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I. INTRODUCTION

Theory about the modelling of the term structure of interest rates has evolved over

the last twenty five years (perhaps the first and the simplest model of the term structure was

introduced by Merton in 1973) and since then a number of different approaches have been

developed. It represents one of the most dynamic areas of finance, where a lot of research is

still going on, with interesting practical applications, and therefore is widely used by both

academics and practitioners.

The aim of this thesis is to bring the reference for the different one-factor term

structure models where the single source of uncertainty is assumed to be the instantaneous

interest rate. The paper consists of two main parts. The first part deals with the theoretical

models set in continuous time and concentrates on the most commonly used approaches,

emphasising their differences, analysing their respective advantages and disadvantages and

deriving the explicit representations for the prices of pure discount bonds. In the second part,

after summarizing the theory underlying this approach to asset pricing, the practical

econometric estimation of those models is presented and analysed. In order to simplify the

analysis, models are reformulated in the discrete time. The focus of this part is less on theory

and more on the properties of the bond yields implied by the model’s structure and the

choice of parameter values.

Although the major use of these fixed income models is their application to pricing of

derivatives, it is not provided in this thesis, as it would make it a much longer paper.

However, the results presented here are the necessary first steps in this direction.

II. THE NEED FOR THE TERM STRUCTURE MODELS

2.1 The motivation for term structure models

There is no single interest rate for any economy, and in addition, the structure of

interest rates is interdependent. The interest rate is in general affected by a lot of factors, and

one of those which impacts the interest rate for a particular security and which would be

fundamental in the proceeding is the maturity. The relationship between yield on zero-

coupon bonds and maturity (or term) will be referred to as the term structure of interest rates.

Examination of the term structure is essential in analysis of the interest rate dependent

securities and some of the uses include the following:

• analysis of the returns of fixed payment contracts of different maturities - the portfolios are

varied along many dimensions but the most important is the maturity - it has the greatest

influence on whether the portfolio will gain or loose in volatile interest rate environments,

• forecasting the future interest rates,
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• pricing bonds and other fixed-payment contracts – in pricing financial obligations, it is

crucial that consideration be given to the yields available on alternative investments with

a similar length of commitment and the yield curve gives an idea of what that alternative

yields are for coupon-bearing bonds,

• pricing contingent claims on fixed income securities – a large market has developed in

pricing options on fixed income securities. The pricing of such contingent claim requires

the evolution of the term structure over time to be modelled,

• arbitraging between bonds of different maturities – the term structure analysis can be

used to make the yields more directly comparable and thereby simplify the analysis,

• forming expectations about the economy - the shape of the term structure appears to

have an influence on future economic activity, including investment and consumption and

it may also incorporate useful forecasts about future inflation.

There exist several theories or hypotheses explaining the dynamics of the term structure

such as the market segmentation hypothesis, the liquidity premium hypothesis, etc. In recent

years, a new way of modelling the term structure has evolved and it will be entitled as the

stochastic process modelling of the term structure. This approach requires several

assumptions: the term structure and bond prices are related to certain stochastic factors,

these underlying factors are assumed to evolve over time according to a particular

hypothesised stochastic process, and the interest rates and bond prices that result must

satisfy no-arbitrage conditions. It should be noted that there is some parallel in a stochastic

process generating the prices of fixed income securities and the process for generating a

stock prices that underlies option pricing models such as well known Black-Scholes model. In

addition, the valuation of options on fixed income securities all require some assumptions

about the term structure generating process. Much of the research in the term structure field

has been stimulated by the need to value such contingent claims.

2.2 Principal definitions

A default-free cash flow of a specified amount (principal or face value) at a known

time in the future (maturity date) is called a discount bond. Discount bond which have a

payoff of unity at maturity will be referred to as a pure discount bond. The price at time t  of a

discount bond maturing at time T  will be denoted ),( TtP . Usually, many traded bonds are

not pure discount bonds. The majority of government and corporate bonds promise to pay

periodic payments in the interim, which are referred to as coupons, and a (usually larger)

payment on the last payment date (the maturity date). These latter instruments are usually

called coupon-bearing bonds. Since coupon-bearing bonds can be regarded as a suitable

portfolio of discount bonds with payoffs and maturities that match the coupon payments, from

the conceptual point of view, the collection of prices ),( TtP  for any t T≤  fully describes the
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value to be associated to any collection of certain future cash flows. P t T( , )  will be referred

to as discount function.

A security that entitles the holder to a given cash flow if a particular, prespecified, state of the

world is attained at one or more future dates is called a contingent claim. In some situations,

despite the fact that the cash flows are uncertain at time t , they can be replicated by entering

suitable strategies which require only positive or negative holding of discount bonds. To

avoid the possibility of arbitrage, the knowledge of the discount function completely

determines the prices of this type of contingent claims (e.g. swaps, FRA). But for more

complicated contingent claims, no-arbitrage and the knowledge of the discount function are

not sufficient to determine their value. In this case also the specific assumptions about the

probability distributions of the one or more random variables that determine the future cash

flows need to be made.

The most common is to express the conditions, which indicate the future payments in terms

of rates, and these are defined as follows:

The yield to maturity, YTM , is the rate of return that causes the market price of bond ),( TtP

to be equal to the present value of the future cash flows, i.e. coupon payments Ci  and face

value FV

T

T

ti
i

i

YTM

FV

YTM

C
TtP

)1()1(
),(

+
+

+
= ∑

= (2.2.1)

The time-t continuously compounded discrete spot-rate of maturity T, R t T( , ) , is defined by

)])(,(exp[),( tTTtRTtP −−≡

tT

TtP
TtR

−
−≡ )],(ln[

),(
(2.2.2)

The time-t continuously compounded discrete forward-rate spanning the period [ , ]T T t+ ∆

with 0≥∆t , f t T T t[ , , ]+ ∆ , is defined by

]),,(exp[
),(

),(
ttTTtf

TtP

tTtP ∆∆+−≡∆+

t

TtPtTtP
tTTtf

∆
−∆+−≡∆+ )],(ln[)],(ln[

),,(
(2.2.3)

The limits as T t→ , ∆t → 0  in equations (2.2.2), (2.2.3) define the instantaneous short-

rate, r t( ) , and the instantaneous forward-rate, f t T( , ) , as seen from the yield curve at time

t , respectively

r t R t T
T t

( ) lim ( , )=
→

(2.2.4)
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f t T
P t T t P t T

t

P t T

Tt
( , ) lim[

ln[ ( , )] ln[ ( , )]
]

ln[ ( , )]= − + − = −
→∆

∆
∆0

∂
∂

(2.2.5)

The short-rate, r , will be the critical instrument in the proceeding analysis - it will be used as

the stochastic factor expressing the uncertainty and therefore driving bond prices and the

term structure in all analysed models. From (2.2.5) it can be obtained

d P t s f t s ds P t T P t t
t

T

t

T

ln ( , ) ( , ) ln[ ( , )] ln[ ( , )]∫ ∫= − = −
(2.2.6)

and since P t t( , ) = 1 ,

− =∫ f t s ds P t T
t

T

( , ) ln ( , )
(2.2.7)

it leads to the formulae

P t T f t s ds
t

T

( , ) exp[ ( , ) ]= −∫ .
(2.2.8)

Formally, the term structure deals with the relationship between spot rates and term,

while the yield curve deals with yield to maturity and term. In many instances the difference is

not major, however, it can be important when the length of the commitment is long or the

nature of cash flows is unusual - and therefore it is necessary to distinguish between the two.

In the analysis of maturity - time relationship, it is preferable to work with spot-rates rather

then yields to maturity because spot-rates do not depend on coupon effects. By coupon

effect is denoted the fact that the yields of bonds of the same maturity depend on the pattern

of their cash flows. Notice that the yield to maturity on a pure discount bond is equal to its

spot-rate – there are no coupon effects with pure discount bonds and thus they will be

essential in the following analysis.

