we
have either @1 (t) # 0 or #5(t) # 0). To investigate the solutions of (7.2), (7.3) we
can employ methods for the analysis of one-dimensional equations (like separation
of variables, etc.)

Example. Consider the system

.’j?l = T2

.’j?g = —I (74)
There f1(x1,z2) = z2, fo(r1,x2) = —x1. First, we see that f1(0,0) = f2(0,0) =0,
so the origin is a point trajectory. Since f1(x1,22) # 0 for x5 # 0, the parts of
trajectories in the open halfplanes zo > 0 and x5 < 0 are graphs of solutions of the

differential equation
de‘Q/de‘l = —xl/xg.

By the separation method (Section 2.6) one obtains for the solution the formula
To = ++/C — 1'12 (75)

with C' > 0, the + sign referring the halfplane £x5 > 0, respectively.
Similarly, one can obtain trajectories in the halfplanes +x; > 0 as graphs of
solutions of the differential equation

d.’L‘l/dCIZ‘Q = —.’172/.’171

71 = +/C — 222, C > 0. (7.6)

Note that the formulas (7.5) and (7.6) are consistent in the overlap of their validity
halfplanes. They can be synthesized into the implicit formula

.’L‘12+IL‘22:C, CZO

which are

Consequently, for C' > 0 the trajectories are concentric circles with the origin as
center; for C' = 0 we obtain the point trajectory (0,0). Altogether, the trajectories
fill the plane.
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7.2. Classification of two-dimensional linear equations

We consider the equation

T = Ax (7.7)

where z € R%2. We will draw the ”phase portraits” of the linear (7.7), i.e. the
partition of R? into the trajectories of (7.7).
We assume that A is regular and has distinct eigenvalues.
Then, we have the following possibilities:
e the eigenvalues of A are both real and of the same sign - the case of node
e the eigenvalues of A are real with different signs (saddle)
e the eigenvalues of A are complex conjugate - (focus or center)

7.3. Node

Let the eigenvalues A1, Ay of A satisfy 0 < A1 < Ao and denote vy, vy their
eigenvectors, V' = (v1,vz). Then, the transformation x = Vy transforms (7.4) into
the system of equations (cf. 3.1)

Y1 =AMy
Y2 = A2y2. (7:8)
Note that if y(t) is a solution of (7.8) and y;(t) = 0 for some ¢ then y;(¢) = 0 for all
t,i = 1,2. This means that we have four types of solutions:
() 91(t) = a(t) = 0
(ii) n(t) = 0 ya2(t) # 0 for all ¢
(iii) y1(t) # y2(t) =0 for all ¢
(iv) y1 # 0, yg(t) # 0 for all ¢.

The trajectory of the solution of type (i) is the origin. The solutions of type (ii)
have two different trajectories: the yo > 0 and the yo < 0 parts of the y; — axis.
The case (iii) is obtained by interchanging y; and ys.

In case (iv) we can parametrize the trajectory of the solution by y;. That is,
from y; = y1(t) we express t as a function of y;. Then, we have

d Az o Das

dy e lt(w)) = () - = T2

In other words the trajectory of the solution is a part of the graph of a solution of
the differential equation

d A
G2 _ 242 (7.9)
dy1 My
Solving this equation by the method of separation of variables we obtain
Yo = |y |2/ with ¢ # 0. (7.10)

We have
dyz )\2 >\2/>\1 L

dyy )\1
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Since A\y/A\; — 1 > 0, for y; — 0 we have dy,/dy; — 0. Hence, the trajectories are
tangent to the axis y; for y; — 0.

Note that for ¢ increasing all solutions except the zero solution travel away from
the origin. This is why the origin is called unstable node in this case. The case
A2 < A1 < 0 (stable node) can be transformed into the case of unstable node by
time reverse ¢t — —t. In this case all trajectories tend to the origin for ¢ — oo.
Also, note that all trajectories except of the two ones of type (ii) are tangent to the
y1-axis at the origin.

