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Abstrakt

V tejto praci by sme radi ¢itatela oboznamili s metédami pre rieSenie velkych riedkych stustav
linedrnych rovnic.

1. kapitola oboznamuje ¢itatela o vhodnych pristupoch pri rieSeni riedkych sustav, t.j. aké
st vyhody riedkej matice voci hustej matici, ako sa to daja preniest tieto vyhody do efektivnosti
algoritmu, ktory ma riesit nasu sustavu a uvedime si algoritmy pre tvorbu vzajomne konjungo-
vanych vektorov.

2. kapitola nas prevedie metdédami na rieSenie ekvivalentnej stustavy linearnych rovnic, a to,

OrthoDir a GCR, GMRes metédou, LSQR a SymmLQ metédami.

3. kapitola obsahuje popis k dosiahnutim vysledkom z numerického experimentu, kde sme tes-
tovali 6 metod pre stovky vygenerovanych tloh Ax = b s kladne definitnou maticou A.
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Kapitola 1

UVOD - MOTIVACIA

NaSou snahou je riegit ststavu linearnych rovnic
Ax=b (1.1)

kde A € R™ "™ (tzv. matica koeficientov) je velk4, regularna, a najmaé, riedka matica, a b € R”
(tzv. vektor pravych stran).

Preco pozadujeme riedku maticu? Aké si to riedke matice?

1.1 RIEDKE MATICE

Ide o triedu matic, ktorych vac¢sina prvkov je rovné nule . To nAm umoziuje
e ispornejsie uloZenie v pamdti pocitaca, a tiez
e mensi pocet operdcit, napr. pri maticovo-vektorovom nasobeni.

Len pre ilustraciu spomeinime najjednoduchsi, a snad aj najprirodzenejsi, sposob uloZenia ried-
kych matic. Miesto potreby dvojrozmerného pola, ktoré vlastne kopiruje Struktaru matice,
vystaéime si s tromi jednorozmernymi polami, povedzme %, j, s a dvomi hodnotami m, n. Pole s
bude obsahovat samotné nenulové hodnoty povodnej matice, polia %, j potom ich riadkové, resp.
ich stlpcové indexy. Teda, napr. k—ta nenulova hodnota s, mé umiestnenie v poévodnej matici
(ik, Jk). To vyzaduje rovnaku velkost tychto poli. Hodnoty m,n slizia na zachytenie rozmerov
matice.

Z uvedeného dalej plynie, Zze jedna nenulova hodnota je popisana tromi hodnotami (ix, ji, Sx) a
teda méa zmysel uvaZzovat tento spésob uloZenia matice, len ak pocet nenulovych hodnot nepre-
vysi tretinu vSetkych prvkov matice.

Co sa tyka mensieho poc¢tu operécii, pouvazujme nad tymto:

Majme vektor u dlzky n s poctom nentl k < n. Dalej ozna¢me vektor v = (1,2,3,...,n)%.
Teraz sa pokusme vycislit pocet aritmetickych operacii, potrebnych na vypocet ich skalarneho
stéinu, t.j. z = ulv = Yo, uv;. Nie je prilis tazké si uvedomit, Ze vo vSeobecnosti je potreba
n nasobeni (u;v;) an — 1 séitani (i =1,...,n), teda spolu 2n — 1 operécii.



Ak vezmeme do uvahy riedkost vektora w, uSetrime n — k nasobeni a n — k — 1 sé¢itani (spolu
2(n — k) — 1 operacii).

Bez Gjmy na vSeobecnosti (BUNV) mozZeme predpokladat, Ze riedka matica rozmerov m X n,
ktord mé rovnaké relativne zastipenie nenulovych hodnoét ako vektor w (t.j. k/n), pozostava
z m riadkov s riedkostou ako vektor u, a teda pocet aritmetickych operacii, ktorych sa mézeme
vyvarovat v pripade vypoctu Av je [2(n — k) — 1]m.

Ak m4 matica A rozmery, povedzme m = n = 10° a riedkost 5%, (t.j. k/n = 0.05), bude
usetrenych operécii 999 900 000 ~ 1mld.

V praxi nie je ni¢im vynimo¢nym stretndt sa s riedkymi maticami. Na obr.1.1 sd niektoré
z nich. Ide o Stvorcové matice.
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Obrazok 1.1: Riedke matice v praxi

(1) n =36 057, 335552 nenul, riedkost = 0.026%, el. obvody
(2) n= 497, 1721 nenul, riedkost = 0.69%, chem. proces

(3) n=14822, 715804 nenul, riedkost = 0.32%, dyn. kvapalin

Tieto i mnohé d'al'ie riedke matice spolu s ich zakladnymi vlastnostami (ako symetria, regularita
a pod.) mozete najst na http://www.cise.ufl.edu/research/sparse/matrices.

KedZe metody, ktorymi sa chceme zaoberat st vo vSeobecnosti vypoctovo zloZitejsie ako naj-
znamejsia Gaussova elimina¢na metoda (GEM), prip. iné metody, nemalo by zmysel vobec nad
nimi uvazovat. Ale riedkost matice (a teda jej uz spominané vyhody), ako jedna z pozadovanych
vlastnosti matice koeficientov systému, spésobi ohromnu prevahu prave tychto metod.



1.2 NEVHODNE METODY A INY PRISTUP

Poziadavky, ktoré kladieme na metody riesiace problém (1.1) s
e nevndSanie novych nenulovych hodndt do matice A
e (teoreticky) presné riesenie po konecnom pocte krokov

To vylucuje také metdédy ako GEM a Choleského rozklad, ktoré modifikuji maticu A a tiez
Jacobiho metédu a SOR metodu, pretoZze nepoditaji presné rieenie (ani teoreticky, t.j. s presnou
aritmetikou). Co presne znamend modifikicia matice A v pripade metody GEM si ukézeme
na malom priklade.

(1)

Obrazok 1.2: Vplyv GEM na Struktiru riedkej matice

(1) n =50, 148 nenal, 1980 Bytov!
(2) m =50, 2451 nenl, 20 000 Bytov?

Ako mozeme vidiet, uz prva faza GEM-u, kedy sa nuluje prvy stipec matice A pomocou jej pr-
vého riadku sposobi, Ze matica A strati riedkost, ktora je necelych 6% a stane sa plnou maticou.

Postup, ktory si zvolime, aby sme sa vyvarovali neziadicim efektom, je generovanie postupnosti
aproximacnych rieSeni x; rekurentnym vztahom:

Tir1=T; +¢ (1'2)

kde x; je j-ta aproximacia rieSenia ststavy (1.1), ¢; je j-ta korekcia a @1 je Tubovolné.

v MATLAB-e, uloZena ako riedka matica
2y MATLAB-e, ulozené ako plna matica, t.j. ako dvojrozmerné pole



Korekciu vyberieme tak, aby sme
o zmendili normu chyby aproximdcie a/alebo

o redukovali dimenziu podpriestoru, v ktorom chyba aproximacného riesenia lezi

Do dalsich tvah zahrnieme aj tzv. ekvivalentny systém
Gx=h, G>0 (1.3)

k systétmu Ax = b, kde G je kladne definitna (G > 0). Ekvivalencia systémov spo¢iva v tom,
ze oba maju rovnaké rieSenie x*. Teda Ax* = b a tiez Gx* = h. (Z toho vyplyvaja aj vztahy:
x*=A"'b=G 'hah=GA'b). Jednym zo sposobov ako riesit povodni ststavu linearnych
rovnic je, najprv, skonstruovanie prislusného ekvivalentného systému k pévodnému systému a
potom jeho vyrieSenie.
Napr. systém normélnych rovnic AT Az = ATb, moze taktiez posluzit ako ekvivalentny systém
(G = ATA, h = ATb). Nevyhodou tohto systému vSak je, Ze &islo podmienenosti c(ATA)
matice ATA je druhou mocninou &isla podmienenosti c(A) matice A, t.j. c(ATA) = c?(A). To
moze sposobit nemalé numerické tazkosti, ak c¢(A) je velké.
Teraz treba eSte rozhodnit, z kade budeme vyberat korekciu ¢; v (1.2), resp. aka dimenziu
mé podpriestor, v ktorom lezi. Pri malej snahe si Tahko uvedomime, Ze ak 1 je I'ubovolna
(nastrelend) hodnota prvej aproximacie *, ¢; € R™ (t.j. lezi v (pod)priestore dimenzie n) a
volime tuto korekciu podla prvého pristupu uvedeného vyssie; aby sme minimalizovali normu
chyby aproximécie; potom xo musi byt rovné x*. Vyzeré to sice jednoducho, av8ak by sme sa
potykali s rieSenim rovnako obtiaZznej stistavy rovnic ako je pdvodna ststava. Preto sa obmedzime
na metody, v ktorych ¢; lezi v podpriestore dimenazie 1. CiZe moZeme pisat, Ze ¢; € zp;, kde p;,
p; # 0, je bazovym (vytvarajicim) vektorom tohto podpriestoru a z € R je parameter. ¢; je
potom vyjadrena cez vztah ¢; = z;p;, pre nejaké vhodny skalar z = z;. Ak to dame do sivisu s
rovnicou (1.2), dostaneme :

Tit1 = T; + ZiP;

resp.
r=x(z) =x; + 2p; (1.4)

(Ide o parametrické vyjadrenie afinneho podpriestoru dimenzie 1 (priamky), v ktorom lezi nova
aproximécia x;11 (vektor p; sa tiez nazyva smerovy vektor priamky)).
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Aby sme sa mohli dostat v teérii dalej, treba nam eSte zvolit normu, ktort pre jej vhodné
vlastnosti budeme vyuzivat a tiez prijat nejaké pomocné oznacenia a vztahy.

Aj ked st vSetky normy na R™ navzajom ekvivalentné, nami zvolena tzv. eliptickd norma ma
predsa len vysosnejSie postavenie. Takto je definovan4 :

|zl = VaTEx (1.5)

kde E = 0. O aka konkrétnu maticu E pojde sa dozvieme v nasledujicom texte.
Oznacme
e=e(z)=xz(z) —x* (1.6)

tzv. vektor chyby (error vector), ktory ma len teoreticky vyznam, nakolko x* nepozname.
r=r(z)=Ax(z)—b
tzv. vektor rezidui (residual vector), ktorého vyznam, naopak, je ¢isto prakticky, kedze plati :
r=Ae, resp e=A"'r

Pre i-tu aproximéciu @; pouZijeme nasledovné oznacenie i-teho vektora chyby a i-teho vektora
rezidui
e, =x;—x" a r;=Ax; —b.

Obdobné oznacenia mame aj pre ekvivalentny systém
f=fx=Gz(z)—h

f=Ge, respe=G7'f (1.7)

1.2.1 REDUKCIA NORMY CHYBY

Pod redukciou normy chyby, resp. §tvorca normy chyby, rozumieme volbu ¢;, resp. z; taka, aby
2z = argmin|e]%, .
z€R

Ked to rozpiseme a oznaéime si
E.=G'EG™
dostavame :

lellz < late )% 2 17

= |G(zi +p;2) — hll;, = [(Gei — h) + Gpiz|l, =

2 2
5. = Gz —hlE, =

If: + Gpizlly, =2 (fF+plG2) G'EG™ (f; + p;Gz) =

= |fil% +2(®'EG™'f,) 2 + (pEp;) 2

11



Pozn.: Pri odvadzani (1.8) sme vyuzili
e G=-G'=>Gc'=(@"H'caT"
e G-0(=G'~0,E~0=E.=G'EG'~0

Jedné sa o najdenie minima konvexnej kvadratickej funkcie jednej premennej z. Na to nam
poslizi podmienka prvého radu (First Order Condition).

FOC : )
d|elz
dz

=0
2z (Pz'TEPi) +2 (P?EG_lfi) =0
N[
%= — (plEp;) " (BTEG'f)) (1.8)

Tu uz modzeme uvazovat o vhodnom vybere matice E. Aby sme, ¢o mozno najviac, zjednodusili
vyraz EG™!, zvolime E = G. Potom

Tf.
Zp = - (PiTGPi)_l (Pz'sz') == (ndzfl) (1.9)

Samozrejme

d; = plGp,; # 0 (1.10)

lebo p; # 0, a G > 0.
Ak dosadime z (1.9) hodnotu z; do (1.2), ziskame itera¢ny vztah :

Titl = Ti —Pi — ;-
(2

Vynésobenim maticou G zlava

Pin i
d;

G$i+1 = G$z — Gpi

a dalej odéitanim, od oboch stran rovnice, vektora pravych stran

Te
Gzin —h:Gwi—h—Gpip?Tf”
dostavame -
D; fi
fipi=Fi—Gp; d (1.12)

12



Vsimnime si, Ze ak by v (1.11) vyraz plf; bol nulovy (p!f; = 0), potom x;11 = x;. Cize
nové aproximacia x;4+1 by nam nepriniesla pokles hodnoty tcelovej funkcie ||e[| . A preto vietky
»inteligentné” metody tento vyber p; vylucuji. Dalej teda predpokladajme, naviac ku nenulovosti

p;, 7€ pZTfZ # 0. Nésledne, z tychto dvoch predpokladov o p;, vyplyva
T
-1 p; fi

5=~ (PiGp;)  (pifi)=— (d.) # 0. (1.13)

a tiez .
Lit+1 (1;3) T; — P; P?sz 75 L; (1.14)

A;/
#0n

Pozrime sa, teraz, na niektoré vlastnosti ;41 a f;,:
V1: Jednoznacnost a existencia ;41 (na to postacuje G > 0 a p; # 0,, aby d; # 0)
V2:
leitillg = w1 — 7| < llzi — 27| = lleill ¢ (1.15)

Toto mé velmi jednoduché zdovodnenie. Obe hodnoty @; 1 aj x; lezia na tej istej priam-
ke x(z) = x; + zp;, pricom x;11 # x; (1.14). Ale len x;;1, ako jediné, minimalizuje
He(z)Hé = ||lx(z) — :B*Hé Z toho, teda, ||xit1 — a:*||é < & — a:*||é Teraz aplikujme na
tto nerovnost monoténne rasticu funkciu y = /& a vlastnost V2 (1.15) ihned vyplynie.

V3:
pifi1=0, (1.16)

tzv. Galerkinova podmienka. Staci vynasobit (1.12) zlava vektorom p! :

T T T p S T T
pifi+1:pi<-fi_piGpi Zdl>:pifi_pi.fi:0'
S— 7

i

Slovami povedané: (i + 1) - vé reziduum ekvivalentného systému lezi v ortogonalnom
doplnku vektora p,.

Aké p; volit? Spomenime zopar moznosti:
e stlpce matice I,,, A alebo AT vo vieobecnosti brané cyklicky (v ramci jednej matice),

ep,=—F; (smer najprudsieho spadu funkcie F'(x) = %$TGm + h'lx, vid str. 14715)

Hoci norma |le||, monoténne klesé, nie je garantované, ze klesa k nule, ani, ze pojde o rychlu
konvergenciu.

Priklad 1

Maéame riesit sastavu 2 rovnic o 2 neznamych Ax = b, kde

a=(L3) () = (1)

Nech nas ekvivalentny systém bude systémom normalnych rovnic AT Az = A™b, t.j.

r. (10 =10 o [0
G_AA_<—10 20)’ h_Ab_<10)

13



Zvolme

(1)

a v itera¢nom procese (1.11) definujme smery
pi=—fi=(h—Gux)

RieSme ulohu pomocou vztahu (1.11). Pozrime sa na obrazok (1.3).

127 0% A2
1.0 T
0.75 1 o o
Ta~___ 5

0.50 @ o

L2 T3
0.25 /

o t i t t }

L1
0.0 0.25 0.50 0.75 1.0 1.25

Obréazok 1.3: Priebeh iteracii

Elipsy na fiom predstavuju body rovnakej vzdialenosti od * v G—norme. Su to, vlastne,
,vrstevnice” funkcie

1
F(x) = B Gz + h'z.

Preco?
Chceme minimalizovat ,,$tvorec” normy HeHé, resp. najst &, ktoré minimalizuje tito normu. Ale
2 T
lellg = (x —z")" G(x—x")
= 2'Gzx —2(z*) G + () Gz*
~—— —_——
h const

1
=2 (2 Gz — hT:IJ> +const

= 2F(x) + const.

14



Ak chceme zistit polohu minima, &, funkcie F'(x), ktora je rydzokonvexna, staci, aby bola splnena
podmienka prvého radu (FOC) :

VF(z)=0, & Gz =h.
A teda z jednoznacnosti rieSenia ekvivalentného systému (1.3) Gz = h mame
o El ~
Gr=h =z =2z

Riesenie sustavy Gx = h je, teda, ekvivalentné nédjdeniu minima funkcie F'(x).

Jednou z metdéd minimalizécie funkcie je aj tzv. Cauchyho metdda najvicsieho spddu, kedy sa
smer optimalizacie v kazdej iteracii voli, prave, zaporny gradient funkcie F'(x), (t.j. =V F(x) =
—f =h - Gx).

7Z obrazku (1.3) vidime, Ze postupnost x; vytvara ,schody“ od =1 = (0,0)7 k =* = (1,1)%,
pricom kazdy schod je o polovicu nizsi a uzsi nez ten predchédzajuci. Aj sedliackym rozumom
si uz vieme dat dohromady, Ze presné rieSenie neziskame nikdy. Iba sa k nemu bliZzime. Ako to
vidi numerika sa pozrieme do tabulky 1.1, kde okrem nasho vyberu p; uvidime aj spravanie sa
ostatnych spominanych moznosti volby p,. Udajmi st hodnoty normy ||x; — x| -

Vyber p;
Iterdcia I, A, Al —fi
2 22361 22627 1.1767 1.5811
3 1.5811 2.0239 0.9791 1.1180
5 0.7906 1.6191 0.6778 0.5590
10 0.1398 0.9268 0.2703 0.0988
20 0.0044 0.3037 0.0430 0.0031
30 0.0001 0.0995 0.0068 0.0001

50 1.3E-07  0.0107  0.0002 9.4E-08
100 3.9E-15 4.0E-05 1.8E-08 2.8E-15

Tabulka 1.1:

Presnost sa zd4a byt relativne dobréa, avSak za aka cenu. 50-nésobny pocet iteracii voci dimenzii
ulohy. A ako to bude pre nejaky vyssi rozmer tlohy?

Priklad 2 (n = 100)

V tomto pripade (tabulka 1.2), okrem nelichotivého po¢tu iteracii, sme nedosiahli ani uspokojiva
presnost rieSenia.

Treba sa lepsie zamysliet nad vyberom vektorov p;. Tu sa otvara priestor pre vyuzitie vlastnosti
V3 (1.16); Galerkinovej podmienky.

15



Viyber p;

Iteracia I, A,; AZ;- -1
2 96.564 97.615 94.926 31.540
3 95.465 96.813 90.771 24.331
5 94.452 94.198 90.667 17.537
10 91.049 93.155 81.085 10.850
20 87.887 89.762 74.624 6.3222
30 79.656 79.218 67.365 4.3467
50 62.797 71.142 62231 25517
100 40.867 52.269 44.676 1.2919
500 9.2190 23.811 25.785 0.3150
1000 6.0958 17.667 19.779 0.2138
2000 3.6676 13.314 14.386 0.1430
3000 24460 11.124 11.836 0.1035
5000 1.2814 8.8584 9.4352 0.0606
10 000 0.5405 6.9612 6.8210 0.0194
20 000 0.2543 6.0092 4.3726 0.0022
30 000 0.1827 5.5725 3.4126 0.0004
50 000 0.1317 5.0208 2.7191 0.0003
100 000 0.0769 4.2751 2.0565 0.0002

Tabulka 1.2:

1.2.2 REDUKCIA DIMENZIE PODPRIESTORU REZIDUI

Tento pristup volby p; je ,sofistikovanejsi“ ako tie predoslé. V ¢om spociva?
Oznacme najprv, kvoli lepsej manipuléacii a zjednoduseniu

Piz(pl‘p2""‘pi)6RnXi

Ak teraz budeme pre p;, j = 1,2,...,i, pozadovat, aby boli navzdjom linedrne nezavislé (LN)
a stcasne, aby p]TfZ»H = 0 (v novom oznacen{ h(P;) =i a PIf,., = 0,) dosiahneme, Ze f; 4
bude lezat v podpriestore dimenzie n —1, t.j. s pribudajucimi vektormi p; (a teda rastom 7) klesa
dimenzia k nule. A ¢o sa stane, ak i = n? Potom f, ,; = 0,, pretoZe jediny vektor, ktory lezi v
podpriestore s dimenziou n —i =n —n = 0 je prave 0,,. A teda

3!
On = fn+1 = Gwn—‘rl —h= G$n+1 :h:>wn+1 = "

To nam garantuje (teoreticky) maximalne n iteracii na ziskanie presného rieSenia. Ale ako
budovat maticu P; s danymi vlastnostami? Pomoze nam vztah (1.12) pre f;,¢:

Ple i

. = f. — Gn.
.fz—i—l -fz P; dz

Vynéasobme ho pJT zlava, j <1

Psz i
d;

Pij i+l = P]Tf i PJTGPi
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Pod'me postupne: (d; > 0)
ei=1,j=1  plf,=0 (Galerkin)

ei=23j=2  plfs=0 (Galerkin) .
P2t
do

1TGP2

j=1  pifs=pifs—p
N——"
=0
Prvy vyraz na pravej strane je nulovy, ¢o vyplyva z Galerkinovej podmienky (V3). Aby sme

anulovali aj druhy vyraz polozime pl Gp, = 0. Inymi slovami, vektor py zvolime tak, aby dana
bilinearna forma bola nulova.

=0, ak plGp, =0

ei=37=3 plf,=0 (Galerkin)

T
. p3 f
i=2 pifi=psfs—P3Gps -2 =0, ak piGp; =0
——
=0
T T T P3Tf3
s _ _ T _
j=1 pifs=p1fs—p1Gps p =0, ak p;Gp3 =0
SN—~— 3
=0

Zhrime to takto: ak PiT_Lfi =0;_1 a IP’Z-T_lei = 0;_1, potom
T
Pi fiz1=0:
Ze to plati ukdZeme velmi jednoducho. PiSme:

T
PZT‘fi—&—l = ( P;q ‘Pz‘ )T(fi—GpipldA z) =

T .
IP)z‘T—1f i P} 1Gp; b fl

- d; 01
- - . o, | LU0 )7 0:
D; fi —DP; sz‘ o

Pozn.: G = 0 a plati p]Tka =0, j # k potom p; sa nazyvaju konjungované vektory vzhladom
ku G.

Zostava nam zodpovedat otazku, & takto ziskané p, spliajui linearnu nezavislost (LN), t.j. je
h(P;) = 4?

Vytvorme si pomocnil maticu

piGp, piGp, --- piGp;
Ty Ty o pIGp.
D; = PZTGIP% _| P2 . P11 P2 ' 2] p; . p; (1.17)
p/Gp, piGp; --- p/Gp; /),
Potom
p{Gpl 0 - 0 dq 0 - 0
0 p3Gp, 0 )| 0 d2 -+ 0
0 0 - plGp; 0 0 --- d;
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Ide o diagonélnu maticu. Plati:

det (D;) = HpjTGpj = H d;.
j=1

j=1

A teda je regularna, kedze d; # 0, Vi. Nasledne, polahky, vyplyva, Ze ak D; je reguldarna a G > 0,
potom musia byt stlpce matice P; LN, t.j. h (P;) = 1.

1.2.3 KONSTRUKCIA KONJUNGOVANYCH VEKTOROV

Od problému, ako ratat maticu P;, sme postupili k tlohe, ako konstruovat vzajomne konjungo-
vané vektory p; vzhladom k matici G. Uvedieme si 2 zovSeobecnené algoritmy (a to : Gram-
Schmidtov a Arnoldiho).