The evolution of the yield curve can be described in terms of the dynamics of several

equivalent financial quantities, such as, for instance spot-rates, forward-rates, or pure

discount bonds. As long as the transformation laws from one quantity to another are known,

the choice of the independent variables is just a matter of convenience. As shown above, for

the three quantities just mentioned, the linking equations are:

R t T
P t T

T t
( , )

ln[ ( , )]≡ −
−

(2.2.2)

f t T
P t T

T
( , )

ln[ ( , )]= − ∂
∂

(2.2.5)

P t T f t s ds
t

T

( , ) exp[ ( , ) ]= −∫
(2.2.8)
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III. ONE-FACTOR MODELS OF THE TERM STRUCTURE

3.1 General form of one-factor models

In relation to the term structure of interest rates, arbitrage pricing theory has two

purposes. The first, is to price pure discount bonds of varying maturities from a finite number

of economic fundamentals (called state variables) and according to the amount (one or

more) of state variable used, one- or multi- factor term structure models are recognised. The

second target of the theory is to price interest rate sensitive contingent claims, taking as

given all the prices of pure discount bonds.

In order to analyse the properties of individual one-factor models of the term structure

it is assumed that the prices of all discount bonds can be expressed in terms of a single state

variable. Usually, this random variable is assumed to be the short-rate r. A general

representation for this class of models is given by

dzrtvdtrtdr ),(~),(~ += µ (3.1.1)

where ),(~ rtµ and ),(~ rtv  represent the instantaneous drift (deterministic component) and

variance (stochastic part) of the short-rate process, respectively. dz  represents an increment

in a Wiener process over a small time interval dt . Under the assumption of the stochastic

process for r and using the arbitrage pricing theory (Rebonato (1996)), the value of a

discount bond with maturity T ( t T≤ ), is the expectation of the payoff discounted at the

future levels of the short-rate









−= ∫ ))(exp(),(

T

t

t dssrETtP
(3.1.2)

where tE  denotes the expected value in the risk-neutral world and the expectation is taken

conditional on the information available at time t . The process for the short-rate is sufficient

to determine the evolution of the term structure of interest rates, under the condition of

absence of arbitrage opportunities.

The first step in the construction of a one-factor model is the specification of a

reasonable form for the stochastic process of the driving factor. If this variable is the short-

rate, the distributional properties implied by its stochastic process are of great interest, since

they can give some indication as to how reasonable the chosen process is. The main

features that one would like to observe in the short-rate behaviour predicted by any model

are:

• the rates should not be allowed to become negative or to assume implausibly large values

- i.e. the dispersion of the short-rate should be consistent with the expectations of likely

values over the given time horizon,
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• rates appear to be pulled back to some long-run average, i.e. very high levels of rates, on

historical terms, tend to have a negative drift, and vice versa - this behaviour is known as

a mean-reversion,

• rates of different maturity are imperfectly correlated,

• the volatility of rates of different maturity should be different, and the shorter rates usually

displaying a higher volatility,

• the short-rate volatility has been observed to lack homoskedasticity, i.e. the level of

volatility varies with the absolute level of the rates themselves.

No known one- or multi-factor model manages to capture all these features at the same time,

and it depends for what purpose is the practical implementation designed for, what features

are essential for it and which can be dispensed with. As there is a great number of different

approaches that have been developed to model the term structure of interest rates, also the

categorisation of the existing literature depends on which attributes of the models are taken

to be the crucial.

The approach analysed here as the first is based on no-arbitrage considerations and is

presented by the Vasicek’s model (1977). It starts from assumptions about the stochastic

evolution of interest rate and by imposing the constraint of the absence of arbitrage in

economy derives the prices of all contingent claims. The approach pioneered by Cox,

Ingersoll and Ross (1985b) usually starts with the description of the underlying economy and

from assumptions about the stochastic evolution of one or more state variables in the

economy and about the preferences of a representative investor. General equilibrium

conditions are used to endogenize the interest rate and the price of all contingent claims.

These two models represent traditional approach to model the term structure and are also

known as equilibrium models. The problem is that they in general do not fit the initial yield

curve. To avoid this, Ho and Lee (1986) originated the approach where the dynamics of the

entire term structure is modelled in such a way that is automatically consistent with the initial

(observed) yield curve. Those models are therefore labelled as term structure consistent or

no-arbitrage.

In the discussed one-factor models, the short-rate process can be presented in the following

general form

dr r dt r dz= − +κ θ σ β( ) (3.1.3)

where κ ,θ ,σ  and β  are positive constants and dz  is an increment in a Wiener process

over time interval dt . In these models, the interest rate, r , is pulled toward a level θ  at rate

κ . The situations where 0=β  or β = 1
2  are of particular interest, because they lead to

models which are analytically tractable. The first case results to the Vasicek model, the

second one to the Cox, Ingersoll and Ross (CIR), which will be demonstrated later. Ho and

Lee incorporated to their model the time-dependent parameter, the drift )(tθ , so that the
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model fits the initial term structure of interest rates and parameter β  was set equal to zero in

this case.

The second aim of the theory, which is not provided in this paper, i.e. the evaluation of bond

option prices is particularly interesting in Vasicek/CIR framework as well as in the case of Ho

and Lee model, because in that it is possible to obtain a closed-form solutions for the case of

European options on discount bonds.

In the next table are presented specifications for the short-rate process imposed by the

respective models. Namely,

in Vasicek model )(),(~ rrt −= θκµ and σ≡),(~ rtv

in Cox, Ingersoll and Ross model )(),(~ rrt −= θκµ and rrtv σ=),(~

in Ho and Lee model )(),(~ trt θµ = and σ≡),(~ rtv .

3.2 The derivation of the Vasicek and CIR models

A unified derivation is given of the Vasicek and CIR models. However, the original

derivation of the CIR is different - their model was derived by applying the highly abstract

general equilibrium asset pricing model of Cox, Ingersoll and Ross (1985a) in which the

current prices, stochastic properties and also the market price of risk of all contingent claims

(including bonds) are obtained endogenously.

The mean-reverting process of the short-rate r  for both models will be described by using

the relation presented in the previous section as

dr r dt r dz= − +κ θ σ β( ) . (3.1.3)

In the context of one-factor models, the price of a discount bond is the function of present

time t , maturity T  ( t T≤ ), and the chosen factor, i.e. short-rate r

P P t T r= ( , , ) . (3.2.1)

The bond price satisfies a stochastic differential equation

dP P t T r dt Pv t T r dz= +µ( , , ) ( , , ) (3.2.2)

where the functions µ( , , )t T r  and v t T r( , , ) are the mean and variance, respectively, of the

instantaneous rate of return at time t on a bond with maturity at time T, given that the current

short-rate is r t r( ) = .

It follows from (3.1.3) and (3.2.2) by the Ito´s differential rule, that

dP
P

t

P

r
r r

P

r
dt r

P

r
dz= + − +









 +∂

∂
∂
∂

κ θ σ ∂
∂

σ ∂
∂

β β( ) ( )
1

2
2

2

2

(3.2.3)

and from equations (3.2.2), (3.2.3) that
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βσ
∂
∂

r
Pr

P
rTtv

1
),,( = .

(3.2.4)

A portfolio Π  then can be created, composed of one unit of bond maturing at time T1 , and

Θ  units of bond maturing at time T2

),,(),,()( 21 rTtPrTtPt Θ+=Π . (3.2.5)

The process obeyed by the portfolio is then given by

[ ] dzr
r

rTtP
r

r

rTtP
dtrTtrTtd 



 Θ++Θ+=Π ββ σ

∂
∂

σ
∂

∂
µµ

),,(),,(
),,(),,( 21

21 .
(3.2.6)

If Θ  is chosen equal to

r

rTtP
r

rTtP

∂
∂

∂
∂

),,(

),,(

2

1

−=Θ
(3.2.7)

the portfolio is risk-free (the stochastic component vanishes).

The equation (3.2.5) can be rewritten

),,(
),,(

),,(

),,()( 2
2

1

1 rTtP

r

rTtP
r

rTtP

rTtPt

∂
∂

∂
∂

−=Π

(3.2.8)

where ),,( 1 rTtv and ),,( 2 rTtv is the variance of the bond maturing at time T1  or T2 ,

respectively.

Over a small time interval dt  the evolution of the portfolio is given by

),,(
),,(

),,(

),,()( 2
2

1

1 rTtdP

r

rTtP
r

rTtP

rTtdPtd

∂
∂

∂
∂

−=Π .

(3.2.9)

The portfolio is now by construction risk-free; it can only earn over dt  the instantaneous

short-rate

d t r t t dtΠ Π( ) ( ) ( )= . (3.2.10)

Comparison of equations (3.2.9), (3.2.10) yields

),,(

)(),,(

),,(

)(),,(

2

2

1

1

rTtv

trrTt

rTtv

trrTt −
=

− µµ
.