Transforming the equation to the original x-coordinates we find that, at the
stationary point, two of the trajectories are tangent to the eigenvector of the eigen-
value with larger modulus while all the remaining ones are tangent to the other
eigenvector.

Example. Consider the system

.’t‘lsz‘g

.’t‘g = —2371 - 3.’172

Here

has eigenvalues —2, —1 with corresponding eigenvectors (1, —2), (1,—1). Hence,
the origin is a stable node, the trajectories being the origin, the halflines spanned by
the eigenvectors and halfparabolas tangent to the eigenvector (1, —1) at the origin

(Fig. 1)
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Fig. 1. Stable node
Transforming the equation as in 7.3, we end up with the

system of equations (7.8). Again, there are four types of solutions. The difference
is that, while the solutions of type (ii) tend to 0 for ¢ — —oo, solution of type (iii)

tend to 0 for ¢t — oo.
Solutions of type (iv) have trajectories which are parts of the curves (7.10). Since

now A2 /A1 < 0, the trajectories resemble hyperbolas y;y2 = const in shape. Since

Let Ay > 0 > X
the trajectories of the solutions of type (ii) and (iii) separate trajectories of different

behavior, they are called separatrices. In the original z-variables the separatrices

are halflines generated by the eigenvectors at the stationary point.

Example. Consider the system

7.4. Saddle

Here



Saddle
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a saddle, the trajectories being the origin, the halflines spanned by the eigenvectors
as separatrices and hyperbolas filling the quadrants separated by the separatrices

its eigenvalues being +2 with corresponding eigenvalues (1, F2). Hence, the origin is
(Fig. 2)
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N wn —

-

(7.11)

A. The eigenvectors of A\, \ are
(yi+y3)"/? and ¥ = arg y.

>\7 >\2

Fig. 2. Saddle
y=Ay.

Y = y1 +iYa.

We represent 7 in the polar form y = re?”, where r

In this case there is a A such that A;
complex conjugate as well and from the equations (7.5) it is sufficient to consider

one of the equations

The equation (7.11) represents in fact a system of equations for the real and imag-
Let A = a+1i0,

7.5. Focus and center
inary parts of y.
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or, after separating the real and imaginary part,

U1 = ayr — BY2

. 7.12
Y2 = By1 + ays ( )

(this system of equations is called the real canonical form of (7.11). Representing
(y1,y2) in polar coordinates, y; = 7 cos¥, yo = rsind, we transcribe (7.12) to

i cost — rsindd = ar cosd — Brsin ¥ (7.13)
Fsind 4 r cos 99 = Brcosd + arsin 9. .

Solving (7.13) for 7, 1) we obtain

7= 1 [(ar cos ) — Brsind)r cos ) + (Or cos ¥ + ar sindd)r sin ¥]
= ;r

) = % [cos I(Br cos ¥ + arsind) — sin J(ar cos ¥ — Brsin )]
= B(cos? ¥ + sin® V) = f.

Hence, the solutions of (7.11) or, equivalently, (7.12) are represented in polar form
by the solutions of

(7.14)

which are

It follows that, if o # 0, the nonzero trajectories are spirals winding inside with
t increasing for a < 0 (stable focus) and winding outside for a > 0 (unstable focus).
They rotate clockwise for # < 0 and counterclockwise for g > 0 (Fig. 3).
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Fig. 3. Unstable focus

If « = 0 (i.e., A\, \ are pure imaginary) then the trajectories are circles (the

case of center).

As in the case of focus movement goes clockwise for # < 0 and

counterclockwise for 5 > 0 (Fig. 4).
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Note that (7.14) may be obtained more simply by working with the complex

r(t)e*?®) is a nonzero solution, substituting

representation of solutions: if y(t)

into (7.11) we obtain

()™ +ir(t)d(t) e ™ = Ar(t)e™ ™)

Since e’?) £ 0, we can divide both sides by ¢’®) to obtain

#(t) + ir(t)d(t) = (a +if)r(t).