Najprv vSak odvodime alternativne vyjadrenie f;,:

firn = [fi—Gp;

T T
- _GpP Pi-1]) o
- (In sz d@) (I’ﬂ sz—l di—l) fz—l
T T T
p; Pia 21
= (I,-Gp,=L ) | I, . (1, -ap L
Ak si zadefinujeme maticu Q;:
I, 1=0;
i T
Q; = p; . (1.18)
H I, — Gp, d—J , 1>0.
7j=1
tak
Firi =Qify (1.19)

To vsak nie je vSetko. Pokusme sa uplatnit vyhod, vyplyvajicich zo symetrie matice G a k nej
konjungovanych vektorov p;, na vztah pre Q;:

1.18 T pl
Q; (1.18) <In—Gpi1;> In—GpZ-_li1 Qi—2

di—1
T T T
D; Pi1  Gp; , 7 b1
— In_G ~t _Gp._ ‘Gp._ i—
( D; dz D; ldi—l + dz (pz D; 1) di—l @ 2
=0

S
|

T T T
i pi— p;_
= (In - sz’% ~Gp; g ;) (In ~Gp, j)

T
iPj
| @

_ (Inc;zi:p

j=1

18



Dostali sme 2. vyraz pre Q;:

I, 1=0;

Ry
Qi = In—GZpilﬁ, i>0.
=1

Uzito¢né vlastnosti matic Q;:

W1:
PIQ; = Oixn ,resp. Q7 P; = Opxs
Dokaz:
P} (I, — GP;D; 'P]) = P] — (P{GP;) D; 'P] = P} — P = O;x
W2:
QiGP; = 0, ,resp. PLGQT = 0xs,
Dokaz:
(I, — GP;D;'P]) GP; = GP; — GP,D; ' (P]GP;) = GP; — GP; = 0,,;

W3:

Q;Q=0QQ; =Q;,5 <1
Dékaz: Najprv nech j =
Q;Qi = Q} = (I, — GP.D; 'P}) (I, — GP,D; 'P})
= (I, — 2GP;D;'P] + GP;D; ' P]GP;D; ' P]) = Q;
T

Pre j < i:

T
ws) [ p L)
Q:Q; = [ h=j+1 <In - Gpy, d:> Qj]@j = Q
~——

T
T i p;.G
= QQ:=(QQ) = [ k=j+1 <In — Py lelk) QJT] Tl =@
~——
W4
QiGp; =Gp;,j <t

Doékaz: Nech s; = (0,0,...,0,1)7 € R™*! je posledny stipec matice I;

Q;iGp; = QG (Pisi) = (Q;GPi) s

Q,GP; = (I, - GP;D;'P]) GP; = GP; - GP,D; " (P]GP;)

= GP; = GP;D;" (D | 0jxi—j) ) = GPi = (GP; | 0jx(i—y) )

Qiji = (QJGPZ) S; = (GPZ) S; — (G]P)j ‘ ij(i—j) ) S; = Gpi

Pric¢om sme si pomohli vyjadrenim matice IP)?GIPQ nasledovne:

PIGP: = ( PIGP; | P[Gpjy |+ | F]Gpy ) = (D; | 0] [ 0;)

JXi
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Wh:

| I, i=0;
Qi = { I, - GP,D;'PY, i=o0. (1.25)

p;p

. T
Dokaz: Klacovym prvkom odvodenia ,,maticovej verzie* pre Q; je previest sumu 2;71 =L
- J

na maticovy zapis. V8imnime si, Ze plati :

pt
T pg T T T
PiPi = (pi|po|---|pi )| 7 | =pipl +pops + -+ DiD;
p;
;! =
;! di
A ¢o je P;D; 'PI?
1 P{
d1 p%“
—1nT
P;D; ]P)i:(P1‘P2""‘pi) )
1 :
d; plT
; T
_ppl  popl L pipl Z P;p;
dy ds d; d;

J=1

W6: Ak vo (?7?) P; zamenime za P;M;, kde M; je nejaka reguldrna matica, Q; sa nezmeni, t.j.

-1
I, - GEM,) | @M G (PiMi)} (M) = Q; (1.26)

Doékaz: Aplikovanim zndmeho pravidla
(Xyz)'t=z'y'x!
dostavame
T -1 T
I, - G (M) [(PM) G (BML)|  (PM)
~1
= I,-GPM; M/ (PfGP;,)M;]  M!P!
= I, GP,M;M; ' D' M;"M] P
—— ——
= I,-GP.D;'P]
- o
Pozn.: Vlastnost (1.23) pre j = i (Q? = Q;) sa nazyva idempotentnost matice. Matica Q; je

tzv. vieobecny (neortogonalny) projektor (oblique projector). (Keby, naviac. Q; = Q7 iglo by
o ortogonalny projektor (orthogonal projector)).
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Vratme sa teraz uz k tomu, ako generovat postupnost vzajomne konjungovanych vektorov {pj}.

Ide o to, pridat novy vektor p; ; k ,starym®, aby platilo IP’iTGpi 11 = 0;. Na to sa hodi vlastnost
W2 (1.22). Vynésobenim tohto vztahu

P} GQ] = 0ixn
sprava [ubovolnym vektorom w;; dostavame
P GQ/wiy1 = 0;
Potom staci definovat vektor p;,; vztahom
piy1 = Qlwip (1.27)

a dostavame pozadovanu vlastnost
PzTGpi+1 = 0;.

1.3 ALGORITMY PRE TVORBU VZAJOMNE KONJUNGOVANYCH
VEKTOROV

ZovSeobecneny Gram-Schmidtov algoritmus (GGSA = Generalised Gram-Schmidt Algorithm)
si popiseme ako prvy.

Je dana matica G = 0, G = GT € R™™ a je dany systém linearne nezavislych vektorov
{w;} e R" (i=1,2,...,n). G — konjungované vektory {p,} sa vytvaraju takto :

Qo = I,,, p; = wy, d; = pIGp,

fori=1,....n

D; 4
Qi = Q-1 — Gp; <dz>

Diy1 = Q?’wiﬂ
diy1 = piT+1Gpi+1
end for.

Pozn.: Ak G = I,, = GGSA generuje I — konjungované, t.j. ortogonélne, vektory p;.
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Aky je vztah medzi w; a p,;? PiSme

D = @E)F’wl =I,w; =1lw, Uy = 1 (skalar)
P, = WU = W, =P, U !

py = Qlwy = (I, —P1PID'G) w, L) (In — Wy Wi (W{Gwl)fl G) woy =

Py — P U =W,y

= wy;—W; [W{ (W{GWl)il ng} , ak W{GWl je regularna

=—ug

Py = (P1 | py) = (Wil | Wiug + ) = | (W1 | w2) ( U01 ) (W [ w,) <u12> _

— WoUs,, kde U2:<U1 “f)
0 2X2

= Wy =PU, ' kedze U, je horné trojuholnikova matica s jednotkami na hlavnej

diagonéle, a teda je regularna

ps = Qlws = (I, — P,PID;'G) ws "2 (L0 = W W] (WIGW,) ' G ) ws =

PQ —>P2U2_1 :WQ

— wy— W [WZT (WiGw,) ™ ng}, ak WIGW, je regularna

=—u3

U, us
Py = (Ba| py) = (WaUz | Waus +wy) = | (72| 23) (T)H (W2 | ws) <1> _
W3

= W3Ujs, kde Ujz= <LT2‘%> je opat regularna
03 3x3

samozrejme , ak WfGWk je regularne pre 3 <k < j
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P = Qwip = (I, —BPID]'G ) win 2 (T, — Wy W (WIGW,) ™ G) w1 =

T
IP)J' — PjU}l = Wj

= wjr —W; [W;F (W?ij)q ij+1} , ak W;[’GW]- je regularna

=T+
U, Ui
Pis1 = (Pj | pjy1) = M( 0]1] > (W | wjsa) < Jl > -
W1
= WiUjp, kde Ujpr = < I({j ule )
J (G+1)x(j+1)

je horna trojuholnikova matica s jednotkami na hlavnej diagonale, takze reguldrna

Treba poznamenat, Ze regularita W;*-FGWj, vo v8eobecnosti, vobec neznamena aj regularitu

W;{GW;C, pre k < j. AvSak mame G kladne definitnu a tiez wi,wo,...,w, si LN vektory.
Potom Wi, W, ..., W, maja plnt stipcovii hodnost a plati:

WiGw, -0, k=1,2,...,n, kedze G = 0.

Takze LN vektorov wi, wo, . .., w, je nielen nutnou, ale i postacujicou podmienkou pre ,,bezproblémové®
generovanie G— konjungovanych vektorov py, p,,...,p, pomocou GGSA algoritmu.

Pozn.: Volba pre W,, tu méze byt napr. I, alebo A & AT

Nustracia GGSA: vratme sa k prikladu 1 a 2. V priklade 1 sme riesili systém ekvivalentnych

rovinic Gx = h s
AT A 10 -10 Ty 0
G—AA—<_10 90 ), h—Ab—<10>

Za Wy zvolme Iy. Ako bude vyzerat Py? Ratajme :

p = w, = (1,07

T
Q =1, - Gp, <§i) , di #0 (tovieme, lebo G >0, w; # 09),
O 10 —10 1Y B 1Y B
di = piGp; = (1 0)(_10 50 )(0>_(10 10)<0>_10 (= g11)
T,
P g, PG (1 0) (1 (10 “10) (01
=D p1d1<0 1) (0> 10 \0 1
0 1 1

w=aten= (5 1) (V)= (1)

1

1

P?‘(Plpz)_<0

Overme si ich konjungovanost :

PIGgP, =Dy =
2 piGp, piGp,

pIGp, p{Gp, ) _ ( 10 0 >
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Este skusme napisat maticu ,,prechodu® od Wy k Py (t.j. maticu Us) :
Py = Wolly —2=22 7, = P,

Dopocitajme, pomocou ziskanej matice Pg, resp. vektorov p; a p,, dalsie aproximécie @41,
1 = 2,3. Mame:

:1312(8),1’1:((1))7flszl_h:_h:(—[i())
B ple1_ 0 1 0 _(0)_
Ty = T1—P d Vo) \o)J10 \o -
f2:f17p2:<1>
dzzpzTGp2:(1 1)<_1?0 2%)0><1>:(0 10)<1>:10

T
o plf (0N (1) -0 (1Y _ .
T3 = T2 P2 dQ _<0> <1> 10_ 1 =T

Ako mozeme vidiet, stalo sa nam, ze pl f; = 0. Ci uz kvoli ,,nevhodnej“ vol'be matice Wy alebo
vyberu pocdiato¢nej aproximacie 1. Metody na rieSenie stustavy linedrnych rovnic, Gz = h,

ktorymi sa budeme zaoberat ale toto nepripastaju.
Na nasledujticom obrazku (1.4) je znazorneny priebeh iteracii.

\/.6 \/.0 05 x* = w3

10 1 o

0.75 1

0.50 +

0.25 1

X1 = X9
* ) }
0.0 0.25 0.50 0.75 1.0 1.25

Obréazok 1.4: Priebeh iterécii - pouzitie GGSA
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Skisme taktiez nahliadnut do nasledujicej tabulky 1.3. Ide o tabulku 1.2 k prikladu 2, ktora je
doplnena o volbu vzajomne konjungovanych vektorov p; ku matici G. Pripomenime, Ze rozmer
tlohy je 100. NielenZe tento vyber vektorov p;, ako bolo spominané, garantuje (teoreticky) ma-
ximalny pocet iteacii n (100), ale i dosiahnuté presnost riesenia je velmi dobra (1.8 E—12).

Vyber p;
teracia 1., A, Aﬂ —fi PTGPk

J

2  96.564 97.615 94.926 31.540 96.564

3 95.465 96.813 90.771 24.331  95.456

5 94.452 94.198 90.667 17.537  94.407

10 91.049 93.155 81.085 10.850  90.551

20 87.887 89.762 74.624 6.3222 87.027

30 79.656 79.218 67.365 4.3467 76.514

50 62.797 71.142 62.231 25517 51.612

100 40.867 52.269 44.676 1.2919 1.8E-12

500 9.2190 23811 25785 03150 ——
1000 6.0958 17.667 19.779 0.2138
2000 3.6676 13.314 14.386 0.1430
3000 24460 11.124 11.836 0.1035
5000 1.2814 8.8584 9.4352 0.0606
10000 0.5405 6.9612 6.8210 0.0194
20 000 0.2543 6.0092 4.3726 0.0022
30 000 0.1827 5.5725 3.4126 0.0004
50 000 0.1317 5.0208 2.7191 0.0003
100 000 0.0769 4.2751 2.0565 0.0002

Tabulka 1.3:

Specidlnym pripadom GGSA je Zovseobecneny Arnoldiho algoritmus (GAA). Tu nie sa vektory

w;, 1 =1,2,...,n vopred nami zadané, ako pri GGSA, ale ich volime nasledovnym spdsobom :
w, € R"
wiy1 = Bphh, i=12,..., (1.28)

kde B € R™*" je nejaka vhodné regularna matica a h;;1; je tzv. normaliza¢ny skalar.
Je dana matica G > 0, G = GT € R™ ", regularna matica B € R” a je zvoleny vektor w; # 0,
(vhodne normalizovany). G — konjungované vektory {p,} sa pomocou GAA vytvaraja takto :

Qo = I,,, p; = wy, d = pIGp,

fori=1,....n

p; T
Qi = Q-1 — Gp; <dl>

Piy1 = Q? (Bpihi_—i-ll,z)’ hit1,i = Hpi+1H
dit1 = phiGpiyy

end for.
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Pozn.: GAA = Generalised Arnoldi Algorithm

Preskimajme nejaké vztahy vektorov pq,ps,...,p; ziskané tymto algoritmom. Vychadzajme z
definicii (1.27) a (1.28)
T -1
Pit1=Q; Bpihz'+1,i

a dalej ju upravujme takto (pre 1 < j < i):

pjhjr1; = Q) Bp; — (I n — PD; P} G) Bp, = Bp, — P; (D; 'P]GBp,)
2 h,
h; .
Bp; = Pihj+p;iihj= (P | P ) <hj+J1’j ) =Pjrhj, (1.29)
Pjt1
kde
Ry = (hy [ hyrrg)' = (b hay oo by | hyeg)”
Co bude BP;?
BE; = B(p, | py| - |p:) = (Bpy | Bpy |- | Bpi) "2 (Boht | Bshs | - | Piyihy)
hi h;
0 0
BP; = | (P2 |ps|- | pis1) : (P3| py |- | Pit1) : co | Pipahiyy
o ;
Dostéavame dolezity vztah
BP; =P HY,, | (1.30)
kde
hii hi2 -+ hiy
ha1 haa
H7 = 0 hsa - hi—i,
: : - hig
0 0 Dy (i+1) x4

Matica H, ; je typu hornej Hessenbergovej matice. MozZeme ju dalej pisat takto :

H* h; H,;
Y= ! ¢ = d 1.31
o <0i hz‘+1,i)(i+1)xi ( 0i | hivi ) 31
a
hii hig2 hiz - h1
ha1 haa haz - ha.;
H;=(H; | h;) = 0 hza hss :

S . hi—1
0 - 0 hiir hii ),

26



Kapitola 2

METODY NA RIESENIE LINEARNYCH
SUSTAV

Teraz, ked uz mame vztahy pre vypocet ;1 (1.11) a p; 1 (1.27), mozeme sformulovat ,,univerzalny*
algoritmus itera¢nej metody rieSenia ekvivalentného systému rovnic Gx = h (1.3).

Je dané ekvivalentné stistava rovnic, t.j. matica koeficientov G = 0, G € R™"*™ a vektor pravych
stran h € R™. Nech matica B € R" v GAA je rovna su¢inu KG (B = KG), pre nejakia
Tubovolnt regularnu maticu K € R™. Potom Strukttra algoritmu je nasledované.

Qo =1, fi=Gz1—h,p,=Kf,,d =plGp,

fori=1,....n
o Pz’sz'
Lit+1 = L5 — Py d-
(]
T
P fi
fimi=Fi—Gp; szz
(]

if Hfi-s—l”oo =0 then
¥ = Lit1, STOP
end if
P\’
Qi = Qi1 — Gpi <dl>
(1) piy1 = QZTKGPih;:M (pripad GAA)
(2) pi1 = Q'K S (pripad GGSA)
di+1 = pl1GPi 11
end for.

Pozn.: Voli sa bud krok (1) alebo (2) pre vypocet vektora p;, ;.

Ako mozno vidiet p; nie je lubovolny vektor (na rozdiel od «1). Prec¢o?

Nech B = KG (pripad GAA). Pocitajme tymto algoritmom postupnost aproximécii rieent
{x;}. Za predpokladu, ze p,,; = 0, (a teda p;,...,p, # 0,) vieme zabezpecit pre Tubovolny
vyber parametrov G a K, aby posledna dosiahnuté aproximacia @41 bola riesenim ekvivalent-
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nej ststavy G = h, resp. aby f,,1 = 0,7 Co sa nitka je vhodny vyber Py-
Z rovnice (1.30)

BP; =P Hj
vyplyva pre i = s a za predpokladu p,,; = 0,, rovnost:

BP, = P HY,,

1.31
2 pH, +pyyy (07| haprs) = P.H, (2.1)
~—~—
On,

Dosadme za B = KG a nech s; oznacuje prvy stlpec matice I,. Potom postupnymi tpravami
(ktoré su v kazdom riadku vyznacené vpravo) dostavame :

KGP, = P;H, /K" zlava
GP, = K 'P,H, /HS_1 sprava
G’IP’SHS_1 = K 'p, / Qs zlava
(QSGPS) H;l = Q. K 'P, / 81 sprava
= Onxs

0, = Qs (K_lpl)
a tiez chceme, aby platilo :
On:fs+1 :@sf1
Porovnanim poslednych dvoch rovnic nam vyjde volba pre f :

fi :K_lpl, resp. p; = Kf;

V pripade (GGSA), kedy sa voli p;,; = QiTKfiH, nam pri pg,y = 0, pomodze garantovat
fs11 = 0p, vhodny vyber matice K. Lebo

On = Psy1 = QZKfSJrl /flT zlava

(1.19)
0= flTpsH: 1T sTKfs+1 = fg+1Kfs+1

Ak K bude splhat, podobne ako kladne definitna matica,
Ve £0, x'Kx>0

potom
fs+1 = On

Pozn.: K nemusi byt, nutne, symetricka.

Niektoré z jej vlastnosti st podobné ako pre kladne definitné matice, napr.
e K je regularna
eVa#0, zTKlx>0
Dékaz:
2'Ke=a2"K'e =2’ KTK'Ke =y"K 'y >0
Pric¢om iné mocniny K nemusia byt!

eV #£0, MTKM >0, ak M méa plna stlpcovi hodnost.
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2.1 DLHE REKURENCIE (LONG RECURRENCES)

2.1.1 OrthoDir A GCR

Poktisme sa pomocou nasho ,univerzalneho* algoritmu vyréatat rieSenie systému normalnych
rovnic

ATAx = A"b ,

t.j.
G=ATA, h=A"b anech K=AT.

Co dostaneme?

Pripad GAA (hit1; =1, Vi) — metoda OrthoDir

x1 € R", ri1=Ax;-b, p=Kf, =7

T AT,
p;AT;
Tiy1 = T +P; (2:2)
‘ P;TFATAPZ‘
i TATA2p
7

Pozn.:

e OrthoDir = Orthogonal Direction

e V kazdom kroku sa minimalizuje HeHG = HG lfHG HfHG 1= |||

Pripad GGSA — metéda GCR

Predpokladajme, Ze A splha
Vo #£0, xzlAz >0,

pricom nemusi byt symetrické.

Potom
1 €R", rm=Ax;-b, p,=r
Tl = X +p‘7piTATm
SR plATAp,
P]A AT‘z+1
D1 = Tit1 — D,
KA 7 ]Z; ] ATApJ
Pozn.:

e GCR = Generalised Conjugeted Residuals

e V kazdom kroku sa minimalizuje ||7|]
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Vsimnime si, Ze na vycislenie p;, ; v oboch pripadoch, ndm treba poznat celtt maticu IP;. A navyse
so zvySujucim sa i nam line4drne rastie pamét, potrebnd na jej uloZenie. TieZ pocet operécii
(a teda Casu) na zratanie danej sumy, stupa. Inymi slovami: tieto metédy vyuzivaja plny tvar
projekénej matice Q; (1.20).

To sa da riesit, viacmenej, takymito spésobmi :

o restartovanie — vypodita sa prvych m iteracii a potom sa opét zatne od znovu s €1 = Tpy41
a zvySok ziskanej informaécie sa ,,zmaze“ (¢o moze byt neziadtce)

e skrdtenie — namiesto celej formuly pre p; | sa pouZije iba poslednych k < i ¢lenov matice
P, t.j. Piv1_k,---,P; & tak pre OrthoDir potom mame

i T AT A2
p;jA A’p
Piq1 = Ap; — E Pi—F 7
it1—k A Apa

e vhodny vyber K — moZeme anulovat takmer vSetky cleny v sume (nie¢o ako skratenie,
dokonca pre malé k) a dostaneme tzv. kratku rekurenciu (vid odsek 2.2).

2.1.2 GMRes METODA

GMRes (Generalised Minimal Residuals) vyuziva OAA s B = A a p; = r1/||r1| na genero-
vanie postupnosti ortonormélnych vektorov {pj}. S ich pomocou sa snaZime v kazdom kroku
minimalizovat normu ||7|. Struktira GMRes sa li&i od ,univerzalneho® algoritmu, a preto ne-
moZeme pouzit rekurentny vztah pre x;;1. Treba aproximécie pocitat inou technikou.

Budeme hladat vhodné ;1 z podpriestoru :

x(z)=x; + Pz, zcR (2.3)
Potom

r(z) = Axz(z) —b=(Ax; — b) + AP;z = r; + APz
7(z) = pylril + APiz = Pijys1 ||m1]| + APiz,

kde s; je prvy stlpec matice I; .
Vyuzijeme rovnost (1.30)

BP; =P 1 Hj Z=2 AP, = PiiHyy
a dosadme do 7(z) :
r(z) =Pipisy[ril + P Hi 2 = Piga (Hiyz + 81
Norma 7(z), ktort chceme minimalizovat bude
I (2)Il = [|Piss (H7 a2+ s1llrall) || = [|HG oz + sallrll]]

pri¢om druha rovnost plati, pretoze matica ; ma ortonormalne stipce.
Taktiez

Ir(2)]| = |Q (Hij1z + s1]ra) |
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pre Tubovolni ortogonalnu maticu Q, takze i pre Q = Q;, 1, ktora splia

U4
Qz‘+1H§k+1 - <OTZ > )
i
kde U; je horna trojuholnikova matica. Ako dospejeme k matici U; a samotnej Q7 (vid

dalej).

Za predpokladu, Ze mame uz takt maticu @, a definujeme si jej prvy stlpec

a;
1181 = R
Qz+1 < Vit >

ratajme :

Il = Qs iz + sullml) = (57-) =+ (52 ) bl

nésledne
2 2 2
[r(2)[I” = Uiz + ai[[r[[[I” + (vit1 71 ]])

Kedze U; je regularna (lebo H7,; ma plnt stlpcovii hodnost), z toho vyplyva, Ze |r(2)| je
minimalizované, ak

z= —U;lai lr1]] -
S tymto vyberom z potom méme
[riall = [yl I
a z rovnice (2.3)
LTit+1 = L1 — IP’le_laz ||T1|| . (24)

Uz len ziskat UZ._1 a a;. Zacnime najprv zistovanim, ¢o je U; a Q.
Nech i =1 (Qi+1 = Q27 U,=U,, f+1 = Hz)

«_ [ —s1 hip\ _ ( Ui
= (50 ) ()= (55)

Q- je tzv. matica rotacii v rovine, kde ¢; — je kosinus a s; — sinus prislusného uhla. Kedze
ortogonélne matice nemenia dlzku vektorov, vieme, ¢o bude U;. A sice, plati :

_ hi1 _ Uy
1QxH || = H( ha1 >H B H< 0 >H
4
i+, = Ut o = oy

Zvolme za U kladnt hodnotu, t.j. Uy = /h?, + h2 norma vektora (hi1, ho1 .
1,1 2,1 , ,
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Dopocitajme, teraz, maticu Qs :

hipci—heist = Ui [Jhia ]
hapci+hiist = 0 / h21

(h%,l +h%,l) c = hiaUs

\
h171U1 h1 1 h2 1 h2 1

) )

2 2 = ;81 = e
hip+hy, /hi,+h3 i1 Vit hi,
T

Teraz predpokladjame, Ze pozname Q,; a U;_; <takZe Q.H; = (U;_1 | Oi)T). Ako upravime na
hornt trojuholnikovi maticu, Hy, {7
Matica H, ; ma ,pekna* Struktaru, ktord ndm pomoze.

- (1)
i+1 OzT hz‘+1,i

vynasobme ju zlava maticou, ktora je opit ortogonalna :

&1

. N U,_ Uu;
Q; |0 H;| h _ ([ QH;| Qihi \ _ T '
T T = T =1 01 | wi ’
0; \ 1 0; \ hit1,i 0,1 \ it ol B s
i—1 1+1,8

(i+1)xi

ak definujeme

s
h; = L. 2.5
Q= (1) 25)
Este nam chyba anulacia posledného riadku. Aj tu pouZijeme maticu oto¢enia (v rovine) na
posledné dva riadky, pricom prvych (i — 1) riadkov ponechdme bez zmeny, t.j. vynasobime préave
ziskant maticu, Specidlnou (ortogonalnou) maticou, zlava :

Ii_1|0;—1|0;—1 Ui | wu U1 | u;
T T T
OZ‘_ C; —S; Oi_1 % = Oi—l w; )
T T T
0;_ Si Ci 0i1 | hiv1, 0;_; | 0
kde
* Wi 2 2
) H < hi—i—l,i 7 i+1,2
(25) , 1 T
w; = (Sz' Qi) h; = q; h;
W o higag
C = Jj y S = — w;‘
Pozn.:
o wj=U;

e gl oznactme posledny (i — ty) riadok matice Q;

e Q_; ozna¢me ,zvySok“ matice Q; (prvych (i — 1) riadkov)
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Pre U; a Q;,; mame :

Uit | u;
U, = 2.6
( Oz‘T 1| Wi > (26)

I, 1] 0;-1 |01 Q_; |01 Q_; | 0;1
Q=1 0 | a | —si gt | 0 =| aql | —si ;
T T T
0171 Si C; 01;1 1 Siq; Ci (i+1)x (i+1)

pricom sme vyjadrili Q; ako

Ak sa pozrieme lepSie na Struktiru @, ur¢ite ndm neunikne, Ze ide o dolni Hessenbergovu
maticu.
K vyjadreniu U 1'a a; uz nie je daleko.