(3.2.11)

Since equation (3.2.11) is valid for arbitrary maturity dates T1 , T2 , therefore the ratio must be

equal to a quantity, λ , possibly dependent on r  and t  , but which is independent of maturity

T , i.e.
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),,(

)(),,(
),(

rTtv

trrTt
rt

−= µλ
(3.2.12)

The quantity λ( , )t r  is called the market price of risk, as it specifies the increase in expected

instantaneous rate of return on a bond per additional unit of risk. Equation (3.2.12) will be

used to derive an equation for the price of a discount bond. Writing (3.2.12) as

),,(),()(),,( rTtvrttrrTt λµ += . (3.2.13)

Using equation (3.2.4), equation (3.2.12) can be rewritten

βσ
∂
∂λµ r

Pr

P
rttrrTt

1
),()(),,( += .

(3.2.14)

Equating terms in dt  in equations (3.2.2) and (3.2.3) and using equation (3.2.14) yields

∂
∂

κ θ ∂
∂

σ ∂
∂

λ σ ∂
∂

β βP

t
r

P

r
r

P

r
rP t r r

P

r
+ − + = +( ) ( ) ( , )

1

2
2

2

2
.

(3.2.15)

Partial differential equation of the second order (3.2.15) is called the term structure equation.

Once the character of the short-rate process is described and the market price of risk

specified, the prices of pure discount bonds are obtained by solving (3.2.15) subject to the

boundary condition

P T T r( , , ) = 1, (3.2.16)

which implies that the pure discount bond, according to the definition in the previous chapter,

pays unity at the maturity time T .

At this point the two models impose different functional form for the market price of risk

λ( , )t r and for the exponent β . Namely,

in the Vasicek model β = 0 λ λ( , )t r = 0

in the CIR model
2
1=β λ λ

σ( , )t r r= 0

where λ 0  is a different constant in both models. In Vasicek model λ 0  is constant across

different interest rate securities (as a consequence of assuming no arbitrage). In contrary,

CIR derived a model that allows the market price of risk to be determined endogenously.

Comparing CIR to Vasicek model, it has the same mean-reverting drift, but the stochastic

term has a standard deviation proportional to r . This means that when the short-rate

increases, its standard deviation increases, too. Therefore, in the case of CIR model, the

negative interest rates are precluded.

Term structure equation (3.2.15) can be rearranged to give for the Vasicek model
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[ ]∂
∂

κ θ λ σ ∂
∂

σ ∂
∂

P

t
r

P

r

P

r
rP+ − − + − =( ) 0

2
2

2

1

2
0

(3.2.17)

and for the CIR model it yields

∂
∂

κ θ ∂
∂

λ ∂
∂

σ ∂
∂

P

t
r

P

r
r

P

r
r

P

r
rP+ − − + − =( ) 0

2
2

2

1

2
0 .

(3.2.18)

The solution to (3.2.17) and (3.2.18) subject to the boundary condition P T T r( , , ) = 1 has the

same general form

)(),(),(),,( trTtBeTtArTtP −= (3.2.19)

but the functions A t T( , )  and B t T( , )  are different for Vasicek and CIR models.

Concentrating first on the case of the Vasicek model suppose that the functions

A t T( , )  and B t T( , )  are given by, respectively

κ

κ )(1
),(

tTe
TtB

−−−=
(3.2.20)









−−−+−=

κ
σ

κ
σλ

κ
σθ

4

),(
)

2
)(),((exp),(

22
0

2

2 TtB
tTTtBTtA .

(3.2.21)

This can be straightforward verified by taking the appropriate derivatives:
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t
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t
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TtA
P

t

TtB
treTtAe
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TtA

t

P trTtBtrTtB

),(
)(

),(

),(

1

),(
)(),(

),( )(),()(),(

(3.2.22)

PTtBeTtBTtA
r

P trTtB ),(),(),( )(),( −=−=
∂
∂ −

(3.2.23)

PTtB
r

P 2
2

2

),(=
∂
∂ (3.2.24)

and substituting equations (3.2.22) – (3.2.24) into term structure equation (3.2.17) gives

[ ] 0),(
2

1
),()(

),(
)(

),(

),(

1 22
0 =−+−−−





− rPPTtBPTtBr

t

TtB
tr

t

TtA

TtA
P σσλθκ

∂
∂

∂
∂ (3.2.25)
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0
)(

)()(
2
1

2
1)(

2

2
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2

2
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−−−−
−−

−−−−−−

r
ee

rre

TtAeee
TtA

tTtT
tT

tTtTtT

κ
σ

κ
σλθκ

θ

κκ
κ

κκ
κ
σ

κ
σλ

κ
σκ

(3.2.26)

which  is an identity.

The term structure ),,( rTtR of interest rates is then directly evaluated from the equation
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))(,,(ln
1

),,( trTtP
tT

rTtR
−

−=
(3.2.27)

and by using equations (3.2.20) and (3.2.21) yields

)(),(
1

),(ln
1

),,( trTtB
tT

TtA
tT

rTtR
−

+
−

−= .
(3.2.28)

Equation (3.2.28) shows that ),,( rTtR is linearly dependent on r t( ) , i.e. the value of

r t( ) determines the level of the term structure at time t , but the yield R t( , )∞ on the long

(infinite maturity) bond is independent from the current interest rate r

),,(lim),( rTtR
T

tR
∞→

=∞ (3.2.29)

and since

)()()(),(ln 2

2
0

3

2

2
1)(

2
1)(1 tTtTtTeeTtA tTtT −+−−−−+−= −−−−

κ
σ

κ
σλκ

κ
σκ

κ θ

B t T e T t( , ) [ ]( )= − − −1 1κ
κ

after substitution it gives

κ
σλ

κ
σθ 0

2

2

2
1),( −−=∞tR .

(3.2.30)

The yield curve given by (3.2.28) starts at the current level of the short-rate r t( ) at T = 0  and

it approaches the asymptote R t( , )∞  as T → ∞ . Analysing the intervals of monotonicity - if

r t( ) is smaller or equal to θ σ
κ

− 3
4

2

2 , the yield curve is monotonically increasing. For the

values of r t( )  equal to or larger θ , the curve is monotonically decreasing and for the

intermediate values, it is humped.

k=1 k=2 k=3

r=0.01

r=0.045

r=0.1
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Figure 3.1 Possible shapes of the yield curve when Vasicek model is used (s=0.2, q=0.05, λ=0 and t=(T-t)=3)

Equation (3.2.28) can be rewritten (using equations (3.2.20) and (3.2.21)) and this yields

2

3

2

)))(exp(1(
)(4

)))(exp(1(
)(

1
)),()((),(),,(

tT
tT

tT
tT

tRtrtRrTtR

−−−
−

+

−−−
−

∞−+∞=

κ
κ

σ

κ
κ (3.2.31)

By applying Ito’s differential rule to the above equation and using equation (3.1.3), the

volatility of ),,( rTtR  is given by the expression

σ σ
κ

κR T t
T t=

−
− − −

( )
[ exp( ( ))]1 .

(3.2.32)

This curve is negative exponential declining to zero as T → ∞ , which implies that long-rates

are less volatile than short-rates. The rate at which the standard deviation of the spot-rates

decline is driven by the mean-reversion, i.e. by the parameter κ .

The strongest criticism of the latter model is that it allows negative interest rates, as

the process for the short-rate is normal, with constant volatility. Also the possible shapes of

the yield curve that can be obtained are rather limited which makes practical implementation

difficult because the market yield curves often display very complex shapes.