7.14).

(

Equating the real and the imaginary parts we obtain

=T — 2%2
2x1 + xo.

T
T2

Example. Consider the system

Here

hence the origin is an unstable focus. The trajectories

Y

its eigenvalues being 1 + 2¢

0, x5 > 0, the solution

are the origin and ellipses encircling it. Since 21 < 0 for x;

point moves counterclockwise along the nonzero trajectories.

7.6. Affine equations

If A is regular, then the equation

T=Ax+b
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has a unique stationary solution # = —A~!b. The transformation z = x — 2 moves
Z to the origin, z satisfying the linear differential equation (7.1). Therefore, we can
classify the stationary solutions according to 7.2.

Note that by a sufficiently small change of the coefficients of A in all cases except
of the center case the type of the equation (or, its stationary point) is not changed.
A center can be turned into both a stable and an unstable focus by an arbitrary
small change of the equation. We say that node, saddle and focus are robust in the
class of affine equations and that center is not.

7.7. Nonlinear equations

Consider the equation (6.3) with z € U C R?, U open, f € C1(U,R?). Assume
that & is a stationary point of (6.3) and that A = Df(Z) is regular. If z(¢) is a
solution of (6.3), then z(t) = x — & satisfies the equation

Z2=Az+o0(z)

(cf. 6.2). Since o(z) is small compared to Az for z small, it can be expected that,
locally near &, the phase portrait of (6.3) will be ”like” that of (7.1), provided the
latter is robust. This turns out to be true in the following sense: there exists a
nonlinear local C'! change of coordinates which carries the trajectories of (6.3) near
Z into the trajectories of (7.1) at 0. In particular, the separatrices of a nonlinear
saddle are curves emanating from the stationary point tangent to the separatrices
of the linearization.

7.8 The method of isoclines
The results of 7.3 - 7.6 allow us to obtain patches of the phase portrait of a

differential equation

y=g(z,y) (7.15)

in the neighborhoods of its stationary solutions (&, ) which are solutions of the
system of equations

)
)

=
N
Il

f(
9(%,

Y

0
0.

N

By an isocline we understand the set of those points (z,y) at which the tangents
of the trajectories of (7.15) are the same, i.e. g(x,y) # 0 and f(z,y)/g(x,y) is the
same or f(z,y) # 0 and g(x,y)/f(z,y) is the same.

Isoclines help to understand the global phase portrait of (7.15). Of particular
importance are the y - isocline ((g(z,y) = 0) and the z - isocline (f(z,y) = 0).

Those isoclines separate regions in which f and g have different signs which
determine whether = or y decreases or increases along trajectories. We demonstrate
the use of the method of isoclines on several examples.
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Example. Consider the system

t=02—-x—-y)x
y=(3-3z—1y)y. (7.16)

The 2- isoclines are the lines x = 0 and x4y = 2, the y- isoclines are the lines y = 0

and 3z + y = 3. The two z- isoclines have four points of intersection with the y-

isoclines, namely A : (0,0), B : (0,3), C': (2,0) and D : (1/2,3/2). In the quadrant

x > 0, y > 0, the isoclines separate four open regions in which the components

(4,9) of the direction vector have the same sign:

- above both the isoclines z +y =2, 3xr + y = 3 one has © < 0,y < 0, i. e., the
direction vector points SW,

- above z 4+ y = 2 and below 3z 4+ y = 3 one has © < 0, y > 0, the direction vector
points NW,

- below z 4+ y = 0 and above 3x 4+ y = 3 one has © > 0, y < 0, the direction vector
points SE,

- below both isoclines z +y = 2, 3z +y = 3 one has © > 0, y > 0, the direction
vector points NE.