Pouzijeme standardny postup :

Uiy | ui || Timq | 0i4 JUY zlava I, ‘ U \u, H U, ‘ 0;—1 D
< 074 ‘w"ﬁ 074 ‘ 1 Jwi ™t 071 ‘ 1 H 071 ‘Wffl /—U-f_lluzl

— ) — i

of | v o, | w!
UL | -U ujw!
= Uz_l — 71:1 zfl*_ll 7 (27)
0i_1 wj
A ¢o ai?
Nech 4, = prvy stipec I;41 a i = prvy stipec I;.
a Q—i 0;—1 Q—i Q—zz a;—1
( - ) =Qiir=| gl | —si |ir=| aql |i=| c(q?) |=| caw (2.8)
Yit+1 T T T. .
5iq; | ¢ siq; s; (gi1) Si%i

Oznacme si Y; = IP’Z-UZ._1 a pocitajme

(Pi—lU;—l1 —Pi—lU;_llui wg**l +piw**1) —

%

vi= (7 |2

= (Y1 ‘ (p; — Yioiw)wi ™)

33



a dosadzujme do (2.4)

zi1 =z —PU;  a; |ri]| = 21 — Yia; |||

or— (i | ) (255 Il -

(K

=z = Yiaai|rl —yeoillmll =

x;
Civi
=z — (p; — Yi1w) — |Ir1]]
Wi
Pozn.:
i
o 7 (28) Yi+1 = Si7Yi = H Sj
j=1
o Akby A=ATap, =0,
AP, = P H:  =P,H, /P
PTAP, = PIP,H, = H,
KedZe Hg je horna trojuholnikova aj symetricka zaroveii, potom je trojdiagondlna. A
vSetky H; 1 <1 < s su taktiez trojdiagonalne, lebo si jej hlavné podmatice. Tato
vlastnost matice nam ulah¢i mnoZstvo vypoctov.

2.2 KRATKE REKURENCIE (SHORT RECURRENCES)

Ako sme naznacili v predchadzajucom odseku 2.1 (dlhé rekurencie), problémy s rieSenim roz-
siahlych riedkych sastav, ndm hrozia, hlavne s poziadavkou na pamét, ktora s rastom ¢ (po¢tom
iteracii) narasta. S tym sa tiez spaja mnoZstvo operacii, potrebnych na vy¢islenie matice QiT.
Téa sa vo v8eobecnosti, neuklada, ale vy¢isluje sa pomocou uloZenych vektorov p,ps,...,D;:

i T,
T _ ij
Q; —In—jzlpjdj-

Vlastne chceme vypodcitat vektor Q;fpwH_l, a teda, treba nam pocitat v kazdej iteracii (pre kazdé i)
sumu

: p;‘-FGwz'H
ij d. :
j=1 J

Nacdrtli sme uz aj nejaké mozné , kvéazi“ postupy, ako obist ten ohromny pocet maticovo—vektorovych
nasobeni, ale snad najlepsie je pokusit sa zvolit ,,vhodnejsi“ parameter K.
Zauvazujme takto : majme rovnicu (1.24) (jedna z vlastnosti Q; (W4))

Q;Gp,=Gp,;, j<i
upravme si indexéciu matice Q (kvoli lepsej prehladnosti) : j — j — 1
Qj—1Gp; = Gp;, j<i /'w]T zlava
w]TQj_l Gp; = ijGpi =0, j7<1
——

Py
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Teraz zvolme za w; tzv. Lanczosov vyber :
w; = KGp;_,
a dosadme :
P]Tsz‘ = p;“F—1GKTGPi =0, j<z1,

resp. (j —1—7)
pIGK'Gp, =0, j<i-2.

Vratme sa k sume :

P Gwit1 G'wz+1 GKsz-H p,GKGp, ;i 1GKGp;
ij . Z - 5 =P T4 Pi—1 T d,

ak K = K. Potom pre p,,; plati (3-¢lenna rekurencia) :

T T
p GKGp; p; \GKGDp;
pis1=Q/KGp, = KGp, —p; ———— —p,_, “dill :
i

0 (2.10)

KedZe, v praxi sa vyskytuju rézne numerické obtiaze, skiisme ich trochu zmiernit ,,vloZzenim* do
nasich tvah skalovaci skalar h;41 ;.

Diy1 = Q,{KszhlJrllz /ijHG zlava
diy1 = p,i'r+1Gpi+1 Pz+1GQTK szh;“

T T
p; GKGp; p;_GKGp; B
diq1 = p¢T+1GKGp¢ - (piT+1Gp7j) I (P¢T+1GP¢—1) 27 hz‘-{—ll,i =
T 7 T/ ’L—].

T -1
= PinGKGp;h; -y ;

= p GKGp; = hiy1,;din

1+1—1:
p_GKGp; = p]GKGp,_| = hi; 1d;
néasledne T c
p; GKGp; d; _
Pit1 = <K'Gpi P _pi_lﬁ hii 1) th ; (2.11)
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Pre vyber w; = K f; (tzv. HS L yyber) mozeme urobit podobné tvahy.

pJTfZ- 41 (119) 0, j<i (Galerkinova podmienka)
(3. L .
fin = Qfi 2 Qa(Qif)=Q1fiyr, j<i+l Jw] dava (2.12)
wifiy = wQifi1=pfi=0, j<i
——
pj
I w;= K.fj
f;"FKTfiH = 0, j<1 (2.13)
T
(1.12) P~f~ T
I P C e
j
T r Pifi g T
fj+1 = fj —ijG /K Jit1 sprava
J
T ToT Tfj T T
g+1K firi = K fipq— ii p;,GK" [,
j

Nech j < i—1a pr # 0, potom vyraz na lavej strane a prvy vyraz na pravej strane,
v predchadzajucej rovnici, je nulovy (z (2.13)) a plati

T
p; f;
]d- L (pIGK™f,) =0,
J
resp.
pIGK'f,,, =0, j<i-1
Suma '
~ p,GKf,
ij d.
j=1 !
sa zredukuje iba na jeden ¢len
PiGK [
p; a4
1

ak K = KT, A pre p,,; mame (2-¢lennt rekurenciu)

p,GK i
P = QKfip =Kfi—p; Zdiﬁ
(2
Opét skasme pouzit skalovanie :
Piv1 = Q KflJrth-lz /fzif—l zlava
T fo. = f~ - L8 7 Y L I " S e Bl 9.14
Piv1Ji+1 = Jit1Pit1 _fz+1Q Fiv1hivi -fz+1 Jit1 Z+1Z—01+1 i+1,i (2.14)
~——
T (1.12) 7 pifi 1 (2.14) 0i hi_,il,l T
oiv1 = fipiKfipn = FiKfi— d: (Pi GK.fi+1) = T4 (pi GKfiJrl)
—— i i

LHS = Hestensen — Stiefel
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o
pIGKf,  =— jl hii—1d;
)

Pit1 = Qz‘TKfiHh;rlu = <Kfz+l +p lOH hi,i—1> hz_-l—l i (2.15)

)

Ako v pripade dlhych rekurencii, uvedme si vieobecny algoritmus pre kratke formuly.
Je dana matica G > 0, G = GT, G € R"*" a vektor pravych stran h € R". DaleJ méame zvolent
nejaki regularnu maticu K € R”, K = K. Potom $truktira algoritmu je nasledovana.

Qo =1,, f1:G$1*haP1:Kf1ad1=p1TGP1

fori=1,...,n
T .
(1) it1 =2 — p; pidfz
0; hi_il—l
(2) Tiy1 =z — p; —a
T
(1) fir = £~ Gp, ;f :
( ) f’Hrl fz D; T

if HfzﬂH =0 then
x* = Lit1, STOP

end if
p!GKGp;, _
(1) Diy1 = <KGPi + p; T +pi1di hiji— 1> hz+1z

1+1 _
(2) Dit1 = <Kfz+1 +p 0+ hm‘—1> hz+11

(2

diy1 = pa lei—H

end for.

Pozn.: volia sa bud kroky (1) (v pripade Lanczosovho vyberu w; = KGp;_; — metédy Lanczo-
sovho typu), alebo kroky (2) (HS volba : w; = K f; — metody HS typu). Pre (2) sme pouzili
vyjadrenie p] f; = o; hZZ 1z (2.14).

Na tomto mieste treba podotknuit, Ze vSetky algoritmy (vratane uz uvadzanych) Cerpame z
knihy [1], t.j. Vv tejto praci buda uvadzané bez zésahu autora, resp. odvodené podla uvedenej
literatiry.

Ku konkrétnym metédam sa dostaneme vyberom vhodnych parametrov a ich dosadenim do
vBeobecného algoritmu pre ti, ¢ ont volbu w;.

V knihe [1] je viacero metod, ktorymi sa autori zaoberaji, pri¢om my sme sa obmedzili iba na
niektoré z nich.
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Su to tieto (uvadzame nazvy prebraté z [1]):

e HS vyber :
CG — Conjugate Gradient } _ AT
CR — Conjugate Residuals
CGNR - CG Normal Residuals
e Lanczov vyber :
MCR - Modified CR
oD — Orthogonal Directions A AT
StOD —  Stabilised OD
SymmL(@Q — Symmetric LQ
LSQR — Least-Squares QR

Este uvedme, Ze vietky metddy, okrem CGNR a LSQR, vyzaduja symetriu matice A (t. i A = AT).
Pre nasledujtice algoritmy pouzivame vSeobecny algoritmus pre kratke rekurencie (s konkrétnymi
parametrami), uvedeny na strane 37 a volime h;y;; = h;;—1 = 1.

2.2.1 METODY HS TYPU
A) METODA KONJUNGOVANYCH GRADIENTOV (CG = Conjugate Gradient method)

Parametre :

A=AT G=A, h=b, K=1,

Pociato¢né hodnoty :
Ty ER”, plszl :7’1:A.’131—b,

Iteracie :
’l“lT’l"i
Tit+1 = Ly —P; —
D;P;
Th..
A T
Ti+1 = T4 P; T
p; P;
T
riT;
o i+17i+1
Piy1 = Titl + P — 7
T, T

Pozn. Ak matica A je indefinitna, algoritmus moze zlyhat (vplyvom straty kladnej definitnosti
matice G = A, lebo moze platit, ze p/Gp; = 0, i ked p; # 0,). Treba testovat v algoritme
podmienku nenulovosti d;.

B) METODA KONJUNGOVANYCH REZiDUi (CR = Conjugate Residuals method)

Parametre :
A=AT G=ATA=A% h=A"b=4b, K=AT=4"
Pociato¢né hodnoty :

z1€R", rm=Ax,-b, fi=Gx;—h, pj=Kf, =r1, q =Ap,
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Tteracie :

T
T Ar;
T
q,4q;
T
r; Ar;
T
q;q;
T
"'Z‘+1A7’z‘+1
T
r; Ar;
T
i1 ATit
T‘ZTATZ'

Tiy1 = Ty — Py

Ti+1 = Ti —Qq;
Pit1 = Ti+1 +D;
qi1 = Arip1 +q;

Postupnost {g,;} = {Ap,} generujeme, aby sme sa vyvarovali maticovo — vektorovému nasobeniu
(namiesto piTAQpZ» ratame qiTqi).

C) METODA NORMALNYCH KONJUNGOVANYCH REZIDUI (CGNR = CG Normal
Residuals method)

Parametre :
G=ATA, h=A"p, K=1,

Pociato¢né hodnoty :

1 €R", r1=Az1-b, fi=Gzxi—h, p=Kf =A"r

Tteracie :
T?AAT’I'i
Titl = Ti — D —7 p o
T AT
p; A’ Ap;
riTAATri
Tit1 = Ti —

p. P ——

’ PiTATAPi
AT

Piy1 = A'rip1+p;

Poznamenajme, Ze vy¢islenie vyrazu piTATApi (resp., riTAATri) obdobne, ako pri CR metdde,

vyzaduje 2 kroky : najprv vypocet pomocného vektora g; = Ap; a potom vypocet daného vyrazu

ako skalarny sicin qZ-Tqi (resp., A"r; a nasledne (ATri)T(ATri)).

2.2.2 METODY LANCZOSOVHO TYPU

A) MODIFIKOVANA METODA KONJUGOVANYCH REZIDUI (MCR = M odified Conjugate
Residuals)

Parametre :
A=AT G=ATA=A% h=A"b=4b, K=AT=4"
Pociato¢né hodnoty :

z1€R", ri=Ax,-b, fi=Gx;—h, p,=Kf, =r1, q =Ap,
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Tteracie :

Titl = T —

Tit1 = Ti —4; —F

T T
q; Aq; q;4; .
Pir1 — 4q; —P; —Pi1 ) 1> 2
' ' ' quqi ' qz‘T—1qz‘—1
T T
q; Aq, q,4;
g1 = Aq; —q, 47— —
' ' ' quqi ’ qu—lqi—l ’

1> 2

Opiit tu pouzivame postupnost {q;} = {Ap;}, ¢m si zjednodusime nasobenie p! A3p; na q! Ag;.

B) METODA ORTOGONALNYCH SMEROV (OD = Orthogonal Directions method)

Parametre :

A=AT G=1I, h=A"9 K=A

Pociato¢né hodnoty :

x1 €R", r1=Ax,—-b, fi,=Gx—h, p, =K>f, =Ar

Iteracie :
x x P Tr{rl
2 = L1 — P
rippl
T
171
re =711 — Ap; %p
PiP1
T
Lo
ml+1:m1* Zpl;ll, 222
D; D;
T
Lo
Ti+1 :Ti—ApipZ;I ! s i22
D; D;
T T,
p; Ap; D;D;
Piy1 = Ap; — p; ~Pi-1
' B R -

Pozn. Vynasobme vztah (2.10) vektorom f;,; zlava a dostaneme

T T
Dis1fiv1 =P GKf, .,

pricom sme vyuzili Galerkinovu podmienku, ¢im sme anulovali zvysné ¢leny. Teraz, kedze
G=1, K=A atedar;;1=Af, ,aaki—i—1mame

T T
p; fi = Di_1Tiv1

A préave tato rovnica sa objavuje v iteracidch pre x; a r;.
V praxi sa ukazuje byt tento algoritmus numericky nestabilny.
Preto vznikla jeho stabilizovanejsia podoba (StOD)
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C) STABILIZOVANA METODA ORTOGONALNYCH SMEROV (StOD = Stabilised Orthogonal
Directions method)

Parametre :

A=AT G=1I,,  h=A"' K=A

Pociato¢né hodnoty :

xz1 €R", r1=Ax—-b, vi=r;, p =Av

Tteracie :
’UZT’I“i
Litl = Ly —Pj 1 »
D;DP;
T
vir;
Tiy1 = 1 — Ap; 7 -
p; P;
T T
D; Ap; D; D;
! ! ’ PiTpi ’ pZT_1pi71

Tu pocditame vyraz plel nepriamo — pomocou postupnosti {v;} = {Ailpi}.

D) SYMETRICKA METODA VYUZIVAJUCA LQ ROZKLAD (SymmL@Q = Symmetric
Orthogonal LQ)

Parametre :

A=A" G=1I, K=A

Pociato¢né hodnoty :
x1 €R", r1=Ax1—-b, p,=r1/|r]

Tento algoritmus riesi rovnicu Az = b (povodny systém (1.1)), kde A je symetrickd a vo vSe-
obecnosti indefinitnd. Generuje postupnost ortonormalnych vektorov {y;} € R™ a v kazdom
kroku minimalizuje Euklidovskt normu vektora chyby e(z) nad podpriestorom :

x(z) = x; + 2y; (2.16)

Dosadenim do vztahu (1.6)

e(z)=x(z) —x*

vyrazu pre x(z) (2.16) dostavame :
e(z) =z +z2y, —x*
= (z; — ") + 2y,
= e+ 2y, (2.17)
Dalej plati, Ze y y; = 1 (lebo st ortonormalne) a hodnotu z = z;, ktora minimalizuje [e(z)]?
zistime takto :
2 (217) 2 T
le()[I" "=" lle: + zy;[” = (ei + 2y,)" (ei + zy;)
2
= lleill” +2 (y/e:) 2 + (yiw;) 2°
——
=1
= 2 +2(yle) 2+ el
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Ide o rydzokonvexnu funkciu, a preto pre najdenie minima staci, aby bola splneni podmienka
prvého radu (FOC)
FOC :

2
dllells

=0
dz

zZ=2z;
22, + 2 (yfei) =0

zi = -y e (2.18)

Dosadme tento vysledok, spitne, do rovnic (2.16) a (2.17) za skalar z :

Tip1 = x(2) = @ — y; (y] ei) (2.19)
a
eir1 =e(zi) = e —y, (szei)
= (In—yy)) e (2.20)
Ziskany vysledok pre e;1 je rekurentnym vztahom, a preto ho rozpisme dalej :

eir1 = (In—yyl) e
= (In —y9i) (In —¥i1yi1) €
(In - yiyiT) (In - yiflsz—l) T (In - ’!/11/3 €1

(2
= In—Zyjij el (2.21)
j=1

Oznacme si
YiZ(?h‘yz ‘ ‘yz )nxi

a moézeme (2.21) vyjadrit rovnicou
i
€i+1 = In — Zyjij €] = (In — YZYZT) €]
j=1

Vsimnime si, ze ak ¢ = n, tak Y,, je Stvorcova ortogonalna matica, a teda I, — YnYZ = Onxn-
To garantuje (teoreticky) maximélne n iteracii.
V praxi sa vSak potykame s tlohou pocitat ;1 pomocou vztahu (2.19), ale e; je pre nis neznama
veli¢ina.
Tento problém budeme riesit generovanim pomocnej postupnosti ortonormélnych vektorov {p;},
prostrednictvom GAA algoritmu, priCom za maticu B volime maticu A.
Z rovnice (1.30) s B = A mame :

AP; =P, HY (2.22)

kde H,; € ROFDX je hornd Hessenbergova matica (vid. strana 26).
Podobne, ako pri GMRes metode (strana 30), ozna¢me Q) ortogonalnu maticu taku, pre ktort
plati, Ze

Qi1 Hiyy = (013> ;
i
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kde U; € R™ je horna trojuholnikova matica. Maticu Y; a vektor c;+1 definujme takto :
(Y| e )=PiQl

Potom z konstrukcie Y; vyplyva, Ze
Y1V = I,

t.j. Y; ma ortonormélne stipce. Upravme rovnicu (2.22) :

* T *
AP, = PipHy =P Qi Qi Hi
—_—— ——

— (%l ew) ()

)

= Y,;U; (2.23)
Vynésobenim tejto rovnice maticou A~! zlava a nasledne maticou U l-_l sprava dostaneme :
ATY, =PU;! (2.24)

Teraz aplikujme vztah medzi i—tym vektorom rezidui r; a i— tym vektorom chyby e; pévodného
systému linearnych rovnic Az = b (1.1), t.j. vztah

e, = AilTi
a tiez fakt, Ze
A'=AT kedze A=AT.
Vynéasobme (2.24) vektorom ! zlava
rlATYY; = »[PU?
——

elY; = riP,U?

(3

Ak s; bude oznacovat i-ty stlpec matice I;, potom
e,;Tyi = eiTYisl- = riTIPiU;lsi.
Dosadme tento vztah do (2.19) a dostaneme
T =x; —yr DU s,

kde v8etky hodnoty na pravej strane si zname.

Ako pocitat maticu PiUi_l?

Podrobny postup sme uviedli na strane 33, v sekcii GMRes metéda. Pricom st tu vysvetlené
v8etky premenné a spdsoby ich vypoctu.

Z tohto ddvodu tento postup znovu neuvadzame a prejdeme dalej.

Nech T; = ( 131 ‘ to ‘ e ‘ t; ) = IEDiUi_1 (POZOR v predoslom texte, na ktory vas upozoriujeme,
je zobraté Y, = IF’iUi_l). Potom plati

£ — p; — Ti—1u;

*
W

Lenze u; ma vSetky zlozky nulové, okrem dvoch poslednych. Ozna¢me ich u;—1 a u;. To vyplyva
z toho, ze matica H7 ;| je trojdiagonélna, lebo plati

PIAP; = PIP; 1 H},, = H;
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a A= AT Preto mame
P; — ticu; — tiouiq
*

W

t;, =

Nakoniec piSme z (2.23)
Y, = Yisi = APZU;l.SZ
~——
= At;.

A tak sme odvodili vztah pre x;11 a 741

T = x; — At; (r]t;)
ris1 = v — A%t (r]t;)

E) METODA NAJMENSICH STVORCOV VYUZIVAJUCA QR ROZKLAD (LSQR = Least—
Squares QR method)

o I, Onxn . Onxn AT o On
G_(Onxn I, )’ K_< A Opxn ) Pi = S1

Pociato¢né hodnoty :

Parametre :

x1 €R", r1=Ax —b, si=r1/|r

LSQR konstruuje postupnost vektorov {w;} € R" navzajom konjungovanych vzhladom ku ma-
tici ATA a potom ich pouZije na rie§enie systému normalnych rovnic

ATAx = Ab.

Postupnost aproximécii rieSenia tejto sustavy {x;} je pocitana pomocou rovnice (2.2), ktora
pouZzivaji, napr. metédy GCR a OrthoDir

Ak v tejto rovnici zamenime w; za p; a i za j dostaneme

T, .
ij T;

_— (2.25)
wJTATA'wj

Tjr1 = &y + w;

Vektory w; budeme pocitat pomocou postupnosti ortonormélnych vektorov {v;}.
Dosadenim parametrov a po¢iato¢nych hodnot do vztahu (2.11) zistime, Ze vektory p; maju tvar

(o)

pre j parne a



pre j nepérne, kde

Vjr1 = (ATSj — ’Uj_lﬁj) /Oéj_|_1 j nepérne (2.26)
Sj4+1 = (A’Uj — Sj_lOdj) /ﬁj—&-l ] pérne (2.27)
a ajp1 a By st vyberané tak, aby |[vj41|| = [|sj+1]] = 1. Obe postupnosti sa stavaja tymto
ortonorméalnymi.
Nech teraz
Vi= (w2 |va| o2 ),
a
Siv1=( 81| s3] | s2m )W(Hl)
Upravme rovnicu (2.27) na
A'v]- = a;8;-1+ ﬁj+18j+1. (2.28)
Co bude AV,?
AVZ A(’Ug"vz;"""l)%)
= (sz‘szl“"‘A'UQi)
2.28
(225 ((os1+ B3ss | auss + B58s5 | -+ | c2isaio1 + Bait182i41 )
(D) 0 0
B3 oy 0
0 Bs :
= Sit1 | ¢ Sit1 | ¢ | Sipa
. : a9;
0 0 B2it1
= Sz‘+1H?+1v (2:29)
kde
as 0 -+ 0
Bz as -0
H;'k—i-l = 0 ﬁ5 ' :
D
0 - 0 Bop (i+1) x4

je horna Hessenbergova matica.
Ak Q; . je ortogonalna matica, ktora splha

U
Qz’+1H§k+1 = <WL> )
K3
kde U, je horna trojuholnikova matica, mozeme definovat maticu Y; € R™*? a vektor cit1 takto:
(Y |ei )= Sit1QF 1
Rovnicu (2.29) moZzeme teraz napisat :

AV, = Sz’+1Q;TF+1Qz‘+1H:+1
=Y,U;
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Ak teraz

potom
Y, = AW;
a
WwrATAW; = Y, = I,
t.J.

wiATAw; =1, j=1.2,...,i

Toto zjednodusi rovnicu (2.25) na :
i1 = x; + (w]Alr;) w;

Ako v pripade SymmL @), po¢itanie matic W; z rovnice (2.30) je popisané v sekcii GMRes (strana
30).
Takze tu uvedieme vysledny vztah pre vektory w;

V2; — Wi—1U;

* )
Wi

w; =

kde u; je jediny nenulovy prvok (na poslednej pozicii) vektora w; matice U; (vid. (2.6) a stranu
32).
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Kapitola 3

Numerické experimenty

V tejto kapitole sa zameriame na vysledky, ziskané ,testovanim® niektorych uvedenych metod.
Vybrali sme si tieto metoédy

e HS typu: CG (conjugate gradient), CR (conjugate residuals), CGNR (CG normal residu-
als),

e Lanczosovho typu : SymmL@ (symmetric LQ), LSQR (least-squares QR)

a GMRes (generalised minimal residuals).