Focusing now on the model of Cox, Ingersoll and Ross, the solution of partial

differential equation (3.2.18) yields

)(),(),(),,( trTtBeTtArTtP −= (3.2.19)

A t T
T t

T t
( , )

exp[( )( ) / ]

( )(exp[ ( )] )

/

= + + −
+ + − − +











2 2

1 2

2 2

γ κ λ γ
κ λ γ γ γ

κθ σ

(3.2.33)

B t T
T t

T t
( , )

(exp[ ( )] )

( )(exp[ ( )] )
= − −

+ + − − +
2 1

1 2

γ
κ λ γ γ γ (3.2.34)

γ κ λ σ= + +( )2 22 .
(3.2.35)

It can be noted from equation (3.2.19) that bond prices depend only on one random variable

- the short-rate r . It is also interesting to notice that κ ,θ  and λ do not occur in these

equations separately, but only in the combinations κθ  and λκ + . Therefore, it is not

possible to determine these quantities individually simply using prices of traded securities; in

particular the market price of risk λ  remains unrecoverable.
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Now consider the yield to maturity ),,( rTtR  of a pure discount bond defined by equation

(3.2.27). Similar analysis as in the case of Vasicek model concerning the yield R t( , )∞ on the

long (infinite maturity) bond shows that it is also independent from the current interest rate r







−
+

−
−

∞→
=∞ )(),(

1
),(ln

1
lim),( trTtB

tT
TtA

tTT
tR

(3.2.28)

and since

( )[ ]ln ( , ) ln ( )( ) ln ( )( )( )A t T T t e T t= + + + − − + + − +−2 1
22 2 1 2κθ

σ
γγ κ λ γ κ λ γ γ

it follows by using L’Hospital rule that

lim [ ( , )] lim [ ] lim [ ]( )

( )( )

( )

( )
T

rB t T
T

r
T

rT t T t
e

e T t

T t

T t→∞
=

→∞
=

→∞
=− −

−
+ + − + + + −

−

−
1 1 2 1

1 2
2 1 0

γ

γκ λ γ γ κ λ γ

[ ]lim [ ln ( , )] ( )
T

A t TT t→∞
− = − + +−

1 2 1
22

κθ
σ

γ κ λ γ .

Using the results above it yields that

R t( , )∞ =
+ +
2κθ

κ λ γ
.

(3.2.36)

When the value of the short-rate is below this long-term yield, the term structure is

monotonically increasing, when it is above 
κθ

κ λ+
, it is decreasing. For intermediate values of

the short-rate, the yield curve is humped.

k=1 k=2 k=3

r=0.02

r=0.05

r=0.1

Figure 3.2 Possible shapes of the yield curve when CIR model is used (s=0.2, q=0.05, λ=0 and t=(T-t)=3)
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It is important to notice that the volatility parameter σ 2  of the short-rate is linked to the

parameters of the discount bond price directly by the equation

))((2
12 λκγλκγσ ++−−= , (3.2.37)

which can be obtained by straightforward computation from equation (3.2.36). That means

that the long-term yield to which yield curves of different spot-rates but same reversion levels

converge is a function of the volatility of the short-rate process. Applying Ito’s lemma to the

equation (3.2.28) and using equation (3.1.3), the volatility of ),,( rTtR  is given by

σ σ
κ

κR

r

T t
T t=

−
− − −

( )
[ exp( ( ))]1 .

(3.2.38)

Cox, Ingersoll and Ross considered the problem of determining the term structure as

a problem in general equilibrium theory, and therefore their approach permits detailed

predictions about how changes in a wide range of underlying variables effect the term

structure. There are several constraints implied by the model on the yield curve dynamics.

The term structure of interest rates is the function of one state variable - the short-rate r , and

three parameters κ ,θ  and λ  which are independent of time. As shown before, a suitable

combination of these three parameters yields the volatility of the short-rate. But the long-rate

is not allowed by this model to vary with time, it is strictly constant. From a practical point of

view a feature which is the main drawback of the CIR model (as well as Vasicek’s) is the fact

that observed yield curves are often poorly reproduced because of the limited flexibility of the

function which describes the discount factor.

3.3 The Ho and Lee model

This model was originally developed in the form of a binomial tree of bond prices

relating future movements of the yield curve explicitly to the initial state. Algorithmically it was

constructed in such a way as to price exactly any set of market discount bonds without

requiring the explicit specification of investors’ risk preferences.

Here it will be considered the continuous time version of the model derived by Dybvig (1988),

which is characterised by the following short-rate process

dzdttdr σθ += )( (3.3.1)

where σ , the instantaneous volatility of the short-rate, is constant and )(tθ , the drift of the

process, is the function of time to make the model consistent with the initial, i.e. observed,

term structure of interest rates. The variable )(tθ  defines the average direction in which r

moves at time and is independent of the level of r . It can be calculated from the initial term

structure and is given by
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tt
t

f
t 2),0()( σθ +

∂
∂= .

(3.3.2)

This shows that the drift term reflects the slope of initial forward curve and the volatility of the

short-rate.

Within the framework used before (in Vasicek/CIR models), the term structure equation

satisfies the general form

0
2

1
)(

2

2
2 =−++ rP

r

P

r

P
t

t

P

∂
∂σ

∂
∂φ

∂
∂

(3.3.3)

where σλθφ )()()( ttt −= , and is solved subject to the boundary condition P T T r( , , ) = 1,

according to the assumption that pure discount bond pays unity at maturity time T .

In order to calibrate the model to the current term structure, function )(tφ  must be set equal

to the term )(tθ . This additional assumption implies that the risk preferences of investors are

included in market prices of pure discount bonds which determine the drift term )(tθ . The

solution to (3.3.3) can be valued analytically and assume that is expressed by

)(),(),(),,( trTtBeTtArTtP −= (3.3.4)

with

tTTtB −=),( (3.3.5)

22 ),(
2

1),,0(ln
),(

),,0(

),,0(
ln),(ln TttB

t

rtP
TtB

rtP

rTP
TtA σ−

∂
∂−=

(3.3.6)

where the set }0);,0({ ≥TTP  is the initial exogenously given term structure.

To verify this, by taking the restrictive assumption about function )(tφ  and the appropriate

derivatives, which have the same general form like in the case of the Vasicek model and

therefore they satisfy equations (3.2.22) – (3.2.24), by substituting into term structure

equation (3.3.3) yields

0),(),()(
),(),(

),(

1 22
2
1 =−+−





− rPPTtBPTtBt

t

TtB
r

t

TtA
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∂

∂
∂ (3.3.7)
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∂
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(3.3.8)
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∂
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(3.3.9)

0)(
),0(

)(
),0(ln 22

2

2

=−+
∂

∂
=−+

∂
∂

− tt
t

tf
tt

t

tP θσθσ
(3.3.10)

which is, by using the relation (3.3.2), an identity.



18

The term structure ),,( rTtR of interest rates is then directly evaluated from the equation

)(),(
1

),(ln
1

),,( trTtB
tT

TtA
tT

rTtR
−

+
−

−= .
(3.2.28)

The single function of time (which is the drift) in the short-rate process allows the model to fit

only the term structure of interest rates and the term structure of volatilities is determined

within the model. Applying Ito’s lemma to ),,( rTtR  seen as a function of r  yields

σσσσ =
−

=
∂

∂=
tT

TtB

tr

TtR
TtR

),(

)(

),(
),(

(3.3.11)

which implies that all spot and forward rates have the same instantaneous volatility. A further

difficulty is that it does not incorporate the mean reversion, and as a result there is a positive

probability that interest rate can become negative.

IV. ECONOMETRIC ESTIMATION OF ONE-FACTOR MODELS

4.1 Concept and notation

All term structure models discussed before are set in continuous time, which

simplifies some of the theoretical analysis but complicates the empirical estimation. In order

to provide the practical econometric testing of the models and their empirical implications, in

next the discrete time will be adopted, since it makes fewer technical demands on users. The

state variables, which are interest rates, will be assumed to take on a continuous range of

real values.

The starting point for the analysis is the result of asset pricing theory, which claims

that in any arbitrage-free environment there exists a positive random variable M , which will

be referred to as stochastic discount factor or pricing kernel, since the prices of assets grow

from it. The random variable M  has different names in the literature – it is also known as an

equivalent martingale measure, or a Radon-Nicodym derivative.

Consider the choice problem of the investor who can trade freely and who maximises the

expectation of an additive and time-separable utility function





∑

∞

=0

)(
t

t
t

t
c

cUEMax
t

δ
(4.1.1)

subject to the budget constraint

)()()( 1 ttttt kkknkfc −−+−= +β , (4.1.2)

where δ  is the time discount factor, tc  is the investor’s consumption in time period t  and

)( tcU  is the utility of consumption in time period t . )( tkf  is the output per unit of labour and
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tk  is the capital intensity at time t . n  denotes the population growth and 10 <≤ β  is the

depreciation rate of the capital. The expectation is taken conditional on the information

available at time t .

The Euler equation describing the optimal consumption of the investor gives the following

first-order condition

)](’)1[()(’ 11 +++= tttt cUREcU δ (4.1.3)

where )()(’ 11 nkfR tt +−= ++ β  is by definition the real return on the asset. The left side of

the above expression is the marginal utility cost of consuming one dollar less at time t . The

right side expresses the expected marginal utility benefit from investing the dollar in the asset

at time t , selling it at time 1+t  for 11 ++ tR  dollars and consuming what proceeds. Because

marginal cost and marginal benefit is equated, (4.1.3) describes the optimum.