7.9. Example. The Volterra-Lotka equations

The Volterra-Lotka equations represent the simplest model of the dynamics of
two or more interacting populations.

The table below represents three possible types of mutual relationship of two
species X, Y the plus (minus) sign means that an increase of the quantity of one
of the species is beneficial (harmful, respectively) for the other one:

competition — —
parasitism (predator Y - prey X) + —
symbiosis + +.

Since there is no good way to measure the mutual influence of species quantitatively,
Volterra-Lotka equations postulate its most simple, i.e. linear form. That is, the
general V-L system of equations for 2 species has the form

&= (a+bx+cy)z

y=(d+er+ fy)y (7-17)

In the predator - prey case we have a > 0, ¢ < 0, d < 0 (the predator is dying
out without its prey), e > 0; for competing species we have a,d > 0, ¢,e < 0. In
both cases we have b, f = 0 or < 0 depending on whether we assume intraspecies
competition or not.

The isoclines of the V-L equations are straight lines:

a+br+cy=0, x=0 (the z-isoclines) (7.18)
d+ex+ fy=0, y=0 (the y-isoclines) (7.19)
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Because of the linearity of (7.18), (7.19) stationary points are easily determined.

Let us note that once for a solution (z(t),y(t)) we have xz(tp) = 0 or y(tg) =0
for some tg, then z(¢) = 0 resp. y(t) = 0. This follows immediately from the fact
that x(t) solves the linear equation

T =q(t)x

with ¢(t) = a + bx(t) + cy(t) the only solution of which satisfying z(tp) = 0 is
z(t) = 0; a similar conclusion we can draw for the coordinate axis y = 0 We
say that the coordinate axes are invariant sets of the equation (7.17). Because
of uniqueness of trajectories (Theorem 7.1), no solution can enter the quadrant
x > 0, y > 0 from outside, neither can a solution leave it. This is important for the
biological interpretation of the equations because negative x or y make no sense in
the biological context.

The invariance of the coordinate axes has another important consequence: one
of the eigenvectors of the linearization of the equation at a stationary point on an
axis is the axis itself. For the origin, which is always a stationary point, both the
eigenvectors lie in the axes.

Example. Consider the system (7.16). The linearization matrix of the right-hand

sides is
2—-2x—vy —x
—3y 3—3r—2y )"

Substituting for (x,y) the coordinates of the four stationary points A, B, C, D we
obtain the linearization matrices at them :

20
A (58)

eigenvalues (2, 3), corresponding eigenvectors (1,0), (0,1).

-1 0
B (50 Y%).

eigenvalues —1, —3, corresponding eigenvectors (3, —8), (0,1).

b (T4 )

eigenvalues —1 + /17/8, corresponding eigenvectors (—1 + /17/4,1),

(=1 —/17/4,1). The case of C, which is analogous to B, is left to the reader.
We see that:

- A is an unstable node with all non-point trajectories except of the halfaxes y
tangent to the x-axes at A

- B is a node with two trajectories lying in the y-axes, all the remaining non-point
trajectories to the other eigenvector at B

- D is a saddle with the stable separatrix pointing SW/NE, the unstable one
pointing NW/SE.
Again, the case of the point C' is left to the reader. In Figs. 5 and 6 the phase
portrait of the equation is diplayed, arrowas representing the tangent vectors of
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This model is the most famous one among the V-L models.

7.10. Example. The predator-prey equation
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later in 8.2. If we neglect intraspecies competition, the model reads:

&= (a—by)z

y=(—c+dr)y (7.20)

(a, b, c,d having different meanings than in (7.17).)

The isoclines are the coordinate axes * = 0, y = 0 and their parallels y =
a/b, x = ¢/d. An inspection of the signs of & and ¢y shows that the trajectories
wind counterclockwise around the stationary point (,7) = (§, %), which is the
intersection of the two non-zero - and g-isoclines.