Na naprogramovanie jednotlivych metéd sme pouZili software MATLAB, ktory je velmi vhodny
pre pracu s maticami. Testovat sa daju rozne regularne sustavy linearnych rovnic, avsak my
sme sa obmedzili na kladne definitné systémy, t.j. uvazujme len pripad kladne definitnej matice
A = 0. V tomto pripade, podla teérie, by algoritmy nemali zlyhavat, nakol'ko je potom vzdy
matica G > 0.

Systém Az = b (1.1) s kladne definitnou maticou A budeme generovat s vopred znamym riese-
nim sustavy, kvoli kontrole spravnosti rieSenia. KedZe sa tazsie generuju riedke requldrne matice,
pomohli sme si vlastnostami diagonélne dominantnych reguldrnych matic. Potom za A zvolime
diagonélne dominantni, symetrickt a teda kladne definitni maticu.

Spravanie sa algoritmov sme testovali na tlohach rozmeru n = 100 az n = 50000, pricom sme
menili aj samotnu ,,riedkost” matic a tiez ,kvalitu“ (normu vektora e; = x; — *) Startovacieho
bodu, t.j. prvej aproximécie x

Samotny experiment sme zostavili ako sériu 100 dloh pre dant metédu, dany rozmer dlohy n,
dant riedkost matice A a dany Startovaci bod. Z tychto 100 dloh sme ako vysledok (pre kazdu
testovaciu metodu) dostali tieto udaje:

e Pres_min_e - najhorsiu dosiahnutti presnost (zo vsetkych tloh) ||z, — =*|,, kde x5 je
posledna dosiahnuté aproximacia, prislusnym algoritmom

e Pres_min_r - najhor§iu dosiahnuti presnost | Axs — b||

o0
e Pres_avg e - priemernt dosiahnutt presnost ||zs — ™|
e Pres_avg_r - priemernt dosiahnutt presnost ||Ax, — b||

Iter max - maximalny pocet iteracii, ktoré potrebovala metdéda na niektort z tloh

Iter avg - priemerny pocet ietracii
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Vsetky vysledky (tabulky a grafy) st uvedené v prilohe str. 50-131.

Na grafoch st priebehy iteracii jednotlivych metod (z priemernych hodnét) pre n = 1000, ried-
kost = 5%, |le1]l,, = 104 (str. 50-53). Dalsie grafy st pre n = 1000, riedkost = 5% a rozne
vzdialenosti 1 od &* (str. 54-59). Potom nasleduja tabulky (60-131).

3.1 Zaver

Z mnozstva udajov, ktoré mame k dispozicii, je zrejmé, Ze dané metody sa velmi dobre osved¢ili.
Je pravda, Ze st medzi nimi kvalitativne rozdiely (napr. CG a LSQR), ale ani jedna z nich
nezlyhala. Pocet iteracii aj pre velké rozmery tloh je pomerne uspokojivy, hlavne pri mensej
riedkosti matic, pretoZe pre vicgie rozmery a pri velkej riedkosti je narast iterdcii mnohonasobny
(vid. napr. metéda CGNR n = 50000, tab. CGNR 12, str. 95). Najlepsie vykazuju vysledky
metédy CG a CR.

Vsetky naprogramované metdédy sa mozu testovat aj na inych reguldrnych maticiach A nez
kladne definitnych.
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CG metéda, n = 100

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 3.11E-15 3.91E-14 1.87E-15 1.69E-14 68 63.30

14 7.22E-15 9.77E-14 3.99E-15 3.66E-14 69 64.27

104 6.24E-14 6.47E-13 3.61E-14 3.04E-13 68  64.09

1004 6.77E-13 7.99E-12 3.62E-13 3.05E-12 69 64.44

10004 6.93E-12 6.95E-11 3.64E-12 2.97E-11 70  64.40

100004 6.83E-11 7.87E-10 3.62E-11 3.00E-10 69 64.11
Riedkost = 10%

4 2.66E-15 5.68E-14 1.62E-15 2.77E-14 55  51.07

14 8.44E-15 2.06E-13 3.45E-15 6.35E-14 56 51.87

104 5.12E-14 1.20E-12 3.08E-14 5.71E-13 57  51.80

1004 6.38E-13 1.44E-11 3.05E-13 5.57E-12 56 51.72

10004 4.92E-12 1.22E-10 2.86E-12 5.23E-11 57 51.83

100004 7.63E-11 1.54E-09 2.95E-11 5.42E-10 56 51.75
Riedkost = 15%

4 2.22E-15 7.11E-14 1.52E-15 3.98E-14 51 46.50

14 5.33E-15 1.85E-13 3.18E-15 8.83E-14 51 47.15

104 6.52E-14 2.03E-12 2.86E-14 8.04E-13 51 47.12

1004 6.41E-13 1.83E-11 2.75E-13 7.32E-12 51 47.22

10004 6.21E-12 1.98E-10 2.78E-12 7.45E-11 51 47.11

100004 7.05E-11 2.31E-09 2.91E-11 7.74E-10 51 47.13
Riedkost = 20%

4 2.44E-15 1.14E-13 1.43E-15 4.76E-14 47  42.90

14 7.11E-15 3.27E-13 3.15E-15 1.11E-13 46  43.32

104 5.81E-14 2.55E-12 2.78E-14 1.01E-12 46  43.41

1004 4.58E-13 1.87E-11 2.64E-13 9.33E-12 46  43.45

10004 5.18E-12 2.17E-10 2.69E-12 9.68E-11 47  43.46

100004 7.21E-11 2.75E-09 2.79E-11 9.85E-10 46  43.40
Riedkost = 25%

4 2.66E-15 9.95E-14 1.51E-15 6.56E-14 50 46.69

14 7.33E-15 4.41E-13 3.15E-15 1.48E-13 51 47.40

104 7.42E-14 4.83E-12 2.86E-14 1.36E-12 51 47.36

1004 8.86E-13 5.53E-11 3.08E-13 1.53E-11 51 47.30

10004 5.22E-12 2.86E-10 2.75E-12 1.30E-10 51 47.38

100004 7.25E-11 4.27E-09 2.92E-11 1.40E-09 51 47.25

Tabulka CG 1:
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CG metéda, n = 200

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 2.66E-15 6.39E-14 1.83E-15 3.29E-14 59 53.90

14 8.44E-15 2.06E-13 3.72E-15 7.38E-14 60 54.83

104 5.77E-14 1.31E-12 3.45E-14 6.70E-13 59 54.85

1004 5.99E-13 1.57E-11 3.50E-13 6.87E-12 60 54.93

10004 9.01E-12 2.13E-10 3.43E-12 6.73E-11 59 54.92

100004 6.15E-11 1.58E-09 3.43E-11 6.63E-10 59 54.86
Riedkost = 10%

4 2.22E-15 8.53E-14 1.59E-15 5.22E-14 48  44.70

14 6.55E-15 2.70E-13 3.46E-15 1.30E-13 49 4525

104 6.35E-14 3.07E-12 3.13E-14 1.15E-12 49  45.33

1004 5.79E-13 2.63E-11 3.20E-13 1.18E-11 49 4521

10004 8.85E-12 3.74E-10 3.18E-12 1.22E-10 48 4523

100004 1.01E-10 5.40E-09 3.05E-11 1.12E-09 49 4520
Riedkost = 15%

4 2.22E-15 1.42E-13 1.50E-15 7.54E-14 45 4141

14 5.53E-15 3.48E-13 3.35E-15 1.83E-13 46  42.01

104 5.90E-14 4.22E-12 3.35E-14 1.84E-12 45  41.94

1004 5.47E-13 3.16E-11 3.17E-13 1.69E-11 46  42.01

10004 5.64E-12 3.94E-10 2.89E-12 1.57E-10 45 4215

100004 7.01E-11 3.47E-09 3.12E-11 1.71E-09 46  42.07
Riedkost = 20%

4 2.22E-15 1.71E-13 1.45E-15 9.46E-14 44  39.73

14 6.66E-15 5.68E-13 3.39E-15 2.44E-13 43  40.04

104 5.89E-14 4.76E-12 3.19E-14 2.33E-12 43  40.01

1004 6.19E-13 4.69E-11 3.14E-13 2.29E-11 44  40.05

10004 9.40E-12 8.39E-10 3.27E-12 2.45E-10 43  40.03

100004 6.92E-11 6.05E-09 3.22E-11 2.36E-09 44  40.06
Riedkost = 25%

4 1.78E-15 1.71E-13 1.42E-15 1.19E-13 42 3851

14 6.54E-15 6.42E-13 3.46E-15 3.19E-13 43  38.97

104 5.77E-14 6.34E-12 3.31E-14 3.08E-12 42  39.06

1004 6.28E-13 6.35E-11 3.35E-13 3.09E-11 43 38.93

10004 7.31E-12 7.99E-10 3.40E-12 3.16E-10 42  39.03

100004 8.47E-11 8.35E-09 3.11E-11 2.81E-09 44  39.12
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CG metéda, n = 300

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 6.7%

4 3.11E-15 9.95E-14 1.69E-15 5.58E-14 49 4523

14 8.33E-15 3.98E-13 3.69E-15 1.39E-13 49 4583

104 6.88E-14 3.06E-12 3.50E-14 1.35E-12 49  45.86

1004 6.86E-13 3.00E-11 3.48E-13 1.32E-11 50 45.88

10004 7.03E-12 3.22E-10 3.50E-12 1.30E-10 50 45.90

100004 8.52E-11 3.83E-09 3.43E-11 1.29E-09 50 4591
Riedkost = 10%

4 2.66E-15 1.71E-13 1.63E-15 7.93E-14 45  41.87

14 7.33E-15 5.12E-13 3.50E-15 1.93E-13 47  42.38

104 6.39E-14 3.87E-12 3.44E-14 1.89E-12 46  42.37

1004 7.28E-13 4.81E-11 3.32E-13 1.85E-11 46  42.39

10004 6.14E-12 3.61E-10 3.07E-12 1.65E-10 46  42.50

100004 7.04E-11 5.16E-09 3.25E-11 1.82E-09 47 42.35

Riedkost = 16.7%

4 2.22E-15 2.27E-13 1.53E-15 1.31E-13 42  38.95

14 6.66E-15 6.54E-13 3.57E-15 3.27E-13 43  39.42

104 8.10E-14 7.76E-12 3.40E-14 3.14E-12 43  39.42

1004 6.31E-13 5.83E-11 3.50E-13 3.22E-11 43  39.43

10004 6.31E-12 5.74E-10 3.24E-12 2.93E-10 42  39.48

100004 6.80E-11 6.98E-09 3.58E-11 3.24E-09 42  39.42
Riedkost = 20%

4 2.22E-15 2.27E-13 1.49E-15 1.49E-13 41 38.24

14 8.17E-15 9.50E-13 3.55E-15 3.84E-13 42  38.66

104 8.39E-14 9.66E-12 3.63E-14 4.00E-12 42  38.70

1004 1.16E-12 1.50E-10 3.78E-13 4.07E-11 42  38.63

10004 7.53E-12 9.52E-10 3.32E-12 3.65E-10 42  38.79

100004 7.47E-11 9.09E-09 3.33E-11 3.71E-09 42  38.77
Riedkost = 25%

4 2.22E-15 2.84E-13 1.62E-15 2.02E-13 44  39.96

14 7.11E-15 1.14E-12 3.82E-15 5.08E-13 43 40.33

104 6.45E-14 9.49E-12 3.45E-14 4.70E-12 43  40.38

1004 7.19E-13 1.08E-10 3.55E-13 4.83E-11 43 40.40

10004 7.10E-12 1.03E-09 3.52E-12 4.69E-10 44  40.36

100004 8.43E-11 1.26E-08 3.61E-11 4.84E-09 43 40.39
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CG metéda, n = 500

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 2.66E-15 1.14E-13 1.87E-15 7.92E-14 53  48.46

14 8.22E-15 4.83E-13 3.99E-15 1.90E-13 54  49.32

104 6.48E-14 3.33E-12 3.57E-14 1.69E-12 54 49.43

1004 5.81E-13 3.54E-11 3.64E-13 1.73E-11 54 49.40

10004 7.18E-12 4.09E-10 3.62E-12 1.74E-10 54  49.32

100004 6.51E-11 3.39E-09 3.86E-11 1.83E-09 54  49.25
Riedkost = 10%

4 2.22E-15 2.27E-13 1.62E-15 1.31E-13 43  39.65

14 6.66E-15 6.25E-13 3.69E-15 3.33E-13 44 40.22

104 7.64E-14 7.59E-12 3.67E-14 3.33E-12 44  40.20

1004 7.23E-13 6.55E-11 3.63E-13 3.29E-11 44 40.20

10004 6.52E-12 7.10E-10 3.58E-12 3.26E-10 44  40.22

100004 7.52E-11 7.74E-09 3.67E-11 3.30E-09 43 40.18
Riedkost = 15%

4 3.77E-15 6.25E-13 1.71E-15 2.15E-13 45  41.03

14 7.55E-15 1.08E-12 4.00E-15 5.35E-13 45  41.50

104 6.53E-14 9.01E-12 3.86E-14 5.24E-12 45  41.52

1004 6.45E-13 9.74E-11 3.90E-13 5.22E-11 45  41.50

10004 7.28E-12 1.06E-09 3.71E-12 5.01E-10 45  41.53

100004 7.62E-11 1.23E-08 3.93E-11 5.18E-09 45  41.55
Riedkost = 20%

4 2.22E-15 4.55E-13 1.57E-15 2.64E-13 40 37.45

14 1.29E-14 2.73E-12 4.36E-15 7.99E-13 40 37.86

104 9.46E-14 2.00E-11 4.08E-14 7.33E-12 41  38.02

1004 1.13E-12 2.33E-10 4.23E-13 7.71E-11 40 37.99

10004 7.82E-12 1.46E-09 4.06E-12 7.28E-10 40 37.97

100004 1.13E-10 2.29E-08 4.10E-11 7.50E-09 41 37.96
Riedkost = 25%

4 3.11E-15 7.96E-13 1.86E-15 4.14E-13 49 46.16

14 9.50E-15 2.b3E-12 5.06E-15 1.14E-12 50 46.78

104 9.73E-14 2.59E-11 4.84E-14 1.12E-11 49  46.84

1004 9.76E-13 2.67E-10 4.88E-13 1.14E-10 50 46.83

10004 1.14E-11 2.97E-09 4.88E-12 1.15E-09 50 46.84

100004 8.95E-11 2.27E-08 4.84E-11 1.13E-08 49  46.79
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CG metéda, n = 1000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 3.11E-15 3.13E-13 1.78E-15 1.47E-13 43 40.02

14 6.88E-15 7.67E-13 4.27E-15 3.88E-13 44  40.62

104 7.76E-14 8.17E-12 4.04E-14 3.70E-12 44  40.63

1004 9.94E-13 8.85E-11 4.18E-13 3.81E-11 44  40.57

10004 9.86E-12 1.08E-09 4.09E-12 3.68E-10 44 40.65

100004 9.46E-11 1.05E-08 4.08E-11 3.69E-09 43  40.62
Riedkost = 10%

4 2.22E-15 4.55E-13 1.71E-15 2.71E-13 40 37.89

14 7.77E-15 1.45E-12 4.56E-15 7.98E-13 41  38.27

104 7.08E-14 1.29E-11 4.18E-14 7.24E-12 42  38.35

1004 7.64E-13 1.36E-10 4.31E-13 7.57E-11 41  38.34

10004 8.30E-12 1.55E-09 4.34E-12 7.56E-10 41  38.36

100004 8.10E-11 1.41E-08 4.22E-11 7.27E-09 41 38.36
Riedkost = 15%

4 2.66E-15 7.96E-13 1.74E-15 4.28E-13 40 37.36

14 8.66E-15 2.39E-12 4.97E-15 1.30E-12 41  37.69

104 8.99E-14 2.66E-11 4.70E-14 1.23E-11 41 37.71

1004 8.37E-13 2.37E-10 4.58E-13 1.20E-10 41  37.68

10004 8.08E-12 2.19E-09 4.41E-12 1.15E-09 41  37.67

100004 1.16E-10 3.37E-08 4.61E-11 1.21E-08 41  37.78
Riedkost = 20%

4 2.66E-15 1.02E-12 1.75E-15 5.88E-13 40 37.45

14 1.02E-14 3.98E-12 5.48E-15 1.99E-12 40 37.75

104 9.93E-14 3.74E-11 4.99E-14 1.79E-11 40 37.80

1004 9.91E-13 3.78E-10 5.14E-13 1.81E-10 41 37.72

10004 1.12E-11 4.36E-09 5.13E-12 1.85E-09 40 37.70

100004 9.07E-11 3.32E-08 5.12E-11 1.84E-08 40 37.74
Riedkost = 25%

4 3.55E-15 1.71E-12 1.85E-15 8.07E-13 38 35.63

14 1.20E-14 5.68E-12 6.49E-15 2.97E-12 38 35.86

104 1.39E-13 6.87E-11 6.02E-14 2.79E-11 38 35.94

1004 1.25E-12 5.80E-10 6.01E-13 2.77E-10 38 35.86

10004 1.22E-11 5.94E-09 6.29E-12 2.88E-09 38 35.89

100004 1.31E-10 6.03E-08 6.04E-11 2.78E-08 38 35.92
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CG metéda, n = 2000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 2.66E-15 5.12E-13 1.81E-15 2.96E-13 41  38.29

14 7.11E-15 1.25E-12 4.52E-15 7. 78E-13 42  38.86

104 8.14E-14 1.41E-11 4.57E-14 7.78E-12 42  38.86

1004 1.02E-12 1.90E-10 4.54E-13 7.79E-11 42  38.90

10004 7.26E-12 1.28E-09 4.45E-12 7.74E-10 42  38.80

100004 1.04E-10 1.73E-08 4.30E-11 7.40E-09 42  38.83
Riedkost = 10%

4 2.44E-15 7.96E-13 1.81E-15 5.73E-13 39 36.97

14 1.02E-14 3.64E-12 5.33E-15 1.79E-12 40 37.36

104 8.72E-14 3.25E-11 4.94E-14 1.68E-11 39 37.36

1004 9.35E-13 3.30E-10 4.89E-13 1.63E-10 40 37.40

10004 1.05E-11 4.14E-09 4.89E-12 1.62E-09 40 37.45

100004 1.05E-10 4.00E-08 4.73E-11 1.60E-08 40 37.44
Riedkost = 15%

4 2.66E-15 1.36E-12 1.87E-15 9.33E-13 39 36.80

14 1.07E-14 6.14E-12 5.86E-15 3.01E-12 39 3717

104 1.04E-13 5.98E-11 5.62E-14 2.85E-11 40 37.25

1004 8.94E-13 4.64E-10 5.61E-13 2.86E-10 39 37.21

10004 1.05E-11 5.41E-09 5.60E-12 2.85E-09 39 37.22

100004 8.96E-11 4.99E-08 5.53E-11 2.81E-08 40 37.26
Riedkost = 20%

4 3.11E-15 2.27E-12 2.05E-15 1.38E-12 40 37.35

14 1.20E-14 8.30E-12 7.05E-15 4.99E-12 39 3761

104 1.56E-13 1.16E-10 6.41E-14 4.55E-11 40 37.67

1004 1.21E-12 9.36E-10 6.61E-13 4.66E-10 39 37.63

10004 1.16E-11 8.25E-09 6.77E-12 4.79E-09 40 37.71

100004 1.08E-10 7.69E-08 6.59E-11 4.68E-08 40 37.65
Riedkost = 25%

4 3.55E-15 3.64E-12 2.42E-15 2.14E-12 38 35.53

14 1.31E-14 1.32E-11 8.72E-15 7.99E-12 38 35.74

104 1.22E-13 1.15E-10 7.90E-14 7.19E-11 38 35.78

1004 1.70E-12 1.62E-09 8.27E-13 7.71E-10 38 35.80

10004 1.80E-11 1.70E-08 8.23E-12 7.56E-09 38 35.82

100004 1.35E-10 1.37E-07 8.08E-11 7.42E-08 38 35.83

Tabulka CG 6:

65



CG metéda, n = 3000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.15%

4 5.33E-15 8.53E-14 3.14E-15 3.66E-14 86 78.37

14 1.88E-14 2.84E-13 8.76E-15 1.08E-13 85 79.49

104 2.08E-13 2.81E-12 8.77E-14 1.07E-12 87 79.53
1004 2.00E-12 3.06E-11 8.54E-13 1.05E-11 84 79.55
10004 2.30E-11 3.01E-10 8.40E-12 1.03E-10 88 79.69
100004 1.91E-10 3.12E-09 8.30E-11 1.01E-09 87 79.61

Riedkost = 5%

4 3.33E-15 1.25E-12 1.88E-15 6.01E-13 39 3733

14 7.99E-15 2.73E-12 5.34E-15 1.78E-12 40 37.81

104 8.75E-14 2.62E-11 5.03E-14 1.70E-11 40 37.83
1004 7.04E-13 2.60E-10 4.95E-13 1.63E-10 40 37.95
10004 7.37E-12 2.54E-09 5.01E-12 1.66E-09 40 37.82
100004 9.04E-11 3.25E-08 5.00E-11 1.68E-08 40 37.86

Riedkost = 10%

4 2.22E-15 1.14E-12 1.89E-15 9.07E-13 39 36.70

14 9.10E-15 4.55E-12 5.70E-15 2.83E-12 39 3713

104 8.84E-14 4.96E-11 5.40E-14 2.66E-11 39 37.17
1004 7.92E-13 4.17E-10 5.62E-13 2.73E-10 39 3715
10004 9.11E-12 4.79E-09 542E-12 2.67E-09 40 37.18
100004 8.29E-11 4.16E-08 5.33E-11 2.63E-08 39 37.08

Riedkost = 15%

4 3.33E-15 2.96E-12 2.17E-15 1.72E-12 38 35.62

14 1.07E-14 9.32E-12 7.39E-15 6.05E-12 38 35.94

104 1.22E-13 1.07E-10 6.80E-14 5.47E-11 38 35.97
1004 1.09E-12 9.88E-10 6.90E-13 5.96E-10 38 35.94
10004 1.15E-11 1.03E-08 6.76E-12 5.66E-09 38 35.99
100004 1.18E-10 1.06E-07 7.06E-11 5.78E-08 38 35.97
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CG metéda, n = 5000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.1%

4 6.66E-15 1.14E-13 3.28E-15 3.90E-14 87 80.50

14 2.26E-14 3.17E-13 9.94E-15 1.29E-13 89 81.63

104 3.25E-13 527E-12 1.02E-13 1.31E-12 89 81.54
1004 2.80E-12 4.06E-11 9.53E-13 1.18E-11 87 81.41
10004 1.79E-11 2.43E-10 9.18E-12 1.15E-10 87 81.57
100004 2.66E-10 3.74E-09 1.01E-10 1.27E-09 90 81.49

Riedkost = 3%

4 2.66E-15 6.82E-13 1.94E-15 4.73E-13 40 37.86

14 1.07E-14 3.07E-12 5.46E-15 1.39E-12 41  38.31

104 7.83E-14 2.09E-11 5.00E-14 1.25E-11 41  38.37
1004 8.86E-13 2.39E-10 5.05E-13 1.28E-10 41  38.33
10004 8.25E-12 2.20E-09 4.88E-12 1.22E-09 41  38.43
100004 8.77E-11 2.55E-08 5.12E-11 1.29E-08 41  38.36

Riedkost = 5%

4 2.66E-15 1.36E-12 1.95E-15 9.49E-13 39 3702

14 1.01E-14 5.23E-12 5.86E-15 2.82E-12 40 37.51

104 1.14E-13 6.39E-11 5.56E-14 2.69E-11 40 37.41
1004 1.05E-12 5.37E-10 5.68E-13 2.70E-10 40 37.44
10004 7.97E-12 3.91E-09 5.36E-12 2.60E-09 39 37.50
100004 8.88E-11 4.57E-08 5.26E-11 2.57E-08 40 37.58

Riedkost = 10%

4 2.66E-15 1.59E-12 2.13E-15 1.48E-12 38 36.30

14 1.15E-14 1.02E-11 7.59E-15 5.77E-12 38 36.70

104 7.59E-14 5.66E-11 6.33E-14 4.73E-11 38 36.90
1004 7.37E-13 5.88E-10 6.13E-13 4.99E-10 39 3710
10004 8.28E-12 7.05E-09 6.75E-12 5.44E-09 39 36.80
100004 1.34E-10 1.18E-07 7.47E-11 5.37E-08 38 36.90
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CG metéda, n = 10000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.05%

4 8.66E-15 1.71E-13 3.64E-15 4.75E-14 88 82.96

14 2.82E-14 4.90E-13 1.21E-14 1.62E-13 94 83.81

104 2.62E-13 4.24E-12 1.21E-13 1.61E-12 90 83.86
1004 4.34E-12 6.47E-11 1.25E-12 1.67E-11 89 83.78
10004 3.82E-11 6.87E-10 1.25E-11 1.66E-10 89 83.80
100004 2.73E-10 3.73E-09 1.16E-10 1.52E-09 89 83.95