By dividing both sides of the equation (4.1.3) by )(’ tcU  yields

])1[(1 11 +++= ttt MRE , (4.1.4)

which is the fundamental relation for bond pricing as will be shown later.

)(’
)(’

1
1

t

t
cU

cU
tM +=+

δ  denotes the pricing kernel and in the presented model it is equivalent to

the discounted ratio of marginal utilities )(’
)(’ 1

t

t
cU

cU +δ , which is called the intertemporal marginal

rate of substitution. Since marginal utilities are always positive, also the intertemporal

marginal rate of substitution and then the pricing kernel are positive.

Condition (4.1.4) implies that the expected return on any asset is negatively related to its

covariance with the stochastic discount factor: by taking unconditional expectations of the left

and right sides of (4.1.4) and lagging one period to simplify the notation, the unconditional

version of (4.1.4) is obtained

])1[(1 tt MRE += . (4.1.5)

This relationship can be rearranged so that it explicitly determines expected asset returns:

],[][]1[])1[( tttttt MRCovMEREMRE ++=+  and after rearrangement yields

]),[1(
][

1
]1[ tt

t
t MRCov

ME
RE −=+ .

(4.1.6)

Fixed-income securities are particularly easy to price using the outlined framework – cash

flows are deterministic so the covariance with the stochastic discount factor is presented only

because there is time-variation in interest rates. This variation in interest rates is driven by

the time series behaviour of the stochastic discount factor, which means that term structure

models are equivalent to time series models for the stochastic discount factor.
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Next the following notation will be used: n
tP  is the price of the pure discount bond at

time t  maturing at nt + , and n
tY  is the bond’s yield to maturity, so the yield can be found

from the price by using the relation (2.2.1) as

nn
t

n
t PY

1

)()1(
−=+ .

(4.1.7)

Using the notation n
t

n
t Pp ln≡  and n

t
n
t Yy ln≡  the equation (4.1.7) becomes

n
tn

n
t py 1−= . (4.1.8)

One-period forward rates are denoted (using equation (2.2.3)) as

11 )/ln( ++ −== n
t

n
t

n
t

n
t

n
t ppPPf (4.1.9)

and the short-rate is labelled 01
ttt fyr == .

The holding-period return on a bond is the return over some holding period less than the

bond maturity. Define n
tR 1+  as the one-period return on an n - period bond purchased at time

t  and sold at time 1+t . Since the bond will be then an )1( −n - period bond, the sale price is

1
1
−

+
n

tP  and the holding-period return is

n
t

n
tn

t
P

P
R

1
1

1 )1(
−

+
+ =+ .

(4.1.10)

Bond pricing is a straightforward application of equation (4.1.4). Substituting equation

(4.1.10) into equation (4.1.4), the price of an n - period bond, n
tP , satisfies

][ 1
1

1 +
−

+= t
n

tt
n

t MPEP . (4.1.11)

From equation (4.1.11) bond prices can be computed recursively, starting with the initial

condition 10 =tP . On the other hand, equation (4.1.11) can be solved also as the expected

product of n  stochastic discount factors

]...[ 1 nttt
n

t MMEP ++= . (4.1.12)

In following sections it will be assumed that the distribution of the pricing kernel 1+tM  is

conditionally lognormal and the bond prices n
tP  are jointly lognormal with 1+tM . Taking the

logarithm of equation (4.1.12) and using the properties of lognormal distribution yields to the

pricing equation

][][ 1
112

11
11

−
++

−
++ +++= n

ttt
n
ttt

n
t pmVarpmEp , (4.1.13)

where 11 ln ++ ≡ tt Mm .

Models analysed in the proceeding are governed by a single factor, which means that the

prices depend on a single state variable associated (here) to the short-rate. The first two
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models are also similar in having four parameters: three governing the dynamic behaviour of

the state variable and one associated with the market price of risk. Each of these models has

the property that log bond prices, and hence log bond yields, are linear or affine in the state

variables. This ensures demanded joint lognormality of bond prices with the stochastic

discount factor.

4.2 Discrete-time version of the Vasicek model

The discrete-time version of the model would be designed in two steps. The first step

involves the construction of the pricing kernel m , which without loss of generality can be

expressed as the sum of its conditional expectation tx  and the innovation 1+tξ  and therefore

satisfies the equation

11 ++ ++=− ttt xm ξδ , (4.2.1)

where δ  is constant, and is set to 2
2
1 )(λσ  which will be explained later. Assume that 1+tξ  is

distributed normally and independently with mean zero and variance 2σ .

In the next step it is assumed that an abstract single state variable x  whose dynamics

follows a first-order autoregression process AR (1) can be expressed as

11 )1( ++ ++−= ttt xx εφθφ , (4.2.2)

where 1+tε  is distributed normally and independently with mean zero and variance 2σ . The

parameter φ  controls the mean-reversion: if 1=φ  then (4.2.2) is a random walk but when

10 << φ , x  is expected to return to its mean θ  at rate φ−1  as can be seen from the

rearrangement of (4.2.2)

11 ))(1( ++ +−−+= tttt xxx εθφ .

Note that equation (4.2.2) presents the discrete-time interpretation of the process for the

short-rate r  given by the stochastic differential equation  dzdtrdr σθκ +−= )(  in

continuous-time version of  Vasicek’s model.

Shocks 1+tε  and 1+tξ  can be correlated and to recover this, assume that 1+tξ  may be

expressed as

111 +++ += ttt ηλεξ , (4.2.3)

where 1+tη  is distributed normally with constant variance and is uncorrelated to 1+tε .

Variable 1+tη  affects only the average level of the yield curve and not its slope or time-series

behaviour so it will be dropped out in the next and it will be assumed that 11 ++ = tt λεξ .

Equation (4.2.1) can be then rewritten as
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11 ++ ++=− ttt xm λεδ (4.2.4)

and 1+tε  is after transformation the only shock to the system.

Bond prices can be computed in two ways by using the theory outlined in previous

section. The first concept uses the pricing equation (4.1.13) and prices are obtained

recursively. Starting with the case 1=n , it follows that 00
1

1
1 == +
−

+ t
n
t pp . Conditional mean of

1+tm  is )( tx+− δ  and conditional variance 2)(λσ , which gives after substituting into

equation (4.1.13), the price of a one-period bond

2
2
1

12
1

1
1 )()(][][ λσδ ++−=+= ++ tttttt xmVarmEp (4.2.5)

and by setting δ  equal to 2
2
1 )(λσ , the short-rate r  defined as 1

tt pr −=  is equal to the state

variable tx .

Prices of longer bonds follow by induction. Assume that price of n - period bond can be

expressed as

tnn
n
t xBAp +=− (4.2.6)

for some choice of coefficients { }nn BA , . For 0=n , 000 == BA  and for 1=n , 01 =A  and

11 =B , so bond prices satisfy the equation (4.2.6).

In order to determine the price of n - period bond, it holds that

11111
1

11 )()1(])1([ +−−−−
−

++ +−+−−++−=+ tntnnn
n
tt BxBBApm ελφθφδ (4.2.7)

where conditional moments are

tnnn
n
ttt xBBApmE )1(])1([][ 111

1
11 −−−
−

++ +−−++−=+ φθφδ (4.2.8)

22
1

1
11 )(][ σλ −
−

++ +=+ n
n
ttt BpmVar . (4.2.9)

Both conditional mean and conditional variance are linear functions of x , and as a result the

bond prices are log-linear functions of x  as in equation (4.2.6). The implied bond price

satisfies therefore (substituting the above expressions into equation (4.1.13))

tnnnn
n
t xBBBAp )1()()1( 1

22
12

1
11 −−−− +++−−++= φσλθφδ . (4.2.10)

Comparing the coefficients in equation (4.2.6) and (4.2.10) gives the final recursions

22
12

1
11 )()1( σλθφδ −−− +−−++= nnnn BBAA (4.2.11)

11 −+= nn BB φ . (4.2.12)

The assumption (4.2.6) is now verified since with the coefficients (4.2.11) and (4.2.12) the

price function (4.2.6) satisfies the pricing equation (4.1.13) and the assumption that bond

prices are conditionally lognormal.



23

These equations provide a closed-form solution to the model, in the sense of being

computable with a finite number of elementary operations, given the values of four

parameters ),,,( σθλφ .