The linearization matrix of (7.17) at (z,9) is:

a—by —bi \_(0 -t
dj — —c+di)  \¥ 0

the eigenvalues of which are +iy/ac. Hence, by 7.6, we are not in a position to
decide the character and the stability of (Z,y) from the linearized equation. In 8.2
we show that a special property of the predator-prey equations allows us to resolve
the problem.

7.11. Example. Goodwin’s growth cycle

There is an economic model leading to the predator - prey equations of 7.10. We
consider an economy with an aggregated product the amount of which we denote
by Y. Further, we denote by N the labor supply, L its employed part and K the
amount of invested capital. We assume
(i) Malthus growth of labor supply,

N =GN (7.21)
(ii) steady productivity progress,
(Y/L) = a(Y/L) (7.22)
(iii) production is a linear function of the invested capital,
Y = kK, (7.23)

(iv) the real wage increase rate grows linearly with v = L/N, the employment ratio
(due to the increase of negotiating power of labor),

W= (= + pv)w (7.24)
(v) all wages are consumed while all the rest of the product is invested,

K=Y — Lw. (7.25)
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For w = wL/Y, the workers share of the product, we obtain from (7.24), (7.22)

=l (£)_
L=y tw(y) =
= (=7 +prjwy +was =
= [—(a+7) + pv]u. (7.26)
For v, we have _ . .
: . L LN L
0=(L/N)=x -y =(F P (7.27)
by (7.21). Further, we have
Y LY Y
L 11 1
hence ) )
L_Y (7.28)
Ty @ :
From (7.21) and (7.25) we obtain
vy K 1
Yo Y =
1
From (7.27), (7.28), (7.29) we obtain
1 1
0= [E—a—ﬂ—gu} v. (7.30)

If 1/k > o+ 3, (7.27) and (7.30) are equations of predator - prey type. Therefore,
this model is used to explain fluctuations in the unemployment rate and the welfare
of the labor force.

8. Integrals of differential equations

8.1. The concept of integral

Consider a differential equation

i = f(x) (8.1)

with z € R?, f € Ct, (U,R"), U C R™ open.
By an integral of (8.1) we understand a function I € C1(U, R) which is constant
on the trajectories of (8.1). Note that if () is a solution of (8.1) we have

d

—1(x(t)) = DI(x(t))i(t) = DI(x (1)) (x(t)),
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hence I is an integral of (8.1) if and only if

DI(z)f(z)=0 for z € U.

Remarks. 1. Every equation has a continuum of integrals I(z) = ¢, ¢ € R. An
integral is called nontrivial if it is not constant.

2. In case a nontrivial integral satisfies certain nondegeneracy conditions, its level
sets I(z) = ¢ for ¢ € R are hypersurfaces of dimension n — 1 and every trajectory
(8.1) is contained in one hypersurface. In this sense the existence of an integral
"reduces” the dimension of the differential equation. If n = 2, the equation I(z) = ¢
can already be considered as an implicit equation for trajectories (cf. 8.2, 8.3).

3. In the case n = 2 an integral can sometimes be found by solving (7.2) and (7.3)
by the method of separated variables 2.6 (cf. Example 8.2).

4. In case (8.1) admits a collection of n — 1 ”independent” integrals (a concept
not be specified here) I,...,I,_1, the equations I1(x) = ¢1,...,Ih—1 = cp1
define the trajectories as in Remark 2. In such a case the equation (8.1) is called
integrable. Historically, it was a great achievement of the young differential and
integral calculus when Newton was able to integrate the 12-dimensional two body
problem and thus justify Kepler’s empirical planet movement laws.

8.2. Example. The predator - prey equation
We consider the system of equations (7.16)

* (o= by)e (8.2)
y=(—c+dr)y
a,b,c,d> 0.
Away from the lines y = b/a and x = 0, the trajectories of (8.2) are graphs of
solutions of the equation
dy  (—c+dz)y
dr  (a—by)r

This is an equation with separated variables and, as such, can be solved to obtain
the implicit expression of its solutions:

G(x) + H(y) = (8.3)

with G(z) = dx — clnz, H(y) = by — alny in the quadrant = > 0, y > 0. By
solving for dz/dy away from the lines y = 0 and x = d/c we can check that (8.3)
holds also along the lines y = b/a and = = 0.