Riedkost = 0.5%

4 3.11E-15 3.13E-13 2.20E-15 1.90E-13 44  41.55

14 1.07E-14 1.14E-12 6.11E-15 5.88E-13 46  42.05

104 1.07E-13 1.08E-11 5.87E-14 5.61E-12 45  42.06
1004 1.01E-12 1.10E-10 5.85E-13 5.58E-11 45 42.10
10004 1.19E-11 1.26E-09 6.04E-12 5.73E-10 45 42.10
100004 1.21E-10 1.20E-08 6.15E-11 5.92E-09 45  42.02

Riedkost = 1%

4 2.66E-15 5.12E-13 2.08E-15 3.39E-13 44 40.67

14 1.18E-14 2.50E-12 5.96E-15 1.05E-12 44  41.12

104 8.62E-14 1.51E-11 5.59E-14 9.93E-12 44  41.17
1004 8.43E-13 1.56E-10 5.55E-13 9.74E-11 44  41.16
10004 8.86E-12 1.77E-09 549E-12 9.68E-10 44  41.15
100004 1.35E-10 2.74E-08 5.75E-11 1.02E-08 44  41.16

Riedkost = 2%

4 2.22E-15 7.96E-13 2.02E-15 6.71E-13 39 37.70

14 9.10E-15 3.01E-12 5.78E-15 1.89E-12 39 37.90

104 6.08E-14 2.08E-11 5.01E-14 1.67E-11 39 3800
1004 7.27E-13 2.41E-10 5.46E-13 1.78E-10 39 38.00
10004 7.10E-12 2.40E-09 5.36E-12 1.77E-09 39 38.00
100004 7.56E-11 2.19E-08 5.55E-11 1.73E-08 40 38.10
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CG metéda, n = 20000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.025%

4 8.44E-15 1.21E-13 3.94E-15 5.39E-14 92 85.74

14 4.44E-14 7.11E-13 1.51E-14 2.11E-13 92 86.14

104 2.93E-13 527E-12 1.41E-13 1.93E-12 92 86.52
1004 3.67E-12 5.80E-11 1.52E-12 2.11E-11 92 86.28
10004 4.26E-11 7.16E-10 1.53E-11 2.07E-10 92 86.48
100004 3.39E-10 4.78E-09 1.42E-10 1.94E-09 92 86.38

Riedkost = 0.15%

4 3.55E-15 2.27E-13 2.47E-15 1.43E-13 50 47.13

14 1.57E-14 1.31E-12 7.58E-15 4.89E-13 51 47.64

104 1.04E-13 7.80E-12 7.01E-14 4.36E-12 51 47.77
1004 1.67E-12 1.27E-10 7.00E-13 4.45E-11 52 47.73
10004 1.47E-11 1.19E-09 7.05E-12 4.46E-10 51 47.79
100004 1.08E-10 6.87E-09 6.93E-11 4.38E-09 51 47.73

Riedkost = 0.25%

4 3.33E-15 3.69E-13 2.27E-15 2.00E-13 45  42.24

14 1.02E-14 1.11E-12 6.56E-15 6.30E-13 46 42.72

104 1.20E-13 1.38E-11 6.55E-14 6.42E-12 46 42.72
1004 1.05E-12 1.12E-10 6.51E-13 6.19E-11 45 42.68
10004 1.46E-11 1.72E-09 6.44E-12 6.22E-10 46 42.74
100004 1.13E-10 1.23E-08 6.34E-11 6.12E-09 46  42.80

Riedkost = 0.375%

4 2.22E-15 3.41E-13 2.20E-15 2.84E-13 45  42.40

14 1.18E-14 1.79E-12 7.30E-15 1.05E-12 46  43.10

104 1.13E-13 1.54E-11 6.91E-14 9.74E-12 46  43.00
1004 9.01E-13 1.24E-10 6.23E-13 8.45E-11 46  43.10
10004 7.43E-12 1.06E-09 5.92E-12 8.40E-10 46  43.30
100004 7.96E-11 1.13E-08 6.01E-11 8.72E-09 46  43.30
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CG metéda, n = 30000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.015%

4 8.44E-15 1.28E-13 4.19E-15 5.76E-14 93 86.76

14 4.57E-14 6.96E-13 1.66E-14 2.30E-13 94 87.32

104 5.51E-13 9.21E-12 1.64E-13 2.31E-12 94  87.47
1004 4.25E-12 6.11E-11 1.61E-12 2.24E-11 94 87.27
10004 4.88E-11 6.83E-10 1.61E-11 2.24E-10 96 87.32
100004 5.67E-10 7.45E-09 1.64E-10 2.24E-09 92 87.35

Riedkost = 0.05%

4 4.88E-15 2.98E-13 2.82E-15 1.19E-13 58 54.16

14 2.66E-14 1.51E-12 9.40E-15 4.52E-13 59  54.68

104 1.60E-13 8.26E-12 8.51E-14 3.90E-12 58 54.62
1004 1.74E-12 8.95E-11 8.59E-13 4.03E-11 59  54.87
10004 1.59E-11 7.31E-10 8.55E-12 3.98E-10 59  54.83
100004 2.29E-10 1.31E-08 8.68E-11 4.05E-09 59 54.71

Riedkost = 0.1%

4 4.00E-15 2.56E-13 2.56E-15 1.52E-13 50 47.64

14 1.55E-14 1.03E-12 8.41E-15 5.54E-13 51 48.00

104 1.60E-13 1.27E-11 7.59E-14 4.86E-12 51  48.09
1004 1.74E-12 1.25E-10 7.35E-13 4.73E-11 51 48.08
10004 2.66E-11 2.13E-09 8.09E-12 5.20E-10 51 48.05
100004 1.90E-10 1.38E-08 7.84E-11 5.07E-09 51 48.21

Riedkost = 0.15%

4 3.11E-15 3.13E-13 2.44E-15 2.27E-13 45  42.40

14 9.43E-15 8.97E-13 7.09E-15 7.33E-13 45  43.00

104 1.20E-13 1.15E-11 6.91E-14 6.78E-12 46  43.20
1004 8.18E-13 7.61E-11 6.56E-13 6.60E-11 45  43.20
10004 7.83E-12 7.78E-10 6.75E-12 6.67E-10 46  43.00
100004 9.96E-11 1.02E-08 7.04E-11 6.95E-09 45  42.90
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70



CG metéda, n = 50000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.01%

4 8.88E-15 1.78E-13 4.75E-15 7.04E-14 95 88.43

14 4.37E-14 6.57E-13 1.98E-14 2.87E-13 96 88.84

104 5.68E-13 9.32E-12 1.94E-13 2.79E-12 96  88.96
1004 4.02E-12 6.25E-11 1.89E-12 2.75E-11 97 88.86
10004 4.63E-11 7.54E-10 1.84E-11 2.61E-10 96 89.09
100004 4.10E-10 6.68E-09 1.98E-10 2.86E-09 94 88.85

Riedkost = 0.02%

4 1.30E-14 2.49E-13 4.16E-15 1.00E-13 85 76.66

14 4.46E-14 9.43E-13 1.37E-14 3.58E-13 84 77.39

104 3.34E-13 1.12E-11 1.32E-13 3.59E-12 85 77.51
1004 3.89E-12 1.33E-10 1.29E-12 3.48E-11 85 77.44
10004 4.68E-11 7.49E-10 1.35E-11 3.58E-10 85 77.39
100004 4.95E-10 1.57E-08 1.33E-10 3.53E-09 86 77.66

Riedkost = 0.04%

4 4.44E-15 2.27E-13 2.94E-15 1.29E-13 59  55.20

14 1.89E-14 1.06E-12 9.57E-15 4.54E-13 59 55.85

104 1.99E-13 1.07E-11 9.88E-14 4.66E-12 61 55.84
1004 1.52E-12 7.96E-11 9.26E-13 4.39E-11 60 55.97
10004 1.94E-11 1.07E-09 9.80E-12 4.57E-10 60 5591
100004 2.02E-10 9.73E-09 9.20E-11 4.24E-09 61 55.90

Riedkost = 0.06%

4 2.66E-15 1.99E-13 2.38E-15 1.52E-13 51 48.60

14 1.52E-14 1.23E-12 9.00E-15 5.94E-13 52 48.90

104 1.35E-13 1.07E-11 8.60E-14 5.82E-12 51 48.80
1004 9.21E-13 6.73E-11 8.28E-13 5.41E-11 52 48.90
10004 1.29E-11 8.86E-10 8.60E-12 5.25E-10 52 49.00
100004 1.24E-10 7.60E-09 8.24E-11 5.07E-09 52 49.10
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CR metéda, n = 100

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 3.55E-15 3.20E-14 1.95E-15 1.72E-14 68 62.91

14 7.88E-15 7.46E-14 4.04E-15 3.24E-14 69 63.94

104 8.19E-14 1.28E-12 3.60E-14 3.05E-13 69 63.93

1004 8.96E-13 1.07E-11 3.56E-13 3.09E-12 69 63.87

10004 6.69E-12 9.79E-11 3.56E-12 2.83E-11 69 64.08

100004 6.47E-11 8.67E-10 3.44E-11 2.86E-10 69 64.05
Riedkost = 10%

4 2.66E-15 4.26E-14 1.67E-15 2.82E-14 56 51.16

14 5.68E-15 1.42E-13 3.32E-15 5.83E-14 55 51.82

104 8.59E-14 1.99E-12 2.91E-14 5.23E-13 58 51.74

1004 5.44E-13 1.57E-11 3.06E-13 5.56E-12 56 51.58

10004 8.96E-12 2.28E-10 3.01E-12 5.36E-11 56 51.66

100004 6.54E-11 1.43E-09 2.86E-11 5.21E-10 57 51.68
Riedkost = 15%

4 2.66E-15 7.11E-14 1.50E-15 3.83E-14 51  46.45

14 6.00E-15 2.27E-13 3.26E-15 8.88E-14 51 47.00

104 5.52E-14 2.05E-12 2.91E-14 7.69E-13 51  47.03

1004 8.53E-13 2.72E-11 2.93E-13 7.97E-12 51 47.02

10004 5.23E-12 1.70E-10 2.83E-12 7.52E-11 51 47.10

100004 5.65E-11 1.66E-09 2.67E-11 7.29E-10 51 4712
Riedkost = 20%

4 2.22E-15 8.53E-14 1.48E-15 4.93E-14 47 4291

14 5.11E-15 2.27E-13 3.10E-15 1.13E-13 46  43.32

104 6.17E-14 2.40E-12 2.73E-14 9.37E-13 46  43.39

1004 5.36E-13 2.12E-11 2.73E-13 9.70E-12 47  43.39

10004 4.81E-12 2.01E-10 2.68E-12 9.40E-11 46  43.44

100004 4.76E-11 1.93E-09 2.66E-11 9.65E-10 46  43.38
Riedkost = 25%

4 2.66E-15 1.42E-13 1.53E-15 6.62E-14 50 46.67

14 6.66E-15 3.55E-13 3.06E-15 1.41E-13 51 47.33

104 7.36E-14 4.52E-12 2.97E-14 1.44E-12 51 47.26

1004 6.44E-13 3.90E-11 2.92E-13 1.37E-11 51 4727

10004 5.05E-12 2.60E-10 2.81E-12 1.29E-10 51 47.30

100004 8.77E-11 5.56E-09 2.99E-11 1.41E-09 51 47.22
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CR metéda, n = 200

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 2.89E-15 8.53E-14 1.83E-15 3.28E-14 59 53.88

14 1.26E-14 3.27E-13 3.81E-15 7.54E-14 59 54.62

104 7.73E-14 2.02E-12 3.61E-14 7.11E-13 59  54.65

1004 8.52E-13 2.00E-11 3.42E-13 6.75E-12 59 54.69

10004 5.93E-12 1.43E-10 3.35E-12 6.51E-11 59 54.71

100004 7.83E-11 1.90E-09 3.58E-11 7.04E-10 59  54.51
Riedkost = 10%

4 2.44E-15 8.53E-14 1.59E-15 5.24E-14 48  44.67

14 6.44E-15 2.84E-13 3.51E-15 1.34E-13 49 4511

104 6.17E-14 2.67E-12 3.29E-14 1.24E-12 48 4512

1004 5.38E-13 2.34E-11 3.23E-13 1.20E-11 48 45.19

10004 6.59E-12 2.56E-10 3.20E-12 1.16E-10 48 45.16

100004 5.74E-11 2.83E-09 3.23E-11 1.22E-09 48 45.12
Riedkost = 15%

4 2.00E-15 1.42E-13 1.48E-15 7.64E-14 45  41.42

14 6.44E-15 4.55E-13 3.20E-15 1.75E-13 46 41.94

104 6.08E-14 3.70E-12 3.25E-14 1.78E-12 45  42.02

1004 6.92E-13 4.74E-11 3.12E-13 1.73E-11 45  41.96

10004 8.19E-12 5.33E-10 3.15E-12 1.71E-10 45  41.99

100004 5.93E-11 3.70E-09 3.19E-11 1.72E-09 45  41.98
Riedkost = 20%

4 2.22E-15 1.42E-13 1.50E-15 9.45E-14 43 39.59

14 7.55E-15 6.82E-13 3.50E-15 2.58E-13 43  39.93

104 6.00E-14 4.46E-12 3.13E-14 2.25E-12 44  40.01

1004 5.99E-13 4.27E-11 3.16E-13 2.30E-11 43  39.94

10004 7.40E-12 6.06E-10 3.12E-12 2.27E-10 43 40.03

100004 7.65E-11 6.13E-09 3.35E-11 2.46E-09 43 39.99
Riedkost = 25%

4 2.22E-15 2.27E-13 1.44E-15 1.17E-13 42  38.52

14 9.10E-15 8.24E-13 3.56E-15 3.26E-13 43 39.02

104 8.17E-14 9.49E-12 3.24E-14 2.97E-12 42  38.99

1004 5.79E-13 6.94E-11 3.30E-13 3.10E-11 42  38.93

10004 6.09E-12 6.21E-10 3.36E-12 3.10E-10 43  38.97

100004 6.04E-11 7.14E-09 3.28E-11 3.01E-09 42  39.00
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CR metéda, n = 300

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 6.7%

4 2.44E-15 8.53E-14 1.70E-15 5.60E-14 49 4524

14 7.55E-15 3.13E-13 3.74E-15 1.41E-13 49  45.75

104 6.93E-14 3.01E-12 3.57E-14 1.37E-12 49  45.80

1004 7.83E-13 3.37E-11 3.44E-13 1.31E-11 49  45.80

10004 7.33E-12 3.01E-10 3.47E-12 1.34E-10 49  45.67

100004 8.57E-11 3.72E-09 3.42E-11 1.31E-09 50 45.74
Riedkost = 10%

4 2.22E-15 1.42E-13 1.61E-15 8.00E-14 46 41.84

14 6.99E-15 4.41E-13 3.58E-15 1.98E-13 46 42.29

104 1.10E-13 7.38E-12 3.46E-14 1.94E-12 45 42.33

1004 6.21E-13 4.01E-11 3.37E-13 1.88E-11 46 42.38

10004 7.77E-12 5.30E-10 3.14E-12 1.74E-10 46 4241

100004 8.16E-11 5.18E-09 3.56E-11 1.98E-09 46 42.28

Riedkost = 16.7%

4 2.22E-15 2.27E-13 1.51E-15 1.27E-13 42  38.93

14 8.44E-15 7.96E-13 3.55E-15 3.16E-13 42 3941

104 8.86E-14 9.46E-12 3.53E-14 3.24E-12 43  39.38

1004 8.12E-13 8.50E-11 3.53E-13 3.24E-11 43  39.35

10004 7.02E-12 6.84E-10 3.40E-12 3.16E-10 43  39.38

100004 6.87E-11 6.87E-09 3.32E-11 2.98E-09 43 39.40
Riedkost = 20%

4 2.44E-15 2.31E-13 1.45E-15 1.43E-13 41 38.32

14 8.44E-15 1.08E-12 3.69E-15 4.07E-13 42  38.66

104 7.66E-14 9.89E-12 3.63E-14 3.97E-12 42  38.63

1004 6.53E-13 7.70E-11 3.76E-13 4.10E-11 41  38.58

10004 7.26E-12 8.53E-10 3.36E-12 3.64E-10 42  38.71

100004 8.52E-11 9.07E-09 3.50E-11 3.85E-09 42  38.68
Riedkost = 25%

4 2.22E-15 3.41E-13 1.60E-15 1.97E-13 43 39.99

14 6.99E-15 1.05E-12 3.76E-15 5.13E-13 44  40.37

104 8.39E-14 1.23E-11 3.66E-14 4.94E-12 43  40.35

1004 6.40E-13 9.02E-11 3.50E-13 4.79E-11 43  40.36

10004 7.70E-12 1.14E-09 3.67E-12 4.93E-10 43  40.41

100004 9.80E-11 1.46E-08 3.63E-11 4.92E-09 44 4041
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CR metéda, n = 500

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 2.66E-15 1.14E-13 1.82E-15 7.48E-14 53  48.61

14 7.99E-15 4.55E-13 3.97E-15 1.93E-13 53  49.23

104 7.74E-14 4.41E-12 3.72E-14 1.77E-12 54 4937

1004 7.44E-13 4.31E-11 3.89E-13 1.81E-11 54  49.28

10004 8.58E-12 5.20E-10 3.64E-12 1.73E-10 54  49.32

100004 8.78E-11 4.13E-09 3.88E-11 1.81E-09 53 49.25
Riedkost = 10%

4 2.44E-15 2.56E-13 1.62E-15 1.33E-13 43 39.65

14 7.33E-15 6.82E-13 3.86E-15 345E-13 43 40.08

104 1.20E-13 1.28E-11 3.64E-14 3.20E-12 44 40.20

1004 6.72E-13 7.02E-11 3.69E-13 3.36E-11 44 4013

10004 9.17E-12 9.79E-10 3.89E-12 356E-10 44 40.10

100004 6.37E-11 6.09E-09 3.63E-11 323E-09 44 40.14
Riedkost = 15%

4 2.22E-15 3.41E-13 1.67E-15 2.04E-13 44  41.00

14 5.93E-15 9.66E-13 4.00E-15 5.25E-13 46  41.58

104 8.36E-14 1.32E-11 3.88E-14 5.19E-12 46  41.56

1004 8.13E-13 1.19E-10 3.76E-13 4.96E-11 45  41.59

10004 8.55E-12 1.42E-09 3.77E-12 4.98E-10 46  41.59

100004 7.33E-11 1.18E-08 3.81E-11 5.20E-09 45  41.54
Riedkost = 20%

4 3.11E-15 6.25E-13 1.55E-15 2.67E-13 40 37.49

14 7.55E-15 1.36E-12 4.23E-15 7.56E-13 41  37.92

104 9.50E-14 1.88E-11 4.10E-14 7.32E-12 41  38.01

1004 8.93E-13 1.83E-10 4.19E-13 7.42E-11 41 37.95

10004 1.01E-11 2.15E-09 4.19E-12 7.59E-10 41 37.84

100004 8.58E-11 1.52E-08 4.01E-11 7.07E-09 41 38.02
Riedkost = 25%

4 2.66E-15 6.82E-13 1.87E-15 4.16E-13 50 46.25

14 1.03E-14 2.66E-12 5.15E-15 1.19E-12 50 46.81

104 1.12E-13 2.47E-11 4.71E-14 1.08E-11 49  46.83

1004 7.85E-13 2.00E-10 4.95E-13 1.12E-10 50 46.82

10004 7.21E-12 1.79E-09 4.76E-12 1.07E-09 50 46.85

100004 8.93E-11 2.17E-08 4.74E-11 1.10E-08 50 46.79
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CR metéda, n = 1000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 2.44E-15 2.56E-13 1.73E-15 1.42E-13 43 40.05

14 8.58E-15 9.38E-13 4.43E-15 4.09E-13 44  40.56

104 8.93E-14 8.87E-12 4.16E-14 3.80E-12 44  40.67

1004 8.83E-13 8.32E-11 4.13E-13 3.72E-11 43  40.58

10004 9.82E-12 8.29E-10 4.12E-12 3.66E-10 43 40.65

100004 6.83E-11 7.10E-09 4.04E-11 3.66E-09 44  40.65
Riedkost = 10%

4 2.66E-15 4.55E-13 1.69E-15 2.74E-13 40 37.83

14 8.41E-15 1.68E-12 4.61E-15 8.02E-13 41  38.29

104 7.57E-14 1.32E-11 4.33E-14 7.59E-12 41 38.34

1004 9.58E-13 1.75E-10 4.22E-13 7.33E-11 41  38.44

10004 7.52E-12 1.38E-09 4.31E-12 7.57E-10 41  38.33

100004 7.59E-11 1.40E-08 4.21E-11 7.18E-09 41 3841
Riedkost = 15%

4 2.66E-15 7.96E-13 1.70E-15 4.22E-13 40 37.33

14 1.07E-14 3.07E-12 5.05E-15 1.29E-12 40 37.62

104 8.31E-14 2.35E-11 4.71E-14 1.22E-11 41 37.73

1004 9.39E-13 2.61E-10 4.59E-13 1.20E-10 41  37.65

10004 8.20E-12 2.37E-09 4.44E-12 1.17E-09 40 37.66

100004 8.85E-11 2.28E-08 4.41E-11 1.16E-08 41  37.70
Riedkost = 20%

4 2.66E-15 1.02E-12 1.78E-15 5.93E-13 40 37.47

14 9.33E-15 3.47E-12 5.43E-15 1.95E-12 40 37.72

104 1.22E-13 4.33E-11 5.12E-14 1.81E-11 40 37.74

1004 9.42E-13 3.76E-10 5.11E-13 1.86E-10 41 37.78

10004 1.43E-11 5.62E-09 b5.16E-12 1.85E-09 41  37.72

100004 8.05E-11 3.35E-08 4.91E-11 1.76E-08 40 37.79
Riedkost = 25%

4 3.33E-15 1.71E-12 1.92E-15 8.46E-13 38 35.56

14 1.29E-14 6.37E-12 6.50E-15 2.95E-12 38 3587

104 1.02E-13 5.35E-11 6.23E-14 2.86E-11 38 35.81

1004 1.07E-12 5.72E-10 6.14E-13 2.84E-10 38 35.83

10004 1.06E-11 5.36E-09 5.91E-12 2.75E-09 38 35.82

100004 9.02E-11 4.45E-08 5.78E-11 2.65E-08 38 35.89
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CR metéda, n = 2000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 2.22E-15 3.98E-13 1.81E-15 2.92E-13 42 38.40

14 8.44E-15 1.62E-12 4.81E-15 8.31E-13 42  38.82

104 7.53E-14 1.41E-11 4.46E-14 7.63E-12 42  38.94

1004 8.28E-13 1.34E-10 4.50E-13 7.79E-11 42  38.89

10004 6.44E-12 1.09E-09 4.41E-12 7.63E-10 42  38.86

100004 9.18E-11 1.57E-08 4.63E-11 7.93E-09 42  38.86
Riedkost = 10%

4 2.66E-15 1.14E-12 1.80E-15 5.78E-13 39 36.95

14 7.77E-15 2.96E-12 5.07E-15 1.70E-12 39 3743

104 8.91E-14 2.81E-11 4.83E-14 1.61E-11 40 3741

1004 9.62E-13 3.48E-10 5.15E-13 1.70E-10 40 3741

10004 8.38E-12 2.88E-09 4.95E-12 1.64E-09 40 37.47

100004 7.29E-11 2.52E-08 4.71E-11 1.57E-08 40 37.46
Riedkost = 15%

4 2.66E-15 1.59E-12 1.89E-15 9.22E-13 39 36.85

14 9.77E-15 5.23E-12 5.98E-15 3.10E-12 40 37.20

104 7.86E-14 4.14E-11 5.43E-14 2.78E-11 40 37.24

1004 8.19E-13 4.54E-10 5.51E-13 2.76E-10 39 37.25

10004 9.13E-12 4.99E-09 5.40E-12 2.74E-09 39 37.25

100004 9.63E-11 5.40E-08 5.45E-11 2.79E-08 39 37.22
Riedkost = 20%

4 5.33E-15 4.32E-12 2.12E-15 1.44E-12 40 37.38

14 1.78E-14 1.36E-11 7.59E-15 5.37E-12 40 37.57

104 1.18E-13 8.90E-11 6.49E-14 4.59E-11 40 37.73

1004 1.61E-12 1.19E-09 6.92E-13 4.75E-10 40 37.67

10004 1.08E-11 8.13E-09 6.80E-12 4.80E-09 40 37.70

100004 1.27E-10 9.75E-08 6.59E-11 4.71E-08 40 37.69
Riedkost = 25%

4 3.55E-15 3.41E-12 2.40E-15 2.10E-12 38 35.53

14 1.45E-14 1.48E-11 8.93E-15 8.14E-12 38 35.76

104 1.08E-13 1.01E-10 7.95E-14 7.33E-11 38 35.79

1004 1.49E-12 1.50E-09 8.01E-13 7.41E-10 38 35.77

10004 1.54E-11 1.43E-08 8.17E-12 7.58E-09 38 35.85

100004 1.35E-10 1.35E-07 8.13E-11 7.36E-08 38 35.80
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CR metéda, n = 3000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a'l. Az -2, max  avg