There are several implications of this homoskedastic bond-pricing model. Considering the

equation (4.2.12), coefficient nB  measures the fall in the logarithm price of an n - period

bond when there is an increase in the state variable x  or equivalently in the one-period

interest rate r , and therefore it measures the sensitivity of the n - period bond return to the

one-period interest rate. From equation (4.2.12) it results that nB  follows a linear difference

equation in n  with the solution

φ
φ

−
−=

1

1 n

nB .
(4.2.13)

As n  increases, nB  approaches a limit

φ−
==

∞→ 1

1
lim n
n

BB .
(4.2.14)

Thus bond prices fall when the short-rate rise, and the sensitivity of bond returns to short-

rates increases with maturity.

However, the disadvantage is that these formulas for recursions provide just the implicit

solutions and therefore also the alternative approach, which leads to the explicit terms, would

be presented in the next.

The starting point is the equation (4.1.12) - taking the logarithm of it yields to the n -

period log-linear equation

]...[]...[ 12
1

1 ntttnttt
n
t mmVarmmEp ++++ +++++= . (4.2.15)

Consider again the price of a one-period bond given by (4.2.5). Because δ  was set to

2
2
1 )(λσ , the short-rate r  is equal to the state variable tx . This equality also implies

behaviour of the stochastic process for the short-rate

11 ))(1( ++ +−−+= tttt rrr εθφ (4.2.16)

and the future values of the short-rate are therefore determined by

∑
=

+
−

+ +−−+=
n

i
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t

n
tnt rrr

1

))(1( εφθφ
(4.2.17)

for 1≥n . Conditional mean and variance are given by, respectively

))(1(][ t
n

tntt rrrE −−+=+ θφ (4.2.18)

2
2

1

1
][ σ

φ
φ







−

−=+

n

ntt rVar .

(4.2.19)
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Denoting
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~
(4.2.20)

and applying the pricing kernel of this model (expression (4.2.4)) into (4.2.20) yields

∑ ∑
= =

+

−

+ −
−++−

−
−++=−=−

n

i

n

i
it

in

t

n

it
n
t xnnmm

1 1

)
1

1
())(

1

1
(~ ε

φ
φλθ

φ
φθδ .

(4.2.21)

By substituting the above equation into (4.2.15) gives the formulae for the price of n - period

bond
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(4.2.22)

Properties of bond prices can be summarised in terms of forward-rates, which are linear

functions of the short-rate
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(4.2.23)

for all 0≥n . Given forward-rates, bond prices and yields can be computed from their

definitions. By comparing the right side of the above equation to (4.2.18) note that the two

first terms in (4.2.23) are the expected short-rate n -periods in the future. This means that

forward rate movements reflect movements in the expected future short-rate, which are given

by nφ  times movements in the current short-rate.  The last term is the risk premium which

consists of three factors: the magnitude of risk (σ ), the price of risk ( λ ) and the mean-

reversion (φ ).

4.3 Discrete-time version of CIR model

CIR discrete-time model has similar structure like Vasicek’s model. The main

difference is that in Vasicek’s model conditional variance is constant, while in CIR model

varies with the state. The state variable x  follows a “square-root process” given by

11 )1( ++ ++−= tttt xxx εφθφ ,
(4.3.1)

which  is the discrete-time version of continuous-time CIR model and was derived by Sun

(1992). 1+tε  is distributed normally and independently with mean zero and variance 2σ ,

)1,0(∈φ  and 0>θ . Despite the unusual form of the shock, equation (4.3.1) obeys an AR (1)

process.

In continuous-time version, the state variable is strictly positive. With the square-root process

conditional variance gets smaller as x  approaches zero, i.e. it reduces the chance to get

a negative value. As ε’s are distributed normally, there is still a positive probability that 1+tx  is
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negative, but the probability goes to zero as time interval shrinks. This means that the

nonnegativity is guaranteed when the time interval is small.

The pricing kernel for a discrete-time version of CIR model is given by

1
2

2
1

1 ))(1( ++ ++=− tttt xxm ελλσ .
(4.3.2)

The kernel is conditionally lognormal, and the coefficient of x  was chosen in such a way to

equal it to a short-rate.

Comparing the square-root process where the state variable x  follows conditionally

lognormal but heteroskedastic process to the homoskedastic model of Vasicek, the new

element here is that the innovation 1+tε  is multiplied by tx . It means that 1+tx  and 1+tm  are

normal conditional on tx  (as in Vasicek’s model), but itx +  and itm +  are not normal

conditional on tx  for all 1>i , whereas in the previous model itx +  and itm +  are normal

conditional on tx  for all 1≥i . This means that square-root model can be analysed by using

the recursive approach of equation (4.1.13), but the n -period log-linear relation (4.2.15) does

not hold in this case.

Proceeding by using the recursive analysis similar to that one used in the case of

Vasicek’s model, the price of a one-period bond can be determined by substituting (4.3.2)

into (4.1.13), which yields

tttttttt xxxmVarmEp −=++−=+= ++
2

2
12

2
1

12
1

1
1 )())(1(][][ λσλσ . (4.3.3)

Again, the short-rate r , defined as 1
tt pr −= , is equal to the state variable tx .

Next it is assumed that the price function has the same linear form tnn
n
t xBAp +=− . In this

model 000 == BA  and 01 =A  and 11 =B . Using the same method like in the previous

model, conditional moments satisfy

tnnn
n
ttt xBBApmE ])(1[])1([][ 1

2
2
1

11
1

11 −−−
−

++ ++−−+−=+ φλσθφ (4.3.4)

tn
n
ttt xBpmVar 22

1
1

11 )(][ σλ −
−

++ +=+ , (4.3.5)

which yields for the implied bond price

tntnnn
n
t xBxBBAp 22

12
1

1
2

2
1

11 )(])(1[])1([ σλφλσθφ −−−− ++++−−+−=− (4.3.6)

and therefore coefficients of the bond price formulas satisfy following recursions

11 )1( −− −+= nnn BAA θφ (4.3.7)

22
12

1
1

2
2
1 )()(1 σλφλσ −− +−++= nnn BBB . (4.3.8)

Aligning these recursions to the solution obtained in Vasicek’s model, it is apparent that the

term in 2σ  has been moved from the equation describing nA  to the equation describing nB .
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This is because variance is now proportional to the state variable, so it affects the slope

coefficient rather than intercept coefficient for the bond price.

The implied formulae (since it is not possible to derive the explicit representation) for the

forward rates takes the form

tnttnt
n

t xBxxBxf 22
2
12 ]))(1[( σλσθφ −+−−−= (4.3.9)

and the derivation is provided in Campbell, Lo and MacKinley (1997). Comparing this result

to analogous expression (equation (4.2.22)) in Vasicek model, which can be transformed by

substituting equation (4.2.13) into

2
2
12 ]))(1[( σλσθφ nt

n
nt

n
t BxBxf −+−−−= , (4.3.10)

it can be seen that the difference between the two is that the variance terms in CIR model

are multiplied by tx  where appropriate.

The logic behind the approach presented before is to choose the parameters that

approximate average behaviour of bond yields. But for practical usage this kind of

approximation is inadequate - parameters in Vasicek and CIR models can be chosen to

match the five points on the yield curve (four parameters plus the short-rate) but cannot

approximate the whole yield curve to the degree of accuracy needed by potential users.

Therefore the more recent approach known as “no-arbitrage”, presented in the next by Ho

and Lee model, suggests to add the additional time-dependent adjustment parameters to the

model to suit it to observed prices. Usually, and in most of the applications, adjustment

factors are used to allow the model to match the current yield curve exactly.

4.4 Discrete-time version of the Ho and Lee model

The state variable tx  obeys in this model the following process

111 +++ ++= tttt xx εα , (4.4.1)

where 1+tα  is time dependent parameter and the innovation 1+tε  is distributed normally and

independently with mean zero and variance 2σ .  This differs from previous models in two

ways: first, the process does not incorporate mean-reversion ( 1=φ  in equation (4.4.1)) and

second, the state equation includes time-dependent drift 1+tα .

The pricing kernel is defined by

11 ++ ++=− ttt xm λεδ . (4.4.2)

Given the equations (4.4.1), (4.4.2) and using the pricing relation 1
tt pr −=  implies that

a short-rate is equal to
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2
2
1

12
1

1
1 )()(][][ λσδ ++−=+= ++ tttttt xmVarmEp . (4.4.3)

If δ  is set to 2
2
1 )(λσ , the short-rate r  is equal to the state variable tx .