Hence, G(z) + H(y) is an integral of (8.2).

We now show what conclusions can be drawn from the presence of this integral
for the phase portrait of (8.2).

As in 7.10 denote & = ¢/d, § = a/b the components of the nonzero stationary
point of (8.2). We have

G'(x)=d—c/z<0for0<z <%, >0forz>2 (8.4)
G(0) = G(o0) = 0
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as well as

H(y)=b—a/y<0fory<g,>0fory>j (8.6)
H(0) = H(c0) = oo. (8.7)

From (8.4) - (8.7) it follows that G and H attain their minima over (0, c0) in Z, g,
respectively and for each a@ > G(&) and 8 > H () each of the equations G(z) = «,
H(y) has precisely two solutions, one < &, the other > & for the former and one
< 7, the other > ¢ for the latter. Consequently, the trajectories of (8.3) which wind
around (z,7) by 7.10 have to be closed, and, thus, (Z,7) is a center.

The important message is that periodic fluctuations in nature (and by 7.11,
economy as well) should not be considered as something pathological.

8.3. Conservative equations with one degree of freedom

A physical system is called conservative if it conserves some kind of energy.
Of course, if this system is modelled by a differential equation, this energy is its
integral.

The mechanical energy of a mechanical system is the sum of its kinetic energy
and its potential energy. We restrict ourselves to mechanical systems of one degree
of freedom, i.e. systems moving on a line, or, more generally, on a curve (where
they have to be kept by external force if the curve is not a line). Consider a point
of unit mass moving along a line and denote x = z(t) the longitudinal coordinate
of its position at time t. The second Newton’s law asserts that acceleration is equal
to force to be denoted by f, i.e.,

T =f. (8.7)
We assume that f = f(z), i.e. the force acting on the point depends only on its
position.
Denote

U@0=-1/xﬂfwa

for a fixed but arbitrary a € R. We call U the potential energy. The mechanical

energy H of the point is the sum of its potential energy and its kinetic energy

T (i) = (¢)?/2. We have

d d |1

—H = — | =42 =

) = 5 [520+ UE0)]
= [(t) — f(=(1))] 2(t) = 0,

hence H is an integral of (8.7) and (8.7) is conservative.
The special form of the energy integral H of (8.1) enables us to draw the phase
portraits of the two dimensional system

b= f(u) = U (u)

corresponding to (8.7) comfortably. To this end we observe that the stationary
points of (8.8) lie on the line v = 0 and recall that trajectories of (8.8) are parts of
the level sets of the integral

(8.8)

Hmm:%ﬁ+mm (8.9)
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where U is (any) primitive function of f.
By E., we denote the level set H = v of (8.9). Note that E. consists of the

graphs of the functions v = +4/2(y — U(w)). The following obvious observation we
formulate as

Lemma.
(i) The level sets of H are symmetric with respect to the line v =0, i.e.

(u,v) € E, implies (u,—v) € E,.

(ii) There is a v such that (u,+v) € E, if and only if U(u) < ; one has v = 0 if
U(u) =~ and v # 0 if U(u) < 7.

(ii1) (u,0) is a stationary point of (8.8) if and only if v = 0 and U is a stationary
point of U (i.e. U'(4) = 0); (4,0) is a saddle if U"(4) < 0 and a center if
U’(a) > 0.