Riedkost = 0.15%

4 4.00E-15 7.11E-14 3.03E-15 3.38E-14 85 77.82

14 1.95E-14 3.09E-13 8.58E-15 1.04E-13 84 78.94

104 2.36E-13 3.37E-12 8.51E-14 1.03E-12 87 7893
1004 2.57E-12 3.66E-11 8.67E-13 1.04E-11 83 7881
10004 1.55E-11 2.31E-10 8.30E-12 9.78E-11 84 7892
100004 2.28E-10 3.23E-09 8.84E-11 1.07E-09 86 78.90

Riedkost = 5%

4 2.44E-15 7.96E-13 1.84E-15 5.80E-13 40 37.42

14 7.77E-15 2.72E-12 5.21E-15 1.75E-12 40 37.88

104 1.02E-13 3.68E-11 4.86E-14 1.62E-11 40  37.90
1004 1.15E-12 3.69E-10 5.08E-13 1.67E-10 40 37.93
10004 7.67E-12 2.59E-09 4.93E-12 1.64E-09 40 37.95
100004 1.28E-10 4.66E-08 4.93E-11 1.65E-08 40 37.90

Riedkost = 10%

4 2.66E-15 1.36E-12 1.85E-15 9.16E-13 39 36.76

14 9.77E-15 5.23E-12 5.73E-15 2.87E-12 39 3716

104 1.18E-13 6.83E-11 572E-14 2.85E-11 40 37.13
1004 9.37E-13 4.75E-10 5.74E-13 2.78E-10 39 3717
10004 8.47E-12 4.56E-09 5.36E-12 2.60E-09 39 37.16
100004 9.13E-11 4.57E-08 5.33E-11 2.61E-08 39 37.20

Riedkost = 15%

4 4.44E-15 4.09E-12 2.13E-15 1.70E-12 38 3575

14 1.04E-14 9.44E-12 7.25E-15 5.92E-12 38 35.93

104 1.27E-13 1.18E-10 7.24E-14 5.98E-11 38 35.96
1004 1.21E-12 1.04E-09 7.13E-13 6.10E-10 38 35.91
10004 1.21E-11 1.13E-08 6.93E-12 5.93E-09 38 35.96
100004 1.27E-10 1.16E-07 7.11E-11 5.83E-08 38 36.01

Tabulka CR 7:
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CR metéda, n = 5000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a'l. Az -2, max  avg

Riedkost = 0.1%

4 6.44E-15 9.95E-14 3.29E-15 4.08E-14 84 79.84

14 2.02E-14 2.52E-13 1.02E-14 1.26E-13 85 80.77

104 2.23E-13 3.24E-12 9.98E-14 1.24E-12 87 80.83
1004 2.21E-12 3.26E-11 9.45E-13 1.20E-11 86 80.98
10004 2.39E-11 3.21E-10 9.60E-12 1.20E-10 86 80.87
100004 2.62E-10 3.75E-09 1.04E-10 1.31E-09 87 80.74

Riedkost = 3%

4 2.66E-15 7.96E-13 1.90E-15 4.70E-13 40 37.93

14 1.09E-14 2.84E-12 5.39E-15 1.36E-12 41 3836

104 1.02E-13 2.74E-11 517E-14 1.32E-11 41  38.32
1004 9.15E-13 2.28E-10 5.02E-13 1.27E-10 41  38.36
10004 9.13E-12 2.37E-09 5.02E-12 1.26E-09 41  38.33
100004 1.18E-10 3.26E-08 5.21E-11 1.33E-08 41  38.33

Riedkost = 5%

4 3.11E-15 1.14E-12 1.92E-15 9.27E-13 39 37.15

14 9.77E-15 5.34E-12 5.77E-15 2.78E-12 40 37.57

104 8.30E-14 4.24E-11 548E-14 2.67E-11 40 37.58
1004 9.73E-13 5.04E-10 5.58E-13 2.66E-10 40 37.53
10004 8.59E-12 4.43E-09 5.57E-12 2.73E-09 40 37.50
100004 8.08E-11 3.99E-08 5.38E-11 2.60E-08 40 37.55

Riedkost = 10%

4 2.66E-15 2.27E-12 2.11E-15 1.61E-12 38 36.50

14 9.77E-15 6.48E-12 7.74E-15 541E-12 38 36.80

104 8.57E-14 5.68E-11 6.28E-14 4.52E-11 39 37.20
1004 6.65E-13 5.73E-10 6.11E-13 4.98E-10 38 36.90
10004 9.50E-12 8.43E-09 6.86E-12 5.58E-09 39 37.00
100004 8.73E-11 5.79E-08 6.85E-11 4.95E-08 38 37.00

Tabulka CR 8:
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CR metéda, n = 10000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.05%

4 7.11E-15 1.07E-13 3.48E-15 4.52E-14 86 8225

14 2.73E-14 3.91E-13 1.17E-14 1.53E-13 89 83.18

104 2.77E-13 3.65E-12 1.20E-13 1.56E-12 88 83.10
1004 3.45E-12 4.77E-11 1.14E-12 1.47E-11 88 8318
10004 2.29E-11 3.45E-10 1.18E-11 1.50E-10 89 8317
100004 2.58E-10 3.64E-09 1.19E-10 1.59E-09 89 83.20

Riedkost = 0.5%

4 2.66E-15 2.84E-13 2.13E-15 1.89E-13 44  41.60

14 1.55E-14 1.62E-12 6.40E-15 6.19E-13 45  42.04

104 1.23E-13 1.23E-11 5.99E-14 5.71E-12 45 4212
1004 9.69E-13 1.02E-10 5.92E-13 5.55E-11 45  42.03
10004 1.02E-11 1.05E-09 5.89E-12 5.68E-10 45  42.05
100004 1.06E-10 1.08E-08 5.94E-11 5.69E-09 45  42.09

Riedkost = 1%

4 3.11E-15 6.25E-13 2.11E-15 3.43E-13 44  40.73

14 1.55E-14 3.35E-12 5.72E-15 1.01E-12 45  41.30

104 9.62E-14 1.78E-11 5.59E-14 9.77E-12 44  41.28
1004 9.76E-13 1.87E-10 5.60E-13 9.89E-11 44  41.25
10004 8.16E-12 1.55E-09 5.46E-12 9.64E-10 44  41.27
100004 8.91E-11 1.90E-08 5.55E-11 9.79E-09 44  41.24

Riedkost = 2%

4 2.22E-15 7.96E-13 1.93E-15 6.48E-13 39 37.70

14 8.44E-15 2.73E-12 6.02E-15 1.96E-12 39 3800

104 5.50E-14 1.92E-11 4.92E-14 1.66E-11 40  38.00
1004 6.60E-13 2.25E-10 5.21E-13 1.73E-10 40 38.10
10004 6.15E-12 2.10E-09 524E-12 1.81E-09 39 38.00
100004 6.28E-11 2.11E-08 5.44E-11 1.76E-08 40 38.10

Tabulka CR 9:
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CR metéda, n = 20000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.025%

4 9.55E-15 1.28E-13 4.10E-15 5.69E-14 89 84.69

14 5.31E-14 7.96E-13 1.57E-14 2.19E-13 89 85.25

104 4.76E-13 7.23E-12 1.46E-13 2.02E-12 90 85.41
1004 4.70E-12 7.59E-11 1.40E-12 1.92E-11 91 85.49
10004 2.94E-11 4.42E-10 1.38E-11 1.89E-10 91 85.66
100004 2.60E-10 4.62E-09 1.48E-10 2.01E-09 90 85.48

Riedkost = 0.15%

4 3.77E-15 2.98E-13 2.47E-15 1.43E-13 50 47.18

14 1.80E-14 1.25E-12 7.77E-15 5.02E-13 51 47.61

104 1.51E-13 1.04E-11 7.29E-14 4.59E-12 51 47.70
1004 1.22E-12 9.94E-11 7.33E-13 4.66E-11 51 47.62
10004 1.43E-11 9.65E-10 7.29E-12 4.62E-10 51 47.65
100004 1.11E-10 8.54E-09 7.47E-11 4.78E-09 51 47.63

Riedkost = 0.25%

4 3.11E-15 2.84E-13 2.29E-15 2.01E-13 45 42.38

14 1.31E-14 1.39E-12 6.95E-15 6.82E-13 46  42.69

104 1.28E-13 1.13E-11 6.63E-14 6.45E-12 45  42.70
1004 1.74E-12 1.85E-10 6.66E-13 6.40E-11 45 42.72
10004 9.55E-12 1.01E-09 6.42E-12 6.21E-10 46 42.78
100004 1.20E-10 1.06E-08 6.45E-11 6.21E-09 45  42.74

Riedkost = 0.375%

4 2.22E-15 2.84E-13 2.22E-15 2.70E-13 46  42.60

14 8.66E-15 1.42E-12 6.44E-15 9.02E-13 46  43.00

104 8.06E-14 1.25E-11 6.48E-14 9.18E-12 46  43.00
1004 1.48E-12 2.38E-10 6.74E-13 9.39E-11 46  43.10
10004 9.10E-12 1.27E-09 6.78E-12 9.37E-10 46  43.00
100004 7.13E-11 9.89E-09 6.21E-11 8.16E-09 46  43.20

Tabulka CR 10:
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CR metéda, n = 30000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.015%

4 7.99E-15 1.14E-13 4.12E-15 5.49E-14 92 85.81

14 4.49E-14 7.74E-13 1.75E-14 2.49E-13 92 86.45

104 3.49E-13 5.25E-12 1.60E-13 2.26E-12 92 86.42
1004 3.90E-12 5.75E-11 1.64E-12 2.30E-11 94 86.43
10004 4.10E-11 6.16E-10 1.60E-11 2.23E-10 92 86.37
100004 4.05E-10 7.34E-09 1.58E-10 2.18E-09 91 86.52

Riedkost = 0.05%

4 7.99E-15 5.12E-13 2.83E-15 1.20E-13 58 54.14

14 1.67E-14 7.32E-13 8.81E-15 4.17E-13 59 54.63

104 1.69E-13 9.81E-12 8.85E-14 4.10E-12 59  54.56
1004 1.60E-12 8.46E-11 8.71E-13 4.13E-11 58 54.66
10004 1.60E-11 9.62E-10 8.80E-12 4.12E-10 58 54.61
100004 1.86E-10 1.06E-08 8.98E-11 4.22E-09 59  54.59

Riedkost = 0.1%

4 2.89E-15 1.71E-13 2.53E-15 1.42E-13 50 47.70

14 1.24E-14 8.17E-13 8.10E-15 5.05E-13 50 48.30

104 1.14E-13 7.26E-12 8.36E-14 541E-12 50 47.90
1004 8.93E-13 6.13E-11 6.66E-13 4.24E-11 51 48.60
10004 1.57E-11 1.06E-09 8.25E-12 5.28E-10 50 48.30
100004 1.07E-10 6.44E-09 8.13E-11 4.92E-09 51 48.30

Riedkost = 0.15%

4 2.44E-15 2.27E-13 2.24E-15 1.99E-13 45 42.60

14 8.58E-15 9.09E-13 7.08E-15 6.98E-13 46  43.00

104 1.03E-13 1.01E-11 7.10E-14 6.67E-12 46  43.10
1004 8.88E-13 9.02E-11 7.21E-13 7.09E-11 46  43.00
10004 8.12E-12 8.93E-10 6.22E-12 6.00E-10 46  43.20
100004 6.81E-11 6.99E-09 6.29E-11 6.01E-09 46  43.30

Tabulka CR 11:
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CR metéda, n = 50000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.01%

4 1.69E-14 2.98E-13 4.70E-15 6.93E-14 92 87.35

14 5.06E-14 8.53E-13 1.98E-14 2.94E-13 96 87.84

104 6.08E-13 1.11E-11 1.92E-13 2.78E-12 94 87.95
1004 4.79E-12 8.48E-11 1.90E-12 2.75E-11 92 87.97
10004 4.52E-11 8.78E-10 1.95E-11 2.82E-10 92 87.76
100004 4.00E-10 6.15E-09 1.84E-10 2.66E-09 95 87.98

Riedkost = 0.02%

4 1.09E-14 1.71E-13 3.88E-15 9.35E-14 84 76.50

14 5.84E-14 9.45E-13 1.56E-14 3.99E-13 85 76.96

104 6.49E-13 1.11E-11 1.44E-13 3.53E-12 86 77.17
1004 4.03E-12 9.24E-11 1.30E-12 3.40E-11 85 77.30
10004 6.03E-11 2.01E-09 1.38E-11 3.68E-10 85 7713
100004 6.74E-10 8.54E-09 1.47E-10 3.53E-09 86 77.08

Riedkost = 0.04%

4 4.44E-15 2.84E-13 2.85E-15 1.24E-13 60 55.29

14 1.73E-14 9.38E-13 1.01E-14 4.86E-13 60 55.75

104 1.80E-13 9.07E-12 9.59E-14 4.49E-12 60 55.74
1004 1.81E-12 8.47E-11 9.44E-13 4.44E-11 60 55.79
10004 1.47E-11 8.20E-10 9.38E-12 4.46E-10 61 55.79
100004 1.65E-10 9.04E-09 9.74E-11 4.62E-09 61 55.69

Riedkost = 0.06%

4 3.89E-15 2.70E-13 2.76E-15 1.62E-13 51 48.50

14 9.66E-15 6.11E-13 8.00E-15 5.11E-13 52 49.10

104 1.20E-13 7.91E-12 8.25E-14 5.45E-12 52 49.00
1004 9.80E-13 6.69E-11 8.06E-13 5.36E-11 52 49.20
10004 1.10E-11 7.19E-10 8.22E-12 5.33E-10 52 49.10
100004 1.17E-10 8.15E-09 8.75E-11 5.79E-09 52 49.20

Tabulka CR 12:
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CGNR metéda, n = 100

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 3.33E-10 5.72E-10 1.63E-11 3.79E-11 100 100.0

14 1.30E-09 2.16E-09 8.62E-11 1.97E-10 100 100.0

104 1.38E-08 2.26E-08 8.06E-10 1.85E-09 100 100.0

1004 1.41E-07 2.30E-07 8.02E-09 1.87E-08 100 100.0

10004 1.43E-06 2.34E-06 8.74E-08 1.95E-07 100 100.0

100004 1.36E-05 2.22E-05 8.30E-07 1.87E-06 100 100.0
Riedkost = 10%

4 2.80E-14 3.06E-13 2.74E-15 4.24E-14 98 89.16

14 3.24E-14 3.06E-13 4.94E-15 7.91E-14 100 90.68

104 7.23E-13 4.82E-12 5.26E-14 715E-13 100 90.67

1004 3.30E-12 2.86E-11 4.12E-13 6.23E-12 100 90.77

10004 1.87E-11 2.66E-10 3.88E-12 6.45E-11 100 90.72

100004 2.33E-10 1.79E-09 3.74E-11 5.93E-10 100 90.80
Riedkost = 15%

4 2.89E-15 1.14E-13 2.08E-15 b5.19E-14 84 7515

14 1.12E-14 3.77E-13 3.95E-15 1.06E-13 85 76.22

104 9.53E-14 3.11E-12 3.47E-14 9.46E-13 84 76.48

1004 8.60E-13 2.86E-11 3.54E-13 9.72E-12 84 76.40

10004 7.89E-12 2.75E-10 3.49E-12 8.82E-11 85 76.37

100004 7.62E-11 2.70E-09 3.46E-11 9.05E-10 85 76.40
Riedkost = 20%

4 2.66E-15 9.95E-14 1.84E-15 6.21E-14 72  65.03

14 1.11E-14 5.26E-13 4.22E-15 1.52E-13 72 6592

104 6.16E-14 2.39E-12 3.40E-14 1.17E-12 72 66.01

1004 5.07E-13 2.23E-11 3.25E-13 1.13E-11 72 66.18

10004 7.20E-12 3.10E-10 3.33E-12 1.18E-10 72 66.12

100004 7.38E-11 3.47E-09 3.31E-11 1.17E-09 72  66.10
Riedkost = 25%

4 6.99E-15 1.56E-13 2.11E-15 8.87E-14 84 74.54

14 1.11E-14 3.98E-13 4.17E-15 1.85E-13 84 75.84

104 2.78E-13 6.81E-12 4.18E-14 1.85E-12 85 75.69

1004 1.05E-12 5. 53E-11 3.83E-13 1.76E-11 84 75.72

10004 1.22E-11 5.91E-10 3.69E-12 1.69E-10 84 75.74

100004 1.07E-10 5.13E-09 3.89E-11 1.78E-09 84 75.76

Tabulka CGNR 1:
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CGNR metéda, n = 200

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 1.02E-13 5.83E-13 6.25E-15 6.23E-14 114 103.7

14 6.48E-14 4.26E-13 7.29E-15 9.70E-14 118 105.9

104 1.15E-12 7.30E-12 9.43E-14 1.01E-12 117 105.9

1004 1.15E-11 7.40E-11 9.21E-13 9.81E-12 117 105.7

10004 1.74E-10 1.21E-09 1.33E-11 1.22E-10 117 105.7

100004 1.10E-09 7.03E-09 9.40E-11 1.01E-09 117 105.7
Riedkost = 10%

4 3.11E-15 9.95E-14 2.13E-15 6.84E-14 79 71.38

14 8.33E-15 3.53E-13 4.38E-15 1.61E-13 80 7255

104 8.57E-14 3.87E-12 4.14E-14 1.51E-12 80 72.55

1004 1.10E-12 5.23E-11 4.13E-13 1.55E-11 79 72.57

10004 9.48E-12 4.57E-10 4.16E-12 1.54E-10 82 7244

100004 1.01E-10 4.86E-09 4.33E-11 1.67E-09 79 72.38
Riedkost = 15%

4 2.89E-15 1.71E-13 2.00E-15 1.00E-13 68 6212

14 9.55E-15 5.97E-13 4.46E-15 2.48E-13 69 62.94

104 1.05E-13 7.59E-12 4.52E-14 2.52E-12 69 62.97

1004 8.33E-13 5.90E-11 4.36E-13 2.35E-11 68 62.93

10004 9.58E-12 6.23E-10 4.28E-12 2.36E-10 69 63.01

100004 8.76E-11 5.33E-09 4.32E-11 2.38E-09 70 63.01
Riedkost = 20%

4 3.11E-15 2.56E-13 1.96E-15 1.27E-13 64 57.04

14 9.33E-15 8.24E-13 4.64E-15 3.46E-13 64 57.79

104 9.80E-14 8.60E-12 4.52E-14 3.42E-12 64 57.84

1004 1.10E-12 9.91E-11 4.45E-13 3.31E-11 64 57.80

10004 1.13E-11 1.00E-09 4.74E-12 3.58E-10 64 57.82

100004 1.33E-10 1.22E-08 4.60E-11 3.48E-09 65 57.82
Riedkost = 25%

4 3.11E-15 3.69E-13 1.91E-15 1.55E-13 62 54.53

14 1.01E-14 1.08E-12 5.10E-15 4.77E-13 63 5524

104 1.57E-13 1.81E-11 5.18E-14 5.02E-12 61 55.10

1004 1.23E-12 1.29E-10 4.94E-13 4.59E-11 62 5522

10004 1.31E-11 1.44E-09 4.78E-12 4.58E-10 63 55.17

100004 1.33E-10 1.42E-08 4.95E-11 4.77E-09 62 5514

Tabulka CGNR 2:
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CGNR metoéda, n = 300

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 6.7%

4 3.11E-15 1.71E-13 2.33E-15 7.54E-14 82 74.01

14 1.33E-14 6.68E-13 4.94E-15 1.91E-13 86 75.04

104 1.01E-13 4.73E-12 4.85E-14 1.95E-12 85 74.89

1004 1.16E-12 5.62E-11 4.73E-13 1.86E-11 86 75.10

10004 1.48E-11 6.58E-10 4.58E-12 1.79E-10 84 75.13

100004 9.35E-11 4.10E-09 4.54E-11 1.75E-09 84 75.04
Riedkost = 10%

4 2.89E-15 1.71E-13 2.14E-15 1.04E-13 71 63.65

14 1.22E-14 1.02E-12 4.82E-15 2.76E-13 71  64.46

104 1.86E-13 1.23E-11 5.00E-14 2.91E-12 71 64.37

1004 1.36E-12 9.04E-11 5.20E-13 2.97E-11 72 64.32

10004 1.37E-11 8.97E-10 4.77E-12 2.73E-10 71 64.38

100004 1.40E-10 9.42E-09 4.74E-11 2.74E-09 72 64.44
Riedkost = 16.7%

4 3.11E-15 3.41E-13 1.98E-15 1.60E-13 61 55.79

14 1.12E-14 1.22E-12 5.51E-15 5.17E-13 62 56.28

104 1.31E-13 1.50E-11 5.75E-14 5.51E-12 63 56.27

1004 1.33E-12 1.48E-10 5.30E-13 5.02E-11 61 56.20

10004 1.14E-11 1.30E-09 5.33E-12 5.08E-10 62 56.18

100004 1.73E-10 1.87E-08 5.58E-11 5.25E-09 62 56.09
Riedkost = 20%

4 3.11E-15 3.41E-13 2.05E-15 2.03E-13 60 54.02

14 1.80E-14 2.44E-12 6.00E-15 6.82E-13 59 54.20

104 1.81E-13 2.17E-11 5.88E-14 6.74E-12 59 54.21

1004 1.86E-12 2.25E-10 5.87E-13 6.67E-11 59 5421

10004 1.63E-11 2.14E-09 5.66E-12 6.43E-10 59 5437

100004 1.59E-10 1.86E-08 5.63E-11 6.33E-09 60 54.33
Riedkost = 25%

4 3.33E-15 4.55E-13 2.12E-15 2.69E-13 64 58.56

14 1.51E-14 2.33E-12 5.93E-15 7.99E-13 66 59.09

104 1.16E-13 1.73E-11 5.42E-14 7.35E-12 66 59.23

1004 9.47E-13 1.38E-10 5.54E-13 7.53E-11 64 59.11

10004 1.01E-11 1.50E-09 5.50E-12 7.51E-10 66 59.29

100004 1.14E-10 1.73E-08 5.35E-11 7.29E-09 66 59.21

Tabulka CGNR 3:
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CGNR metéda, n = 500

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 7.29E-14 1.23E-12 4.33E-15 1.35E-13 98 83.56

14 5.90E-13 7.95E-12 1.63E-14 4.30E-13 97 84.74

104 5.36E-12 7.23E-11 1.52E-13 4.11E-12 97 84.93

1004 5.51E-11 7.50E-10 1.52E-12 4.07E-11 97 84.83

10004 5.48E-10 7.43E-09 1.49E-11 4.02E-10 98 84.84

100004 5.50E-09 7.49E-08 1.48E-10 3.99E-09 97 84.81
Riedkost = 10%

4 3.55E-15 3.98E-13 2.14E-15 1.80E-13 63 57.48

14 1.73E-14 1.68E-12 6.12E-15 5.73E-13 64 5818

104 1.61E-13 1.80E-11 5.64E-14 5.34E-12 64 58.30

1004 1.76E-12 1.83E-10 6.16E-13 5.85E-11 63 5820

10004 1.56E-11 1.55E-09 5.94E-12 5.58E-10 63 5822

100004 1.20E-10 1.26E-08 6.03E-11 5.74E-09 64 5813
Riedkost = 15%

4 3.55E-15 5.68E-13 2.26E-15 2.73E-13 68 61.56

14 1.43E-14 2.24E-12 6.51E-15 8.95E-13 68 62.19

104 1.58E-13 2.78E-11 6.40E-14 8.87E-12 69 62.30

1004 1.36E-12 2.06E-10 6.04E-13 8.30E-11 69 62.32

10004 1.15E-11 1.86E-09 6.27E-12 8.65E-10 69 62.35

100004 3.01E-10 4.72E-08 6.79E-11 9.46E-09 69 62.25
Riedkost = 20%

4 3.55E-15 7.39E-13 2.19E-15 3.79E-13 56 51.80

14 1.98E-14 4.04E-12 7.55E-15 1.42E-12 57 5219

104 1.41E-13 2.93E-11 6.77E-14 1.27E-11 57 5232

1004 2.06E-12 4.33E-10 7.28E-13 1.36E-10 56 5231

10004 1.68E-11 3.49E-09 7.07E-12 1.31E-09 57 5232

100004 1.71E-10 3.52E-08 7.06E-11 1.33E-08 57 52.30
Riedkost = 25%

4 4.88E-15 1.25E-12 2.64E-15 5.73E-13 84 78.69

14 2.62E-14 7.05E-12 8.13E-15 1.97E-12 86 79.77

104 2.04E-13 5.55E-11 7.81E-14 1.88E-11 85 79.76

1004 3.16E-12 7.92E-10 7.61E-13 1.84E-10 86 79.94

10004 1.73E-11 4.49E-09 7.47E-12 1.79E-09 87 79.79

100004 2.87E-10 7.46E-08 7.61E-11 1.80E-08 86 79.82

Tabulka CGNR 4:
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CGNR metéda, n = 1000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 4.44E-15 4.55E-13 2.35E-15 1.97E-13 65 58.88