Applying the recursive analysis again, prices are log-linear functions of x , but in this

case they are time dependent

tntnt
n
t xBAp +=− . (4.4.4)

Conditional moments are given by

ttnttntn
n
ttt xBBApmE )1(][][ 1,111,11,1

1
11 +−++−+−
−

++ +−++−=+ αδ (4.4.5)

22
1,1

1
11 )(][ σλ +−
−

++ +=+ tn
n
ttt BpmVar , (4.4.6)

which yields for the implied bond price

22
1,12

1
1,111,11,1 )()1( σλαδ +−+−++−+− +−++++=− tnttnttntn

n
t BxBBAp (4.4.7)

and leads to the final recursions

22
1,12

1
11,11,1 )( σλαδ +−++−+− +−++= tnttntnnt BBAA (4.4.8)

1,11 +−+= tnnt BB . (4.4.9)

In this homoskedastic model the n -period log-linear relation (4.2.15) holds and

therefore it can be analysed by applying the similar approach like in the case of Vasicek’s

model. Substituting the given pricing kernel (formulae (4.4.2)) into the equation (4.2.20)

yields

∑∑
=
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+ −++−++=−
n

i
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i
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n
t ininnnxm

11

)()(~ ελαδ .
(4.4.10)

Bond prices can be computed by using the equation (4.2.15) and substituting into relation

(4.4.10)
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And for forward rates the following relationship holds

222
2
1

1

))(( σλλα nrf
n

i
itt

n
t +−++= ∑

=
+ .

(4.4.12)

This differs from the solution obtained in Vasicek in two ways: first, a unit increase in r  is

associated with unit increase in nf , whereas in Vasicek this increase is )1( nφ− , which is

less than unity. The second difference is the risk premium, the final term in (4.4.12).

Despite these differences, Backus, Foresi and Zin (1998) show that time-dependent drift

allows Ho and Lee model to reproduce some of the features of Vasicek’s model, and among

them the conditional mean of future short-rate. Future short-rates take the following form
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)( εα
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with the conditional mean

∑
=

++ +=
n

i
ittntt rrE

1

][ α
(4.4.14)

for 1≥n . Comparing this to the analogous expression in Vasicek (equation (4.2.18)), the two

are equal if

∑
=

+ −−=
n

i
t

n
it r

1

))(1( θφα .
(4.4.15)

Thus the time-dependent drift can be set to imitate this consequence of mean-reversion.

However, in practice it is more common to use the drift parameter to match the model to the

current yield curve. To fit forward rates generated by Vasicek model, the drift parameter must

satisfy (compare (4.2.23) and (4.4.12))

[ ] 2
2

22
2

2
22

12
1

22
1

2
12

1

1

)()
1

1
())(1( σλλσ

φ
φλλθφα nr

nn

i
t

n
it +−−








−

−+−+−−=∑
=

+ .
(4.4.16)

The drift parameters implied by (4.4.15) and (4.4.16) are in general different. Since

parameter values possibly may take on different values in the respective models; 1λ  and 1σ

denote the parameters of the Vasicek and 2λ  and 2σ  of the Ho and Lee model. Because

n
n

=−
−

→ φ
φ

φ 1
1

1
lim , the two expressions above may be equated when 1=φ  by setting 21 λλ =  and

21 σσ = .  If )1,0(∈φ  it is not possible to equate the expressions.

This property points to the fact that the drift-parameter does not adequately capture the

effects of mean-reversion. The reason for that is the non-linear relation in risk premium

between mean-reversion (φ ) and the price of risk ( λ ). The risk premium on the n -period

forward-rate equals in Vasicek model to

2
1

22
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2
12
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1

1
( σ

φ
φλλ 
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(4.4.17)

and the analogous expression in Ho and Lee model is

2
2

22
2

2
22

1 ])([ σλλ n+− . (4.4.18)

If 21 λλ =  and 21 σσ = , (4.4.17) and (4.4.18) are equal for 1=n . As n  grows the difference

between the two is also growing.

Another discrepancy is that Ho and Lee model does not capture the conditional variances of

future short-rates since it takes the form
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2][ σnrVar ntt =+ . (4.4.19)

Comparing this expression to the analogous in the Vasicek’s model (equation (4.2.19))

conditional variances are in general different and for longer time horizons they are greater in

Ho and Lee model.

In summary, the parameters of the Ho and Lee model can be chosen in such a way that they

fit the conditional mean of future short-rates or the current yield curve, but in general it is not

possible for them to do both simultaneously. The parameters cannot be chosen to reproduce

the conditional variances of future short-rates and this results to the mispricing options on

bonds.

V. FITTING MODELS TO THE DATA

Vasicek and CIR models need additional error terms to fit them to the market data.

These error terms can be seen as a measurement of errors in bond prices, errors in

calculating implied pure discount bond prices from an observed coupon-bearing bond prices,

or specification errors arising from tax effects or transaction costs. To keep the models

testable, it is necessary to accept supplementary assumptions.

One common assumption is that bond price errors are serially uncorrelated. With this

assumption the time series implications of term structure models can be examined. Under

specific assumptions about the additional bond price errors Campbell, Lo and MacKinley

(1997) derived what they call “latent-variable” models for bond returns. They are expressed

in the form of the system of regression equations and can be estimated by Generalised

Method of Moments.

Different approach assumes that bond price errors are uncorrelated across bonds, although

they may be correlated over time. This method was introduced  in 1986 and after then used

by a number of authors. They ignore the models’ time series implications and estimate all the

parameters from the term structure observed at a point in time. By repeating the procedure

over many time periods, it generates a sequence of parameter estimates, which should in

theory be identical for all time periods, but in practice it does not hold. It is true that bond

price errors might cause estimated parameters to vary over time even if true underlying

parameters are constant. But in simple one-factor models analysed before there also appear

to be some systematic differences between the parameter values implied by the respective

approaches, which indicates the misspecification in the models.

In the discrete time version of the Vasicek model, the four parameters ),,,( λθσφ  of

the model can be identified (following the procedure used by Backus, Foresi and Telmer

(1998)) by considering the following moments of the data
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The mean-reversion parameter φ  is the first-order autocorrelation of the short-rate process.

Since θ  is the unconditional mean of the short-rate process, it is set equal to the sample

mean. Given φ , the unconditional variance of the short-rate process then identifies the

innovation variance 2σ . The final parameter, the price of risk λ , is chosen to approximate

the average slope of the yield curve. It is identified from the average excess return on a long-

term bond, or equivalently from the average difference between a very long-term forward-

rate and the short-rate
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Thus those four parameters are required to govern the dynamics of interest rates and the

average slope of the yield curve.

As pointed out by Gibbons and Ramaswamy (1993), Vasicek model generates a mean yield

curve with significantly less curvature than can be usually seen in the data. The problem

arises because the time series behaviour of the short-rate implies a value of φ  close to one

(it is highly persistent), but a smaller value is required to generate the desired concavity of

the yield curve.

Parameter identification is very similar in the discrete time version of Cox, Ingersoll and Ross

model. Here the moments become

φ=− ],[ 1
1

1
tt yyCorr (5.5)

θ=][ 1
tyE (5.6)
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where B  is the limiting value of nB  given by the equation (4.3.8). As before, φ  can be

identified from the estimated first-order autocorrelation of the short-rate, θ  is the sample

mean and 2σ  identifies the innovation variance.
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CIR model produces also an average yield curve with substantially less curvature when the

short-rate is highly persistent and therefore it shares many of the empirical limitations of the

Vasicek model.

In summary, there are several discrepancies between these two one-factor models

and the real state of matters. Those models can serve as an archetype, but for practical

usage they are not adequate, which point toward the construction of more complex models

with more parameters. Additional parameters are needed in applied work, where a model

that is not able to reproduce the current yield curve can hardly price correctly more complex

securities. Ho and Lee pioneered this alternative approach in the form of a binomial tree, but

the idea is more general: to add time dependent parameters to the model to match it to

observed prices. As it was demonstrated in the case of Ho and Lee model, although it fits

one set of asset prices exactly to the current term structure, it does not automatically

guarantee to fit other asset prices accurately. This called for more sophisticated approach

with more additional parameters. Black, Derman and Toy (1990) allowed the volatility

parameter, σ , to vary with time. This extension was fundamental to the pricing of interest

rate dependent options for which is the volatility critical parameter. Hull and White (1990)

further refined the approach by assuming that not only σ , but also analogues of θ  and φ

can vary with time.

