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� ,QWURGXFWLRQ
7UDQVSRUWDWLRQ� PRGHOOLQJ� LV� QRZ� D� ZLGHO\� VSUHDG� GLVFLSOLQH� LQ� XUEDQSODQQLQJ��,WV�ORQJ�KLVWRU\�KDV�LWV�URRWV�LQ�VRFLDO�VFLHQFHV�DQG�JRHV�EDFN�LQWR�WKHVHFRQG� KDOI� RI� WKH� QLQHWHHQWK� FHQWXU\�� ,W� ZDV� SULPDU\� XVHG� WR� H[SODLQ� WKHSKHQRPHQD� RI� FLW\� JURZWK�� PLJUDWLRQ� DQG� RWKHU� VRFLDO� SUREOHPV� FRQFHUQLQJXUEDQ�GHYHORSPHQW�
7KH� ILUVW�PRGHOV� ZHUH� EDVHG� RQ� JUDYLWDWLRQDO� LQWHUDFWLRQ�� GHULYHG� IURP� LWVVLPLODULW\�WR�WKH�IDPRXV�1HZWRQ
V�JUDYLW\�ODZ��$�JUHDW��ERRP��RI�JUDYLW\�PRGHOVZDV�LQ�WKH�VL[WLHV�\HDUV�RI�WKH�WZHQWLHWK�FHQWXU\��0DQ\�PRGHOV�ZHUH�FUHDWHG�WRH[SODLQ�WUDIILF�IORZV��XUEDQ�V\VWHPV��WUDGH�IORZV�DQG�RWKHU�DUHDV�>��@�
7KH� GHYHORSPHQW� RI� XUEDQ� PRGHOV� FRQWLQXHG�� 0DQ\� VSDWLDO� PRGHOV� KDYHEHHQ�GHYHORSHG��:H�QRZ�GLYLGH�WKHVH�PRGHOV�LQWR�PDQ\�FDWHJRULHV��7ZR�PDLQFDWHJRULHV� DUH� VSDWLDO� LQWHUDFWLRQ�PRGHOV� �UHSUHVHQWHG� E\� JUDYLW\� PRGHO�� DQGVSDWLDO�FKRLFH�PRGHO��UHSUHVHQWHG�E\�ORJLW�PRGHOV��
$V� WKH�SRSXODULW\�RI� VSDWLDO�PRGHOV�KDV� JURZQ�� YDULRXV� DUHDV� RI� XVH� KDYHEHHQ�IRXQG�IRU� WKHVH�PRGHOV�� �7KH�PRGHOV�DUH� LPSOHPHQWHG�QRW�RQO\� LQ�XUEDQSODQQLQJ� �URDG� SODQQLQJ�� PLJUDWLRQ�� FRPPXWLQJ� IORZV�� HWF���� EXW� DOVR� LQLQWHUQDWLRQDO� WUDGH�� PDUNHWLQJ�� SURGXFWLRQ� DQDO\VLV� DQG� RWKHU� VRFLR�HFRQRPLFGLVFLSOLQHV�
7KLV� WKHVLV� GHDOV� ZLWK� GLIIHUHQW� PRGHOV� WKDW� DUH� XVHG� LQ� WUDQVSRUWDWLRQDQDO\VLV��7KH�DLP�RI�WKH�WKHVLV�LV�WR�SURYLGH�DQ�RYHUYLHZ�RYHU�GLIIHUHQW�W\SHV�RIFRPPXWLQJ�PRGHOV�DQG�WKHQ�WR�DSSO\�VHOHFWHG�PRGHOV�RQ�UHDO�FRPPXWLQJ� IORZGDWD�
7ZR�W\SHV�RI�PRGHOV��JUDYLW\�PRGHO�DQG�PD[LPXP�HQWURS\�PRGHO��DUH�XVHGIRU� HVWLPDWLRQ� RI� FRPPXWLQJ� IORZV� DPRQJ� VHOHFWHG� UHJLRQV� LQ� 6ORYDNLD�� 7KHPRGHOV�DUH�HVWLPDWHG�ZLWK�GLIIHUHQW�HVWLPDWLRQ�WHFKQLTXHV�DQG�WKHQ�WKH�UHVXOWVDUH�FRPSDUHG�
7KH�WKHVLV�LV�GLYLGHG�LQWR���FKDSWHUV��,QWURGXFWLRQ�LV�IROORZHG�E\�RYHUYLHZ�RIPRGHOV� WKDW� KDYH� EHHQ� LQYHQWHG� IRU� WUDQVSRUWDWLRQ� DQDO\VLV�� 7KHQ� WKH� WKHVLV



�

SURFHHGV�ZLWK� FKDSWHU� DERXW�JUDYLW\�PRGHO��7KH�JUDYLW\�PRGHO� LV� GHVFULEHG� LQGHWDLO� DQG� LWV� YDULDWLRQV� DQG� HVWLPDWLRQ� WHFKQLTXHV� DUH� LQWURGXFHG�� &KDSWHU� �SURYLGHV� LQIRUPDWLRQ� RQ� PD[LPXP� HQWURS\� PRGHOV� DQG� ZD\V� RI� WKHLUHVWLPDWLRQV�� ,Q� WKH� FKDSWHU����ZH�GLVFXVV�GLIIHUHQW� LVVXHV� FRQFHUQLQJ� GDWD�� LWVVRXUFH�� SUREOHPV� LQ� LPSOHPHQWDWLRQ� DQG� RWKHUV�� &KDSWHU� �� LV� GHYRWHG� WRDSSOLFDWLRQ� RI� VHOHFWHG�PRGHOV�DQG� HVWLPDWLRQ� UHVXOWV�� 7KHVH� UHVXOWV� DUH� WKHQFRPSDUHG� LQ� WKH� IROORZLQJ� VHFWLRQ�� %LEOLRJUDSK\� RYHUYLHZ� LV� SUHVHQWHG� LQ� WKHSDUW���DQG�V\PEROV�XVHG�LQ�WKH�WKHVLV�DUH�H[SODLQHG�LQ�WKH�QH[W�SDUW�
6RXUFH�GDWD�VHWV�DQG�HVWLPDWHG�GDWD�LV�HQFORVHG�LQ�$QQH[�$�DQG�%��$OO�GDWDVHWV�DUH�HQFORVHG�LQ�([FHO�GDWD�ILOHV�DQG�VHOHFWHG�VHWV�DUH�SULQWHG�DW�WKH�HQG�RIWKHVLV�LQ�$QQH[��,Q�$QQH[�&�DQG�'�VRXUFH�FRGHV�RI�SURJUDPV�XVHG�LQ�WKH�WKHVLVDUH�HQFORVHG�
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� &RPPXWLQJ�0RGHOV���2YHUYLHZ
7KH� DLP� RI� FKDSWHU� WZR� LV� WR� LQWURGXFH� EDVLF� FRQFHSWV� LQ� FRPPXWLQJ� IORZHVWLPDWLRQ�WKHRU\�
&RPPXWLQJ� IORZ�PRGHOV�FDQ�EH�GLYLGHG� LQWR� WZR�JURXSV�RI�PRGHOV��VSDWLDOLQWHUDFWLRQ�PRGHOV�DQG�VSDWLDO�FKRLFH�PRGHOV�
)LUVW� VSDWLDO� LQWHUDFWLRQ�PRGHOV�ZHUH� IRXQGHG� LQ� WKH�PLGGOH�RI� ��WK FHQWXU\DQG�XQWLO�QRZ� WKH\�UHPDLQ�ZLGHO\�XVHG��0RVWO\�XVHG�PRGHOV�DUH�JUDYLW\�PRGHODQG�PD[LPXP�HQWURS\�PRGHO��7KHVH�PRGHOV�QHHG�PDFUR�GDWD�IRU�HVWLPDWLRQ�
6SDWLDO�FKRLFH�PRGHOV�KDYH�JDLQHG�RQ�SRSXODULW\�ZLWKLQ� ODVW� \HDUV��0RGHOVDUH�EDVHG�RQ�WKH�FRQFHSW�RI�XWLOLW\�PD[LPLVDWLRQ�LQ�GHFLVLRQ�PDNLQJ�SURFHVV�RIHDFK�LQGLYLGXDO��7KH�PRVW�LPSRUWDQW�PRGHOV�DUH�UDQGRP�XWLOLW\�PRGHOV�DQG�ORJLWPRGHOV��6SDWLDO�FKRLFH�PRGHOV�DUH�IRUPXODWHG�XVLQJ�PLFURHFRQRPLF�GDWD� �H�J�GDWD�RQ�LQGLYLGXDO�SUHIHUHQFHV��

��� 6SDWLDO�,QWHUDFWLRQ�0RGHOV
6SDWLDO�LQWHUDFWLRQ�PRGHOV�HVWLPDWH�IORZV�DFFRUGLQJ�WR�VSDWLDO�FKDUDFWHULVWLFVRI� FRPPXWLQJ�DV� IRU�H[DPSOH�GLVWDQFH�EHWZHHQ� FRPPXWLQJ� FLWLHV� DQG� UHODWLYHDWWUDFWLRQ�RI�RULJLQ�DQG�GHVWLQDWLRQ�FLW\��(VWLPDWLRQ�RI�WKHVH�PRGHOV�LV�PDGH�RQWKH�EDVH�RI�DJJUHJDWH�GDWD��H�J��SRSXODWLRQ�RI�FRPPXWLQJ�UHJLRQV����:H�GLVFXVVLQ�WKLV�FKDSWHU��WZR�PRGHOV��JUDYLW\�PRGHO�DQG�PD[LPXP�HQWURS\�PRGHO�

����� *UDYLW\�0RGHO
7KH�JUDYLW\�PRGHO�ZDV�LQWURGXFHG�DV�WKH�ILUVW�PRGHO�IRU�FRPPXWLQJ�IORZV��,WLV�D�EDVHOLQH� IRU�RWKHU�FRPPXWLQJ�PRGHOV��%\�QRZ�PDQ\�RWKHU�FRQFHSWV�KDYHEHHQ�GHYHORSHG��EXW�JUDYLW\�PRGHO� UHPDLQV�YHU\� LPSRUWDQW� IRU�FRPPXWLQJ� IORZWKHRU\�DQG�SUDFWLFH�
� ,Q�WKH�WKHVLV��WKH�QRWLRQV�UHJLRQ��FLW\��FRXQW\�DQG�DUHD�DUH�XVHG�DV�V\QRQ\PV�IRU�RULJLQ��GHVWLQDWLRQ�FRPPXWLQJ�DUHDV
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&RQFHSW�RI�JUDYLW\�PRGHO�LV�EDVHG�RQ�SK\VLFDO�1HZWRQ
V�ODZ��1HZWRQ
V�ODZFRPSXWHV� WKH�JUDYLW\�DWWUDFWLRQ�EHWZHHQ�WZR�REMHFWV��7KH� IRUFH�RI�DWWUDFWLRQ� LVSURSRUWLRQDO� WR� WKH� SURGXFW� RI� WKH� PDVVHV� RI� WKH� WZR� REMHFWV� DQG� LQYHUVHO\SURSRUWLRQDO�WR�WKH�VTXDUH�RI�WKHLU�GLVWDQFH
���

��GPPN)  � �����
,Q� WKH� FRQWH[W� RI� FRPPXWLQJ� IORZV� ZH� FDQ� LQWHUSUHW� WKH� IRUFH� ) DV� WKHQXPEHU�RI�FRPPXWHUV�FRPPXWLQJ�EHWZHHQ�WZR�FLWLHV��P UHSUHVHQWV�WKH�PDVV�RIDWWUDFWLRQ�RI� WKH� FLW\� �H�J�� SRSXODWLRQ��� GLVWDQFH�G EHWZHHQ� WZR�REMHFWV� DV� WKHGLVWDQFH�EHWZHHQ�WKH�FLWLHV�DQG�FRQVWDQW�N LV�D�VFDOLQJ�FRQVWDQW��7KH�PHDVXUHRI� H[DFW� VTXDUH� RI� GLVWDQFH� LV� YHU\� OLPLWLQJ� DQG� WKHUHIRUH� QRW� DSSURSULDWH� IRUUHDOLW\��:H� LQWURGXFH� FRQVWDQW� J DV� D� IULFWLRQDO� HIIHFW� RI� GLVWDQFH��:H� JHW� VR�FDOOHG�EDVLF�JUDYLW\�PRGHO�>��@

JLM
MLLM G::.7  � �����

ZKHUH�YROXPH�RI�IORZV�EHWZHHQ�HDFK�SDLU�RI�FLWLHV�,�DQG�-��7LM��LV�SURSRUWLRQDOWR�WKH�SURGXFW�RI�SRSXODWLRQ�RI�WKH�WZR�FLWLHV�:L�:M DQG�LQYHUVHO\�SURSRUWLRQDO�WRGLVWDQFH�EHWZHHQ�WKH�WZR�FLWLHV�GLM�
7KHUH� DUH� PDQ\� YDULDWLRQV� RI� WKH� EDVLF� JUDYLW\� PRGHO�� 7KH� YDULDWLRQV� DUHGLVFXVVHG� LQ� WKH� FKDSWHU� ��� 7KHVH� PRGHOV� WDNH� LQWR� FRQVLGHUDWLRQ� UHJLRQDOVSHFLILFV�� LQIORZ�DQG�RXWIORZ�FRQVWUDLQWV��GLIIHUHQW�GLVWDQFH�IXQFWLRQV�DQG�RWKHUVSHFLILF�FKDUDFWHULVWLFV�

����� 0D[LPXP�(QWURS\�0RGHO
0D[LPXP�HQWURS\�LV�XVHG�DV�D�ZD\�RI�SUHGLFWLQJ�WUDIILF�IORZV�RQ�WKH�EDVH�RIFRPPXWLQJ�IORZ�PDWUL[��

� $OVR�FDOOHG�2�'�0DWUL[��2ULJLQ�GHVWLQDWLRQ�PDWUL[��RU�WULS�PDWUL[
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%HFDXVH�LQ�SUDFWLFDO�HVWLPDWLRQ�RI�FRPPXWLQJ�V\VWHPV�ZH�RIWHQ�GR�QRW�KDYHHQRXJK�LQIRUPDWLRQ�IRU�GHVFULSWLRQ�RI� WKH�2�'�PDWUL[��ZH�WU\� WR�HVWLPDWH� LW�ZLWKKHOS�RI�SUREDELOLW\� WKHRU\��7KH�QXPEHU�RI� WULSV� IURP�RULJLQ� ,� WR�GHVWLQDWLRQ� -� LVHVWLPDWHG� DV� WKH� PRVW� SUREDEOH� VWDWH� RI� WKH� FRPPXWLQJ� V\VWHP� JLYHQ� E\REVHUYHG�WRWDO�QXPEHU�RI�WULSV�IURP�RULJLQ�-��RQ�WKH�WRWDO�QXPEHU�RI�FRPPXWHUVFRPPXWLQJ� WR� WKH� GHVWLQDWLRQ� -� DQG� WRWDO� DPRXQW� RI� FRVW� WKDW� FRPPXWHUVH[SHQVH�
7KH�SUREDELOLW\�RI�WKH�V\VWHP�LV�UHSUHVHQWHG�E\�V\VWHP
V�HQWURS\������

¦¦  �  Q
L

Q
M LMLM 771+: � � OQ��� ��� �����

:H� PD[LPLVH� HQWURS\� IXQFWLRQ� ZLWK� XQNQRZQ� IORZV� 7LM XVLQJ� DGGLWLRQDOFRQVWUDLQWV��PDUJLQDO� RULJLQ� DQG� GHVWLQDWLRQ� IORZV� DQG� WRWDO� FRPPXWLQJ� FRVWV�$QG�VR�ZH�JHW�HVWLPDWHG�RULJLQ���GHVWLQDWLRQ�FRPPXWLQJ�IORZ�PDWUL[�
7KH� SUHVHQWHG� PRGHO� UHSUHVHQWV� FODVVLFDO� IRUP� RI� PD[LPXP� HQWURS\FRQFHSW�� 2WKHU� YDULDWLRQV� FDQ� EH� LQWURGXFHG�� 7KHVH� YDULDWLRQV� DUH� IXUWKHUH[SODLQHG�LQ�WKH�FKDSWHU���

��� 6SDWLDO�&KRLFH�0RGHOV
7KLV� VHFWLRQ� GHDOV� ZLWK� FRQFHSWV� RI� VSDWLDO� FKRLFH� PRGHOV�� 7KH� VSDWLDOFKRLFH�PRGHOV�WU\�WR�H[SODLQ�FRPPXWLQJ�IORZV�RQ�LQGLYLGXDO�GHFLVLRQ�OHYHO��7KH\DVVRFLDWH� FRPPXWLQJ� ZLWK� EHKDYLRXUDO� WKHRU\� RI� GHFLVLRQ� PDNLQJ�� %DVLFFRQFHSWV�LQ�WKLV�WKHRU\�DUH�XWLOLW\�IXQFWLRQ�DQG�SUREDELOLW\�RI�FKRLFH�RI�FRPPXWLQJWR� D� JLYHQ�� 0RGHOV� DUH� XVHG� IRU� PLFURHFRQRPLF� GDWD�� ZKLFK� LQFOXGH� IDFWRUVLQIOXHQFLQJ� GHFLVLRQ� PDNLQJ� SURFHVV� RI� HDFK� LQGLYLGXDO� �H�J�� LQFRPH� OHYHO�FRPPXWLQJ� GLVWDQFH�� WUDYHO� WLPH�� FKDUDFWHULVWLFV� RI� LQGLYLGXDO� �DJH�� HGXFDWLRQ�JHQGHU��� 7KHUH� DUH� WZR� W\SHV� RI� PRGHOV� QRQ�KLHUDUFKLFDO� DQG� KLHUDUFKLFDOPRGHO��7KH�ODWWHU�GHVFULEHV�GHFLVLRQ�PDNLQJ�SURFHVV�DV�VWDJHG�SURFHVV�
7KHVH�PRGHOV� DUH� GLIILFXOW� WR� LPSOHPHQW� EHFDXVH� WKH� XWLOLW\� IXQFWLRQ� LV� QRWHDV\�WR�FDOFXODWH��8WLOLW\� IXQFWLRQ�FDQ�EH�FRPSXWHG�XVLQJ�GLIIHUHQW�YDULDEOHV�DVPHDVXUHV�RI�XWLOLW\��WUDYHO�WLPH��WUDYHO�FRVW�UHODWHG�WR�GLVWDQFH�WR�ZRUN��ZDJH�DQG



��

QRQ�PRQHWDU\� IDFWRUV� >�@�� � :LWK� GHYHORSPHQW� RI� FRPSXWDWLRQ� WHFKQLTXHV� DQGGDWD�VXUYH\V��WKHVH�GLVDGYDQWDJHV�FDQ�EH�RYHUFRPH�DQG�PRGHOOLQJ�ZLWK�VSDWLDOFKRLFH�PRGHOV�LV�PRUH�HIIHFWLYH�
����� 5DQGRP�8WLOLW\�0RGHO

5DQGRP�XWLOLW\�PRGHO�LV�D�EDVHOLQH�IRU�VSDWLDO�FKRLFH�PRGHOV��,W�LV�EXLOW�RQ�WKHIROORZLQJ� DVVXPSWLRQ� >��@�� ,W� WULHV� WR� FKDUDFWHULVH� GHFLVLRQ� FKRLFH� RI� HDFKFRPPXWHU�
�� HDFK�FRPPXWHU� LV� IDFHG�ZLWK�GLVFUHWH�VHW�RI� FKRLFH�DOWHUQDWLYHV� �� FKRLFH� LVPDGH�RU�QRW�PDGH��L�H��WR�WUDYHO�WR�WKH�FLW\�-�RU�QRW�WR�WUDYHO��
�� LQGLYLGXDO� ZLOO� GHFLGH� IRU� WKH� RSWLRQ� IURP� DOO� DYDLODEOH� RSWLRQV�� ZKLFKPD[LPLVHV�KLV�KHU�XWLOLW\��H�J��WR�ZKLFK�FLW\�WR�FRPPXWH��
�� FKRLFHV�DUH�PDGH�LQ�SUREDELOLVWLF�IDVKLRQ���HDFK�LQGLYLGXDO�KDV�D�OLNHOLKRRG�RIPDNLQJ�HDFK�GHFLVLRQ��SUREDELOLW\�RI�HDFK�LQGLYLGXDO�WR�FKRRVH�D�JLYHQ�FLW\�WRFRPPXWH��
�� XWLOLW\�RI�GHFLVLRQ�KDV���FRPSRQHQWV���VWULFW�XWLOLW\�DQG�VWRFKDVWLF�XWLOLW\�

5DQGRP�XWLOLW\�PRGHO� IRUPXOD� LV�EDVHG�RQ�XWLOLW\�PD[LPLVDWLRQ� �8LM���ZKHUHXWLOLW\�IXQFWLRQ�����E��LV�FRPSRVHG�RI�GHWHUPLQLVWLF�SDUW�9LM DQG�VWRFKDVWLF�WHUP�(LM
QMMN(9(93 LMLMLNLNLN �������@�3U>  z��!� � ����D�

LMLMLM (98 � � ����E�
9LM� UHSUHVHQW� VWULFW� XWLOLW\� FRPSRQHQWV�� ZKLFK� DUH� UHSUHVHQWHG� E\� UHOHYDQWREVHUYHG�YDULDEOHV�DQG�(LN DUH�VWRFKDVWLF�FRPSRQHQWV�RI�WKH�XWLOLW\�IXQFWLRQ�

� 8WLOLW\� PD[LPLVDWLRQ�� DQ� LQGLYLGXDO� FKRRVHV� WKDW� RSWLRQ� ZKLFK� EULQJV� KLP�KHU� PD[LPXPXWLOLW\�IURP�DOO�SRVVLELOLWLHV��8 LN!�8LM IRU�HDFK�M�GLIIHUHQW�IURP�N��DQG�IRU�HDFK�L�
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����� 1RQ�KLHUDUFKLFDO�/RJLW�0RGHOV��0XOWLQRPLDO�/RJLW�0RGHO�
/RJLW� PRGHOV� DUH� GHULYHG� IURP� UDQGRP� XWLOLW\� PRGHO�� /RJLW� PRGHO� XVHVGHFLVLRQ�FKRLFH�DV�D�IXQFWLRQ�RI�XWLOLW\�RI�FKRRVLQJ�RQH�DOWHUQDWLYH�RYHU�DQRWKHU�/RJLW�PRGHO�DVVXPHV�WKDW�(LM WHUP�LQ�����D��IROORZV�:HLEXOO�GLVWULEXWLRQ�
8VLQJ�WKLV�DVVXPSWLRQ�ZH�JHW�0F)DGGHQ
V�ORJLW�PRGHO�>��@�

¦  Q
M LMLM

LNLNLN 6;9 6;93
� �@��H[S> �@��H[S> � �����

ZKHUH� ;L UHSUHVHQWV� VHW� RI� FKRLFH� VSHFLILF� DWWULEXWHV� �H�J�� WLPH�� FRVW�GLVWDQFH��DQG�6L LQGLYLGXDO�VSHFLILF�DWWULEXWHV��LQFRPH��FDU�RZQHUVKLS��
0F)DGGHQ
V�PRGHO� FRPSXWHV� SUREDELOLW\� RI� FKRRVLQJ� DQ�DOWHUQDWLYH� N� RYHURWKHU� DOWHUQDWLYHV� DV� D� IXQFWLRQ� RI� DOO� DOWHUQDWLYHV� DQG� FRPPXWHU
V� LQGLYLGXDOSUHIHUHQFHV�
$QGHUVHQ� >�@� HVWLPDWHV� IXQFWLRQ� 9LM DV� OLQHDU� IXQFWLRQ� RI� VHOHFWHGFKDUDFWHULVWLFV�RI�FKRLFH��H�J��WUDYHOOLQJ�FRVW��ZDJH�GLIIHUHQFH��WD[��HWF�

¦ ¦  � ,
N

,
,N NMNLNMNLM ;;9 �
�� EE ��� ������

����� +LHUDUFKLFDO�0RGHOV���1HVWHG�/RJLW�0RGHOV
1HVWHG� ORJLW� PRGHO LV� D� KLHUDUFKLFDO� ORJLW� PRGHO�� ZKHUH� HDFK� FRPPXWHUFKRRVHV�KLV�KHU�WUDYHOOLQJ�GHVWLQDWLRQ�XSRQ�D�KLHUDUFK\�RI�FKRLFHV��3UREDELOLW\�RIHDFK�GHFLVLRQ�LV�WKDQ�D�FRQGLWLRQDO�SUREDELOLW\�

� &RQVWDQWV�FDQ�EH�DGGHG�WR�H[WHQW� WKH�PRGHO��VHH�%HUJOXQG��/XQGTYLVW��%DUULHU� LQ�7UDYHOPRGHOV



��

7UDYHO�FKRLFH�VWDJHV�DUH�>��@�
���ZKHWKHU�RU�QRW�WR�PDNH�D�WULS��FRPPXWHU�FRPPXWHV�RU�QRW��
���ZKHUH�WR�JR��LQWR�ZKLFK�FLW\�WR�FRPPXWH��
���E\�ZKDW�PRGH��ZKLFK�YHKLFOH�WR�XVH�IRU�WUDQVSRUWDWLRQ��
7KH�HVWLPDWLRQ�SURFHVV�EHJLQV�ZLWK�WKH�ODVW�VWHS�LQ�KLHUDUFK\�IROORZV�WR�WKHVWDUW� LQ� RUGHU� WR� HQVXUH� WKDW� WKH� VWULFW� XWLOLWLHV� DUH� SUHVHUYHG� WKURXJKRXW� WKHSURFHVV

¦ ¦¦�
� Q

[
Q
VN LNLV

Q
VN LNLV

LV 99
993 V

V

@�H[S��>H[S�
@�H[S��>H[S� � �����

ZKHUH� 3LV LV� SUREDELOLW\� WKDW� GHFLVLRQ�PDNHU� ZLOO� VHOHFW� D� SDUWLFXODU� VSDWLDOFOXVWHU� V� WR� IRFXV� LWV� GHFLVLRQ� LQ�� V UHSUHVHQWV� WKH� H[WHQW� WR� ZKLFK� GHFLVLRQPDNHUV� SURFHVV� WKHLU� LQIRUPDWLRQ� KLHUDUFKLFDOO\� DQG� UDQJHV� IURP� �� WR� ��¦�QVN LN9 �H[S� UHSUHVHQWV� DWWUDFWLYHQHVV� RI� D� FOXVWHU� DV� D� � IXQFWLRQ� RI� LQGLYLGXDO
DOWHUQDWLYHV�DYDLODEOH�ZLWKLQ�D�FOXVWHU�>��@�

/LNHOLKRRG�RI�VHOHFWLQJ�SDUWLFXODU�DOWHUQDWLYH�N�ZLWKLQ�VHOHFWHG�FOXVWHU�V�LV�
¦��  Q

VN LN
LNVLN 993 �H[S� �H[S� �����

DQG�SUREDELOLW\�RI�GHFLGLQJ�IRU�N�IURP�DOO�DOWHUQDWLYHV�
VLNLVLN 333 � � ������
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� *UDYLW\�0RGHOV�DQG�7KHLU�(VWLPDWLRQ
%DVLFV�RI�JUDYLW\�PRGHOV�ZHUH�LQWURGXFHG�LQ�WKH�FKDSWHU����,Q�WKLV�FKDSWHU�ZHSUHVHQW�PRGLILFDWLRQV�RI�RULJLQDO�JUDYLW\�PRGHO�FRQFHSW��LWV�H[WHQVLRQV�DQG�ZD\VRI�HVWLPDWLRQ�

��� &ODVVLFDO�0RGHO���&RQVWUDLQHG�DQG�8QFRQVWUDLQHG
,Q� JHQHUDO� FRPPXWLQJ� IORZ� EHWZHHQ� RULJLQ� ,� DQG� GHVWLQDWLRQ� -� FDQ� EHUHSUHVHQWHG� DV� IXQFWLRQ� RI� RULJLQ� DQG� GHVWLQDWLRQ� FKDUDFWHULVWLFV� DQG� GLVWDQFHEHWZHHQ�WKHP������

���� MLMLLM FII)7  � �����
ZKHUH� 7LM UHSUHVHQWV� FRPPXWLQJ� IORZ� IURP� RULJLQ� ,� WR� GHVWLQDWLRQ�� IL�� IMUHSUHVHQW� DWWUDFWLRQ� IXQFWLRQV� RI� RULJLQ� �� GHVWLQDWLRQ� DQG� FLM LV� GLVWDQFHGHWHUUHQFH� EHWZHHQ� WKHP�� ,W� LV� H[SHFWHG� WKDW� WKH� QXPEHU� RI� FRPPXWHUVGHSHQGV�SURSRUWLRQDOO\�RQ�IL��IM DQG�DGYHUVH�SURSRUWLRQDOO\�RQ�FLM�
7KH�PRVW�ZLGHO\�VSUHDG�DSSURDFK� WR� WKLV�EDVLF�FRQFHSW� LV�*UDYLW\� IXQFWLRQ������ DQQDORJLFDO� WR� ������� ,Q� WKLV� IXQFWLRQ�� QXPEHU� RI� FRPPXWHUV� GHSHQGV� RQPDVV� RI� RULJLQ� DQG� GHVWLQDWLRQ� UHJLRQV� �:L�� :M��� IXQFWLRQ� RI� UHJLRQ� GLVWDQFH�)�FLM���DQG�D�FRQVWDQW�WHUP��N�

�� LM
MLLM F) ::N7  � �����

7KH� GHWHUUHQFH� IXQFWLRQ� )�FLM�� FDQ� KDYH� GLIIHUHQW� IRUPV�� 7KH� IRUP� RIGHWHUUHQFH�IXQFWLRQ�VKRXOG�EH�DGMXVWHG�DFFRUGLQJ�WR�WKH�GDWD�W\SH��VWUXFWXUH�RIFRPPXWLQJ�UHJLRQV�DQG�FRPPXWLQJ�EHKDYLRXU�
0RVWO\�WZR�W\SHV�RI�GHWHUUHQFH�IXQFWLRQ�DUH�XVHG�
���3RZHU�IXQFWLRQ�� JLMLM FF)  �� � �����ZKHUH�J UHSUHVHQWV�SDUDPHWHU�RI�GLVWDQFH�GHWHUUHQFH�



��

���([SRQHQWLDO�IXQFWLRQ������ �H[S��� LMLM FF) J � �����ZKHUH�J UHSUHVHQWV�SDUDPHWHU�RI�GLVWDQFH�GHWHUUHQFH�
$SDUW�IURP�WKH�SUHYLRXV�GHWHUUHQFH�IXQFWLRQV��*OHQ��7KRUVHQ�DQG�8ERH�>��@SURSRVH�DOVR�ORJLVWLF�VSHFLILFDWLRQ�RI�GHWHUUHQFH�IXQFWLRQ��

����� *UDYLW\�0RGHO�ZLWK�3RZHU�)XQFWLRQ
7KH� FODVVLFDO� XQFRQVWUDLQHG� JUDYLW\� HTXDWLRQ� ZLWK� GHWHUUHQFH� IXQFWLRQ� LQIRUP�RI�SRZHU�IXQFWLRQ�LV�JLYHQ�E\�WKH�IROORZLQJ�IRUPXOD������

JLM
MLLM F::.7  � �����

:H�RIWHQ�VHW�DGGLWLRQDO�FRQVWUDLQWV�WR�WKH�JUDYLW\�PRGHO��7KHVH�FRQVWUDLQWVIRUFH� WKH�PRGHO� WR� OHDYH� WKH�QXPEHU�RI�FRPPXWHUV�FRPPXWLQJ� IURP�D�RULJLQ� ,DQG�RU� FRPPXWLQJ� WR� GHVWLQDWLRQ� -� SUH�VHW�� 7KLV� QXPEHU� LV� FRPSXWHG� IURPRULJLQDO�GDWD�LQ�WKH�IROORZLQJ�ZD\�
�� RULJLQ�FRQVWUDLQW LQ

M LM 27  ¦ � ����� �����
�� GHVWLQDWLRQ�FRQVWUDLQW� MQ

L LM '7  ¦ � � �����
,I� RQO\� RQH� RI� WKH� FRQVWUDLQWV� LV� PHW� ZH� FDOO� WKH� PRGHO� RULJLQ�GHVWLQDWLRQFRQVWUDLQHG�� ,I� ERWK� FRQVWUDLQWV�DUH� VHW�ZH� FDOO� WKH�PRGHO� GRXEO\� FRQVWUDLQHG�$FFRUGLQJ�WR�W\SH�RI�FRQVWUDLQW�WKH�PRGHO�WR�PHHW�WKH�FRQVWUDLQWV�>��@�
���RULJLQ�FRQVWUDLQHG

J� LMMLLLM F:2$7 ��� ZKHUH� �
� @> �
 

�¦ Q
M LMML F:$ J � ����D�����E�

� 7KRUVHQ�-�DQG�FRO���$�QHWZRUN�DSSURDFK�WR�FRPPXWLQJ��-RXUQDO�RI�UHJLRQDO�VFLHQFH��9RO������1R�����S��������



��

�� GHVWLQDWLRQ�FRQVWUDLQHG
J� LMLMMLM F:'%7 �� ZKHUH �

� @> �
 

�¦ Q
L LMLM F:% J � ����D�����E�

���GRXEO\�FRQVWUDLQHG
J� LMMMLLLM F'%2$7 �� ������

ZKHUH�$L DQG�%M DUH�VHW�LQ�����E�������E��
����� *UDYLW\�0RGHO�ZLWK�([SRQHQWLDO�)XQFWLRQ

$QDORJLFDOO\� WR� ������ ZH� FDQ� IRUPXODWH� JUDYLW\� PRGHO� ZLWK� H[SRQHQWLDOIXQFWLRQ�LQ�WKH�IROORZLQJ�ZD\�
LMF MLLM H::N7 J �� ������

7KH� XQFRQVWUDLQHG�PRGHO� FDQ� EH� H[WHQGHG� ZLWK� RULJLQ� DQG�RU� GHVWLQDWLRQFRQVWUDLQWV� ������� ������� $QDORJLFDOO\ WR� WKH� FRQVWUDLQHG� JUDYLW\� PRGHOV� ZLWKSRZHU�IXQFWLRQ�ZH�JHW�IROORZLQJ�PRGHOV�>��@�
���RULJLQ�FRQVWUDLQHG

�H[S� LMMLLLM F:2$7 J� ��ZKHUH� �
� @�H[S�> �
 ¦ � Q
M LMML F:$ J � �����D������E�

���GHVWLQDWLRQ�FRQVWUDLQHG
�H[S� LMLMMLM F:'%7 J� ��ZKHUH �

� @�H[S�> �
 ¦ � Q
L LMLM F:% J � �����D������E�

���GRXEO\�FRQVWUDLQHG
�H[S� LMMMLLLM F'%2$7 J� ����� ������

ZKHUH�$L DQG�%M DUH�VHW�LQ������E��������E��
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��� ([WHQVLRQV�RI�*UDYLW\�0RGHO
&ODVVLFDO�PRGHO�ZLWK�SRZHU�RI�:L DQG�:M HTXDO� WR���GRHV�QRW�H[SODLQ� UHDOFRPPXWLQJ� IORZV� RU� RWKHU� HVWLPDWHG� IORZV� VDWLVIDFWRULO\�� ,W� LV� QRW� UHDOLVWLF� WKDWDWWUDFWLRQ� RI� RULJLQ� DQG� GHVWLQDWLRQ� DUHD� LV� H[SODLQHG� VLPSO\� E\� WKHLU� PDVV��7KHUHIRUH�ZH�HVWLPDWH�JUDYLW\�PRGHO�ZLWK�WKH�IROORZLQJ�IRUPXOD�

�� LM
MLLM F) ::.7 ED �� ������

ZKHUH�D DQG�E UHSUHVHQW�SDUDPHWHUV�IRU�DWWUDFWLRQ�RI�RULJLQ�GHVWLQDWLRQ�DUHDDQG�)�FLM��LV�D�FKRVHQ�GHWHUUHQFH�IXQFWLRQ�
'LIIHUHQW� HIIHFWV� LQIOXHQFH� FRPPXWLQJ� IORZV� DQG� LI� WKHVH� HIIHFWV� DUHREVHUYHG�DQG�GDWD�LV�DYDLODEOH��LW�LV�XVHIXO�WR�DGG�PRUH�YDULDEOHV�WR�WKH�PRGHO�LQWKH�VDPH�ZD\�DV�:L DQG�:M DUH�XVHG��)RU�H[DPSOH��FRPPXWLQJ�IORZ�GHSHQGLQJRQ� QXPEHU� RI� HPSOR\HHV� LQ� RULJLQ� �� GHVWLQDWLRQ� DQG� UHODWLYH� ZDJH� LQRULJLQ�GHVWLQDWLRQ�FDQ�IRUP�IROORZLQJ�JUDYLW\�PRGHO�IRUPXOD�>�@�

�� LM
LMMLLM F) 5:::.7 GED �� ������

����� 7KH�0RGHO�&RQVWDQW
,Q� VSHFLDO� FDVHV� WKH� FRQVWDQF\� RI� FRQVWDQW� .� LV� QRW� UHDVRQDEOH�� 7KLVDSSHDUV�ZKHQ� WKHUH� LV� DQ�XQEDODQFH�EHWZHHQ� IORZV�EHWZHHQ� WZR� DUHDV��7KLVSKHQRPHQRQ�DSSHDUV�PRVWO\� LQ�FOXVWHUV�RU�YHU\�DWWUDFWLYH�DUHDV��)RU�H[DPSOH%UDWLVODYD�IRUPV�VXFK�FOXVWHU�RI�ZRUNLQJ�SRVVLELOLWLHV�ZLWK�RWKHU�SRVLWLYH�HIIHFWV�
$FFRUGLQJ� WR� +RZDUG� >��@�� DGGLQJ� QRQ�FRQVWDQW� FRQVWDQW� WHUP� N� DOORZVFRQWURO�RI�RPLWWHG�YDULDEOHV��ZKLFK�FDQQRW�EH�REVHUYHG�RU�GDWD�LV�QRW�DYDLODEOH�
$QRWKHU�SRVVLEOH�UHDVRQ�IRU�JLYLQJ�XS�WKH�FRQVWDQF\�RI�FRQVWDQW�N�LV�ERUGHU�$UHDV� RQ� ERWK� VLGHV� RI� ERUGHUV� RIWHQ� KDYH� GLIIHUHQW� DSSURDFK� WR� FRPPXWLQJ
� 0DVV�PHDVXUH�GHSHQGV�RQ�FRQWH[W�XVHG��H�J��SRSXODWLRQ�RI�DUHD��«



��

�EHFDXVH�RI�ODQJXDJH��FXOWXUH�DQG�HFRQRPLF�EDUULHUV�RU�SUREOHPV�ZLWK�ZRUNLQJDOORZDQFHV���&RPPXWLQJ�EHKDYLRXU�LV�GLIIHUHQW�IURP�WKH�H[SHFWHG�EHKDYLRXU�RQEDVH�RI�GLVWDQFH�DQG�GHVWLQDWLRQ�RULJLQ�PDVVHV��7KLV�FDQ�EH VHHQ�IRU�H[DPSOHLQ�%UDWLVODYD�UHJLRQ��ZKHUH�WKHUH�LV�JUHDWHU�WHQGHQF\�WR�FRPPXWH�WR�9LHQQD�WKHQWKH�RWKHU�ZD\�
����� 'XPPLHV

2QH� RI� SRVVLEOH� ZD\V� RI� PRGHO� LPSURYHPHQW�� LV� DGGLWLRQ� RI� GXPP\YDULDEOHV�� 'XPPLHV� FDQ� EH� XVHG� WR� FRQWURO� KHWHURJHQHRXV� RU� DV\PPHWU\HIIHFWV��'HSHQGLQJ�RQ�FRPPXWLQJ�IORZV�GDWD�LW�LV�RIWHQ�XVHIXO�WR�XVH�GXPPLHV�WRFRQWURO
x LQWHUFRXQW\ IORZV� �GXPPLHV� XVHG� IRU� LQWHUFRXQW\� IORZV� DV� DGGLWLRQ� WRGLVWDQFH�GHWHUUHQFH�IXQFWLRQ��
x DV\PPHWULF� FRPPXWLQJ� IORZV� �WKLV� FDQ� EH� FRQWUROOHG� DOVR� E\� QRQ�FRQVWDQWFRQVWDQW�WHUP�N��
x LQWHUYHQLQJ� RSSRUWXQLWLHV� �WR� FRQWURO� GLUHFW� DQG� LQGLUHFW� FRQQHFWLRQV� RIRULJLQ�GHVWLQDWLRQ��
x ERUGHU�HIIHFWV� �
x FOXVWHUV�
x RWKHU� XQH[SODLQHG� EXW� H[LVWLQJ� HIIHFWV�� ZKLFK� FDQQRW� EH� H[SODLQHG� E\REVHUYHG�GDWD�YDULDEOHV�
��� (VWLPDWLRQ�RI�*UDYLW\�0RGHOV

7KH� FKRLFH� RI� PRGHO�� ZKLFK� LV� WR� EH� HVWLPDWHG�� DQG� HYDOXDWHG� LV� YHU\LPSRUWDQW�DV�ZHOO�� ,Q�SUHYLRXV�VHFWLRQ�ZH�KDYH�GLVFXVVHG�PDQ\�GLIIHUHQW� W\SHV

� )XUWKHU�UHDGLQJ�RQ�GLIIHUHQW�W\SHV�RI�ERUGHU�GXPPLHV�FDQ�EH�IRXQG�LQ�:DOO�>�@



��

RI�JUDYLW\�PRGHOV��ZKLFK�FDQ�EH�FRPELQHG�DQG�WKHUHIRUH�WKH�FKRLFH�RI�ILQDO�EHVWPRGHO�LV�QRW�HDV\�
)LQGLQJ� RI� SURSHU� PRGHO� IRUP� DQG� LWV� HVWLPDWLRQ� WHFKQLTXH� LV� WKH� PRVWGLIILFXOW�SDUW�RI�HVWLPDWLRQ�SURFHVV��0HWKRGV�RI�HVWLPDWLRQ�GLIIHU�ZLGHO\� DQG�QREHVW�WHFKQLTXH�FDQ�EH�IRXQG�
7KH�FKRVHQ� W\SH�RI� HFRQRPHWULF�HVWLPDWRU�GHSHQGV�RQ�GDWD�VWUXFWXUH�DQGGDWD�FKDUDFWHULVWLFV�� ,Q� WKLV�VHFWLRQ�ZH�PHQWLRQ�VHYHUDO�PHWKRGV�RI�HVWLPDWLRQDQG� WKHLU� FKDUDFWHULVWLFV�� :H� WU\� WR� HVWLPDWH� JUDYLW\� PRGHO� ������ DQG� LWVH[WHQVLRQV� E\� GLIIHUHQW� HVWLPDWLRQ� WHFKQLTXHV�� 2/6�� 1/6� �QRQ�OLQHDU� OHDVWVTXDUHV�� DQG� 3RLVVRQ� HVWLPDWLRQ� WKHRU\� WRJHWKHU� ZLWK� VSDWLDO� HFRQRPHWULFVDSSURDFK�DUH� GLVFXVVHG��$OO� WKHVH�HVWLPDWLRQV� FDQ� EH� SHUIRUPHG� E\� VWDQGDUGVWDWLVWLF�VRIWZDUH��H�J��6SOXV��(YLHZV��6366��6$6�RU�RWKHU��

����� 2/6�(VWLPDWLRQ
0DLQO\� XVHG� HVWLPDWLRQ� ZLWK� 2/6� �RUGLQDU\� OHDVW� VTXDUHV�� GUDZV� EDFN�$OWKRXJK� 2/6� SUHVHUYHV� LWV� SODFH� DV� WKH� PRVW� FRPPRQ� HVWLPDWRU�� RWKHUHVWLPDWLRQ�WHFKQLTXHV�JDLQ�RQ�SRSXODULW\�
%HFDXVH� RI� LWV� HDV\� LPSOHPHQWDWLRQ� DQG� JRRG� UHVXOWV�� 2/6� HVWLPDWLRQ� LVQRUPDOO\�ILUVW�FKRLFH�IURP�DYDLODEOH�HVWLPDWLRQ�WHFKQLTXHV�
(VWLPDWLRQ� E\�2/6� VXSSRVHV� GLVWULEXWLRQ� RI� HUURU� WHUP� �PLM�� LQ� ������ LQ� WKHIROORZLQJ�ZD\�

LMLM
MLLM F) ::.7 PED ���� � ������

7KLV� PRGHO� VXSSRVHV� DOVR�� WKDW� VWRFKDVWLF� WHUP� LQ� ������ LV� QRW� OLQHDU� EXWPXOWLSOH�� %\� ORJDULWKPLF� WUDQVIRUPDWLRQ� ZH� JHW� OLQHDU� PRGHO�� ZKLFK� LV� WR� EHHVWLPDWHG�
�OQ����OQ�OQOQ�OQ�OQ � LMLMML F)::.7LM PJED ���� � ������
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%\� OLQHDUL]DWLRQ RI�PRGHO��ZH�JHW�DGGLWLYH�VWRFKDVWLF� WHUP��7KLV�FDQ�EH�QRWUHDOLVWLF� DQG� FDQ� OHDG� WR� ELDVHV� LQ� HVWLPDWLRQ�� $QRWKHU� SUREOHP� E\� 2/6HVWLPDWLRQ� LV� WKDW� LW� H[SHFWV� KHWHURJHQHLW\� RI� VWRFKDVWLF� WHUP�� WKLV� FDQQRW� EHDOZD\V�WKH�FDVH�DQG�VR�*/6�HVWLPDWLRQ�LV�EHWWHU��ZKHUH�ZDJHV�DUH�XVHG�WR�GHDOZLWK�KHWHURVFHGDVWLFLW\��2WKHU�SUREOHPV�E\�2/6�HVWLPDWLRQ��H�J��PXOWLFROLQHDULW\�DXWRFRUUHODWLRQ��DUH�WR�EH�KDQGOHG��ZKHQ�WKH\�RFFXU�GHSHQGLQJ�RQ�FKRVHQ�GDWDVHW�
,I� WKH� HVWLPDWHG� GDWD� FRQWDLQV� ]HURV� �LQ� RXU� FDVH� LW� PDNHV� DERXW� ���� RIREVHUYHG� IORZV��� VLPSOH� ORJDULWKPLF� WUDQVIRUPDWLRQ� FDQ� QRW� EH� XVHG�� %HUNYLVWDQG�:HVWLQ�>��@�SURSRVH�XVH�RI�3RLVVRQ�PRGHO�LQVWHDG�RI�2/6��2WKHU�SRVVLEOHVROXWLRQ� WR� WKLV� SUREOHP� LV� DJJUHJDWLRQ� RI� GDWD� LQWR� ODUJHU� DUHDV�� ZKHUH� ]HURIORZV� GR� QRW� RFFXU�� RU� RPLW� WKHVH� REVHUYDWLRQV� IURP� HVWLPDWLRQ�� %RWKDSSURDFKHV� OHDG� WR� ORVW� RI� GDWD�DQG� WKHUHIRUH� DUH�QRW� YHU\� VXLWDEOH��:DOO� >��@VROYHV� WKH� ]HUR� IORZV� E\� DGGLQJ� FRQVWDQW� �� WR� HDFK� IORZ�� ZKLFK� OHDYHV� ]HURIORZV�DIWHU�ORJDULWKPLVDWLRQ�XQFKDQJHG�WR�]HUR�
7ZR�PDLQ� W\SHV�RI� JUDYLW\�PRGHO�KDYH�EHHQ�SUHVHQWHG��0RGHO�ZLWK�SRZHUIXQFWLRQ� ������DQG�PRGHO�ZLWK�H[SRQHQWLDO� IXQFWLRQ� �������%\� ORJDULWKPLVLQJ� WKHFODVVLFDO�PRGHO�ZH�JHW�IROORZLQJ�WHUPV�LQ�HVWLPDWLRQ�IXQFWLRQ�
���3RZHU�IXQFWLRQ�� �OQ�����OQ� LMLM FF) J � ������
���([SRQHQWLDO�IXQFWLRQ����� LMLM FF) ����OQ� J � ������
$FFRUGLQJ� WR�PRGHO� VSHFLILFDWLRQ� DGGLWLRQDO� YDULDEOHV� FDQ� EH� DGGHG��� 7KHFKRLFH� RI� PRGHO� YDULDEOHV� GHSHQGV� RQ� GDWD� DYDLODELOLW\� DQG� WKHLU� HVWLPDWLRQVLJQLILFDQFH��9DULDEOHV�H[SODLQLQJ�FRPPXWLQJ� IORZV�DUH�PDLQO\�VRFLR�HFRQRPLFYDULDEOHV� H�J�� FRXQW\� SRSXODWLRQ�� DYHUDJH�ZDJH� UDWH�� XQHPSOR\PHQW� UDWH�� WKHQXPEHU�RI�HPSOR\HHV��DQG�RWKHU�
$V�DOUHDG\�PHQWLRQHG�LQ�FKDSWHU�������FRQVWDQW� WHUP�.�� OQ� �.�� UHVSHFWLYHO\FDQ�EH�H[WHQGHG�WR�UHIOHFW�RPLWWHG�RU�XQREVHUYHG�YDULDEOHV��7KHQ�FRQVWDQW�WHUP
� 6HH�FKDSWHU����
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OQ� �.�L�� IRU� HDFK� RULJLQ� DQG� OQ� �.�M�� IRU� HDFK� GHVWLQDWLRQ� LV� DGGHG� >���� ��@�0XOWLFROLQHDULW\� WKHQ� PXVW� EH� DYRLGHG� E\� OHDYLQJ� WHUP� OQ� �.�� RPLWWHG� RU� RQHOHDYLQJ� OQ� �.�� WHUP� LQ� HVWLPDWLRQ� IRUPXOD� EXW� UHPRYLQJ� RQH� WHUP� OQ� �.�L�� DQGOQ�.�M�� IURP� FRQVWDQW� VHW�� %\� RPLWWLQJ� OQ� �.�� DQG� VHWWLQJ� OQ� �.�L��  � N�L DQGOQ�.�M� N�M ZH�JHW�IROORZLQJ�HVWLPDWLRQ�IRUPXOD���������&DSLWDO�OHWWHUV�RI�YDULDEOHVDUH� UHSODFHG� E\� VPDOO� OHWWHUV�� PHDQLQJ� ORJDULWKPV� RI� FRUUHVSRQGLQJ� YDULDEOHVDQG�VWRFKDVWLF�WHUP�OQ��PLM�� �QLM��(VWLPDWLRQ�IRUPXOD�IROORZV�
LMMLLMMLLM NNFIZZW XJED ����� ������� � ������

ZKHUH�N�L DQG�N�M DUH�HVWLPDWHG�DV�SDUDPHWHUV��LQ�IRUP�RI�GXPP\�YDULDEOHV�ZKHUH���LV�IRU�HDFK�SDLU�RI�FRUUHVSRQGLQJ�FRQVWDQWV�WR�IORZV�DQG�]HUR�RWKHUZLVH�
2WKHU� W\SHV� RI� GXPPLHV� FDQ� EH� XVHG�� 7KHQ� GXPP\� WHUPV� DUH� DGGHG� WRPRGHO��������DQDORJLFDOO\�WR�WKH�PHQWLRQHG�FRQVWDQW�WHUPV�

����� 2WKHU�(VWLPDWLRQ�7HFKQLTXHV
2/6�HVWLPDWLRQ� LV�HDV\� WR� LPSOHPHQW�EXW�KDV� LWV� GLVDGYDQWDJHV� LQ� IRUP�RISUH�FRQGLWLRQV� VHW� RQ� GDWD� DQG� RQ� WKH� HVWLPDWHG� PRGHO� IRUP�� 7KHUHIRUH� ZHSUHVHQW�RWKHU�HVWLPDWLRQ�PHWKRGV�

������� 1/6�(VWLPDWLRQ
,Q�2/6�HVWLPDWLRQ�VWRFKDVWLF�WHUP�ZDV�PXOWLSOLFDWLYH���������1/6�HVWLPDWLRQXVHV�DGGLWLYH�VWRFKDVWLF�WHUP��������LQ������

LMLM
MLLM F) ::.7 PED � ��� � ������

7KH�PDLQ� DGYDQWDJH� WR� WKH�2/6�PRGHO� LV�� WKDW� WKLV� UHSUHVHQWDWLRQ� DOORZVFRPPXWLQJ� IORZV� 7LM WR� WDNH� RQ� ]HUR� YDOXHV�� $QDORJLFDOO\� WR� 2/6� HVWLPDWLRQ�DGGLQJ� DGGLWLRQDO� H[SODQDWRU\� YDULDEOHV� DQG�RU� GXPP\� YDULDEOHV� FDQ� H[WHQGVLPSOH� PRGHO� �������� 0XOWLSOLFDWLYH� GXPP\� YDULDEOHV� WDNH� RQ� YDOXH� �� IRU� QRHIIHFW�DQG�QRQ�]HUR�QRQ�XQLW\�YDOXH�IRU�HIIHFW�H[SODQDWLRQ�



��

������� &RXQW�0RGHOV��3RLVVRQ�(VWLPDWLRQ
&RXQW� PRGHOV� DUH� XVHG� ZKHQ� H[SODLQHG� YDULDEOH� H[SUHVVHV� QRQ�QHJDWLYHZKROH�QXPEHU� GDWD��%RWK�2/6�DQG�1/6�HVWLPDWLRQ�GR� QRW� FRQVLGHU� WKLV�PDLQFKDUDFWHULVWLF� RI� FRPPXWLQJ� IORZV�� 7KH\� DOVR� VXSSRVH� QRUPDO� GLVWULEXWLRQ� RIVWRFKDVWLF� WHUP�� 7KH�PRVWO\� XVHG� FRXQW�PRGHO� LV� 3RLVVRQ�PRGHO�� ZKLFK� XVHV3RLVVRQ�GLVWULEXWLRQ�DV�EDVLV�IRU�UHJUHVVLRQ��)RUPXOD�IRU�FRXQW�PRGHO�UHJUHVVLRQIROORZV�

�������_� LM
MLLMMLLM F) ::.F)::7( ED � ������

,I�3RLVVRQ�UHJUHVVLRQ�LV�EHWWHU�WKDQ�2/6�RU�1/6�HVWLPDWLRQ��LW�LV�WR�EH�WHVWHGRQ�UHDO�GDWD�
������� 6SDWLDO�(FRQRPHWULFV

$� UHODWLYHO\�QHZ�GLVFLSOLQH� LQ�HFRQRPHWULFV� LV�VSDWLDO�HFRQRPHWULFV�� ,W�XVHVVWDQGDUG� HFRQRPHWULF� WHFKQLTXHV� IRU� UHJUHVVLRQ� EXW� WKLV� W\SH� RI� UHJUHVVLRQWDNHV� LQWR� DFFRXQW� VSDWLDO� GLVWULEXWLRQ� RI� HYDOXDWHG� GDWD� �VSDWLDO� LQWHUDFWLRQ� �VSDWLDO� DXWRFRUUHODWLRQ� DQG� VSDWLDO� VWUXFWXUH� �� VSDWLDO� KHWHURJHQHLW\� RI� WKHVXUYH\HG� GDWD��� ,WV� LPSOHPHQWDWLRQV� DUH� LQ� YDULRXV� VSKHUHV� RI� HFRQRPLFUHVHDUFK� �H�J�� GHPDQG� DQDO\VLV�� LQWHUQDWLRQDO� HFRQRPLFV�� WUDQVSRUWDWLRQV\VWHPV�� UHJLRQDO� HFRQRPLF«�� DQG� LQ� RWKHU� DUHDV�� ZKLFK� ZRUN� ZLWKJHRJUDSKLFDOO\�GHSHQGHQW�GDWD�VHWV�
7KLV�FKDSWHU�GRHV�QRW�H[SODLQ�WKH� WKHRU\�RI�VSDWLDO�HFRQRPHWULFV��EHFDXVHWKLV�DUHD�RI�UHVHDUFK�LV�YHU\�EURDG��,W�ZRXOG�OLNH�WR�H[SODLQ�LWV�EDVLF�SULQFLSOHV��
6SDWLDO� GLVWULEXWLRQ� HIIHFWV� PDLQO\� FRYDULDQFH� PDWUL[� RI� VWRFKDVWLF� WHUPV�7KH�PDWUL[� LV� QR�PRUH� GLDJRQDO� �DXWRFRUUHODWLRQ��DQG�GLDJRQDO� YDOXHV� DUH� QRWFRQVWDQW��KHWHURVNHGDVWLFLW\���%RWK�HIIHFWV�DSSHDU�RIWHQ�VLPXOWDQHRXVO\��6SDWLDOGHSHQGHQFH� RI� GDWD� FDQ� EH� LPSOHPHQWHG� LQWR� OLQHDU�PRGHOV� HLWKHU� E\� DGGLQJ
� 6RXUFHV�RI�WKH�FKDSWHU����������DUH�LQ�$QVHOLQ�>�@
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DGGLWLRQDO� UHJUHVVRU� �� VSDWLDO� ODJJHG� GHSHQGHQW� YDULDEOH�:\�� ZKHUH� :� LV� VRFDOOHG�ZHLJKW�PDWUL[�DQG� \� LV� H[SODLQHG� YDULDEOH� RU� FDQ�EH� UHSUHVHQWHG� LQ� WKHHUURU�WHUP�VWUXFWXUH��(>PL�PM@z���
6SDWLDO�ODJ�PRGHO�
$XWRFRUUHODWLRQ�RI�HUURU�WHUPV�GXH�WR�VSDWLDO�GLVWULEXWLRQ�RI�VXUYH\HG�REMHFWVLV�VROYHG�E\�FRQFHSW�RI�ZHLJKW�PDWUL[��7KLV�LV�VHHQ�LQ�WKH�IRUPXOD��������

HEU �� ;:\\ �� ������
ZKHUH�\� LV�D�H[SODLQHG�YDULDEOH�YHFWRU��:� LV�D�ZHLJKW�PDWUL[��U LV�D�VSDWLDODXWRUHJUHVVLYH�FRHIILFLHQW��E LV�D�SDUDPHWHU�YHFWRU��;� LV�D�PDWUL[�RI�H[SODLQLQJYDULDEOHV�DQG�H LV�D�HUURU�WHUP�YHFWRU�
:HLJKW�PDWUL[�LV�D�YHU\�LPSRUWDQW�WHUP�LQ�WKLV�IRUPXOD��,W�LQFOXGHV�LQIRUPDWLRQRQ�VSDWLDO�GLVWULEXWLRQ�RI�H[SODLQHG�YDULDEOH�DQG� LV�H[RJHQRXV��:HLJKWV�ZLM DUHQRQ�]HUR� ZKHQ� WZR� ORFDWLRQV� DUH� �QHLJKERXULQJ��� &RQFHSW� RI� �QHLJKERXUV�� LVJHQHUDO�DQG�LWV�LPSOHPHQWDWLRQ�VWDWHV�LWV�YDOXHV��)RU�H[DPSOH�WZR�FRXQWLHV�DUH�QHLJKERXULQJ��� LI� H�J�� WZR� FRXQWLHV� VKDUH� D� FRPPRQ� ERUGHU�� WZR� FRXQWLHV� OLHZLWKLQ� D� JLYHQ� GLVWDQFH�� HWF�� 8VXDOO\� ZHLJKWV� DUH� QRUPDOLVHG� �L�H�

QLZQ
M LM ���������  � ¦ ��

6SDWLDO�HUURU�PRGHO�
7KLV�PRGHO�GHDOV�ZLWK�VSDWLDO�DXWRFRUUHODWLRQ��ZKLFK�PHDQV� WKDW�HUURU� WHUPFRYDULDQFH�LV�QRW�GLDJRQDO��L�H�� (>HH
@� �:��
7KH�HVWLPDWHG�PRGHO�WKHQ�WDNHV�WKH�IROORZLQJ�IRUP�

HE � ;\ �� PHOH � : � ������
ZKHUH�:�LV�ZHLJKW�PDWUL[��O LV�DXWRUHJUHVVLYH�FRHIILFLHQW�DQG�P LV�VWRFKDVWLFWHUP�
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0RGHO� ������� LV� HTXLYDOHQW� WR� WKH�PRGHO� ��������ZKLFK� LV� VSDWLDO� ODJ�PRGHOZLWK�DQ�DGGLWLRQDO�WHUP
HEOEO ��� :;;:\\ � ������

6SDWLDO� PRGHOV� DUH� HVWLPDWHG� ZLWK� PD[LPXP� OLNHOLKRRG� HVWLPDWLRQ�� RUJHQHUDO� PHWKRG� RI� PRPHQWV� RU� RWKHU� HVWLPDWLRQ� WHFKQLTXHV� >�@�� :H� GR� QRWLPSOHPHQW�WKLV�PHWKRG�LQ�WKH�WKHVLV�



��

� 0D[LPXP�(QWURS\�0RGHOV�DQG�WKHLU�(VWLPDWLRQ
0D[LPXP�HQWURS\�PRGHO�EHORQJV� WR� WKH� VDPH�PRGHO� IDPLO\�DV� WKH� JUDYLW\PRGHO�EXW�KDV�YHU\�GLIIHUHQW�FKDUDFWHULVWLFV�DQG�HVWLPDWLRQ�WHFKQLTXHV�
7KH�PHWKRG�VHHV�WKH�FRPPXWLQJ�V\VWHP��2ULJLQ� ��'HVWLQDWLRQ�PDWUL[��DV�DSUREDELOLVWLF�V\VWHP�RI�IORZV��ZKHUH�HDFK�VWDWH�RFFXUV�ZLWK�D�FHUWDLQ�SUREDELOLW\�HQWURS\���0D[LPXP�HQWURS\�FRQFHSW�FRPSXWHV�GHJUHH��HQWURS\��RI�OLNHOLKRRG�RID� VHOHFWHG� VWDWH� RI� VXUYH\HG� V\VWHP�� 7KH� HVWLPDWHG� IORZV� DUH� IORZV� LQ� WKHV\VWHP�ZLWK�PD[LPXP�HQWURS\�
7KHUH�DUH�WZR�PDLQ�DSSURDFKHV�WR�WKH�VDPH�SUREOHP��7KH�ILUVW�DSSURDFK�LVQRQ�VWRFKDVWLF��ZKLFK� WULHV� WR�HVWLPDWH�QXPEHU�RI�FRPPXWHUV�7LM�RQ�DJJUHJDWHOHYHO�ZLWK�RPLWWLQJ�VWRFKDVWLF� WHUPV��7KH�VHFRQG�PRGHO�VHHV� IORZV�DV� UDQGRPQXPEHUV�DQG�HVWLPDWHV�SUREDELOLW\�GLVWULEXWLRQ�RI�FRPPXWHU�IORZV�DQG�WKHQ�FDQFRPSXWHV�H[SHFWHG�IORZV�

��� &ODVVLFDO�0D[LPXP�(QWURS\�0RGHO
7KH� ILUVW� PRGHO� �� FODVVLFDO� PD[LPXP� HQWURS\� PRGHO� WULHV� WR� GHVFULEHFRPPXWLQJ� V\VWHP� RQ� DJJUHJDWHG� GHWHUPLQLVWLF� OHYHO�� :H� QRZ� SUHVHQW� WKHPRGHO�DQG�LW
V�SRVVLEOH�ZD\�RI�FRPSXWDWLRQ�

����� 0RGHO
7KH�FRPPXWLQJ�V\VWHP�FDQ�EH�GHVFULEHG�LQ�WZR�GLIIHUHQW�VWDWHV��PLFUR�DQGPDFURVWDWH��0DFURVWDWH�JLYHV�LQIRUPDWLRQ�RQ�WKH�QXPEHU�RI�FRPPXWHUV�EHWZHHQFLWLHV��(DFK�PDFURVWDWH�FRPSULVHV�PDQ\�PLFURVWDWHV���FRPPXWLQJ�WULSV�RI�HDFKLQGLYLGXDO�
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7KH�QXPEHU�RI�PLFURVWDWHV��1��WKDW�IRUPV�D�JLYHQ�PDFURVWDWH LV�UHSUHVHQWHGE\�WKH�IROORZLQJ�HTXDWLRQ�ZLWK�7LM�t ��>���������@�
� Q
LM LM7
71 �� � �����

ZKHUH�7� LV� WRWDO�QXPEHU�RI� LQGLYLGXDOV� LQ� V\VWHP��7LM UHSUHVHQWV�QXPEHU�RILQGLYLGXDOV�FRPPXWLQJ�IURP�FLW\�,�WR�-�
(QWURS\��:��RI�WKH�V\VWHP�FDQ�EH�WKHQ�FRPSXWHG�E\�WKH�IRUPXOD������

¦¦  �  Q
L

Q
M LMLM 771+: � � OQ��� ����� �����

,Q�RUGHU�WR�FRPSXWH�WKH�PRGHO��ZH�LQWURGXFH�FRVW�FRQVWUDLQW������
¦¦   Q
L

Q
M LMLM &F7� � ��� �����

ZKHUH�&�UHSUHVHQWV�RYHUDOO�H[SHQGLWXUH�DYDLODEOH�IRU� WULSV�DQG�FLM LV�FRVW�RIFRPPXWLQJ� EHWZHHQ� WZR� FLWLHV� ,� DQG� -�� )XUWKHU� ZH� FDQ� XVH� RULJLQ� DQGGHVWLQDWLRQ� FRQVWUDLQWV� �HTXDWLRQ� ���� UHSUHVHQWV� RULJLQ� DQG� HTXDWLRQ� ���GHVWLQDWLRQ�FRQVWUDLQW��
LQ

M LM 27  ¦ � � �����
MQ

L LM '7  ¦ � � �����
ZKHUH� 2L UHV�� 'M LV� WKH� WRWDO� QXPEHU� RI� FRPPXWHUV� OHDYLQJ� WKH� FLW\� ,� RUDUULYLQJ�WR�WKH��FLW\�-�UHVSHFWLYHO\�
:H� HVWLPDWH� WKH� V\VWHP� E\� PD[LPL]LQJ� HQWURS\� IXQFWLRQ� XQGHU� JLYHQFRQVWUDLQWV�>����@�
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����� 0RGHO�(VWLPDWLRQ
&RQFHSW�RI�PD[LPLVLQJ�HQWURS\�XVHV�/DJUDQJH�IXQFWLRQ�IRU�PD[LPLVDWLRQ�RIIXQFWLRQ�XQGHU�FRQVWUDLQWV�

������ � �� �� � ¦¦¦ ¦¦ ¦       ������ Q
L

Q
M LMLMQ

M
Q
L LMMMQ

L
Q
M LMLL F7&7'72:/ JED ����� �����

ZKHUH�/�LV�/DJUDQJH�IXQFWLRQ��:�LV�HQWURS\�RI�7LM GLVWULEXWLRQ��DL��EM��DQG�J DUH/DJUDQJH�PXOWLSOLHUV�DVVRFLDWHG�ZLWK�WKH�DSSURSULDWH�FRQVWUDLQWV�
%\� VROYLQJ� WKH� PD[LPLVDWLRQ� RI� /DJUDQJH� IXQFWLRQ� /� ������ ZH� JHW� WKHIROORZLQJ�VROXWLRQ�IRU�WKH�QXPEHU�RI�FRPPXWHUV�7LM EHWZHHQ�DQ\�JLYHQ�WZR�FLWLHV�

�H[S� LMMLLM F7 JED ��� � �����
ZKHUH�DL DQG�EM FDQ�EH�FRPSXWHG�IURP�RULJLQ���GHVWLQDWLRQ�FRQVWUDLQWV

LQ
M LM 27  ¦ �  !� �

� @�H[S�>�H[S� �
 ¦ �� � Q
M LMMLL F2 JED � �����

MQ
L LM '7  ¦ �  !� �

� @�H[S�>�H[S� �
 ¦ �� � Q
L LMLMM F' JDE � �����

%\�VXEVWLWXWLQJ�WR�WKH�HTXDWLRQ�������ZH�JHW
�H[S� LMMMLLLM F'%2$7 J� � ������

ZKHUH�$L��%M DUH�VR�FDOOHG�VFDOLQJ�FRQVWDQWV�WKDW�QHHG�WR�EH�IRXQG�E\�VROYLQJWKH�V\VWHP��J UHSUHVHQWV�SDUDPHWHU�RI�GLVWDQFH�GHWHUUHQFH��ZKLFK�LV�FDOLEUDWHG�
)RUPXOD� ������� �� VROXWLRQ� RI� FODVVLFDO� PD[LPXP� HQWURS\� PRGHO� UHVHPEOHVGRXEO\� FRQVWUDLQHG� JUDYLW\� PRGHO� ZLWK� H[SRQHQWLDO� IXQFWLRQ�� 7KLV� PHDQVFRQVLVWHQF\�RI�ERWK�DSSURDFKHV� WR� WKH�VDPH�SUREOHP�IURP�DJJUHJDWH�SRLQW� RIYLHZ�
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3DUDPHWHUV�RI�WKH�PRGHO��ZKLFK�DUH�QHHGHG�IRU�WULS�PDWUL[�FRPSXWDWLRQ�FDQQRW�EH� IRXQG�E\�VLPSOH�VROYLQJ�RI� WKH�V\VWHP��7KHUH�DUH�GLIIHUHQW� DSSURDFKHVXVHG�WR�FRPSXWH�WKH�PD[LPLVDWLRQ�SUREOHP�
2QH� RI� WKHP� LV� LWHUDWLYH� WZR� VWHS� PHWKRG� >�@�� 3DUDPHWHUV� D, DQG� EM�� DUHHVWLPDWHG� ZLWK� XVH� RI� RULJLQ� DQG� GHVWLQDWLRQV� FRQVWUDLQWV� DQG� J LV� FDOLEUDWHGDFFRUGLQJ�WR�FRVW�FRQVWUDLQW�
,Q� WKH� ILUVW� VWHS� DL DQG� EM DUH� FRPSXWHG� XVLQJ� VR� FDOOHG� URZ�FROXPQ�EDODQFLQJ�PHWKRG�XVXDOO\��%UHJPDQ�PHWKRG��
)URP� RULJLQ� FRQVWUDLQW� ������ ZH� JHW� EDODQFLQJ� IDFWRU IRU D, ������ DQG� IURPGHVWLQDWLRQ� FRQVWUDLQW� ������ ZH� JHW� EDODQFLQJ� IDFWRU� IRU� EM ������� &RPSXWDWLRQFRQVLVWV� RI� LWHUDWLYH� EDODQFLQJ� XVLQJ� ������ DQG� ������ XQWLO� RULJLQ� ������ DQGGHVWLQDWLRQ�������FRQVWUDLQWV�DUH�PHW�
,Q� WKH�VHFRQG�VWHS� IDFWRU�E LV� FRPSXWHG��7KLV� LV�XVXDOO\�PDGH�ZLWK�XVH�RIFRVW�FRQVWUDLQW�������E\�1HZWRQ�PHWKRG�
$QRWKHU�PHWKRG�XVHV�GXDO�V\VWHP�RI�WKH�PRGHO��,W�FRPSXWHV�XQFRQVWUDLQHGPLQLPXP�RI�WKH�QHZ�PRGHO�DQG�WKHQ�WUDQVIRUPV�UHVXOWV�WR�JHW�SDUDPHWHUV�RI�WKHSULPDU\�PRGHO��7KLV�PHWKRG�GHWDLOO\�H[SODLQHG�DQG�SUDFWLFDOO\�XVHG�RQ�UHDO�GDWDLQ�WKH�VHFWLRQ�����

��� 'LVDJJUHJDWHG�0D[LPXP�(QWURS\�0RGHO
8QOLNH� WKH�FODVVLFDO�DSSURDFK��ZKHUH�FRPPXWLQJ� IORZV�DUH�H[SHFWHG� WR�EHQRQ�VWRFKDVWLF� HOHPHQWV�� WKH� GLVDJJUHJDWHG� PRGHO� VXSSRVHV� WKDW� IORZVXQGHUOD\� VWRFKDVWLF� SURFHVVHV�� 7KLV� LV� UHDVRQDEOH�� DV� WKH� QXPEHU� RIFRPPXWHUV��PDLQO\�IURP�ODUJH�FRXQWLHV��LV�QRW�FRQVWDQW�RYHU�WLPH�

����� 0RGHO
$GGLQJ�HQWURS\� WHUP�WR�HDFK�7LM� UHSUHVHQWV� WKH� UDQGRPQHVV�RI�FRPPXWLQJIORZV�� LMLM[LM S7 | �� ZKHUH� ;LM LV� VWRFKDVWLF� YDULDEOH�� ZKLFK� WDNHV� QRQ�QHJDWLYHZKROH�QXPEHU�YDOXHV�DQG�[LM�d PLQ^2L��'M`��DQG� �� LMLMLM[ [;3S   >�@�



��

$QDORJLFDOO\�WR�FODVVLFDO�PD[LPXP�HQWURS\�SUREOHP�IRU�FRPPXWLQJ�IORZV�ZHQHHG�WR�VROYH�IROORZLQJ�PD[LPLVDWLRQ�SUREOHP�¦� LM LMLMLM[ LM[LM[LM SSS+ OQ`^PD[ � ������
XQGHU�FRQVWUDLQWV�

LQ
M[ LM[LM 2S[
LM LM  ¦ � ������

MQ
L[ LM[LM 'S[
LM LM  ¦ � ������
¦¦ ¦   Q
L

Q
M [ LM[LMLM &S[F

LM LM� � � ������
�tLMLM[S ��¦  

LM LM[ LM[S �� �����D������E�

����� 0RGHO�3DUDPHWHU�(VWLPDWLRQ
6ROXWLRQ�RI�WKH�PD[LPL]DWLRQ�JLYHV�IROORZLQJ�IRUPXOD�IRU�SUREDELOLW\�>�@�

¦ �� �� 
LM[ LMLMML

LNLMMLLMN [F [FS `��H[S^� `��H[S^� OGW OGW �� ������
)RUPXOD� ������� UHVHPEOHV� IRUPXOD� RI� QRQ�KLHUDUFKLFDO� ORJLW� PRGHO� ������ LQFKDSWHU����7KLV�PHDQV�WKDW�GLVDJJUHJDWHG�PRGHO�LV�DQDORJ\�WR�ORJLW�PRGHO��%RWKPRGHOV�DUH�WKHUHE\�FRQVLVWHQW�RQ�GLVDJJUHJDWHG�OHYHO�
7KH� SDUDPHWHUV� WL�� GM DQG� O UHVHPEOH� SDUDPHWHUV� DL�� EM DQG� J IURP� WKHFODVVLFDO�FRQFHSW�



��

3DUDPHWHUV� IURP� ������� QHHG� WR� EH� HVWLPDWHG� DFFRUGLQJ� WR� PRGHOFRQVWUDLQWV��&RPSXWHG� SUREDELOLWLHV� ������� ZLWK� HVWLPDWHG� SDUDPHWHUV� KDYH� WRPHHW�FRQVWUDLQWV�������������E���&DOLEUDWLRQ�SURFHVV�LV�PRUH�FRPSOLFDWHG�WKDQ�LQFODVVLFDO� FDVH�� EHFDXVH� WKHUH� LV� QR� H[DFW� VROXWLRQ� OLNH� �%HUJPDQ� PHWKRG�� WRLWHUDWLRQ�SURFHVV��7KH�V\VWHP�KDV�WR�EH�VROYHG�QXPHULFDOO\��7KHUH�DUH�GLIIHUHQWQXPHULFDO�PHWKRGV� GHYHORSHG� IRU�PD[LPLVLQJ� IXQFWLRQ�ZLWK� FRQVWUDLQWV�� ZKLFKFDQ�EH�XVHG�IRU�V\VWHP�VROYLQJ�>�@�



��

� 'DWD�DQG�LWV�6SHFLILFV�IRU�6ORYDNLD
7KH� ILUVW� VWHS� LQ� HVWLPDWLRQ� RI� FRPPXWLQJ� IORZV� LV� VHDUFK� IRU� FRUUHFW� DQGFRPSOHWH�VRXUFH�GDWD��7KH�GDWD�IRUPV�WKH�EDFNJURXQG�IRU�HVWLPDWLRQ��7KH�GDWDLQ�WKH�WKHVLV�FRPSULVHV�FRPPXWLQJ�IORZV�DPRQJ�VHOHFWHG�6ORYDN�FRXQWLHV�
6ORYDNLD�LV�GLYLGHG�LQWR���6ORYDN�UHJLRQV�DQG����FRXQWLHV��5HJLRQ�GLYLVLRQ�RI6ORYDNLD� LV� GHSLFWHG� DW� WKH� )LJXUH� �����:H� KDYH� VHOHFWHG� ��� FRXQWLHV� LQ� WKH:HVWHUQ� 6ORYDNLD� IRU� HVWLPDWLRQ���� 7KHVH� FRXQWLHV� EHORQJ� WR� IRXU� ZHVWHUQUHJLRQV���%UDWLVODYD��1LWUD��7UQDYD�DQG�7UHQþtQ�UHJLRQV��7DEOH�����DQG�)LJXUHV����DQG�������(DFK�UHJLRQ�FRPSULVHV�PRUH�FRXQWLHV��7DEOH�������(DFK�FRXQW\�LVD�SRVVLEOH�RULJLQ�DQG�GHVWLQDWLRQ�RI�FRPPXWLQJ�IORZV�

7DEOH���� 6HOHFWHG FRXQWLHV�IRU�HVWLPDWLRQ
&RXQW\ 6ORYDN�UHJLRQ &RXQW\ 6ORYDN�UHJLRQ%UDWLVODYD��FLW\� %UDWLVODYD 1RYp�0HVWR�QDG�9iKRP 7UHQþtQ0DODFN\ %UDWLVODYD 3DUWL]iQVNH 7UHQþtQ3H]LQRN %UDWLVODYD 3RYDåVNi�%\VWULFD 7UHQþtQ6HQHF %UDWLVODYD 3ULHYLG]D 7UHQþtQ'XQDMVNi�6WUHGD 7UQDYD 3~FKRY 7UHQþtQ*DODQWD 7UQDYD 7UHQþtQ 7UHQþtQ+ORKRYHF 7UQDYD .RPiUQR 1LWUD3LHã"DQ\ 7UQDYD /HYLFH 1LWUD6HQLFD 7UQDYD 1LWUD 1LWUD6NDOLFD 7UQDYD 1RYp�=iPN\ 1LWUD7UQDYD 7UQDYD âD�D 1LWUD%iQRYFH�QDG�%HEUDYRX 7UHQþtQ 7RSR�þDQ\ 1LWUD,ODYD 7UHQþtQ =ODWp�0RUDYFH 1LWUD0\MDYD 7UHQþtQ

�� ,Q�IXUWKHU�WH[W��VHOHFWHG�UHJLRQ��RU�:HVWHUQ�6ORYDNLD�UHJLRQ��RU�:HVWHUQ�6ORYDNLD�DUH�XVHG�DVV\QRQ\PV



��

)LJXUH����� 6ORYDNLD�DQG�LWV�UHJLRQV

)LJXUH����� 6HOHFWHG�UHJLRQ�RI�:HVWHUQ�6ORYDNLD



��

��� &RPPXWLQJ�)ORZ�DQG�6RFLR�HFRQRPLF�'DWD
&RPPXWLQJ� IORZ� GDWD� LV� SURYLGHG� E\� âWDWLVWLFNê� ~UDG� 6ORYHQVNHM� UHSXEOLN\HYHU\���RU����\HDUV��7KH�PRVW�UHFHQW�GDWD� LV�IURP�WKH�\HDU������>�@��7KH�GDWDVHW�UHSUHVHQWV�WKH�QXPEHU�RI�FRPPXWHUV�EHWZHHQ�DQ\�WZR�FRXQWLHV�LQ�6ORYDNLDDQG�EHWZHHQ�HDFK�FRXQW\�DQG�IRUHLJQ�FRXQWULHV��DJJUHJDWH���:H�KDYH�QRW�WDNHQLQWR� FRQVLGHUDWLRQ� IORZV�EHWZHHQ� IRUHLJQ�FRXQWULHV�DQG�FRXQWLHV�� EHFDXVH� WKLVZRXOG�PDNH� WKH� HVWLPDWLRQ� YHU\� FRPSOLFDWHG�� $OWKRXJK�PDQ\� FRXQWLHV� ERUGHUZLWK�+XQJDU\��$XVWULD�RU�&]HFK�5HSXEOLF�DQG� WKHVH� UHJLRQV�DUH�H[SRVHG� WR�DVLJQLILFDQWO\� KLJK� VWUHDP� RI� FRPPXWHUV� WR� IRUHLJQ� FRXQWULHV�� ZH� KDYH� RPLWWHGWKHVH�REVHUYDWLRQV�
&RPPXWLQJ�IORZV�IRU�WKH�UHJLRQ�RI�:HVWHUQ�6ORYDNLD�LQ�WKH�\HDU������FDQ�EHIRXQG�LQ�WKH�WDEOH�����LQ�WKH�$QQH[�$�DQG�LV�DOVR�SULQWHG�DW�WKH�HQG�RI�WKH�WKHVLVLQ�$QQH[��7KLV�WDEOH�UHSUHVHQWV�D���[���VTXDUH�PDWUL[�FRPSRVHG�RI�QXPEHU�RIFRPPXWHUV�FRPPXWLQJ�IURP�RULJLQ�,�WR�WKH�GHVWLQDWLRQ�-�
(FRQRPLF� DQG� VRFLDO� LQIRUPDWLRQ� QHHGHG� IRU� HVWLPDWLRQ� ZDV� SURYLGHG� E\âWDWLVWLFNê�~UDG�6ORYHQVNHM�UHSXEOLN\�>�@��7KH�GDWD�LV�IURP�WKH�\HDU���������7KHGDWD� IRU� HDFK� UHJLRQ� FRPSULVH� SRSXODWLRQ�� DYHUDJH� PRQWKO\� ZDJH�XQHPSOR\PHQW� UDWH�� QXPEHU� RI� HPSOR\HHV�� QXPEHU� RI� XQHPSOR\HG��2YHUYLHZRQ�WKH�VRFLR�HFRQRPLF�VLWXDWLRQ�LQ�:HVWHUQ�6ORYDNLD�LV�LQ�WKH�7DEOH�����

7DEOH���� %DVLF�VRFLR�HFRQRPLF�GDWD�RQ�:HVWHUQ�6ORYDNLD�UHJLRQV�<HDU������
5HJLRQ 3RSXODWLRQ (FRQRPLFDFWLYHSRSXODWLRQ

1XPEHU�RIHPSOR\HGSHUVRQV
8QHPSR\�PHQW�UDWH *URVVSURGXFWLRQ $YHUDJHZDJH

LQ�WKRXVDQG LQ�� LQ�PLO��6.. LQ�6..6ORYDNLD �������� �������� �������� ����� ��������� ������%UDWLVODYD ������ ������ ������ ���� ������� ������7UHQþtQ ������ ������ ������ ����� ������� ������7UQDYD ������ ������ ������ ����� ������� ������1LWUD ������ ������ ������ ����� ������� �����

�� :KHQ�GDWD�IURP�\HDU������ZDV�QRW�DYDLODEOH��ZH�XVHG�GDWD�IURP�����������



��

'HWDLOHG�LQIRUPDWLRQ�RQ�VHOHFWHG�6ORYDN�FRXQWLHV�FDQ�EH�IRXQG�LQ�WKH�7DEOH����LQ�$QQH[�$�
$V�LW�FDQ�EH�VHHQ�LQ�WKH�WDEOH������%UDWLVODYD�UHJLRQ�DQG�LWV�FRXQWLHV�DUH�WKHPRVW�SURVSHURXV�SDUWV�LQ�:HVWHUQ�6ORYDNLD��$YHUDJH�PRQWKO\�ZDJH�UHDFKHV����WLPHV�WKH�6ORYDN�DYHUDJH�DQG�LV�WKH�KLJKHVW�DPRQJ�WKH�VXUYH\HG�UHJLRQV��7KHXQHPSOR\PHQW� UDWH� LV� WKH� ORZHVW� DPRQJ� WKH� UHJLRQV� ZKHUH� WKH� QXPEHU� RIHPSOR\HHV�LV�WKH�KLJKHVW��2Q�WKH�RWKHU�KDQG�WKH�UHJLRQ�RI�1LWUD�KDV�WKH�KLJKHVWSRSXODWLRQ� DQG� LV� WKH� OHDVW� GHYHORSHG� FRQFHUQLQJ� HPSOR\PHQW� VLWXDWLRQ�� 7KHDYHUDJH�PRQWKO\�ZDJH� LQ� WKH� UHJLRQ� UHDFKHV� OHVV� WKHQ���� ����6..�ZKHUHE\6ORYDN�DYHUDJH�LV�DOPRVW��������6..��KHUH�LW�FDQ�EH�VHHQ�D�YHU\�KLJK�OHYHO�RIXQHPSOR\PHQW�ZKLFK�LV�����WLPHV�WKH�OHYHO�LQ�%UDWLVODYD�DQG�KLJKHU�WKHQ�6ORYDNDYHUDJH�
)URP�WKH�JLYHQ�LQIRUPDWLRQ��LW�FDQ�EH�DVVXPHG�WKDW�WKH�%UDWLVODYD�UHJLRQ�ZLOODWWUDFW�D�ORW�RI�FRPPXWHUV�DQG�1LWUD�UHJLRQ�ZLOO�GLVWULEXWH�D�ORW�RI�FRPPXWHUV�LQWRRWKHU�UHJLRQV�DQG�LWV�DWWUDFWLYHQHVV�DV�D�SRVVLEOH�HPSOR\PHQW�UHJLRQ�LV�ORZ�

��� 7UDQVSRUWDWLRQ�'LVWDQFH��7LPH�DQG�&RVW�$SSUR[LPDWLRQ
,Q�WKH�JUDYLW\�PRGHO�DQG�PD[LPXP�HQWURS\�PRGHO��LQIRUPDWLRQ�RQ�GLVWDQFHV�WLPH�DQG�FRVWV�RI� WUDQVSRUWDWLRQ�LV�QHHGHG��'LVWDQFH�GHWWHUHQFH��ZKLFK�FDQ�EHEDVHG�RQ� LQIRUPDWLRQ�RQ�GLVWDQFHV�� WLPH�RU�FRVW�RI� WUDQVSRUWDWLRQ�� OHVVHQV� WKHFRPPXWLQJ�IORZV�EHWZHHQ�UHJLRQV��EHFDXVH� LW�EXLOGV�D�QDWXUDO�EDUULHU�EHWZHHQWKHP�

����� &RPSXWDWLRQ�RI�7UDQVSRUWDWLRQ�'LVWDQFH��7LPH�DQG�&RVW
'LVWDQFHV� LQ� WKLV� WKHVLV� DUH� FDOFXODWHG� DV� GLVWDQFHV� EHWZHHQ� HDFK� SDLU� RIFDSLWDO�FLWLHV�RI�FRXQWLHV�RQ�URDGV�XVLQJ�WKH�$XWRURXWH�VRIWZDUH��7LPH�DQG�FRVWHVWLPDWHV�DUH�FRPSXWHG�XVLQJ�WKLV�SURJUDP�DV�ZHOO��7LPH�DQG�FRVWV�DUH�WKRVH�RIDXWRPRELOH�WUDQVSRUWDWLRQ�QHHGHG�IRU�WUDYHOOLQJ�IURP�WKH�FDSLWDO�RI�RQH�UHJLRQ�WRWKH� FDSLWDO� RI� DQRWKHU� UHJLRQ�� &RVWV� DUH� FRPSXWHG� LQ� 6..� XVLQJ� DSSUR[LPDWHIXHO�FRQVXPSWLRQ�DQG�SHU�OLWUH�IXHO�FRVWV�



��

'LVWDQFH� LV� FRPSXWHG� DV� WKH� IDVWHVW� URXWH� RQ� URDG� EHWZHHQ� FLWLHV� ZLWKPRWRUZD\�XVDJH��+RZHYHU��QRW�DOO�FRPPXWHUV�XVH�PRWRUZD\V�DV�WKH\�DUH�SDLG�3UREOHPDWLF�DUHDV�DUH�VRPH�ERUGHU�UHJLRQV�ZKHUH�WKH�IDVWHVW�DQG���RU�VKRUWHVWGLVWDQFHV�DUH�RQ�URDGV�ZKLFK�FURVV�VWDWH�ERUGHUV��H�J��.RPiUQR�FRXQW\��6NDOLFDFRXQW\���:KHUH�WKH�IDVWHVW�URXWH�FRXOG�QRW�EH�UHSODFHG�E\�WKH�VKRUWHVW�URXWH�QRWFURVVLQJ�VWDWH�ERUGHUV��WKH�URXWH�ZDV�FRPSXWHG�DV�WKH�IDVWHVW�URXWH�XVLQJ�RQO\6ORYDN�URDGV��7UDYHOOLQJ�FRVWV�DQG�WLPH�ZHUH�FRPSXWHG�LQ�WKH�VDPH�ZD\�
7KHVH�FDOFXODWLRQV�DUH�QRW�H[DFW�DQG�QRW�VDWLVIDFWRU\�DV�PDQ\�FRPPXWHUVFRPPXWH� E\� SXEOLF� WUDQVSRUW� �UDLO� RU� EXV�� DQG� LQ� 6ORYDNLD� WKH� UDWH� RI� FDUWUDQVSRUWDWLRQ� LV� UHODWLYHO\� ORZ� FRPSDULQJ� WR� :HVWHUQ� (XURSH� RU� 86$�� &DUWUDQVSRUWDWLRQ� DQG� DVVRFLDWHG� �URDG�� FRVWV�� WLPH� DQG� GLVWDQFHV� VHUYH� DV� DQHDV\�DSSUR[LPDWLRQ�EHFDXVH�WKHVH�DUH�DYDLODEOH�EHWZHHQ�HDFK�SDLU�RI�VXUYH\HGFLWLHV� �FRXQWLHV�� DQG� UDLO� �EXV� WUDQVSRUWDWLRQ� LV� OLPLWHG� WR� UDLOZD\V� RU� EXV� OLQHVDQG�GR�QRW� FRQQHFW� FLWLHV� HTXDO\� LQ� WKH� VHQFH� RI� HTXDO� SRVVLELWLO\� WR� WUDYHO� WRHDFK�FLW\�
&URVV� FLW\� GLVWDQFHV�� WLPHV� DQG� FRVWV� RI� WUDQVSRUWDWLRQ� DUH� VKRZQ� LQ� WKHWDEOHV����������DQG�����LQ�WKH�$QQH[�$��7KH\�DUH�V\PPHWULF���[���PDWULFHV�
:H� KDYH� FKRVHQ� QRW� WR� FRQVLGHU� LQWHUFRXQW\� FRPPXWLQJ� DV� �UHDO�FRPPXWLQJ�� ,QWHUFRXQW\� GLVWDQFHV�� WLPH� DQG� FRVWV� RI� WUDQVSRUWDWLRQ� DUH� VHW� WR]HUR����7KH�UHDVRQ� LV�� WKDW�FRPPXWHUV�PRVWO\�GR�QRW�FRQVLGHU� WLPH��FRVWV�DQGGLVWDQFHV�WUDYHOOHG�WR�ZRUN�ZLWKLQ�DQ�DUHD�DV��UHDO��FRVWV�RI�FRPPXWLQJ�WR�ZRUN�
,Q� WKLV� WKHVLV� XVHG� V\VWHP� RI� GLVWDQFH� PHDVXULQJ� EHWZHHQ� WZR� FLWLHV� DVGLVWDQFH� EHWZHHQ� WZR� FLW\� FHQWHUV� LV� YDOLG� RQO\� ZKHQ� FLWLHV� DUH� VHHQ� DV� YHU\VPDOO�DQG�GLVWDQFHV�WUDYHOHG�ZLWKLQ�FLWLHV�DUH�VPDOO�DV�ZHOO��7KLV� LV�UHDVRQDEOHDV�ZH�WDNH�FLW\�GLVWDQFHV�DV�PHDVXUH�IRU�GLVWDQFHV�EHWZHHQ�FRXQWLHV�DQG�WKLVPHDVXUH� LV�YHU\�DSSUR[LPDWH�DQG�ZH�FDQ�DEDQGRQ� IRU� LQWHUFLW\�GLVWDQFHV��%XWZKHQ� WDONLQJ� DERXW� FRPPXWLQJ� GLVWDQFHV� EHWZHHQ� ODUJHU� FLWLHV� ZH� VKRXOGFRQVLGHU� WUDYHOOLQJ� LQ� WKH� FLWLHV� DV� ZHOO�� :KHQ� LQWHUFLW\� WUDQVSRUWDWLRQ� LV
�� )RU�WKH�SXUSRVH�RI�2/6�HVWLPDWLRQ��]HURV�DUH�VHW�WR����WKHQ��OQ��� �



��

FDOFXODWHG��WKH��(XFOLGHDQ��GLVWDQFH�FDQ�EH�XVHG��7KLV�FRQFHSW�LV�LQWURGXFHG�LQWKH�SDSHU�>��@�
����� ,QWHUYHQLQJ�2SSRUWXQLWLHV

1RW� RQO\� GLVWDQFH� LV� D�PHDVXUH� IRU� JHRJUDSKLFDO� GHWHUUHQFH� RI� WZR� FLWLHV�7KHUH�LV�D�GLIIHUHQFH�RI�FRPPXWLQJ�EHKDYLRU�ZKHQ�WZR�FLWLHV�DUH�VLWXDWHG�QH[W�WRHDFK�RWKHU�RU�ZKHQ�WKHUH�LV�DQRWKHU�FLW\�VLWXDWHG�EHWZHHQ�WKHP�RU�LQ�D�VKRUWHUGLVWDQFH� IURP� RQH� FLW\� WR� WKLV� FLW\� WKHQ� WKH� GLVWDQFH� EHWZHHQ� WKH� FLWLHVWKHPVHOYHV��7KLV�FLW\�LV�DQ�LQWHUYHQLQJ�RSSRUWXQLW\�RI�FRPPXWLQJ�EHWZHHQ�FLWLHV�
7KLV�VLWXDWLRQ�FDQ�EH�VHHQ�DW�)LJXUH�����D���E��DQG�F���$W����D��WZR�FLWLHV�$DQG�%�OLH�QH[W� WR�HDFK�RWKHU�DQG�DW�E��DQG�F�� WKHUH� LV�D�FLW\�&�ZKLFK� LV� WKH�DQLQWHUYHQLQJ�RSSRUWXQLW\�IRU�FRPPXWLQJ�EHWZHHQ�FLWLHV�$�DQG�%�

)LJXUH������,QWHUYHQLQJ�RSSRUWXQLWLHV
:LOOLQJQHVV�WR�FRPPXWH�IURP�FLW\�$�WR�FLW\�%�LV�JUHDWHU�ZKHQ�WKHUH�LV�QR�FLW\VLWXDWHG� EHWZHHQ� WKHP� LQ� WKH� VHQVH� RI� SUHYLRXV� SDUDJUDSK�� 7KLV� WKLUG� FLW\� &IRUPV�LQWHUYHQLQJ�RSSRUWXQLWLHV��)RU�D�FRPPXWHU�LW�LV�PRUH�FRQYHQLHQW�DQG�OHVVFRVWO\�WR�FRPPXWH�IURP�FLW\�$�WR�WKH�FLW\�&�WKHQ�WR�WKH�FLW\�%�
,Q�RXU�PHDVXUH�RI�GLVWDQFH�ZH�GR�QRW� WDNH� LQWR�FRQVLGHUDWLRQ�WKH�QRWLRQ�RILQWHUYHQLQJ� RSSRUWXQLWLHV�� 7KLV� FRQFHSW� KDV� WR� EH� LPSOHPHQWHG� LQ� WKH� PRGHOLWVHOI�
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��� 5HJLRQDO�6SHFLILFV
&RPPXWLQJ�EHKDYLRXU�FDQ�EH�LQIOXHQFHG�DOVR�E\�UHJLRQDO�VSHFLILFV��'LIIHUHQWFKDUDFWHULVWLFV� RI� UHJLRQV� FDXVH� GLIIHUHQW� YROXPH� RI� FRPPXWLQJ� LQ� VLPLODUUHJLRQV�� 5HJLRQDO� FKDUDFWHULVWLFV� QHHG� WR� EH� WDNHQ� LQWR� FRQVLGHUDWLRQ� ZKHQWU\LQJ�WR�HVWLPDWH�WULS�PDWUL[�

����� %UDWLVODYD�5HJLRQ
$�VSHFLILF�UHJLRQ�IRU�FRPPXWLQJ� LV�%UDWLVODYD�UHJLRQ��7KLV�UHJLRQ�DFFRUGLQJWR�SROLWLFDO�GLYLVLRQ� LV�GLYLGHG� LQWR���FRXQWLHV����FRXQWLHV� �%UDWLVODYD� ,�� ,,��«�9�DUH� VLWXDWHG� ZLWKLQ� WKH� FLW\� RI� %UDWLVODYD�� 7KHVH� �� FRXQWLHV� DUH� LQ� WKLV� WKHVLVDJJUHJDWHG�WR�IRUP�D�VLQJOH�XQLW���%UDWLVODYD��,Q�WKLV�XQLW��FRPPXWLQJ�IORZV�ZLWKLQWKH�FLW\� �L�H��DPRQJ�FRXQWLHV�%UDWLVODYD�,� WR�9��DUH�FRQVLGHUHG�DV� LQWHUUHJLRQDOIORZV�DQG�RQO\�IORZV�IURP�RU�WR�FRXQWLHV�RXWVLGH�%UDWLVODYD�FLW\�DUH�FRQVLGHUHGIRU�HVWLPDWLRQ�
%UDWLVODYD�FLW\�KDV�RWKHU�VSHFLILF�FKDUDFWHULVWLFV��%UDWLVODYD�LV� WKH�FDSLWDO�RI6ORYDNLD�ZLWK� KLJK� OHYHO� RI� LQGXVWU\� DQG� HPSOR\PHQW� SRVVLELOLWLHV�� WKH� KLJKHVWSRSXODWLRQ� LQ� 6ORYDNLD�� $� YHU\� ORZ� XQHPSOR\PHQW� UDWH� DQG� WKH� KLJKHVW� ZDJHUDWH� LQ�6ORYDNLD�DUH�RWKHU�SRVLWLYH� IDFWRUV� IRU� FRPPXWLQJ��7KHVH� IDFWRUV�PDNH%UDWLVODYD�D�YHU\�DWWUDFWLYH�FLW\� IRU� LQ�FRPPXWLQJ��2Q�WKH�RWKHU�VLGH��%UDWLVODYDOLHV� FORVH� WR� $XVWULDQ�� &]HFK� DQG�+XQJDULDQ� ERUGHUV�� 7KHUHIRUH� WKHUH� H[LVW� DUHODWLYH�KLJK�OHYHO�RI�FRPPXWLQJ�RXWVLGH�6ORYDN�ERUGHUV�

����� %RUGHULQJ�5HJLRQV
3UREOHPDWLF�DUHDV�DUH�DOO�FRXQWLHV�VLWXDWHG�QH[W� WR�HLWKHU� VWDWH�RU�VHOHFWHGUHJLRQ�ERUGHUV��+HUH�ZH�FDQ�REVHUYH�D�KLJK�OHYHO�RI�FRPPXWLQJ�WR�UHJLRQV�QRWLQFOXGHG�LQ�VXUYH\��6WDWH�ERUGHUV�IRUP�D�GLIIHUHQW� W\SH�RI��FRPPXWLQJ�ERUGHUV�WKHQ�ERUGHUV�RI�RXU�VHOHFWHG�DUHD�ZLWK�RWKHU�6ORYDN�FRXQWLHV�
6WDWH�ERUGHUV�RIWHQ�OHDG�WR�GLPLQXWLRQ�RI�FRPPXWLQJ�IORZV��ZKLFK�ZRXOG�EHKLJKHU�ZKHQ�QRW�H[LVWHQFH�RI�VWDWH�ERUGHUV��7KHVH�ERUGHUV�DUH�PDLQO\�D�SROLWLFDOREVWDFOH� IRU� FRPPXWHUV� DV� WKH\� QHHG� WR� FURVV� VWDWH� ERUGHUV� �WLPH� FRVWV� RIFRPPXWLQJ��DQG�RIWHQ�QHHG�D�VSHFLDO�DOORZDQFH�WR�ZRUN�LQ�D�IRUHLJQ�FRXQWU\�



��

%RUGHUV� RI� WKH� VHOHFWHG� DUHD� �:HVWHUQ� 6ORYDNLD�� ZLWK� WKH� UHVW� RI� 6ORYDNLDIRUP�RQO\�D�IRUPDO�ERUGHU��7KH\�PD\�FDXVH�JUHDWHU�HUURUV�LQ�WKH�UHVXOWV�RI�RXUVXUYH\� EHFDXVH�FRPPXWHUV� IURP�FRXQWLHV�ERUGHULQJ� WKH� VHOHFWHG� DUHD� GR� QRWKDYH�D�SUHIHUHQFH�WR�ZRUN�LQ�:HVWHUQ�6ORYDNLD�WR�RWKHU�SDUWV�RI�6ORYDNLD��7KLVFDQ� EH� QRW� LQFOXGHG� LQ� RXU� HVWLPDWLRQ� DQG� FDQ� OHDG� WR� ELDVHG� UHVXOWV� IRU� WKHERUGHULQJ�UHJLRQV�
,Q�WKH�WKHVLV�ZH�GR�QRW�FRSH�ZLWK�WKLV�SUREOHP�V\VWHPDWLFDOO\�DQG�ZH�VLPSO\RPLW�WKHVH�HIIHFWV�

����� =HUR�DQG�/RZ�/HYHO�)ORZV
6ORYDN�GDWD�LV�QRW�YHU\�VXLWDEOH�IRU�HVWLPDWLRQ��EHFDXVH�WKHUH�DUH�PDQ\�]HURIORZV��$OPRVW�����RI�GDWD�DUH�]HURV��WKLV�PHDQV�WKDW�FRPPXWLQJ�IORZ�EHWZHHQWZR�FRXQWLHV�GRHV�QRW�H[LVW�
6ORYDN�FRPPXWLQJ�EHKDYLRU� FDQ�EH�GHVFULEHG�DV� FRPPXWLQJ� DYHUVH��2QO\������ZRUNHUV�FRPPXWH�WR�ZRUN� WR�D�FRXQW\�GLIIHUHQW�IURP�WKHLU�KRPH�FRXQW\�1XPEHU�RI�GHVWLQDWLRQV�ZLWK�FRPPXWLQJ�OHYHO�OHVV�WKHQ����RI�ZRUNLQJ�SRZHU�LQD�FRXQW\� LV�����RI�DOO�GHVWLQDWLRQV�DQG�RQO\����RI�GHVWLQDWLRQ�KDV�PRUH� WKHQ��� FRPPXWHUV�� $OPRVW� ���� RI� DOO� GDWD� KDV� FRPPXWLQJ� IORZ� OHVV� WKHQ� ���SHUVRQV�� &RPSDUHG� WR� DYHUDJH� LQWHUFRXQW\� FRPPXWLQJ� �DYHUDJH� LQWHUFRXQW\FRPPXWLQJ� LV��������� WKLV�PDNHV�D�JUHDW�GLVSURSRUWLRQ�EHWZHHQ�FRPPXWLQJ� WRGLIIHUHQW�FRXQW\�DQG�LQWHUFRXQW\�FRPPXWLQJ�
5HDVRQV�IRU�FRPPXWLQJ�DYHUVLRQ�FDQ�EH�IRXQG� LQ�GLIIHUHQW�VRFLR�HFRQRPLFIDFWRUV�� /RZ� ZDJH� UDWH� FRPSDUHG� WR� UHODWLYHO\� KLJK� OHYHO� RI� XQHPSOR\PHQWEHQHILWV�DQG�KLJK�WUDYHO�FRVWV�DUH�PDLQ�UHDVRQV�WKDW�ORZHU�FRPPXWLQJ�IORZV��$FRPPRQ� VWDWHPHQW� H[SODLQV� ZLOOLQJQHVV� WR� FRPPXWH�� �&RPPXWLQJ� ZLOO� EH� WKHSUHIHUUHG� FKRLFH� RI� D� ZRUNHU� ZKHQHYHU� KH� FDQ� REWDLQ� DQ� LQFUHDVH� LQ� ZDJHVJUHDWHU�WKDQ�FRVW�RI�FRPPXWLQJ���ZRUNHUV�DSSO\�IRU�MREV�DFFRUGLQJ�WR�D�VWUDWHJ\WKDW�PD[LPL]HV�WKHLU�H[SHFWHG�SD\RIIV��ZDJHV�PLQXV�FRPPXWLQJ�FRVWV����>��@�



��

����� &OXVWHULQJ�DQG�$WWUDFWLYHQHVV
1RW� HTXDO� GLVWULEXWLRQ� RI� ODERXU� IRUFH� DQG� ODERXU� RSSRUWXQLWLHV� LQ� FRXQWLHVFDXVHV�FOXVWHULQJ�HIIHFWV��7KH\�KDYH�WR�EH�VXUYH\HG�VHSDUDWHO\�
&OXVWHU� LV� FKDUDFWHULVHG� E\� FRPPXWLQJ� EHKDYLRXU��ZKHUH� D� UHJLRQ� LV� VHHQHLWKHU�DV�D�VRXUFH�RI�HPSOR\PHQW�SRVVLELOLWLHV�RU�DV�D�VRXUFH�RI�ZRUNLQJ�SRZHU�,Q� WKH� ILUVW� FDVH� WKH� UHJLRQ� DWWUDFWV� FRPPXWHUV�� 7KH� ODWWHU� W\SH� RI� FOXVWHUSURYLGHV� ODERXU� IRUFH� FRPPXWLQJ� WR� GLIIHUHQW� ORFDWLRQV��7KHVH�FOXVWHUV� FDQQRWEH�IRXQG�RQO\�RQ�JHRJUDSKLF�EDVH��&RPPXWLQJ�EHKDYLRXU�KDV�WR�EH�VXUYH\HG�WRILQG�VXFK�FOXVWHUV��&OXVWHUV�FKDQJH�FRPPXWLQJ�SDWWHUQV�DQG�GLVWDQFHV�ORVH�WKHLUGHWHUUHQFH�IXQFWLRQ�
$Q� H[DPSOH� RI� FOXVWHU� LV� %UDWLVODYD�� ZKHUH� ������ RI� DOO� FRPPXWHUVFRPPXWLQJ� IURP� %UDWLVODYD� FRPPXWH� WR� %UDWLVODYD� EXW� RQO\� ������ RI� DOOFRPPXWHUV� FRPPXWLQJ� WR� %UDWLVODYD� FRPH� IURP� %UDWLVODYD�� &OXVWHULQJ� HIIHFWFDXVHV� WKLV� GLIIHUHQFH�� %UDWLVODYD� LV� D� ODUJH� FLW\� ZLWK� D� JUHDW� FRQFHQWUDWLRQ� RILQGXVWU\� DQG� RWKHU� NLQGV� RI� MRE� RSSRUWXQLWLHV�� 7KLV� PDNHV� %UDWLVODYD� YHU\DWWUDFWLYH�IRU�FRPPXWLQJ�
2Q� WKH�RWKHU�KDQG�0DODFN\��3H]LQRN�DQG�6HQHF�� IRU� H[DPSOH��DWWUDFW� RQO\DERXW� ���� RI� WKHLU� RXW� FRPPXWHUV��ZKHUHE\� DERXW� ����RI� WKHLU� LQFRPPXWHUVFRPPXWH� LQWHUFRXQW\��7KHVH� UHJLRQV� FDQ� EH� FKDUDFWHULVHG� DV� RXW�FRPPXWLQJ�,QWHUHVWLQJ� LV� WKDW� WKHVH� UHJLRQV� DUH� FORVH� WR� %UDWLVODYD�� ZKLFK� LV� D� YHU\DWWUDFWLYH�FRPPXWLQJ�GHVWLQDWLRQ�
$WWUDFWLYHQHVV�RI� D� FRXQW\ IRU� FRPPXWLQJ� FDQ� EH� FKDUDFWHUL]HG� E\� UDWLR� RIRXWJRLQJ�DQG�LQFRPLQJ�FRPPXWHUV��,I�WKLV�UDWLR�LV�VLJQLILFDQWO\�JUHDWHU�WKHQ���WKLVFRXQW\�FDQ�EH�FKDUDFWHUL]HG�DV�YHU\�DWWUDFWLYH�DQG�RQ�WKH�RWKHU�VLGH�LI�WKLV�UDWLRLV� YHU\� ORZ� �OHVV� WKDQ� ������ LW� PHDQV� WKDW� WKH� FRXQW\� KDV� D� JUHDW� UDWLR� RIRXWJRLQJ�FRPPXWHUV� WR� LQFRPLQJ� FRPPXWHUV��)RU� H[DPSOH��3~FKRY��3ULHYLG]DDQG�7UHQþtQ KDYH�D�YHU\�EDODQFHG�SHUFHQWDJH�RI�LQWHUFRXQW\�FRPPXWHUV�FRPLQJWR�DQG�GHSDUWLQJ�IURP�WKLV�UHJLRQ��,Q�ERWK�GLUHFWLRQV�UDWLR�RI�LQWHUFRXQW\�RXW�DQGLQ�IORZV�LV�FORVH�WR����7KLV�PDNHV�WKHVH�UHJLRQV�UHODWLYHO\�QHXWUDO�WR�FRPPXWLQJ�



��

� &RPPXWLQJ�0RGHOV�(VWLPDWLRQ
:H� KDYH� GHVFULEHG� GLIIHUHQW� PRGHOV�� ZKLFK� KDYH� EHHQ� LQYHQWHG� IRUFRPPXWLQJ� IORZ� HVWLPDWLRQ�� :H� KDYH� LQWURGXFHG� WKHLU� LGHD�� ILHOGV� RILPSOHPHQWDWLRQ�� W\SH� RI� GDWD� QHHGHG� IRU� WKHLU� HVWLPDWLRQ� DQG� WKHLU� HVWLPDWLRQWHFKQLTXHV�
:H�QRZ�SUDFWLFDOO\�LPSOHPHQW�WKH�HVWLPDWLRQ�WHFKQLTXHV�RI�WZR�PRGHO�W\SHV�QDPHO\�JUDYLW\�PRGHO�DQG�PD[LPXP�HQWURS\��7KH�PRGHOV�ZHUH�H[SODLQHG�LQ�WKHFKDSWHUV���DQG����:H�WU\�WR�HVWLPDWH�FRPPXWLQJ�RQ�EDVH�RI�GDWD�REWDLQHG�IURPWKH�6ORYDN�6WDWLVWLFDO�,QVWLWXWH��7KH�GDWD�FRYHUV�FRPPXWLQJ�IORZV�ZLWKLQ�WKH�DUHDRI�:HVWHUQ�6ORYDNLD�LQ�WKH�\HDU������
*UDYLW\�PRGHO�LQ�WKH�WKHVLV�LV�HVWLPDWHG�ZLWK�KHOS�RI�(9,(:6��(9,(:6Y����VWDWLVWLFDO�VRIWZDUH��)RU�WKH�SXUSRVH�RI�PD[LPXP�HQWURS\�PRGHO�HVWLPDWLRQ��ZHKDYH�FUHDWHG�D�SURJUDP�LQ�*$06�VRIWZDUH��7KH�SURJUDP�LV�HQFORVHG�LQ�$QQH[&�
)LUVWO\� ZH� LQWURGXFH� UHVXOWV� IURP� 2/6�� 3RLVVRQ� DQG� 1/6� UHJUHVVLRQV� RIJUDYLW\�PRGHO�DQG�WKHQ�ZH�FRPSDUH�WKHVH�UHVXOWV�ZLWK�PD[LPXP�HQWURS\�PRGHOHVWLPDWLRQ�

��� *UDYLW\�0RGHO�(VWLPDWLRQ
*UDYLW\�PRGHO� DVVXPHV� WKDW� FRPPXWLQJ� IORZV�EHWZHHQ� WZR� DUHDV� GHSHQGRQ�GLIIHUHQW�YDULDEOHV�WKDW�VKRXOG�EH�LQFOXGHG�LQ�WKH�PRGHO��7KH�EDVLF�PRGHO�LVIROORZLQJ�

��� LM
MLLM F) ::.7 ED � �����

ZKHUH� WKH� WHUPV� LQ� WKH� HTXDWLRQ� ���� DUH� WKH� VDPH� DV� LQ� WKH� FKDSWHU� ��HTXDWLRQ�������$GGLWLRQDO�YDULDEOHV�FDQ�EH�DGGHG�WR�WKLV�HTXDWLRQ�DQG�GLVWDQFHGHWHUUHQFH�IXQFWLRQ�LV�WR�EH�VHW�DV�ZHOO��7KH�FKRLFH�RI�UHOHYDQW�PRGHO�YDULDEOHVLV�D�TXHVWLRQ�RI�HVWLPDWLRQ�SURFHVV��:H�XVH�GLIIHUHQW�HVWLPDWLRQ� WHFKQLTXHV� WRHVWLPDWH�WKH�PRGHO�RQ�EDVH�RI�UHDO�REVHUYHG�FRPPXWLQJ�IORZV�



��

����� 0RGHO�9DULDEOHV
,QWR� WKH� JUDYLW\� PRGHO�� GLIIHUHQW� YDULDEOHV� FRPH� DV� H[SODQDWRU\� YDULDEOHV�7KHVH�YDULDEOHV�PD\�YDU\�RQ�WKH�FRQFHSW�LQ�ZKLFK�WKH�PRGHO�LV�XVHG�DQG�RQ�WKHGDWD�DYDLODELOLW\��7KH�H[SODLQHG�YDULDEOH�LV�LQ�RXU�FDVH�WKH�QXPEHU�RI�FRPPXWHUVIURP�UHJLRQ�,�WR�WKH�UHJLRQ�-��FRPPXWHU� ���
:H� KDYH� FKRVHQ� GLIIHUHQW� YDULDEOHV�� ZKLFK� FRXOG� EH� XVHG� DV� H[SODQDWRU\YDULDEOHV� LQ� WKH� PRGHO�� 7KHVH� YDULDEOHV� DUH� VHW� LQWR� VHWV� GHSHQGLQJ� RQ� WKHLUH[SODQDWRU\�IXQFWLRQ�
$UHD
V�DWWUDFWLRQ�FDQ�EH�PHDVXUHG�E\�WKH�IROORZLQJ�VWDWLVWLFV�
x SRSXODWLRQ� RI� WKH� DUHD� �� SRSXODWLRQ� LV� WKH� EDVLF� DQG� PRVWO\� XVHGFKDUDFWHULVWLF��EXW�GRHV�QRW� WDNH� LQWR�FRQVLGHUDWLRQ� WKH�DJH�VWUXFWXUH�RIWKH�SRSXODWLRQ�DQG�XQHPSOR\PHQW�LQ�WKH�DUHD��SRSBIURP��SRSBWR��x WKH� QXPEHU� RI� HPSOR\HG� SHUVRQV� LQ� WKH� DUHD� �� WKLV� YDULDEOH� LV� DQH[WHQVLRQ� RI� SRSXODWLRQ� YDULDEOH� ZKLFK� LQFOXGHV� DJH� VWUXFWXUH� DQGHPSOR\PHQW�LQ�WKH�DUHD��HPSBIURP��HPSBWR��x WKH� QXPEHU� RI� HPSOR\HG� SHUVRQV�� ZKLFK� ZRUN� LQ� D� JLYHQ� DUHD� DQGFRPPXWH� IURP� DQG� WR� DQ� DUHD� ZLWKLQ� WKH� VHOHFWHG� 6ORYDN� UHJLRQ�:HVWHUQ�6ORYDNLD���� WKLV�VWDWLVWLF� LV� WKH�PRVW�VXLWDEOH�IRU�H[SODQDWLRQ�RIPDVV� RI� WKH� DUHD�� ,W� WDNHV� LQWR� FRQVLGHUDWLRQ� RQO\� WKH� VHOHFWHG�6ORYDNUHJLRQ��VXPBIURP��VXPBWR��
'LVWDQFH�GHWHUUHQFH�FDQ�EH�UHSUHVHQWHG�E\
x WUDYHOOLQJ�GLVWDQFH��GLVW���GLVWDQFH�EHWZHHQ�FDSLWDOV�RI�FRXQWLHV�x WUDYHOOLQJ� WLPH� �WLPH��� YDULDEOH� EDVHG� RQ� GLVWDQFH�� EXW� WDNHV� LQWRFRQVLGHUDWLRQ� GLIIHUHQW� WUDQVSRUWDWLRQ� VSHHG� RQ� KLJKZD\V�� ORFDO� URDGVHWF���

�� ,Q� SDUHQWKHVHV�� WKH� QDPHV�RI� WKH� YDULDEOHV� DUH� JLYHQ�� VXIILFHV� BIURP�GHILQHV� WKDW� WKLVYDULDEOH�LV�FRQQHFWHG�WR�WKH�RULJLQ�DUHD��BWR�GHILQHV�GHVWLQDWLRQ�DUHD�YDULDEOH�DQG�BUDWH�GHILQHVUDWLR�RI�BWR�DQG�BIURP�YDULDEOHV�



��

x WUDYHOOLQJ� FRVWV� �FRVW��� EDVHG� RQ� WLPH� DQG� GLVWDQFH�� WDNHV� LQWRFRQVLGHUDWLRQ�HFRQRPLF�FRVWV�RI�WUDQVSRUWDWLRQ�
'LVWDQFH�GHWHUUHQFH�IXQFWLRQ�LV�FKRVHQ�IURP�H[SRQHQWLDO�DQG�SRZHU�IXQFWLRQIRUPV�
3RWHQWLDO�DGGLWLRQDO�YDULDEOHV�
x WKH�QXPEHU�RI�FRPSDQLHV�LQ�WKH�DUHD���LW�H[SODLQV�WKH�ZRUNLQJ�DWWUDFWLRQRI�WKH�DUHD��QFBIURP��QFBWR��x WKH�QXPEHU�RI�XQHPSOR\HG�SHUVRQV���WKLV�YDULDEOH�JLYHV�WKH�SHUVSHFWLYHODERXU�PDUNHW�LQ�WKH�DUHD��XQBIURP��XQBWR��x WKH� XQHPSOR\PHQW� UDWH� �� WKLV� YDULDEOH� LV� YHU\� VLPLODU� WR� WKH� QXPEHU� RIXQHPSOR\HG� SHUVRQV�� EXW� WKLV� PHDVXUH� VWDQGV� IRU� UHODWLYH� WHUP� ZKLFKH[SODLQV� UHODWLYH� ODERXU� PDUNHW� VLWXDWLRQ� �XQBUDWHBIURP�� XQBUDWHBWR�XQBUDWHBUDWH��x DYHUDJH�ZDJH� ��ZDJH� LV�YHU\� LPSRUWDQW� IRU�FRPPXWLQJ�KDELWV��EHFDXVHZDJH� LV� WKH� �FRPSHQVDWLRQ�� IRU� FRPPXWLQJ� WR� ZRUN� �DYBZDJHBIURP�DYBZDJHBWR��DYBZDJHBUDWH��

'XPP\� YDULDEOHV� VWDQG� IRU� XQH[SODLQHG� FKDUDFWHULVWLF�� WKDW� FDQQRW� EHH[SODLQHG�E\�DQ�REVHUYDEOH�YDULDEOH��3RWHQWLDO�GXPP\�YDULDEOHV�
x ERUGHU�UHJLRQV���LQ�ERUGHU�UHJLRQV��PDQ\�SHRSOH�FRPPXWH�WR�UHJLRQV�WKDWDUH�QRW�LQFOXGHG�LQ�WKH�VXUYH\��ERUGHU����ZKHQ�UHJLRQ� OD\V�RQ�ERUGHU�RIWKH�VHOHFWHG�UHJLRQ����UHVSHFWLYHO\��x QHLJKERXULQJ�UHJLRQV��SHRSOH�WHQG�WR�FRPPXWH�PRUH�WR�UHJLRQV�WKDW�DUHQH[W� WR� WKHLU� RULJLQ� UHJLRQ� RU� WR� WKH� VDPH� UHJLRQ� �GHVWLQDWLRQ�  � RULJLQ�WKDQ� WR�RWKHU� UHJLRQV�� WKLV�SKHQRPHQD�FDQ�EH�H[SODLQHG�E\� LQWHUYHQLQJRSSRUWXQLWLHV� DSSURDFK� �1%5�� �� ZKHQ� RULJLQ�GHVWLQDWLRQ� UHJLRQV� DUHQHLJKERXULQJ�RU�DUH�WKH�VDPH����UHVSHFWLYHO\��x LQWHU�DUHD� FRPPXWLQJ�� FRPPXWHUV� SUHIHU� FRPPXWLQJ� ZLWKLQ� WKHLU� RULJLQDUHD�PRVWO\�EHFDXVH�RI�YHU\�JRRG�WUDQVSRUWDWLRQ�FRQGLWLRQV��,$&����ZKHQRULJLQ�UHJLRQ� �GHVWLQDWLRQ�UHJLRQ����UHVSHFWLYHO\��x %UDWLVODYD� �� %UDWLVODYD� LV� D� VSHFLDO� FRPPXWLQJ� UHJLRQ�� ZKLFK� LV� YHU\DWWUDFWLYH�IRU�FRPPXWLQJ�DV�GHVWLQDWLRQ��%$����ZKHQ�GHVWLQDWLRQ�UHJLRQ�LV%UDWLVODYD����UHVSHFWLYHO\��



��

)URP� DOO� SRVVLEOH� YDULDEOHV� ZH� KDYH� FKRVHQ� VHW� RI� WKHVH� UHOHYDQWYDULDEOHV��ZKLFK� DUH� XVHG� LQ� UHJUHVVLRQ�PRGHOV� �2/6��3RLVVRQ� DQG�1/6��7KH�FKRLFH�ZDV�PDGH�XSRQ�HFRQRPHWULF�UHVHDUFK�RI�WKH�YDULDEOHV�
x VXPBIURP���DWWUDFWLRQ�YDULDEOH�RI�RULJLQ�x VXPBWR���DWWUDFWLRQ�YDULDEOH�RI�GHVWLQDWLRQ�x WLPH���GLVWDQFH�GHWHUUHQFH�IXQFWLRQ�YDULDEOH��GHWHUUHQFH�IXQFWLRQ�LV�XVHGLQ�SRZHU�IRUP��x DYBZDJHBUDWH���DGGLWLRQDO�YDULDEOH�x %$���GXPP\�IRU�%UDWLVODYD�UHJLRQ�x 1%5���'XPP\�IRU�QHLJKERXULQJ�UHJLRQV�
7KH� ILQDO� FKRLFH� RI� PRGHOV� LV� VHW� XSRQ� WKH� UHJUHVVLRQ� UHVXOWV�� ZKLFK� DUHSUHVHQWHG� LQ� WDEOHV� LQ� HDFK� VHFWLRQ�� ,Q� WKH� WDEOHV� ZH� SUHVHQW� HVWLPDWHGSDUDPHWHUV� IRU� HDFK� YDULDEOH� ZLWK� VWDQGDUG� GHYLDWLRQ� LQ� SDUHQWKHVHV�� 
UHSUHVHQWV�VLJQLILFDQFH�DW����OHYHO�DQG�

�VLJQLILFDQFH�DW����OHYHO� LQ�DOO� WDEOHVRI�UHVXOWV��:H�H[SHFW�LQ�DOO�ILQDO�PRGHOV��2/6��1/6�DQG�32,6621��FRHIILFLHQWVVXPBIURP�� VXPBWR�� DYBZDJHBUDWH�� 1%5� DQG� %$� WR� EH� SRVLWLYH� DQG� WLPHQHJDWLYH��)XUWKHU�ZH�H[SHFW�ORZHU�VXPBIURP�FRHIILFLHQW�WKDQ�VXPBWR�

����� 2/6�0RGHO�(VWLPDWLRQ
2/6�HVWLPDWLRQ�VXSSRVHV� OLQHDU� IRUP�RI� UHJUHVVRUV� LQ� UHJUHVVLRQ�HTXDWLRQDQG� WKHUHIRUH�E\� ORJDULWKPLF� WUDQVIRUPDWLRQ� RI� ������ZH� JHW� OLQHDU�PRGHO� �ZLWKSRZHU�IXQFWLRQ�GHWHUUHQFH���ZKLFK�LV�WR�EH�HVWLPDWHG�

LMMLLM F::.7 OQOQOQ�OQ��OQ� JED ��� � �����
7KH�PRGHO�LV�WKHQ�ILWWHG�ZLWK�XVH�RI�2/6�HVWLPDWLRQ��DGGLWLRQDO�VLJQLILFDQWYDULDEOHV�DUH�DGGHG�DQG�WKH�EHVW�PRGHO�LV�FKRVHQ�



��

%HFDXVH�RI�WKH�ORJDULWKPLF�IRUP�RI�2/6�HVWLPDWLRQ�HTXDWLRQ�DQG�]HUR�OHYHORI� FRPPXWLQJ� IORZV� �FRPPXWHU�� LQ� PDQ\� FDVHV�� ZH� KDYH� XVHG� WKHWUDQVIRUPDWLRQ�LQWURGXFHG�LQ�WKH�FKDSWHU����
FRPPXWHU�� �FRPPXWHU���� �����

7KLV�WUDQVIRUPDWLRQ�VROYHV�WKH�SUREOHP�RI�]HUR�IORZV�EXW�RQ�WKH�RWKHU�KDQGKDV�PDQ\�GLVDGYDQWDJHV��FDXVHV�JUHDWHU�HVWLPDWLRQ�HUURUV�E\�VPDOO� IORZV��EXWRQ� WKH�RWKHU�KDQG�DIWHU� ORJDULWKPLF� WUDQVIRUPDWLRQ��]HUR� IORZV�DUH�VHW�DJDLQ� WR]HUR��5HVXOWV�RI�2/6�HVWLPDWLRQ�RI�GLIIHUHQW�PRGHO�YDULDWLRQV�DUH�SUHVHQWHG� LQWKH�WDEOH�������,Q�DOO�WDEOHV��VKDGRZHG�PRGHOV�DUH�WKH�PRVW�VXLWDEOH�RQHV�
7DEOH������2/6�HVWLPDWLRQ�UHVXOWV
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:H�FDQ�VHH�WKDW�WKH�EHVW�ILW�LV�DFKLHYHG�LQ�WKH�0RGHO����LQ�ZKLFK�DOO�UHOHYDQWYDULDEOHV�DUH�LQFOXGHG��7KLV�PRGHO�KDV�WKH�EHVW�HVWLPDWLRQ�VWDWLVWLFV��7KH�EDVLFPRGHO��0RGHO����LV�QRW�VDWLVIDFWRU\�EHFDXVH�RI�LWV�UHODWLYHO\�ORZ�ILW�DQG�EHFDXVHRI� UHVLGXDOV�� ZKLFK� DUH� VKLIWHG� IURP� ]HUR�� 7KLV� SKHQRPHQRQ� LV� UHPRYHG� E\DGGLQJ�GXPP\�YDULDEOH�1%5��7KH�GXPP\�%$�ZKLFK�LV�LQFOXGHG�LQ�WKH�0RGHO��EXW�H[FOXGHG� LQ�PRGHO���FRQWULEXWH� WR� WKH�PRGHO�QRW�YHU\�PXFK�DQG� WKHUHIRUHWKH� 0RGHO� �� FDQ� EH� XVHG� DV� WKH� UHVXOW� PRGHO�� 7KH� GXPP\� %$� VWDQGV� IRUFRPPXWLQJ� IORZV�WR�%UDWLVODYD��ZKLFK�DUH�XQGHUHVWLPDWHG� LQ� IHZ�FDVHV��:KHQZH� ORRN� DW� WKH� UHVXOWLQJ� FRHIILFLHQWV� ZH� FDQ� VHH� WKDW� LQ� WKH� PRGHO� �� WKHFRHIILFLHQW�IRU�VXPBWR�LV�OHVV�WKHQ�WKH�FRHIILFLHQW�IRU�VXPBIURP��ZKLFK�GRHV�QRWUHVHPEOH� WKH� WKHRU\�� WKDW� KRPH� UHJLRQ� LV� OHVV� DWWUDFWLYH� WKDQ� WKH� GHVWLQDWLRQUHJLRQ��7KLV� LV�QRW� WKH� FDVH� LQ� WKH�PRGHO����2WKHU� FRHIILFLHQWV� LQ�ERWK�PRGHOVKDYH�VLPLODU�IRUP�DQG�FRUUHFW�VLJQV�
7KH�ILQDO�0RGHO����WKHQ�HVWLPDWHV�FRPPXWLQJ�IORZV�LQ�WKH�IROORZLQJ�IRUP�
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,Q�HTXDWLRQV�������DQG��������7LM LV�WKH�ILWWHG�FRPPXWLQJ�IORZ�IURP�UHJLRQ�,WR� WKH�UHJLRQ�-��FLM LV� WKH�WLPH�RI� WUDYHOOLQJ�EHWZHHQ�UHJLRQV� ,�DQG�-��:L��:MDUH�DWWUDFWLRQV�RI�RULJLQ�GHVWLQDWLRQ�UHJLRQV��5:LM LV�UHODWLYH�DYHUDJH�ZDJH�RIUHJLRQV� -� DQG� ,� DQG� 1%5� DQG� %$� DUH� GXPPLHV� XVHG� WR� H[SODLQ� GLIIHUHQWFRPPXWLQJ�KDELWV��ZLWK�YDOXHV���RU���UHVSHFWLYHO\��
'LVDGYDQWDJH� LQ� WKLV� DSSURDFK� LV� WKDW� ILWWHG� FRPPXWLQJ� IORZV�PD\� EHQHJDWLYH� �DV� UHVXOW� RI� HVWLPDWHG� ORJDULWKPLF� IRUP� DQG� WUDQVIRUPDWLRQ� �����7KH� VHFRQG� GLVDGYDQWDJH� LV� WKDW� UHVXOWV� DUH� QRW� ZKROH� QXPEHUV�� 7KHVHUHVXOWV�QHHG�HLWKHU� WR�EH� URXQGHG�WR�JHW�ZKROH�QXPEHUV�RU� OHIW� LQ� WKHLU�QRWZKROH� QXPEHU� IRUP�� %XW� QRQH� RI� WKH� HVWLPDWLRQ� PHWKRGV� JLYHV� ZKROHQXPEHU� UHVXOWV� DQG� WKHUHIRUH� WKLV� GLVDGYDQWDJH� LV� QRW� UHOHYDQW� LQ� WKH
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FRPSDULVRQ�RI�PHWKRGV�� ,Q�RXU� FDVH�� QHJDWLYH� ILWWHG�YDOXHV�DUH�YHU\� VPDOODQG� FDQ� EH� URXQGHG� XS� WR� ]HUR�� 7KH� HVWLPDWLRQ� UHVXOWV� FDQ� EH� IRXQG� LQ$QQH[�%�
����� 3RLVVRQ�5HJUHVVLRQ�(VWLPDWLRQ