14 1.68E-14 1.77E-12 7.17E-15 6.86E-13 66 59.50

104 2.00E-13 2.08E-11 7.27E-14 6.97E-12 67 59.52

1004 1.62E-12 1.65E-10 7.03E-13 6.69E-11 66 59.59

10004 1.96E-11 2.13E-09 6.92E-12 6.55E-10 66 59.62

100004 1.24E-10 1.24E-08 6.61E-11 6.29E-09 67 59.49
Riedkost = 10%

4 4.22E-15 8.53E-13 2.21E-15 3.68E-13 57  53.09

14 1.89E-14 3.64E-12 8.19E-15 1.50E-12 58 53.48

104 1.68E-13 3.15E-11 7.81E-14 1.41E-11 57 5345

1004 1.71E-12 3.50E-10 7.20E-13 1.31E-10 58 53.59

10004 1.33E-11 2.37E-09 6.80E-12 1.22E-09 59 53.64

100004 1.64E-10 3.16E-08 7.59E-11 1.37E-08 58 53.48
Riedkost = 15%

4 5.77E-15 1.71E-12 2.47E-15 6.37E-13 56 51.43

14 2.03E-14 5.97E-12 9.10E-15 2.46E-12 57 51.70

104 1.49E-13 4.02E-11 8.08E-14 2.16E-11 57 5183

1004 2.28E-12 6.67E-10 8.85E-13 2.43E-10 56 51.68

10004 1.78E-11 5.20E-09 8.24E-12 2.22E-09 57 51.70

100004 1.36E-10 3.89E-08 8.25E-11 2.20E-08 57 51.71
Riedkost = 20%

4 5.77E-15 2.16E-12 2.59E-15 9.14E-13 56 51.54

14 2.28E-14 9.15E-12 1.07E-14 3.99E-12 56 51.69

104 2.26E-13 9.35E-11 9.86E-14 3.67E-11 56 51.80

1004 2.40E-12 9.48E-10 1.00E-12 3.77E-10 56 51.81

10004 1.89E-11 7.73E-09 9.78E-12 3.61E-09 56 51.82

100004 2.55E-10 1.03E-07 1.01E-10 3.73E-08 56 51.74
Riedkost = 25%

4 6.00E-15 2.73E-12 2.85E-15 1.31E-12 51 47.71

14 3.77E-14 1.91E-11 1.24E-14 5.97E-12 51 48.00

104 3.15E-13 1.63E-10 1.16E-13 5.56E-11 51 48.00

1004 2.74E-12 1.36E-09 1.18E-12 b5.69E-10 52 47.96

10004 2.58E-11 1.26E-08 1.14E-11 5.47E-09 51 48.09

100004 2.38E-10 1.21E-07 1.12E-10 5.36E-08 51 48.02

Tabulka CGNR 5:
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CGNR metoda, n = 2000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 5%

4 5.33E-15 1.08E-12 2.43E-15 4.12E-13 60 54.31

14 1.51E-14 3.01E-12 8.38E-15 1.53E-12 60 54.81

104 2.08E-13 4.30E-11 8.63E-14 1.55E-11 60 54.74

1004 2.88E-12 5.90E-10 7.86E-13 1.42E-10 61 54.86

10004 2.50E-11 5.53E-09 8.45E-12 1.52E-09 61 54.81

100004 1.89E-10 3.56E-08 8.20E-11 1.47E-08 61 54.85
Riedkost = 10%

4 4.00E-15 1.48E-12 2.49E-15 8.17E-13 54 50.98

14 2.13E-14 7.79E-12 9.90E-15 3.46E-12 55 51.29

104 1.55E-13 5.63E-11 8.85E-14 3.07E-11 55 51.46

1004 1.74E-12 6.80E-10 9.28E-13 3.25E-10 55 51.37

10004 1.94E-11 7.06E-09 9.06E-12 3.16E-09 55 51.47

100004 1.66E-10 6.56E-08 9.48E-11 3.30E-08 55 51.33
Riedkost = 15%

4 5.33E-15 2.73E-12 2.96E-15 1.46E-12 54  50.61

14 1.87E-14 1.09E-11 1.08E-14 5.61E-12 54  51.07

104 1.93E-13 1.13E-10 1.04E-13 5.57E-11 54 50.93

1004 1.72E-12 9.65E-10 1.05E-12 5.59E-10 54  51.08

10004 2.30E-11 1.28E-08 1.08E-11 5.71E-09 54  50.97

100004 1.90E-10 1.06E-07 1.05E-10 5.60E-08 54 50.97
Riedkost = 20%

4 7.11E-15 5.68E-12 3.42E-15 2.44E-12 55  52.03

14 2.75E-14 2.10E-11 1.37E-14 1.01E-11 55 52.20

104 3.12E-13 2.47E-10 1.34E-13 9.93E-11 56 52.28

1004 2.88E-12 2.26E-09 1.35E-12 9.89E-10 56 5217

10004 2.74E-11 1.94E-08 1.29E-11 9.40E-09 55 5224

100004 2.24E-10 1.64E-07 1.27E-10 9.29E-08 55 5229
Riedkost = 25%

4 7.77E-15 7.73E-12 3.86E-15 3.58E-12 51 47.70

14 4.09E-14 4.07E-11 1.78E-14 1.69E-11 51 47.82

104 3.19E-13 3.18E-10 1.69E-13 1.60E-10 52 47.82

1004 2.88E-12 2.91E-09 1.55E-12 1.46E-09 51 4791

10004 2.59E-11 2.49E-08 1.56E-11 1.47E-08 50 47.85

100004 2.91E-10 3.01E-07 1.59E-10 1.52E-07 51 47.95

Tabulka CGNR 6:
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CGNR metoda, n = 3000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.15%

4 2.52E-12 3.49E-12 1.57E-13 2.43E-13 261 237.1

14 2.68E-12 3.95E-12 1.89E-13 3.27E-13 272 243.0

104 4.90E-11 6.74E-11 3.83E-12 5.99E-12 271 243.4
1004 2.36E-10 3.42E-10 1.72E-11 3.07E-11 267 243.7
10004 2.51E-09 3.65E-09 1.73E-10 3.13E-10 267 243.6
100004 3.85E-08 5.49E-08 2.79E-09 4.45E-09 269 244.0

Riedkost = 5%

4 4.88E-15 1.82E-12 2.62E-15 8.77E-13 55 51.92

14 1.85E-14 6.88E-12 9.77E-15 3.41E-12 56 5231

104 1.84E-13 6.93E-11 9.15E-14 3.16E-11 57 52.38
1004 1.60E-12 5.97E-10 9.17E-13 3.14E-10 57 5239
10004 1.67E-11 6.12E-09 9.12E-12 3.15E-09 57  52.38
100004 1.65E-10 5.79E-08 9.51E-11 3.30E-08 57 5235

Riedkost = 10%

4 4.88E-15 2.73E-12 3.04E-15 1.47E-12 54  50.52

14 1.67E-14 9.09E-12 1.03E-14 5.22E-12 55 50.98

104 1.79E-13 1.00E-10 1.01E-13 5.18E-11 55 50.93
1004 2.14E-12 9.20E-10 9.90E-13 5.05E-10 55 50.97
10004 2.09E-11 1.17E-08 1.03E-11 5.27E-09 55 50.95
100004 2.35E-10 1.35E-07 1.01E-10 5.21E-08 54 50.97

Riedkost = 15%

4 4.88E-15 4.32E-12 3.38E-15 2.81E-12 51 47.98

14 2.74E-14 2.53E-11 1.38E-14 1.20E-11 52 48.21

104 2.75E-13 2.48E-10 1.26E-13 1.11E-10 51 48.26
1004 2.46E-12 2.31E-09 1.32E-12 1.16E-09 51 48.27
10004 2.16E-11 1.82E-08 1.31E-11 1.15E-08 51 48.24
100004 2.97E-10 2.71E-07 1.29E-10 1.14E-07 51 48.28
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CGNR metoda, n = 5000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max avg

Riedkost = 0.1%

4 2.23E-12 2.97E-12 2.09E-13 3.16E-13 275 251.5

14 5.06E-12 7.37E-12 5.48E-13 8.22E-13 285 257.2

104 6.53E-11 9.10E-11 6.40E-12 9.37E-12 285 258.3
1004 6.02E-10 8.38E-10 5.64E-11 8.32E-11 279 2575
10004 6.92E-09 9.63E-09 6.50E-10 9.42E-10 282 257.4
100004 1.06E-07 1.50E-07 1.00E-08 1.46E-08 281 257.3

Riedkost = 3%

4 4.44E-15 1.25E-12 2.72E-15 6.88E-13 58 53.08

14 4.05E-14 1.22E-11 1.00E-14 2.68E-12 59  53.47

104 2.21E-13 6.25E-11 9.45E-14 2.50E-11 58  53.50
1004 2.27E-12 6.45E-10 9.27E-13 2.43E-10 58 53.59
10004 1.99E-11 5.73E-09 9.59E-12 2.51E-09 58 53.54
100004 2.61E-10 7.84E-08 9.83E-11 2.60E-08 59  53.44

Riedkost = 5%

4 5.11E-15 2.73E-12 2.84E-15 1.35E-12 54  51.45

14 1.95E-14 1.07E-11 1.09E-14 5.38E-12 55 51.67

104 2.34E-13 1.28E-10 1.03E-13 5.24E-11 55  51.77
1004 2.24E-12 1.20E-09 1.03E-12 5.22E-10 55 51.71
10004 1.97E-11 1.01E-08 1.03E-11 5.18E-09 55 51.74
100004 1.84E-10 8.76E-08 1.02E-10 5.21E-08 55  51.74

Riedkost = 10%

4 5.33E-15 4.77E-12 3.29E-15 2.53E-12 52 49.70

14 2.31E-14 1.93E-11 1.30E-14 1.09E-11 53  50.01

104 3.02E-13 2.81E-10 1.20E-13 1.01E-10 53  50.21
1004 2.13E-12 1.82E-09 1.18E-12 9.91E-10 53 50.18
10004 2.89E-11 2.57E-08 1.18E-11 9.61E-09 53  50.22
100004 1.59E-10 1.44E-07 1.17E-10 9.59E-08 53  50.19

Tabulka CGNR 8:
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CGNR metoda, n = 10000

Pres _min Pres avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a'l. Az -2, max  avg

Riedkost = 0.05%

4 8.31E-12 1.07E-11 5.56E-13 7.74E-13 296 268.6

14 2.12E-11 2.82E-11 1.42E-12 1.96E-12 299 273.3

104 3.49E-10 4.64E-10 1.87E-11 2.58E-11 302 274.7
1004 2.77E-09 3.69E-09 1.47E-10 2.03E-10 306 274.6
10004 1.02E-08 1.38E-08 6.45E-10 9.23E-10 304 274.8
100004 1.84E-07 2.46E-07 9.84E-09 1.37E-08 309 274.6

Riedkost = 0.5%

4 6.22E-15 6.82E-13 3.20E-15 3.02E-13 68 63.08

14 3.58E-14 4.04E-12 1.22E-14 1.24E-12 70 63.45

104 2.36E-13 2.74E-11 1.14E-13 1.18E-11 70 63.45
1004 2.44E-12 2.84E-10 1.20E-12 1.23E-10 70  63.34
10004 5.94E-11 7.12E-09 1.27E-11 1.30E-09 70 63.33
100004 2.90E-10 3.43E-08 1.16E-10 1.19E-08 70  63.55

Riedkost = 1%

4 6.66E-15 1.31E-12 3.10E-15 5.34E-13 65 60.27

14 1.97E-14 3.92E-12 1.12E-14 2.08E-12 65 60.79

104 3.52E-13 7.46E-11 1.12E-13 2.07E-11 65 60.74
1004 2.70E-12 5.71E-10 1.11E-12 2.05E-10 65 60.79
10004 2.29E-11 4.41E-09 1.10E-11 2.03E-09 66 60.76
100004 2.87E-10 5.48E-08 1.07E-10 1.96E-08 67 60.81

Riedkost = 2%

4 3.55E-15 1.25E-12 2.82E-16 9.66E-14 55 52.40

14 1.55E-14 5.57E-12 1.16E-14 3.96E-12 55 52.60

104 1.66E-13 5.96E-11 1.18E-13 4.02E-11 56 52.80
1004 1.25E-12 4.41E-10 9.44E-13 3.28E-10 56  53.00
10004 1.68E-11 5.74E-09 1.15E-11 3.95E-09 56 52.70
100004 1.46E-10 5.39E-08 9.73E-11 3.28E-08 56 52.80
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CGNR metoda, n = 20000

Pres _min Pres avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a'l. Az -2, max  avg

Riedkost = 0.025%

4 1.52E-12 2.02E-12 1.50E-13 2.14E-13 307 287.1

14 1.20E-11 1.60E-11 1.18E-12 1.61E-12 312 291.6

104 9.85E-11 1.31E-10 8.93E-12 1.23E-11 316 290.9
1004 9.29E-10 1.23E-09 8.82E-11 1.23E-10 312 291.8
10004 7.47E-09 9.89E-09 6.91E-10 9.70E-10 315 291.7
100004 1.30E-07 1.73E-07 1.16E-08 1.57E-08 322 2922

Riedkost = 0.15%

4 1.01E-14 7.23E-13 4.13E-15 2.71E-13 88 80.45

14 4.31E-14 3.23E-12 1.67E-14 1.17E-12 89 80.90

104 5.39E-13 3.86E-11 1.66E-13 1.10E-11 89 81.02
1004 4.83E-12 3.36E-10 1.67E-12 1.12E-10 88 80.88
10004 3.62E-11 2.52E-09 1.61E-11 1.10E-09 89 80.87
100004 4.98E-10 3.79E-08 1.66E-10 1.14E-08 89 81.06

Riedkost = 0.25%

4 6.77E-15 6.54E-13 3.49E-15 3.47E-13 70  64.93

14 2.93E-14 3.15E-12 1.42E-14 1.47E-12 72 65.17

104 3.15E-13 3.12E-11 1.39E-13 1.45E-11 70  65.20
1004 3.59E-12 4.34E-10 1.39E-12 1.44E-10 70  65.29
10004 3.39E-11 3.92E-09 1.40E-11 1.45E-09 71 65.28
100004 3.22E-10 3.32E-08 1.36E-10 1.39E-08 71 65.30

Riedkost = 0.375%

4 6.88E-15 1.14E-12 3.82E-16 5.57E-14 71 65.70

14 2.84E-14 4.66E-12 1.60E-14 2.40E-12 72 66.80

104 2.10E-13 2.95E-11 1.55E-13 2.28E-11 72 66.50
1004 1.97E-12 2.84E-10 1.18E-12 1.69E-10 72 66.60
10004 2.11E-11 3.13E-09 1.18E-11 1.72E-09 73 67.00
100004 2.24E-10 3.51E-08 1.24E-10 1.77E-08 72 66.90
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CGNR metoda, n = 30000

Pres _min Pres avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a'l. Az -2, max  avg

Riedkost = 0.015%

4 1.41E-12 1.87E-12 1.81E-13 2.50E-13 319 296.3

14 1.29E-12 1.78E-12 2.95E-13 5.01E-13 320 301.3

104 4.97E-11 6.44E-11 5.05E-12 7.54E-12 318 298.9
1004 6.25E-10 8.10E-10 6.47E-11 9.08E-11 319 299.9
10004 4.83E-09 6.25E-09 5.10E-10 7.32E-10 320 299.9
100004 3.21E-08 4.12E-08 3.44E-09 5.39E-09 322 300.0

Riedkost = 0.05%

4 1.00E-13 1.08E-12 8.47E-15 2.47E-13 122 106.6

14 4.35E-13 4.87E-12 4.10E-14 1.19E-12 119 107.1

104 8.86E-12 9.53E-11 6.46E-13 1.33E-11 121 107.0
1004 3.07E-11 3.43E-10 3.37E-12 1.20E-10 119 106.9
10004 3.05E-10 3.40E-09 3.27E-11 1.12E-09 119 107.2
100004 3.08E-09 3.44E-08 3.10E-10 1.00E-08 121 107.1

Riedkost = 0.1%

4 1.60E-14 1.31E-12 4.47E-15 3.05E-13 89 81.75

14 4.57E-14 3.52E-12 1.86E-14 1.31E-12 89 8232

104 3.94E-13 2.95E-11 1.87E-13 1.30E-11 91 8213
1004 3.95E-12 2.67E-10 1.72E-12 1.18E-10 89 8234
10004 4.82E-11 3.51E-09 1.82E-11 1.28E-09 88 82.14
100004 5.23E-10 4.13E-08 1.89E-10 1.32E-08 90 8213

Riedkost = 0.15%

4 4.44E-15 5.12E-13 3.52E-16 3.75E-14 69 6540

14 2.26E-14 2.59E-12 1.53E-14 1.60E-12 70 65.90

104 1.88E-13 2.05E-11 1.41E-13 1.45E-11 70  65.60
1004 2.04E-12 2.08E-10 1.50E-12 1.52E-10 70 65.50
10004 2.04E-11 2.25E-09 1.48E-11 1.52E-09 70  66.00
100004 2.18E-10 2.35E-08 1.42E-10 1.48E-08 70 65.40
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CGNR metoda, n = 50000

Pres _min Pres avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a'l. Az -2, max  avg

Riedkost = 0.01%

4 1.17E-12 1.50E-12 1.56E-13 2.31E-13 333 307.6

14 6.46E-12 7.83E-12 6.04E-13 8.67E-13 339 311.5

104 7.84E-11 9.58E-11 6.60E-12 9.26E-12 338 312.0
1004 6.51E-10 7.98E-10 5.82E-11 8.70E-11 335 311.2
10004 5.76E-09 7.08E-09 522E-10 7.73E-10 332 311.1
100004 8.47E-08 1.03E-07 7.40E-09 1.03E-08 342 310.9

Riedkost = 0.02%

4 1.09E-11 3.73E-11 1.59E-13 5.21E-13 242 2159

14 4.96E-11 1.63E-10 6.87E-12 2.21E-11 238 216.5

104 5.64E-10 1.86E-09 7.51E-11 2.42E-10 238 216.9
1004 3.12E-09 1.03E-08 4.00E-10 1.33E-09 246 216.4
10004 1.21E-07 3.97E-07 1.61E-08 5.16E-08 244 215.8
100004 1.44E-06 4.76E-06 1.92E-07 6.17E-07 238 216.0

Riedkost = 0.04%

4 3.25E-13 3.55E-12 3.14E-14 4.76E-13 122 1108

14 7.67E-13 7.95E-12 8.19E-14 1.72E-12 122 111.4

104 1.18E-11 1.22E-10 1.16E-12 1.95E-11 126 111.5
1004 1.04E-10 1.20E-09 1.15E-11 1.98E-10 121 111.6
10004 5.95E-10 6.16E-09 6.35E-11 1.46E-09 126 111.5
100004 8.52E-09 8.83E-08 8.46E-10 1.69E-08 123 111.6

Riedkost = 0.06%

4 8.44E-15 6.54E-13 5.48E-16 3.87E-14 92  84.50

14 3.33E-14 2.68E-12 1.92E-14 1.40E-12 93  85.90

104 3.16E-13 2.55E-11 2.24E-13 1.62E-11 93 85.10
1004 4.81E-12 3.56E-10 2.64E-12 1.93E-10 91 85.10
10004 4.09E-11 3.14E-09 2.17E-11 1.59E-09 92 85.60
100004 3.81E-10 3.07E-08 2.03E-10 1.46E-08 92  85.60

Tabulka CGNR 12:
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GMRes metéda, n = 100

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 4.77E-15 5.33E-14 2.60E-15 2.34E-14 68 62.62

14 1.73E-14 1.76E-13 9.68E-15 8.78E-14 69 62.68

104 2.20E-13 2.86E-12 9.84E-14 8.76E-13 67 6251

1004 2.59E-12 2.55E-11 9.36E-13 8.72E-12 66 62.60

10004 1.64E-11 2.45E-10 9.14E-12 8.37E-11 69 62.59

100004 1.62E-10 1.95E-09 9.67E-11 9.10E-10 67 6242
Riedkost = 10%

4 3.77E-15 7.82E-14 2.40E-15 4.39F-14 54 50.50

14 1.67E-14 3.69E-13 8.84E-15 165613 56 5075

104 1.67E-13 3.59E-12 8.63E-14 1.62E-12 56 50.59

1004 1.29E-12 2.71E-11 8.08E-13 1.51E-11 55  50.76

10004 1.73E-11 4.93E-10 8.28E-12 154E-10 56 5065

100004 1.95E-10 3.89E-09 8.47E-11 1.61E-09 54 50.57
Riedkost = 15%

4 5.33E-15 1.99E-13 2.32E-15 6.56E-14 50 46.00

14 1.80E-14 6.11E-13 8.93E-15 2.33E-13 50 46.19

104 1.44E-13 4.38E-12 7.89E-14 2.12E-12 50 46.30

1004 1.83E-12 4.92E-11 8.07E-13 2.23E-11 50 46.25

10004 1.48E-11 5.12E-10 7.98E-12 2.11E-10 50 46.22

100004 1.40E-10 4.30E-09 8.36E-11 2.27E-09 50 46.12
Riedkost = 20%

4 7.99E-15 4.12E-13 2.47E-15 8.90E-14 46  42.44

14 1.98E-14 9.81E-13 9.64E-15 3.43E-13 45 4255

104 2.09E-13 9.58E-12 8.88E-14 3.10E-12 46  42.57

1004 1.88E-12 7.75E-11 8.52E-13 2.97E-11 46  42.63

10004 1.76E-11 6.99E-10 8.44E-12 2.93E-10 46  42.61

100004 2.14E-10 1.06E-08 8.58E-11 3.06E-09 46  42.62
Riedkost = 25%

4 4.88E-15 2.13E-13 2.54E-15 1.19E-13 50 46.17

14 2.73E-14 1.24E-12 1.03E-14 4.79E-13 51  46.41

104 1.99E-13 1.03E-11 8.89E-14 4.24E-12 50 46.50

1004 2.05E-12 1.09E-10 9.23E-13 4.30E-11 50 46.41

10004 1.66E-11 9.45E-10 9.32E-12 4.37E-10 50 46.36

100004 1.78E-10 9.06E-09 9.03E-11 4.23E-09 50 46.41

Tabulka GMRes 1:
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GMRes metéda, n = 200

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 5.11E-15 1.28E-13 2.66E-15 5.07E-14 58 53.41

14 2.22E-14 5.19E-13 1.00E-14 1.98E-13 58 53.71

104 1.86E-13 5.25E-12 9.45E-14 1.85E-12 58 53.65

1004 2.14E-12 5.69E-11 9.75E-13 1.93E-11 58 53.59

10004 2.40E-11 6.36E-10 9.61E-12 1.95E-10 59 53.61

100004 1.53E-10 3.60E-09 9.38E-11 1.85E-09 58 53.49
Riedkost = 10%

4 6.66E-15 2.84E-13 2.78E-15 9.97E-14 48  44.07

14 1.81E-14 8.74E-13 1.02E-14 3.73E-13 48  44.33

104 1.68E-13 7.61E-12 9.69E-14 3.58E-12 47  44.18

1004 1.83E-12 7.74E-11 9.54E-13 3.53E-11 47  44.29

10004 1.63E-11 7.03E-10 9.78E-12 3.54E-10 47  44.26

100004 1.77E-10 6.77E-09 9.92E-11 3.65E-09 47  44.27
Riedkost = 15%

4 4.88E-15 2.56E-13 2.84E-15 1.49E-13 45  40.94

14 2.22E-14 1.15E-12 1.10E-14 5.78E-13 44  41.17

104 1.83E-13 1.12E-11 1.03E-13 5.35E-12 44  41.20

1004 3.23E-12 1.84E-10 1.03E-12 5.35E-11 44  41.21

10004 2.14E-11 1.45E-09 1.01E-11 5.31E-10 44  41.26

100004 1.59E-10 1.08E-08 1.04E-10 5.37E-09 45 41.18
Riedkost = 20%

4 5.77E-15 3.98E-13 3.12E-15 2.15E-13 43 39.05

14 2.02E-14 1.62E-12 1.24E-14 8.76E-13 42  39.18

104 2.20E-13 1.61E-11 1.11E-13 7.66E-12 42 39.26

1004 1.78E-12 1.56E-10 1.13E-12 7.94E-11 42  39.13

10004 1.98E-11 1.67E-09 1.11E-11 7.65E-10 43 39.28

100004 2.32E-10 1.92E-08 1.18E-10 8.46E-09 42  39.13
Riedkost = 25%

4 4.88E-15 5.68E-13 3.18E-15 2.69E-13 41  38.00

14 2.26E-14 2.15E-12 1.30E-14 1.16E-12 42  38.12

104 2.06E-13 1.74E-11 1.17E-13 1.06E-11 42  38.22

1004 1.88E-12 1.77E-10 1.19E-12 1.05E-10 42  38.26

10004 2.16E-11 2.21E-09 1.26E-11 1.13E-09 42  38.17

100004 1.97E-10 1.62E-08 1.19E-10 1.05E-08 42  38.23
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GMRes metéda, n = 300