(iii) Along the trajectories one has dv/du > (<)0 if v > 0, f(u) > (respectively, <)0

Proof. Conclusion (i) follows immediately from the fact that F is a function of v2.
For (ii) we note that if U(u) < v we have 7 — U(u) > 0, hence é =5 —U(u)
has a nonnegative solution which vanishes precisely if U(u) = ~.
For (iii) observe that % = 0 precisely if v = 0 while ¥ = 0 if and only if f(u) =
—U’(u) = 0. The linearization of (8.8) at a stationary point is

(f’(()ﬂ) (1)) B (—U(’)'m) (1))’

its characteristic equation being
N+ U"(a) =0.

This equation has roots A\ 2 = + [—U”(ﬁ)]l/2 of different sign if U”(4) < 0 and
two conjugate pure imaginary parts A\; o = =i [U”(ﬂ)]l/2 if U”(4) > 0. To see
that in the latter case (u,0) is indeed a center, observe that the trajectories in the
neighborhood of (4, 0) have to be closed by (i).

8.4. Example. The harmonic oscillator

In 6.2. we have solved the equation of the harmonic oscillator
i+ w?y = 0.

This is an conservative equation of type (8.7) and, therefore, by (8.3), admits the

integral
1 1
H(y,9) = =9 + —w?y>.
(y.9) = 59" + 5wy

That is, the energy level sets E., of the corresponding planar system
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given by
E, ={(u,v) : w*u® +0v* =~}

are ellipses encircling the origin for v > 0, whereas £, = (0,0) for v = 0.

Since the level curves do not contain a stationary points for v > 0, each £, for
~ > 0 consists of a single trajectory which is periodic by 6.1, Theorem.

This conclusion can of course been drawn also from the explicit formula of the
solution from 4.5.

8.5. The pendulum equation

The equation for the ideal pendulum is
G+ a’singp =0, (8.10)

¢ being the angle it creates to its lower vertical position and a? = g¢/I, [ is the
length of the pendulum and g is the gravitational constant.
Consider the planar system

s (8.11)
1 = —asinp.
corresponding to (8.10). Note that ¢ and ¢ + 27 represent the same points in
space. Hence, we can restrict our attention to the interval [—m,7]. The poten-
tial energy U(p) = —acosp has U'(¢) = 0 for ¢ = 0,47 and U”(0) > 0 while
U”(£m) < 0. Therefore, the stationary points of (8.11) are the center (0,0) (rep-
resenting the downward equilibrium position) and the saddle (£7,0) (the upward
equilibrium position). Consequently, the downward equilibrium (0, 0) is stable (but

not asymptotically), whereas the upper one (%, 0) is unstable.
The energy level sets ., are defined by the equation

1
H(p, ) = 59° —acosp = 1.
Note that

H(p,v¥) > —acosp > —a, (8.12)

The level sets E., are of several types (Fig. 7):
(i) For v < —a we have E., = () by (8.12).

(ii) For v = —a, E, is the point (0,0).

(iii) For —a < v < a, E, has two points of intersection ¢1, 2 with the axis ¢ = 0,
which are defined by cosyi 2 = %, -1 < 1 < 0 < g < m. There is no
stationary point on E., hence F, is a single closed trajectory. The correspond-
ing movements oscillate around the downward equilibrium without reaching the
upward unstable one.

(iv) For v = a, E, is the union of the two stationary points (£m,0) (geometrically
representing the same point in space) and the trajectories connecting them. That
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is, F/, consists of the upward equilibrium and the movements which make one
turn (in either direction) in infinite time and tend to this equilibrium for ¢t = +-c0.
For v > a, by (8.13) and the Lemma,(iii), . does not intersect the axis ) = 0.
Hence, F, has two components, one with ¢ > 0, the other with ¢ < 0, defined
by
Y =1(p) = /7 —2acosy for ¢ € [-m, 7.

They satisfy ¥ (—m) = 1 (mw) and represent movements completing full turns
around the point at which the pendulum is fixed.

@ + sin(p) = 0
~— ~— =

N N —
—27 —Tr 0 Q0 2m 3T
2

Fig. 7. Pendulum