:H� SURFHHG� JUDYLWDWLRQ� PRGHO� ILWWLQJ� E\� XVLQJ� 3RLVVRQ� UHJUHVVLRQ�� 7KLVHVWLPDWLRQ�WHFKQLTXH�VXSSRVHV�UHJUHVVHG�YDULDEOH��FRPPXWHU�IORZV��LQ�IRUP�RIQRQ�QHJDWLYH�ZKROH�QXPEHUV�DQG�GRHV�QRW�QHHG� ORJDULWKPLF�WUDQVIRUPDWLRQ�IRUHVWLPDWLRQ��7KHVH�DUH�WKH�PDLQ�DGYDQWDJHV�LQ�FRPSDULVRQ�WR�2/6�HVWLPDWLRQ�
:H� KDYH� FKRVHQ� WKH� VDPH� UHOHYDQW� YDULDEOHV� DV� LQ� 2/6� DQG� HVWLPDWLRQUHVXOWV�FDQ�EH�VHHQ�LQ�WKH�7DEOH����

7DEOH������3RLVVRQ�HVWLPDWLRQ�UHVXOWV
'HSHQGHQW�9DULDEOH��&20087(50HWKRG��0/�40/���3RLVVRQ�&RXQW,QFOXGHG�REVHUYDWLRQV�����40/��+XEHU�:KLWH��VWDQGDUG�HUURUV�	�FRYDULDQFH9DULDEOHV 0RGHO�� 0RGHO�� 0RGHO�� 0RGHO�� 0RGHO��& �����������
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7KH� EDVLF� PRGHO� KDV� WKH� VDPH� SUREOHPV� ZLWK� UHVLGXDOV� DV� LQ� 2/6HVWLPDWLRQ� DQG� WKHUHIRUH� QHHGV� WR� EH� H[WHQGHG��:H� KDYH� FRQVWUXFWHG� VLPLODUPRGHOV� WR�2/6�HVWLPDWLRQ�DQG� IRXQG�RXW�� WKDW� WKH�EHVW�PRGHO� LV� WKH�0RGHO���ZKLFK�KDV�WKH�VDPH�UHJUHVVRUV�DV�WKH�ILQDO�0RGHO���LQ�2/6�UHJUHVVLRQ��7KHVHPRGHOV� FDQ� EH� WKHQ� FRPSDUHG�� ,Q� 3RLVVRQ� UHJUHVVLRQ� KLJKHU� ILW� KDV� EHHQDFKLHYHG�DQG�WKH�PHQWLRQHG�DGYDQWDJHV�VSHDN�LQ�IDYRXU�RI�3RLVVRQ�PRGHO��7KHHVWLPDWHG�SDUDPHWHUV�KDYH�FRUUHFW� VLJQV� DQG�YDOXHV��7KH�GLIIHUHQFH�EHWZHHQRULJLQ� DQG� GHVWLQDWLRQ� DUHDV� LV� PRUH� REYLRXV�� 7KH� YDOXHV� RI� FRHIILFLHQWV� DUHPRUH�UHDVRQDEOH�WKDQ�WKRVH�RI�2/6�0RGHOV���DQG����FRQVWDQW�WHUP�DQG�:L DQG:M FRHIILFLHQWV��
7KH�ILQDO�ILWWHG�HTXDWLRQ�LV�LQ�WKH�IROORZLQJ�IRUP�
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����� 1/6�(VWLPDWLRQ�5HVXOWV
1/6� HVWLPDWLRQ� ZDV� LQWURGXFHG� LQ� WKH� FKDSWHU� ��� ,W� GRHV� QRW� QHHGORJDULWKPLF�WUDQVIRUPDWLRQ�RI�������IRU�HVWLPDWLRQ��DV�LQ�2/6�HVWLPDWLRQ��
7KH� HVWLPDWLRQ� LV� PDGH� LWHUDWLYHO\� DQG� FRQYHUJHQFH� KDV� WR� EH� DFKLHYHG�EHFDXVH�QR�H[DFW�FRPSXWLQJ�PHWKRG�RI�FRHIILFLHQW�HVWLPDWLRQ�H[LVWV��(VWLPDWLRQRI� FRPSOLFDWHG�PRGHOV� FDQ� WKHUHIRUH� QRW� EH� SRVVLEOH�� ZKHQ� LWHUDWLRQ� SURFHVVGRHV�QRW�FRQYHUJH��(VWLPDWLRQ�UHVXOWV�RI�GLIIHUHQW�PRGHOV�DUH�JLYHQ�LQ�WKH�7DEOH����
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,Q� WKH� EDVLF� PRGHO� �0RGHO� ��� FDQ� EH� VHHQ� WKDW� HVWLPDWHG� FRHIILFLHQW� IRURULJLQ�DWWUDFWLRQ�LV�QHJDWLYH�ZKLFK�ZRXOG�LQGLFDWH�XQDWWUDFWLYHQHVV�RI�KRPH�FLW\�7KLV� QRW� UHDVRQDEOH�� 0RGHOV� �� DQG� �� KDYH� WKH� EHVW� UHVXOWV� �DOO� FRHIILFLHQWVKLJKO\�VLJQLILFDQW��DQG�WKH\�DUH�UHDVRQDEOH��DFFRUGLQJ�WR�WKH�PHQWLRQHG�FULWHULD��'LVFXVVLRQ� DERXW� EHWWHU� PRGHO� IURP� WKH� 0RGHO� �� DQG� �� LV� VLPLODU� WR� WKHGLVFXVVLRQ� LQ� FKDSWHU� ������� WKRXJK� ERWK� PRGHOV� KDYH� FRUUHFW� VLJQV� RIFRHIILFLHQWV��,Q�WKH�0RGHO���ZH�FDQ�VHH��WKDW�GHVSLWH�RXU�H[SHFWDWLRQV�WKH�VLJQRI� WKH� SDUDPHWHU� %$� LV� QHJDWLYH�� ,W� FDQ� EH� KRZHYHU� SUREDEO\� UHDVRQDEO\H[SODLQHG��7KH�DWWUDFWLRQ�RI�%UDWLVODYD� LV� LQFOXGHG�ERWK� LQ� LWV� VL]H� DQG� UHODWLYHZDJH��7KH�ZDJH�GLIIHUHQFH�DQG�LWV�JUHDW�VL]H�DQG�SRVVLEO\�QHLJKERXULQJ�FRXOGRYHUFRPH� WKH� HIIHFW� RI� FOXVWHU�� 7KH� ILWWHG� SDUDPHWHUV� DUH� VLPLODU� WR� 3RLVVRQUHJUHVVLRQ�DQG�WKH�ILW�LV�YHU\�JRRG�



��

7KH�UHVXOWLQJ�PRGHO�IRUPV�DFFRUGLQJ�0RGHO���������DQG�0RGHO���������
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��� 0D[LPXP�(QWURS\�0RGHO

7KH�SULQFLSOH�RI�PD[LPXP�HQWURS\�DQG�LWV�XVH�LQ�WUDQVSRUWDWLRQ�DQDO\VLV�ZDVLQWURGXFHG� LQ� WKH� FKDSWHU� ��� 0D[LPXP� HQWURS\� XVHV� NQRZQ� LQIRUPDWLRQ� RQPDUJLQDO� FRPPXWLQJ� IORZV� �URZ� DQG� FROXPQ� VXPV� RI� FRPPXWHUV� IRU� HDFKUHJLRQ�� H�J�� WKH� RXW�� DQG� LQ�IORZV� IURP� �� LQWR� HDFK� UHJLRQ�� DQG� LQIRUPDWLRQ� RQFRVW�RI�WULSV�EHWZHHQ�UHJLRQV�
:H�KDYH�XVHG� UHDO�GDWD� WR�FRPSXWH�PDUJLQDO� IORZV��7KHVH�PDUJLQDO� IORZVDUH�ZULWWHQ�LQ�WKH�7DEOH������$V�FRVW�RI�WULS�PDWUL[��WKH�WUDQVSRUWDWLRQ�FRVW�PDWUL[�7DEOH� ���� LQ� $QQH[� $�� KDV� EHHQ� XVHG� DQG� WRWDO� FRVW� RI� WULSV� &� KDV� EHHQFRPSXWHG�ZLWK�XVH�RI�UHDO�GDWD�

7DEOH�����0DUJLQDO�QXPEHU�RI�WULSV�DQG�D�WRWDO�FRVW�RI�WULSV
5HJLRQ 2ULJLQ 'HVWLQDWLRQ 5HJLRQ 2ULJLQ 'HVWLQDWLRQ� %UDWLVODYD ������� ������� �� 1RYp�0HVWR���9iKRP ������ �������� 0DODFN\ ������ ����� �� 3DUWL]iQVNH ������ ������ 3H]LQRN ������ ����� �� 3RYDåVNi�%\VWULFD ������ ������� 6HQHF ������ ����� �� 3ULHYLG]D ������ ������� 'XQDMVNi 6WUHGD ������ ������ �� 3~FKRY ������ ������� *DODQWD ������ ������ �� 7UHQþtQ ������ ������� +ORKRYHF ������ ������ �� .RPiUQR ������ ������� 3LHã"DQ\ ������ ������ �� /HYLFH ������ ������� 6HQLFD ������ ������ �� 1LWUD ������ �������� 6NDOLFD ������ ������ �� 1RYp�=iPN\ ������ �������� 7UQDYD ������ ������ �� âD�D ������ �������� %��QDG�%HEUDYRX ����� ����� �� 7RSR�þDQ\ ������ �������� ,ODYD ������ ������ �� =ODWp�0RUDYFH ����� ������� 0\MDYD ����� ����� 7RWDO�FRVWV ���������
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����� &RPSXWDWLRQ�RI�0D[LPXP�(QWURS\�0RGHO
(VWLPDWLRQ�RI�2�'�PDWUL[�ZLWK�KHOS�RI�PD[LPXP�HQWURS\�FRQFHSW�LV�EDVHG�RQPD[LPLVDWLRQ�SUREOHP��ZKLFK� LV� LQWURGXFHG� LQ� WKH�FKDSWHU���� ,Q� WKLV�SDUW�RI� WKHWKHVLV� ZH� GHVFULEHG� RQH� SRVVLEOH� ZD\� RI� VROYLQJ� WKLV� SUREOHP� �E\� VR�FDOOHG%UHJPDQ
V�PHWKRG���:H�KDYH�GHFLGHG�WR�XVH�DQRWKHU�HVWLPDWLRQ�WHFKQLTXH�IRUVROYLQJ�RI�RXU�SUREOHP��7KLV�FRPSXWDWLRQ�WHFKQLTXH�LV�GHVFULEHG�LQ�GHWDLO�LQ�WKLVFKDSWHU�DQG�WKHQ�DSSOLHG�RQ�UHDO�GDWD��6RXUFH�FRGHV�RI�WKH�GHYHORSHG�SURJUDPDUH�LQ�$QQH[�&�
$FFRUGLQJ�WR�VROXWLRQ�RI�FODVVLFDO�PD[LPXP�HQWURS\�SUREOHP�>��@��ZH�KDYHWUDQVIRUPHG� WKH� PD[LPXP� HQWURS\� PD[LPLVLQJ� V\VWHP� ���������� E\QRUPDOLVDWLRQ�����LQWR�D�QRUPDOLVHG�V\VWHP�������D������
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7KLV� PD[LPLVDWLRQ� SUREOHP� ZLWK� FRQVWUDLQWV� FDQ� EH� VROYHG� E\� /DJUDQJHIXQFWLRQ� RI� WKH� V\VWHP� DQG� WKHQ� E\� VXEVWLWXWLQJ� /DJUDQJH�PXOWLSOLHUV� LQWR� WKHRULJLQDO� V\VWHP�DQG� FRQVWUXFWLQJ� GXDO� V\VWHP� WR� WKH�RULJLQDO� V\VWHP��:H� WKHQJHW�XQFRQVWUDLQHG�PD[LPXP�HQWURS\�SUREOHP�LQ�WKH�IROORZLQJ�PLQLPDOL]LQJ�IRUP������
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7KH� RSWLPLVDWLRQ� UHVXOWV� �IURP� ����D�� FDQ� EH� IRXQG� LQ� WKH� 7DEOH� ���� DQGUHVXOWLQJ�FRPPXWLQJ�IORZ�HVWLPDWHV�DUH�LQ�WKH�7DEOH������LQ�$QQH[�%�
7DEOH�����0D[LPXP�HQWURS\�SDUDPHWHUV

5HJLRQ $OID %HWD 5HJLRQ $OID %HWD� %UDWLVODYD ���� ����� �� 1RYp�P����9iKRP ����� ����� 0DODFN\ ���� ����� �� 3DUWL]iQVNH ����� ����� 3H]LQRN ���� ����� �� 3RYDåVNi�%\VWULFD ����� ����� 6HQHF ���� ����� �� 3ULHYLG]D ����� ����� 'XQDMVNi 6WUHGD ���� ����� �� 3~FKRY ����� ����� *DODQWD ���� ����� �� 7UHQþtQ ����� ����� +ORKRYHF ���� ���� �� .RPiUQR ����� ����� 3LHã"DQ\ ����� ���� �� /HYLFH ����� ������ 6HQLFD ����� ���� �� 1LWUD ����� ������� 6NDOLFD ����� ���� �� 1RYp�=iPN\ ����� ������ 7UQDYD ���� ����� �� âD�D ���� ������ %��QDG�%HEUDYRX ����� ���� �� 7RSR�þDQ\ ����� ������ ,ODYD ����� ���� �� =ODWp�0RUDYFH ����� ������ 0\MDYD ����� ���� *DPPD ����
$� SURSHU� LQWHUSUHWDWLRQ� RI� WKHVH� SDUDPHWHUV� LV� GLIILFXOW� EHFDXVH� WKHHTXDWLRQV� ������ DQG� ����D�� LQFOXGH� QRUPDOLVLQJ� IDFWRU� �QXPHUDWRU� LQ� WKHHTXDWLRQV�������DQG�����D��ZKLFK� LV�QRW�GLUHFWO\�LQWHUSUHWDEOH��$OIDV�DQG�%HWDVFKDUDFWHULVH� FRPPXWLQJ� KDELWV� EHWZHHQ� HDFK� SDLU� RI� RULJLQ� DQG� GHVWLQDWLRQ
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UHJLRQV��,Q�JUDYLW\�PRGHO��LW�FDQ�EH�DFKLHYHG�E\�DGGLWLRQDO�FRQVWDQW�WHUPV��ZKLFKZRXOG�FKDUDFWHULVH�HDFK�RULJLQ�DQG�GHVWLQDWLRQ�DUHD��7KLV�ZRXOG�DOVR�LPSURYH�ILWRI� WKH� PRGHO�� *UDYLW\� PRGHO� RQ� WKH� RWKHU� KDQG� FDQ� LQFOXGH� DGGLWLRQDOH[SODQDWRU\�YDULDEOHV�DQG�PD[LPXP�HQWURS\�XVHV�RQO\�WKRVH�YDULDEOHV�WKDW�DUHLQFOXGHG�LQ�WKH�FODVVLF�PRGHO�
:H�KDYH�DFKLHYHG�KLJK�FRUUHODWLRQ�RI� UHDO�DQG�HVWLPDWHG�GDWD��������7KLVFRUUHODWLRQ� LV� FRPSDUDEOH� WR� WKDW� ZKLFK� ZDV� DFKLHYHG� E\� 3RLVVRQ� DQG� 1/6UHJUHVVLRQ��%XW�GLUHFW�FRPSDULVRQ�RI�UHVXOWV� LV�PLVOHDGLQJ��(VWLPDWHG�2'�WDEOHIURP� PD[LPXP� HQWURS\� PRGHO� LV� DOUHDG\� QRUPDOLVHG� WR� PHHW� RULJLQ� DQGGHVWLQDWLRQ�FRQVWUDLQWV�DQG�2'�PDWULFHV�IURP�JUDYLW\�PRGHO�HVWLPDWLRQ�E\�2/6�1/6�DQG�3RLVVRQ�UHJUHVVLRQ�GR�QRW�PHHW�WKHVH�FRQVWUDLQWV��:H�WKHUHIRUH�XVHG5$6� �URZ�FROXPQ� DSSUR[LPDWH� LWHUDWLYH� SURFHVV� ZKLFK� UHVXOWV� LQ� GRXEO\FRQVWUDLQHG�2'�PDWUL[��� 7KH� 5$6� SURFHVV� ZDV� SURJUDPPHG� LQ� 0DWKHPDWLFDVRIWZDUH� DQG� WKH� SURJUDP� VRXUFH� FRGH� FDQ� EH� IRXQG� LQ� $QQH[�'�� $IWHU� 5$6WUDQVIRUPDWLRQ�RI�UHVXOW�2'�PDWULFHV�RI�ILQDO�2/6��1/6�DQG�3RLVVRQ�PRGHOV�ZHKDYH� LQ� DOO� FDVHV� LPSURYHG� FRUUHODWLRQ� RI� UHDO� DQG� HVWLPDWHG� GDWD�� 7KHVHFRUUHODWLRQV� EHIRUH� DQG� DIWHU� WUDQVIRUPDWLRQ� DUH� LQ� WKH� WDEOH� ����� )RU� EHWWHUFRPSDULVRQ�ZH�KDYH�FKRVHQ�PRGHOV�ZLWK�WKH�VDPH�H[SODQDWRU\�YDULDEOHV��EDVLFPRGHO�DQG�H[WHQGHG�PRGHO�ZLWKRXW�%$�GXPP\��

7DEOH�����&RUUHODWLRQ�RI�UHDO�DQG�HVWLPDWHG�2'�PDWULFHVEHIRUH�DQG�DIWHU�5$6�WUDQVIRUPDWLRQ
&RUUHODWLRQ0RGHO (VWLPDWLRQWHFKQLTXH %HIRUH�5$6 $IWHU�5$62/6 ����� ������1/6 ����� ������&ODVVLFDO 3RLVVRQ ����� ������2/6 ����� ������1/6 ����� ������([WHQGHG 3RLVVRQ ����� ������+HUH� FDQ�EH� VHHQ� WKDW� FRUUHODWLRQ� KDV� EHHQ� LPSURYHG� LQ� DOO� FDVHV� DQG� LQFDVH� RI� 2/6� HVWLPDWLRQ� WKLV� LPSURYHPHQW� ZDV� YHU\� VLJQLILFDQW�� ,Q� DOO� FDVHVFRUUHODWLRQ�LV�FRPSDUDEOH�WR�WKH�FRUUHODWLRQ�RI�HVWLPDWHG�DQG�UHDO�2'�PDWUL[� LQPD[LPXP�HQWURS\�PRGHO�
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��� )LQDO�&RPSDULVRQ�RI�0RGHOV
:H� KDYH� XVHG� DOO� SURSRVHG�PRGHOV� WR� HVWLPDWH� 2ULJLQ�'HVWLQDWLRQ�PDWUL[ZLWK�XVH�RI�RULJLQDO� GDWD��7KH� UHVXOWV�ZHUH� GHVFULEHG� LQ� WKH� SUHYLRXV� VHFWLRQV�����DQG�������,Q�WKH�IROORZLQJ�WH[W��ZH�ZRXOG�OLNH�WR�FRPSDUH�WKHP��7KH�VHOHFWHGHVWLPDWLRQ� UHVXOWV� FDQ� EH� IRXQG� LQ� $QQH[� %� LQ� WKH� 7DEOHV� ���� �� ����� DQG� LQ$QQH[�DW�WKH�HQG�RI�WKH�WKHVLV�
0D[LPXP�HQWURS\�HVWLPDWLRQ�OHDGV�WR�D�YHU\�JRRG�ILW�ZLWK�RULJLQDO�GDWD��EXWWKLV� ILW� LV� FRPSDUDEOH�ZLWK�RWKHU�HVWLPDWLRQ�PHWKRGV��7KLV�PHWKRG� VROYHV� RQO\WKH�ZKROH�V\VWHP�DQG�QHHGV�DOO�FROXPQ�DQG�URZ�VXPV��RULJLQ�DQG�GHVWLQDWLRQ�DQG� PDWUL[� RI� FRVWV�� 'LVDGYDQWDJH� RI� WKLV� PRGHO� LV� WKDW� LW� JLYHV� QR� H[SOLFLWVROXWLRQ�IRU�D�JLYHQ�SDLU�RI�UHJLRQV���2Q�WKH�RWKHU�KDQG�LWV�DGYDQWDJH�LV��WKDW�LW�LVDSSOLFDEOH� RQ� DQ\� FRPPXWLQJ� V\VWHP� ZLWKRXW� VSHFLI\LQJ� DGGLWLRQDO� UHJLRQDOFKDUDFWHULVWLFV�� 0D[LPXP� HQWURS\� DOVR� GRHV� QRW� GHSHQG� RQ� FRHIILFLHQWV� WKDWKDYH�EHHQ�REWDLQHG�LQ�RWKHU�UHJUHVVLRQ�
2Q� WKH�FRQWUDU\��JUDYLW\�PRGHO� QHHGV� IRU� LWV� EHVW� ILW�DGGLWLRQDO� H[SODQDWRU\YDULDEOHV�� $QG� WKH� ILWWHG� UHVXOWV� GHSHQG� RQ� SDUDPHWHUV� WKDW� KDYH� EHHQHVWLPDWHG� LQ� WKH� UHJUHVVLRQ�� ,Q�JUDYLW\�PRGHO�� LW� LV�SRVVLEOH� WKDW� WKH�HVWLPDWHGSDUDPHWHUV� FKDQJH�� ZKHQ� ZH� WDNH� LQWR� FRQVLGHUDWLRQ� D� VPDOOHU� SDUW� RI� WKHVHOHFWHG�UHJLRQ�RU�ZH�FKDQJH�FRPPXWLQJ�FRQGLWLRQV�
0D[LPXP� HQWURS\� PRGHO� LQ� WKLV� IRUP� GRHV� QRW� DQVZHU� WR� FKDQJHDEOHHQYLURQPHQW� DV� ZHOO�� EXW� FDQ� EH� XVHG� WR� DQ\� VXEUHJLRQ� ZLWKRXW� DGGLWLRQDOUHVWULFWLRQV�
$QRWKHU� SUREOHPDWLF� WDVN� UHVXOWV� IURP� WKH� FKRLFH� RI� EHVW� HVWLPDWLRQWHFKQLTXH�DPRQJ�JUDYLW\�PRGHO�HVWLPDWLRQ�WHFKQLTXHV��$�YHU\�JRRG�FRUUHODWLRQKDV� EHHQ� DFKLHYHG� LQ� 1/6� DQG� 3RLVVRQ� PRGHOV�� 7KHLU� DGYDQWDJHV� DQGGLVDGYDQWDJHV�ZHUH�GHVFULEHG�LQ�VHFWLRQ�����DQG�GR�QRW�QHHG�WR�EH�UHSHDWHG�
3RLVVRQ� UHJUHVVLRQ� OHDGV� WR� YHU\� JRRG� UHVXOWV�� ,W� GRHV� QRW� JLYH� QHJDWLYHQXPEHU� UHVXOWV� DQG� LV� HDV\� WR� HVWLPDWH�ZLWK� SRVVLELOLW\� WR� XVH�ZLGH� YDULHW\� RIUHJUHVVLRQ� YDULDEOHV��1/6�HVWLPDWLRQ� LV� UDWKHU� FRPSOLFDWHG� DV� FRQYHUJHQFH� LVQRW�DFKLHYHG�LQ�DOO�FDVHV�DQG�PRGHO�YDULDEOHV�QHHG�WR�EH�SUHFRFLRXVO\�VHOHFWHG�
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'HSHQGLQJ�RQ�SXUSRVH�RI�FRPPXWLQJ� IORZ�HVWLPDWLRQ��REVHUYDEOH�REWDLQHGGDWD��ZH�XVH�HLWKHU�PD[LPXP�HQWURS\ PRGHO�RU�JUDYLW\�PRGHO��)URP�WKH�JUDYLW\PRGHO� HVWLPDWLRQ� WHFKQLTXHV��ZH� UHFRPPHQG� WR� XVH�3RLVVRQ� UHJUHVVLRQ�� ,W� LVHDV\� WR� DSSO\� DQG� LWV� SUH�FRQGLWLRQV� RI� QRQ�QHJDWLYLW\� DQG� ZKROH� QXPEHUH[SODLQHG�YDULDEOH�VXLW�IRU�FRPPXWLQJ�IORZV��1RW�IRUJHWWLQJ�LWV�YHU\�JRRG�ILW��ZHVXSSRVH�WKDW�UHVXOWV�JDLQHG�LQ�WKH�WKHVLV��ILQDO�PRGHO���E\�3RLVVRQ�UHJUHVVLRQ�LV�WKH�EHVW�IRU�SUHGLFWLRQ�RI�FRPPXWLQJ�IORZV�LQ�:HVWHUQ�6ORYDNLD�UHJLRQ�



��

� &RQFOXVLRQ
6LQFH�WKH�EHJLQQLQJ�RI�XUEDQ�DQDO\VLV��PDQ\�PRGHOV�KDYH�EHHQ�GHYHORSHGWR� EHWWHU� XQGHUVWDQG� SURFHVVHV� LQ� XUEDQ� V\VWHPV�� 7KH� WKHVLV� KDV� LQWURGXFHGYDULRXV� PRGHOV� XVHG� LQ� UHJLRQDO� DQDO\VLV�� 'LIIHUHQW� PRGHO� FDWHJRULHV�� VRXUFHGDWD�QHHGV��HVWLPDWLRQ�WHFKQLTXHV�DQG�IXQFWLRQV�KDYH�EHHQ�GHVFULEHG�
$�IXUWKHU�DLP�RI�WKH�WKHVLV�ZDV�WR�HVWLPDWH�FRPPXWLQJ�IORZV�DPRQJ�6ORYDNFRXQWLHV�EDVHG�RQ� UHDO� FRPPXWLQJ�GDWD� IURP�6ORYDN�6WDWLVWLFDO� ,QVWLWXWH� >�@�� ,QRUGHU� WR� HVWLPDWH� WKH� IORZV�� WZR� PRGHOV� ZHUH� FKRVHQ�� JUDYLW\� PRGHO� DQGPD[LPXP�HQWURS\�PRGHO��$V�DOUHDG\�GLVFXVVHG�LQ�WKLV�WKHVLV��ERWK�PRGHOV�KDYHPDQ\�H[WHQVLRQV�DQG�YDULDWLRQV��(VWLPDWLRQ� WHFKQLTXHV�GLIIHU�DFFRUGLQJ� WR� WKHPRGHO�XVHG�� ,Q� WKH� FKDSWHU���� ERWK�PRGHOV� IRU� HVWLPDWLRQ�RI� FRPPXWLQJ� IORZVZHUH�DSSOLHG��:H�KDYH�DOVR� WULHG� WR� ILQG� WKHLU�EHVW�SRVVLEOH�PRGHO� IRUPV��7KHJUDYLW\�PRGHO�FDQ�EH�HVWLPDWHG�XVLQJ�D�YDULHW\�RI�HVWLPDWLRQ� WHFKQLTXHV��2QO\WKUHH�RI�WKHP�KDYH�EHHQ�VHOHFWHG��2/6��3RLVVRQ�DQG�1/6�HVWLPDWLRQ��:H�KDYHLPSOHPHQWHG� WKHP�DQG�WKHQ�FRPSDUHG�WKH�UHVXOWV�� ,W�KDV�EHHQ�IRXQG�RXW�� WKDWWKH�EHVW�UHVXOWV�IRU�JUDYLW\�PRGHO�DUH�DFKLHYHG�E\�3RLVVRQ�UHJUHVVLRQ��PRGHO����5HVXOWV�RI�DOO�XVHG�HVWLPDWLRQV�DUH�ZULWWHQ�LQ�WKH�FKDSWHU���
)XUWKHU�JUDYLW\�PRGHO�DQG�PD[LPXP�HQWURS\�PRGHO�UHVXOWV�ZHUH�FRPSDUHGLQ�WKH�FKDSWHU����*UDYLW\�PRGHO�DQG�PD[LPXP�HQWURS\�HVWLPDWLRQV�VKRZ�D�YHU\JRRG�ILW�ZLWK�UHDO�GDWD��ZKLFK�LV�VLPLODU�LQ�ERWK�FDVHV��,W�FDQ�QRW�EH�VDLG��ZKLFKPHWKRG�LV�EHWWHU�RQO\�FRPSDULQJ�PRGHO�UHVXOWV��%RWK�PRGHOV�KDYH�WKHLU�ILHOGV�RIXVH�LQ�GLIIHUHQW�VLWXDWLRQV�DQG�WKHUHIRUH�ERWK�PRGHOV�FDQ�ILQG�WKHLU�DSSOLFDWLRQ�
7KH�JUDYLW\�PRGHO�UHVXOWV�FDQ�EH�XVHG�IRU�IRUHFDVWLQJ�WUDIILF�IORZV�EHWZHHQWZR�DUHDV��EDVHG�RQ�WKHLU�VRFLR�HFRQRPLF�DQG�WUDYHOOLQJ�GDWD��:H�GR�QRW�QHHGLQIRUPDWLRQ�RQ�RWKHU�DUHDV� LQ�WKH�V\VWHP��:H�FDQ�SUHGLFW� WUDIILF� IORZV�IRU�HDFKSDLU�RI�RULJLQ�DQG�GHVWLQDWLRQ�VHSDUDWHO\�
,Q�PD[LPXP�HQWURS\�PRGHO��ZH�QHHG�DJJUHJDWH�GDWD�RQ� WUDIILF� IORZV� IURPHDFK�RULJLQ�DQG�WR�HDFK�GHVWLQDWLRQ�LQ�WKH�V\VWHP��)XUWKHU�LQIRUPDWLRQ�RQ�RYHUDOOWUDYHOOLQJ�FRVWV�LQ�WKH�V\VWHP�DQG�FRVW�PDWUL[�RI�DOO�RULJLQ�GHVWLQDWLRQ�DUHDV�DUHQHHGHG��:H�FDQ�IRUHFDVW�WKH�V\VWHP�DV�ZKROH��7KLV�LV�XVHIXO�ZKHQ�ZH�FDQ�QRW
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REWDLQ�DQ\�DGGLWLRQDO� LQIRUPDWLRQ�RQ�GHWHUPLQDQWV��ZKLFK� LQIOXHQFH�FRPPXWLQJEHKDYLRXU��H�J��VRFLR�HFRQRPLF�GDWD��
)RUHFDVWV� PDGH� E\� ERWK� PRGHOV� FDQ� EH� XVHG� LQ� XUEDQ� SODQQLQJ�� URDGFRQVWUXFWLRQ��UHJLRQDO�GHYHORSPHQW�SURMHFWV�DQG�RWKHU�SURMHFWV�
1RW�DOO�PRGHOV� LQWURGXFHG� LQ� WKLV� WKHVLV�ZHUH�DSSOLHG��:H�VXSSRVH�WKDW�KHFUHDWHG� PRGHO� IRUPV�� WKHLU� HVWLPDWLRQ� DQG� VR� WKHLU� UHVXOWV� FDQ� EH� IXUWKHULPSURYHG�
,Q� JUDYLW\� PRGHO� HVWLPDWLRQ�� RWKHU� HVWLPDWLRQ� PHWKRGV� FRXOG� EH� XVHG� �IRUH[DPSOH�VSDWLDO�HFRQRPHWULFV��DQG�WKHQ�EH�FRPSDUHG�WR� WKH�XVHG�RQHV��0RUHH[SODQDWRU\�YDULDEOHV�FDQ�EH LQWURGXFHG�LQWR�WKH�PRGHO�WR�EHWWHU�H[SODLQ�VRFLR�HFRQRPLF�VLWXDWLRQ�LQIOXHQFLQJ�FRPPXWLQJ�SDWWHUQV��$�VSHFLDO�IRFXV�FDQ�EH�VHWRQ� ERUGHU� HIIHFWV�� %RUGHU� HIIHFWV� SOD\� SUREDEO\� D� YHU\� LPSRUWDQW� UROH� LQFRPPXWLQJ� EHKDYLRXU� LQ�:HVWHUQ�6ORYDNLD�� DV� WKH� PRVW� SDUW� LI� LW� OLHV� QH[W� WRVWDWH�ERUGHUV��6SHFLDO�GLVFXVVLRQ�RQ� WKH�SUREOHP�LV�WR�EH�D�VXEMHFW�RI�DQRWKHUSDSHU�
,Q�HQWURS\�SUREOHP��WKH�GLVDJJUHJDWHG�PRGHO�FDQ�EH�XVHG�IRU�WUDFNLQJ�WUDIILFIORZ�FKDQJHV��7KLV�LV�LPSRUWDQW��DV�FRPPXWLQJ�IORZV�YDU\�LQ�WLPH�DQG��G\QDPLF�V\VWHP�FRXOG�EHWWHU�GHVFULEH�WKH�FRPPXWLQJ�V\VWHP�
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� %LEOLRJUDSK\
>�@ $QGHUVHQ�$��.���������$�&RPPXWLQJ�0RGHO��$.)��,QVWLWXWH�RI�/RFDO*RYHUQPHQW�6WXGLHV��'HQPDUN�KWWS���ZZZ�WUJ�GN�WG�SDSHUV�SDSHUV���SDSHUV�SDSHU�VRPH�NDDJ�DQQN�SGI
>�@ :DOO�+��-���������8VLQJ�WKH�*UDYLW\�0RGHO�WR�(VWLPDWH�WKH�&RVWV�RI3URWHFWLRQ��5HYLHZ��)HGHUDO�5HVHUYH�%DQN�RI�6W��/RXLV��-DQXDU\�)HEUXDU\������
>�@ :DOO�+��-����������*UDYLW\�0RGHO�6SHFLILFDWLRQ�DQG�WKH�(IIHFWV�RI�WKH&DQDGD��8�6��%RUGHU��:RUNLQJ�3DSHU�$���
>�@ 0RUJHQURWK�(��/��:���&RPPXWLQJ�LQ�,UHODQG��$Q�$QDO\VLV�RI�,QWHU�&RXQWU\)ORZV��(FRQRPLF�DQG�6RFLDO�5HVHDUFK�,QVWLWXWH��,UHODQG�KWWS���ZZZ�HVUL�LHSXEOLFDWLRQV�VXPPDULHV�FRPPXWLQJ�SGI
>�@ *LWOHVHQ�-��3���-»UQVWHQ�.���$�GLVDJJUHJDWHG�JUDYLW\�PRGHO��1RUZHJLDQ6FKRRO�RI�(FRQRPLFV�DQG�%XVLQHVV�$GPLQLVWUDWLRQ�KWWS���ZZZ�QKK�QR�IRU�IS�����������SGI
>�@ $QVHOLQ�/����������6SDWLDO�(FRQRPHWULFV��%XUWRQ�&HQWHU��8QLYHUVLW\�RI�'DOODV
>�@ âWDWLVWLFNê�~UDG�6ORYHQVNHM�UHSXEOLN\���������=DPHVWQDQFL�SRG�D�RNUHVXSUDFRYLVND�D�WUYDOpKR�E\GOLVND
>�@ âWDWLVWLFNê�~UDG�6ORYHQVNHM�UHSXEOLN\�������� 9\EUDQp�~GDMH�R�UHJLyQRFK�Y6ORYHQVNHM�UHSXEOLNH��þtVOR�������
>�@ /DZVRQ�&��7����������+RXVHKROG�7UDYHO�$FWLYLW\�GHFLVLRQV��3K'��7KHVLV�3RUWODQG�6WDWH�8QLYHUVLW\�� KWWS���ZZZ�XSD�SG[�HGX�WUJ�ODZVRQ�ODZVRQ�SGI
>��@ +RRYHU�(��0���*LDUDQWDQL�)��$Q�,QWURGXFWLRQ�WR�5HJLRQDO�(FRQRPLFV�&KDSWHU�����KWWS���ZZZ�UUL�ZYX�HGX�ZHEERRN�JLDUUDWDQL�FKDSWHUWHQ�KWP
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>��@ *OHQ�3���7KRUVHQ�,���8ERH�-���6RPH�7KHRUHWLFDO�$VSHFWV�RI�'LVWDQFH'HWHUUHQFH�)XQFWLRQV�LQ�0RGHOOLQJ�-RXUQH\V�WR�:RUN�KWWS���ZZZ�NIE�VH�MXQLNRQI�XSSV�XERH�SGI
>��@ 7RUUHQV�3��0����������+RZ�/DQG�8VH�7UDQVSRUWDWLRQ�0RGHOV�:RUN��&HQWUHIRU�$GYDQFHG�6SDWLDO�$QDO\VLV��:RUNLQJ�3DSHU�KWWS���ZZZ�FDVD�XFO�DF�XN�PRGHOV�SGI
>��@�XUDã�-����������0D[LPXP�(QWURS\�(FRQRPHWULFV��'LSORPRYi�SUiFD��)0),8.��%UDWLVODYD
>��@ *UHHQH�:��+����������(FRQRPHWULF�$QDO\VLV��3UHQWLFH�+DOO��8SSHU�6DGGOH5LYHU
>��@ +DUULV�0��1���0iW\iV�/����������7KH�(FRQRPHWULFV�RI�*UDYLW\�0RGHOV�0HOERXUQH�,QVWLWXWH�:RUNLQJ�3DSHU�����
>��@ (JJHU�3����������$�QRWH�RQ�WKH�SURSHU�HFRQRPHWULF�VSHFLILFDWLRQ�RI�WKHJUDYLW\�HTXDWLRQ��$XVWULDQ�,QVWLWXWH�RI�(FRQRPLF�5HVHDUFK��(FRQRPLF/HWWHUV��������
>��@ %HUJNYLVW�(���:HVWLQ�/����������(VWLPDWLRQ�RI�JUDYLW\�PRGHOV�E\�2/6HVWLPDWLRQ��1/6�HVWLPDWLRQ��3RLVVRQ�DQG�1HXUDO�1HWZRUN�VSHFLILFDWLRQV�&(580��:RUNLQJ�SDSHU�������
>��@ :DOO�+��-�����������*UDYLW\�0RGHO�6SHFLILFDWLRQ�DQG�WKH�(IIHFWV�RI�WKH&DQDGD�86�%RUGHU��)HGHUDO�5HVHUYH�%DQN�RI�6W��/XLV��:RUNLQJ�SDSHU�KWWS���ZZZ�VWOV�IUE�RUJ�UHVHDUFK�ZS����������KWPO
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,QGH[�RI�8VHG�6LJQV7LM � QXPEHU�RI�FRPPXWHUV�FRPPXWLQJ�IURP�UHJLRQ�,�WR�UHJLRQ�-7 � WRWDO�QXPEHU�RI�FRPPXWHUVGLM � GLVWDQFH�EHWZHHQ�RULJLQ�,�DQG�GHVWLQDWLRQ�-WLM � WUDYHOOLQJ�WLPH�EHWZHHQ�RULJLQ�,�DQG�GHVWLQDWLRQ�-FLM � WUDYHOOLQJ�FRVW�EHWZHHQ�RULJLQ�,�DQG�GHVWLQDWLRQ�-
& � WRWDO�WUDYHOOLQJ�FRVWV�� ¦¦   Q

L
Q
M LMLM 7F& � � � �

N � FRQVWDQW�WHUP:L � PDVV�RI�UHJLRQ�,��JLYHQ�E\�SRSXODWLRQ��QXPEHU�RI�HPSO\HHV��«�Q � QXPEHU�RI�UHJLRQV: � HQWURS\�IXQFWLRQ��:� �+�1��1 � QXPEHU�RI�PLFURVWDWHV�LQ�HQWURS\�IXQFWLRQ8LM � XWLOLW\�IXQFWLRQ��JLYHV�XWLOLW\�RI�FRPPXWLQJ�IURP�UHJLRQ�,�WR�UHJLRQ�-)�FLM��� GLVWDQFH�GHWHUUHQFH�IXQFWLRQ��DV�IXQFWLRQ�RI�FRPPXWLQJ�FRVWV
2L � RULJLQ�FRQVWUDLQW�IRU�UHJLRQ�,�� ¦  Q

M LML 72 � �
'M � GHVWLQDWLRQ�FRQVWUDLQW�IRU�UHJLRQ�-�� ¦  Q

L LMM 7' � �
PLM � VWRFKDVWLF�WHUP
(67,0$7,21�9$5,$%/(6
FRPPXWHU � QXPEHU�RI�FRPPXWHUVFRPPXWHU�  FRPPXWHU���& � FRQVWDQW%$ � %UDWLVODYD1%5 � QHLJKERXULQJ�UHJLRQVXPBIURP � QXPEHU�RI�RXWJRLQJ�FRPPXWHUV�IURP�JLYHQ�UHJLRQVXPBWR � QXPEHU�RI�LQ�FRPPXWLQJ�FRPPXWHUV�WR�JLYHQ�UHJLRQWLPH � WUDYHOOLQJ�WLPHDYBZDJHBUDWH��� �� UDWH� RI� DYHUDJH� ZDJH� EHWZHHQ� HDFK� SDLU� RI� RULJLQDQG�GHVWLQDWLRQ
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