VI. CONCLUSION

In this thesis, different models of the term structure of interest rates were analysed.

Each approach has advantages as well as disadvantages when compared on the basis of

the analytical tractability of the model solution, the number and the estimatability of its

parameters and the amount of the market information used.

First were analysed two models (Vasicek and Cox, Ingersoll and Ross), which are based on

equilibrium characteristics of the term structure and a single source of the uncertainty – the

short-rate. Models belonging to that category can be characterised by their tractability and

ease of use, but with the resulting  disadvantage of the unrealistic behaviour of the short-rate

and the limitation of the possible shapes of the term structure.

The second approach uses the idea to model the dynamics of the whole term structure from

an initially exogenously given set. It is represented by the simplest one-factor model in this

category, which is the Ho and Lee model. This has the advantage that it is analytically

tractable, but its main drawback is that it implies that all rates are equally variable. In general,

these models have the property that they can be fitted to the current term structure data, and

their main use is therefore for pricing derivative instruments written on discount bonds.
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As it was discussed, there is accordingly great interest in developing more flexible models

that fully exploit the information in the yield curve. Such models are complicated what is

undoubtedly given by the complexity of modern financial markets.
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VII. RESUME

6N~PDQLH�þDVRYHM�ãWUXNW~U\�~URNRYêFK�PLHU�MH�G{OHåLWp�SUL�DQDOê]H�FHQQêFK�SDSLHURY

]iYLVOêFK�RG�~URNRYHM�PLHU\��SULþRP�PRåQRVWL�SRXåLWLD�V~�YH PL�UR]VLDKOH��PHG]L�LQêPL�QDSU.:

analýza výnosov kontraktov s�IL[QêPL� SODWEDPL�� NWRUp� PDM~� U{]QH� þDV\� VSODWQRVWL�

SUHGSRYHGDQLH�EXG~FLFK�~URNRYêFK�PLHU��RFH RYDQLH�GOKRSLVRY�D iných kontraktov s fixnými

SODWEDPL�� RFH RYDQLH� RSFLt� QD� NRQWUDNW\� V�IL[QêPL� SODWEDPL� D� WLHå� IRUPRYDQLH� RþDNiYDQt

o celkovom ekonomickom vývoji.

([LVWXMH�QLHNR NR�WHyULt�D�K\SRWp]�Y\VYHW XM~FLFK�G\QDPLNX�þDVRYHM�ãWUXNW~U\�~URNRYêFK�PLHU�

SULþRP� MHGQêP� ] najnovších prístupov, ktorý je prezentovaný v tejto práci, je modelovanie

SRPRFRX� VWRFKDVWLFNêFK� SURFHVRY�� 7HyULD� Y\åDGXMH� QLHNR NR� SUHGSRNODGRY� �� þDVRYi

štruktúra a ceny dlhopisov sú priradené k�XUþLWêP� VWRFKDVWLFNêP� IDNWRURP�� SULþRP� VD

SUHGSRNODGi�� åH� WLHWR� IDNWRU\� VD� Y�þDVH� Y\YtMDM~� SRG D� XUþLWpKR� VWRFKDstického procesu

a výsledné úrokové miery a�FHQ\�GOKRSLVRY�PXVLD�VS D �SRGPLHQN\�DUELWUiåH��3RG D�SRþWX

�MHGHQ� DOHER� YLDF�� SRXåLWêFK� VWRFKDVWLFNêFK� IDNWRURY� V~� GHILQRYDQp� MHGQR�� DOHER� YLDF�

IDNWRURYp�PRGHO\��SULþRP�Y�SUtSDGH�MHGQR�IDNWRURYêFK�PRGHORY�VD�]Y\þDMQH�SUHGSRNODGi��åH

MHGLQêP�]GURMRP�QHLVWRW\�MH�RNDPåLWê�~URN��VKRUW�UDWH��

V�SUYHM� þDVWL� SUiFH� MH� SRStVDQê� WUDGLþQê� SUtVWXS� N�PRGHORYDQLX� þDVRYHM� ãWUXNW~U\

úrokových mier v�VSRMLWRP�þDVH��NWRUê�MH�UHSUH]HQWRYDQê�MHGQR�IDNWRURYêPL�PRGHOPL�9DãtþND

a Cox, Ingersoll a Rossa (CIR). Modely patriace do tejto kategórie sú charakteristické jedno-

GXFKêP�SRXåLWtP�D�LFK�ULHãHQLD�VD�GDM~�Y\MDGUL �Y analytickom tvare. Ich nedostatkom však je,

åH� QHGRNiåX� GRVWDWRþQH� DSUR[LPRYD � FHO~� YêQRVRY~� NULYNX� GR� VWXS D� SUHVQRVWL

SRåDGRYDQpKR� XåtYDWH PL�� $OWHUQDWtYQ\� SUtVWXS� Y\FKiG]D� ]�P\ãOLHQN\�PRGHORYD � G\QDPLNX

þDVRYHM� ãWUXNW~U\� SULGDQtP� þDVRYR� ]iYLVOêFK� SDUDPHWURY�� NWRUp� V~� YROHQp� WDN�� DE\� SUHVQH

PRGHORYDOL�V~þDVQ~��SR]RURYDQ~��YêQRVRY~�NULYNX��7HQWR�SUtVWXS� MH�Y práci reprezentovaný

najjednoduchším jedno-faktorovým modelom v tejto kategórii, ktorým je Ho a Lee model.

-HKR�KODYQRX�YêKRGRX� MH��åH�SRVN\WXMH� ULHãHQLH�Y analytickej forme, medzi jeho nedostatky

SDWUt��åH�LPSOLNXMH�URYQDN~�YRODWLOLWX�SUH�YãHWN\�~URNRYp�PLHU\�

V� DOãHM� þDVWL� SUiFH� V~� WLHWR� WUL� WHRUHWLFNp� PRGHO\� UHIRUPXORYDQp� GR�GLVNUpWQHKR� þDVX�� þR

XPRå XMH�LFK�MHGQRGXFKãLX�HNRQRPHWULFN~�DQDOê]X��=RVXPDUL]RYDQtP�WHyULH��NWRUi�SULUD XMH

tento prístup k�WHyULL� RFH RYDQLD� FHQQêFK� SDSLHURY� ]DYHGHQtP� W]Y�� ÄVWRFKDVWLFNpKR

diskontného faktora“, sú jednotlivé modely v�GLVNUpWQRP� þDVH� SUH]HQWRYDQp� DNR� PRGHO\

þDVRYêFK� UDGRY�SUH�VWRFKDVWLFNê�GLVNRQWQê� IDNWRU��'{UD]� MH�NODGHQê�QD�SUDNWLFNp�YODVWQRVWL

YêQRVRY�GOKRSLVRY�LPSOLNRYDQêFK�ãWUXNW~URX�MHGQRWOLYêFK�PRGHORY��3UH�9DãtþNRY�D Ho a Lee

PRGHO� V~�RGYRGHQp�H[SOLFLWQp� ULHãHQLD�SUH�YêSRþHW� IRUZDUG�PLHU�� Y prípade modelu CIR to

QHEROR�PRåQp��D�SUHWR�MH�XYHGHQê�UHNXU]tYQ\�Y] DK��1DVOHGXM~FD�NDSLWROD�MH�YHQRYDQi�YR EH

hodnôt parametrov, ktoré plnia rozhodujúcu úlohu pri tom, aké výsledky modely dosiahnu, a

SUHWR�VL�]DVO~åLD�QLH�PHQãLX�SR]RUQRV �DNR�VDPRWQp�PRGHO\�
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-HGQR�IDNWRURYp�PRGHO\�VD�GDM~�Y\MDGUL �Y jednoduchej forme a�LFK�SRXåLWLH�MH�WDNWLHå

MHGQRGXFKp�� DOH� H[LVWXMH� SUtOLã� YH D� UR]SRURY�PHG]L� QLPL� D realitou. Tieto rozpory vedú ku

konštrukcii flexibilnejších modelov s�YlþãtP� SRþWRP� SDUDPHWURY�� NWRUp� SOQH� Y\XåtYDM~

LQIRUPiFLH� REVLDKQXWp� YR� YêQRVRYHM� NULYNH�� 7DNpWR� PRGHO\� V~� NRPSOLNRYDQp�� þR� MH

EH]SRFK\E\�GDQp�NRPSOH[QRV RX�PRGHUQêFK�ILQDQþQêFK�WUKRY�
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