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 6.7%

4 6.22E-15 2.98E-13 3.02E-15 1.08E-13 48  44.78

14 1.82E-14 8.38E-13 1.10E-14 4.07E-13 48  44.84

104 2.05E-13 8.85E-12 1.05E-13 3.93E-12 48  44.96

1004 1.91E-12 8.58E-11 1.05E-12 4.01E-11 48  44.89

10004 1.67E-11 6.72E-10 1.03E-11 3.73E-10 48  44.92

100004 2.01E-10 8.73E-09 1.08E-10 4.01E-09 48  44.83
Riedkost = 10%

4 6.66E-15 3.98E-13 3.14E-15 1.65E-13 45 41.33

14 1.81E-14 9.99E-13 1.16E-14 6.02E-13 45 41.46

104 2.06E-13 1.11E-11 1.09E-13 5.88E-12 45 41.44

1004 1.97E-12 1.09E-10 1.10E-12 5.97E-11 45 41.46

10004 1.74E-11 1.09E-09 1.11E-11 5.96E-10 45 41.45

100004 1.78E-10 1.27E-08 1.07E-10 5.74E-09 45 41.54

Riedkost = 16.7%

4 7.11E-15 6.25E-13 3.71E-15 3.12E-13 42  38.37

14 2.13E-14 1.91E-12 1.28E-14 1.13E-12 42  38.53

104 2.26E-13 2.12E-11 1.25E-13 1.10E-11 42  38.60

1004 1.95E-12 1.80E-10 1.22E-12 1.04E-10 42 38.60

10004 1.82E-11 1.91E-09 1.21E-11 1.05E-09 42 38.60

100004 2.09E-10 1.99E-08 1.22E-10 1.08E-08 41  38.52
Riedkost = 20%

4 5.33E-15 5.68E-13 3.56E-15 3.57E-13 41 37.76

14 2.35E-14 2.39E-12 1.41E-14 1.48E-12 41 37.85

104 2.16E-13 2.40E-11 1.37E-13 1.43E-11 41  37.89

1004 2.02E-12 2.60E-10 1.33E-12 1.40E-10 41 37.85

10004 2.18E-11 2.73E-09 1.32E-11 1.40E-09 41  37.94

100004 2.01E-10 2.25E-08 1.31E-10 1.38E-08 41 37.84
Riedkost = 25%

4 7.55E-15 1.19E-12 3.98E-15 5.14E-13 42 39.29

14 2.29E-14 3.52E-12 1.46E-14 1.86E-12 42 39.42

104 2.17E-13 2.73E-11 1.45E-13 1.84E-11 42 39.39

1004 2.44E-12 2.88E-10 1.45E-12 1.83E-10 42 39.45

10004 2.06E-11 3.08E-09 1.41E-11 1.79E-09 42  39.41

100004 2.49E-10 2.74E-08 1.41E-10 1.78E-08 43 39.43
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GMRes metéda, n = 500

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 5.33E-15 2.98E-13 3.08E-15 1.37E-13 52 48.04

14 2.31E-14 1.17E-12 1.24E-14 5.61E-13 52 4831

104 2.06E-13 1.09E-11 1.12E-13 5.11E-12 53 4844

1004 2.04E-12 1.07E-10 1.14E-12 5.23E-11 52 4836

10004 1.99E-11 9.63E-10 1.10E-11 4.98E-10 53  48.45

100004 1.84E-10 1.01E-08 1.10E-10 4.96E-09 53  48.48
Riedkost = 10%

4 6.66E-15 7.39E-13 3.80E-15 3.25E-13 42  38.96

14 2.43E-14 2.32E-12 1.39E-14 1.19E-12 42  39.19

104 2.51E-13 2.68E-11 1.35E-13 1.14E-11 43  39.30

1004 2.12E-12 2.32E-10 1.35E-12 1.12E-10 43  39.33

10004 2.09E-11 1.82E-09 1.36E-11 1.16E-09 43 39.26

100004 2.42E-10 1.91E-08 1.32E-10 1.12E-08 43  39.31
Riedkost = 15%

4 6.66E-15 8.53E-13 3.88E-15 4.92E-13 43 40.36

14 2.76E-14 3.81E-12 1.67E-14 2.17E-12 44  40.51

104 2.56E-13 3.16E-11 1.49E-13 1.93E-11 44 40.63

1004 2.57E-12 3.40E-10 1.49E-12 1.92E-10 44  40.64

10004 2.3bE-11 3.16E-09 1.48E-11 1.91E-09 44  40.64

100004 2.29E-10 3.28E-08 1.51E-10 1.99E-08 44 40.61
Riedkost = 20%

4 8.88E-15 1.59E-12 4.93E-15 8.43E-13 39 36.82

14 2.69E-14 4.32E-12 1.79E-14 3.01E-12 40 37.01

104 2.57E-13 4.44E-11 1.73E-13 2.93E-11 40 37.05

1004 2.64E-12 4.95E-10 1.77E-12 2.97E-10 40 37.08

10004 2.91E-11 5.40E-09 1.82E-11 3.07E-09 40 37.06

100004 2.76E-10 4.15E-08 1.76E-10 2.97E-08 39 37.01
Riedkost = 25%

4 9.10E-15 2.05E-12 5.36E-15 1.20E-12 48 4525

14 3.24E-14 8.00E-12 2.03E-14 4.67E-12 49 4552

104 3.19E-13 7.66E-11 1.84E-13 4.14E-11 48 45.71

1004 3.18E-12 7.84E-10 1.81E-12 4.09E-10 49 4559

10004 3.13E-11 8.28E-09 1.88E-11 4.28E-09 48 45.61

100004 2.95E-10 7.29E-08 1.88E-10 4.24E-08 48  45.62
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GMRes metéda, n = 1000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 8.44E-15 8.24E-13 4.16E-15 3.48E-13 42  39.43

14 2.40E-14 2.06E-12 1.55E-14 1.36E-12 43  39.70

104 2.10E-13 1.93E-11 1.47E-13 1.28E-11 43  39.74

1004 2.52E-12 2.36E-10 1.49E-12 1.34E-10 43  39.73

10004 2.17E-11 2.06E-09 1.41E-11 1.24E-09 43 39.76

100004 2.45E-10 2.27E-08 1.49E-10 1.31E-08 43  39.77
Riedkost = 10%

4 7.99E-15 1.48E-12 5.17E-15 8.33E-13 40 37.18

14 2.83E-14 4.90E-12 1.95E-14 3.28E-12 40 3741

104 3.22E-13 5.79E-11 1.74E-13 2.92E-11 40 37.48

1004 3.69E-12 6.29E-10 1.78E-12 3.01E-10 40 37.53

10004 2.68E-11 5.24E-09 1.78E-11 2.99E-09 40 37.49

100004 3.54E-10 5.90E-08 1.75E-10 2.91E-08 40 37.50
Riedkost = 15%

4 1.02E-14 2.61E-12 6.34E-15 1.59E-12 40 36.48

14 3.29E-14 8.98E-12 2.38E-14 5.83E-12 40 36.73

104 2.96E-13 6.99E-11 2.18E-13 5.37E-11 40 36.77

1004 3.16E-12 8.36E-10 2.25E-12 5.53E-10 39 36.72

10004 2.96E-11 7.65E-09 2.26E-11 5.59E-09 40 36.71

100004 2.96E-10 7.51E-08 2.19E-10 5.39E-08 39 36.74
Riedkost = 20%

4 1.27E-14 3.87E-12 6.95E-15 2.29E-12 39 36.63

14 4.31E-14 1.43E-11 2.77E-14 9.47E-12 39 36.76

104 3.37E-13 1.23E-10 2.33E-13 7.96E-11 39 36.84

1004 3.47E-12 1.29E-09 241E-12 8.28E-10 39 36.77

10004 3.94E-11 1.50E-08 2.36E-11 8.01E-09 39 36.86

100004 3.63E-10 1.40E-07 2.31E-10 7.83E-08 39 36.82
Riedkost = 25%

4 1.51E-14 6.82E-12 8.24E-15 3.65E-12 37 34.78

14 4.69E-14 2.11E-11 3.11E-14 1.35E-11 37 34.91

104 4.37E-13 1.90E-10 2.92E-13 1.30E-10 37 34.94

1004 4.78E-12 1.99E-09 2.85E-12 1.26E-09 37  34.90

10004 4.87E-11 1.93E-08 2.98E-11 1.32E-08 37 34.87

100004 4.70E-10 2.08E-07 2.99E-10 1.32E-07 37  34.90
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GMRes metéda, n = 2000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 5%

4 9.99E-15 1.65E-12 6.08E-15 1.01E-12 41  37.58

14 2.88E-14 4.95E-12 2.16E-14 3.47E-12 41 37.90

104 2.97E-13 5.05E-11 1.99E-13 3.25E-11 41  37.92

1004 2.97E-12 4.86E-10 2.01E-12 3.25E-10 41 37.92

10004 3.19E-11 5.27E-09 2.03E-11 3.29E-09 41  37.92

100004 2.82E-10 4.48E-08 2.01E-10 3.24E-08 41 37.90
Riedkost = 10%

4 1.33E-14 4.66E-12 7.83E-15 2.59E-12 38 36.07

14 4.10E-14 1.28E-11 2.89E-14 9.29E-12 39 36.39

104 3.97E-13 1.33E-10 2.80E-13 9.17E-11 39 36.36

1004 4.02E-12 1.29E-09 2.71E-12 8.85E-10 39 36.36

10004 4.23E-11 1.33E-08 2.72E-11 8.87E-09 39 36.36

100004 4.13E-10 1.24E-07 2.76E-10 8.97E-08 39 36.36
Riedkost = 15%

4 1.38E-14 6.59E-12 9.17E-15 4.40E-12 38 35.90

14 5.95E-14 3.05E-11 3.58E-14 1.81E-11 38 36.10

104 3.82E-13 2.08E-10 2.75E-13 1.33E-10 38 36.26

1004 3.92E-12 2.14E-09 2.77E-12 1.35E-09 38 36.27

10004 4.12E-11 2.02E-08 2.77E-11 1.33E-08 39 36.26

100004 3.66E-10 1.72E-07 2.75E-10 1.32E-07 38 36.22
Riedkost = 20%

4 1.87E-14 1.23E-11 1.16E-14 7.87E-12 38 36.34

14 5.51E-14 3.66E-11 4.04E-14 2.68E-11 38 36.49

104 b5.79E-13 3.77E-10 3.93E-13 2.65E-10 38 36.50

1004 5.38E-12 3.66E-09 3.91E-12 2.63E-09 39 36.57

10004 5.38E-11 3.53E-08 3.96E-11 2.66E-08 38 36.50

100004 5.91E-10 3.88E-07 3.95E-10 2.64E-07 38 36.56
Riedkost = 25%

4 1.69E-14 1.50E-11 1.24E-14 1.04E-11 36 34.52

14 6.82E-14 6.14E-11 4.47E-14 3.92E-11 37  34.77

104 4.96E-13 4.91E-10 3.89E-13 3.23E-10 37 34.83

1004 4.92E-12 4.15E-09 3.86E-12 3.19E-09 37 3487

10004 5.27E-11 4.21E-08 3.85E-11 3.14E-08 37 34.84

100004 6.26E-10 4.69E-07 3.89E-10 3.21E-07 37 34.83
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GMRes metéda, n = 3000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 0.15%

4 1.75E-14 2.77E-13 4.93E-15 6.08E-14 82 7691

14 3.97E-14 5.58E-13 1.98E-14 2.47E-13 82 77.34

104 4.39E-13 6.86E-12 1.99E-13 2.68E-12 82 77.09
1004 5.01E-12 6.71E-11 2.06E-12 2.65E-11 84 77.18
10004 5.03E-11 7.67E-10 2.01E-11 2.65E-10 82 7722
100004 6.18E-10 1.12E-08 1.98E-10 2.52E-09 83 77.39

Riedkost = 5%

4 1.04E-14 3.41E-12 7.42E-15 2.34E-12 39 36.56

14 4.88E-14 1.56E-11 3.08E-14 1.00E-11 39 36.77

104 3.60E-13 1.32E-10 2.53E-13 8.31E-11 39 36.91
1004 4.17E-12 1.33E-09 2.46E-12 8.15E-10 39 36.91
10004 3.78E-11 1.29E-08 2.41E-11 7.90E-09 39 36.95
100004 3.98E-10 1.32E-07 2.41E-10 7.96E-08 39 36.90

Riedkost = 10%

4 1.55E-14 7.73E-12 1.05E-14 5.05E-12 38 3575

14 4.93E-14 2.55E-11 3.42E-14 1.63E-11 38 36.07

104 5.07E-13 2.19E-10 3.31E-13 1.56E-10 38 36.06
1004 4.35E-12 2.13E-09 3.27E-12 1.54E-09 38 36.07
10004 4.22E-11 1.97E-08 3.28E-11 1.54E-08 38 36.07
100004 4.92E-10 2.30E-07 3.34E-10 1.56E-07 38 36.07

Riedkost = 15%

4 2.18E-14 1.82E-11 1.28E-14 1.06E-11 36 34.61

14 6.17E-14 4.89E-11 4.66E-14 3.75E-11 37 34.85

104 5.61E-13 4.56E-10 4.38E-13 3.62E-10 37 34.89
1004 6.03E-12 4.88E-09 4.49E-12 3.69E-09 37 34.88
10004 6.14E-11 4.98E-08 4.43E-11 3.67E-08 37 34.86
100004 6.19E-10 5.27E-07 4.45E-10 3.68E-07 37 34.83
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GMRes metéda, n = 5000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—a*ll llzi—a*l. Az -2, max avg

Riedkost = 0.1%

4 1.64E-14 2.84E-13 521E-15 7.02E-14 85 78.98

14 5.03E-14 7.25E-13 2.33E-14 3.07E-13 84 79.15

104 3.46E-13 6.75E-12 2.13E-13 2.80E-12 84 79.30
1004 4.23E-12 7.17E-11 2.17E-12 2.94E-11 86 79.19
10004 6.71E-11 1.01E-09 2.22E-11 2.94E-10 85 79.13
100004 7.79E-10 1.18E-08 2.30E-10 3.05E-09 85 79.32

Riedkost = 3%

4 1.02E-14 2.50E-12 6.84E-15 1.67E-12 39 37.13

14 4.10E-14 1.08E-11 2.84E-14 6.78E-12 40 37.34

104 3.66E-13 8.73E-11 2.59E-13 6.31E-11 40 37.30
1004 4.01E-12 9.46E-10 2.60E-12 6.32E-10 40 37.37
10004 3.39E-11 8.09E-09 2.59E-11 6.32E-09 40 37.34
100004 3.32E-10 8.04E-08 2.54E-10 6.23E-08 40 37.37

Riedkost = 5%

4 1.80E-14 8.87E-12 9.24E-15 4.44E-12 39 36.23

14 5.65E-14 2.55E-11 3.96E-14 1.86E-11 39 36.34

104 5.38E-13 2.62E-10 3.48E-13 1.69E-10 39 36.40
1004 5.33E-12 2.65E-09 3.45E-12 1.69E-09 39 36.39
10004 5.03E-11 2.5b3E-08 3.35E-11 1.63E-08 39 36.43
100004 5.09E-10 2.51E-07 3.31E-10 1.62E-07 39 36.40

Riedkost = 10%

4 1.73E-14 1.39E-11 1.23E-14 9.60E-12 37 35.24

14 7.68E-14 6.05E-11 4.88E-14 3.95E-11 37 3549

104 6.90E-13 5.75E-10 3.62E-13 2.79E-10 38 3575
1004 4.72E-12 3.95E-09 3.63E-12 2.82E-09 38 35.75
10004 4.77E-11 3.62E-08 3.62E-11 2.78E-08 38 35.79
100004 4.76E-10 3.77E-07 3.63E-10 2.77E-07 38 35.77
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GMRes metéda, n = 10000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 0.05%

4 1.38E-14 2.34E-13 6.24E-15 8.83E-14 86 81.34

14 6.68E-14 1.01E-12 2.71E-14 3.84E-13 88 81.66

104 5.57E-13 1.15E-11 2.71E-13 3.84E-12 88 81.51
1004 8.33E-12 1.60E-10 2.68E-12 3.66E-11 87 81.61
10004 5.72E-11 1.02E-09 2.71E-11 3.81E-10 87 81.60
100004 6.74E-10 1.26E-08 2.65E-10 3.67E-09 87 81.48

Riedkost = 0.5%

4 7.77E-15 7.39E-13 5.35E-15 4.77E-13 44 40.95

14 2.78E-14 3.15E-12 2.02E-14 1.74E-12 44  41.25

104 2.58E-13 2.34E-11 1.89E-13 1.59E-11 44  41.26
1004 3.33E-12 3.63E-10 1.88E-12 1.60E-10 44  41.28
10004 2.63E-11 2.60E-09 1.84E-11 1.57E-09 44  41.26
100004 3.05E-10 3.26E-08 1.84E-10 1.59E-08 44  41.31

Riedkost = 1%

4 9.33E-15 1.65E-12 6.54E-15 1.09E-12 43  39.95

14 3.33E-14 5.40E-12 2.54E-14 4.07E-12 44 40.23

104 3.24E-13 5.48E-11 2.36E-13 3.88E-11 44 40.27
1004 3.42E-12 5.50E-10 2.38E-12 3.91E-10 44 40.29
10004 3.35E-11 5.53E-09 2.37E-11 3.92E-09 44  40.24
100004 3.12E-10 5.47E-08 2.37E-10 3.91E-08 44 40.26

Riedkost = 2%

4 1.33E-14 4.66E-12 8.30E-15 2.61E-12 39 36.68

14 4.82E-14 1.44E-11 3.51E-14 1.11E-11 39 36.82

104 3.68E-13 1.24E-10 2.87E-13 9.37E-11 39 36.88
1004 3.86E-12 1.23E-09 2.93E-12 9.57E-10 39 36.92
10004 5.15E-11 1.68E-08 2.93E-11 9.58E-09 39 36.92
100004 4.50E-10 1.39E-07 2.93E-10 9.56E-08 39 36.89
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GMRes metéda, n = 20000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 0.025%

4 1.29E-14 2.06E-13 7.15E-15 1.03E-13 90 83.58

14 9.41E-14 1.43E-12 3.62E-14 5.36E-13 89 83.70

104 8.18E-13 1.31E-11 3.18E-13 4.69E-12 90 83.96
1004 7.31E-12 1.31E-10 3.14E-12 4.62E-11 89 8391
10004 9.63E-11 1.66E-09 3.12E-11 4.61E-10 90 83.99
100004 6.77E-10 1.14E-08 3.20E-10 4.72E-09 90 83.89

Riedkost = 0.15%

4 7.55E-15 4.55E-13 5.14E-15 3.00E-13 49  46.53

14 2.96E-14 1.87E-12 1.93E-14 1.12E-12 50 46.89

104 2.51E-13 1.71E-11 1.78E-13 1.01E-11 50 46.93
1004 2.58E-12 1.54E-10 1.76E-12 9.87E-11 50 47.02
10004 2.82E-11 2.13E-09 1.81E-11 1.05E-09 50 46.95
100004 2.60E-10 1.74E-08 1.79E-10 1.03E-08 50 46.96

Riedkost = 0.25%

4 7.99E-15 9.09E-13 5.60E-15 4.88E-13 45 41.68

14 3.01E-14 2.93E-12 2.19E-14 1.95E-12 44  41.83

104 2.97E-13 3.01E-11 1.98E-13 1.82E-11 44 41.90
1004 4.02E-12 3.62E-10 2.01E-12 1.85E-10 44  41.88
10004 2.92E-11 2.78E-09 1.95E-11 1.80E-09 45  41.90
100004 3.29E-10 3.07E-08 2.03E-10 1.85E-08 45  41.90

Riedkost = 0.375%

4 9.33E-15 1.14E-12 6.57E-15 8.16E-13 45  41.80

14 2.71E-14 3.89E-12 2.40E-14 2.99E-12 45 42.10

104 2.48E-13 3.07E-11 2.19E-13 2.72E-11 45  42.00
1004 3.03E-12 3.82E-10 2.38E-12 3.01E-10 45  42.00
10004 2.29E-11 3.13E-09 2.16E-11 2.71E-09 45  42.00
100004 2.59E-10 3.27E-08 2.29E-10 2.79E-08 45 42.10
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GMRes metoda, n = 30000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 0.015%

4 1.55E-14 2.49E-13 7.52E-15 1.10E-13 90 84.57

14 1.05E-13 1.80E-12 3.66E-14 5.56E-13 91 84.73

104 8.29E-13 1.40E-11 3.41E-13 5.21E-12 91 84.85
1004 9.13E-12 1.39E-10 3.63E-12 5.43E-11 90 84.73
10004 8.12E-11 1.31E-09 3.47E-11 5.18E-10 90 84.70
100004 8.42E-10 1.40E-08 3.58E-10 5.31E-09 91 84.75

Riedkost = 0.05%

4 8.44E-15 4.55E-13 517E-15 2.15E-13 57 53.49

14 3.29E-14 1.73E-12 2.04E-14 8.96E-13 58 53.85

104 3.88E-13 1.96E-11 1.98E-13 8.66E-12 58  53.69
1004 3.21E-12 1.39E-10 1.95E-12 8.56E-11 58 53.79
10004 3.83E-11 2.22E-09 1.97E-11 8.80E-10 58 53.79
100004 3.24E-10 1.54E-08 1.95E-10 8.48E-09 58  53.80

Riedkost = 0.1%

4 9.55E-15 5.97E-13 5.34E-15 3.14E-13 50 46.91

14 2.98E-14 2.18E-12 2.08E-14 1.25E-12 50 47.22

104 2.86E-13 1.80E-11 1.98E-13 1.13E-11 51 47.29
1004 2.67E-12 1.83E-10 1.89E-12 1.10E-10 50 47.30
10004 2.38E-11 1.60E-09 1.90E-11 1.09E-09 50 47.34
100004 2.97E-10 2.45E-08 1.92E-10 1.10E-08 50 47.25

Riedkost = 0.15%

4 7.99E-15 7.39E-13 6.15E-15 5.43E-13 44 42.20

14 3.11E-14 2.79E-12 2.31E-14 2.09E-12 45  42.20

104 2.40E-13 2.55E-11 1.95E-13 1.77E-11 45  42.30
1004 2.22E-12 2.01E-10 1.92E-12 1.71E-10 45 4250
10004 2.39E-11 2.52E-09 1.98E-11 1.84E-09 45  42.30
100004 2.42E-10 2.87E-08 1.94E-10 1.75E-08 45  42.30
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GMRes metéda, n = 50000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 0.01%

4 2.07E-14 3.27E-13 8.74E-15 1.30E-13 92  86.09

14 8.35E-14 1.71E-12 4.27E-14 6.74E-13 92 86.27

104 9.27E-13 1.68E-11 4.18E-13 6.52E-12 92 86.30
1004 1.43E-11 2.40E-10 4.27E-12 6.62E-11 93 86.19
10004 8.41E-11 1.49E-09 4.14E-11 6.44E-10 93 86.33
100004 8.67E-10 1.46E-08 4.07E-10 6.18E-09 92 86.32

Riedkost = 0.02%

4 1.82E-14 3.98E-13 6.62E-15 1.69E-13 83 7553

14 9.75E-14 2.20E-12 2.83E-14 7.00E-13 83 76.04

104 9.78E-13 1.79E-11 2.69E-13 6.70E-12 83 76.03
1004 1.03E-11 1.28E-10 2.67E-12 6.68E-11 84 76.16
10004 6.26E-11 1.63E-09 2.63E-11 7.18E-10 85 76.05
100004 9.93E-10 2.24E-08 2.88E-10 7.32E-09 84 75.96

Riedkost = 0.04%

4 7.99E-15 4.41E-13 5.70E-15 2.47E-13 59  54.52

14 3.69E-14 1.79E-12 2.13E-14 9.49E-13 59  54.91

104 3.02E-13 1.54E-11 1.99E-13 8.78E-12 59  55.01
1004 3.05E-12 1.65E-10 2.01E-12 8.99E-11 59  54.95
10004 3.13E-11 1.75E-09 1.98E-11 9.01E-10 59  54.95
100004 2.65E-10 1.43E-08 1.97E-10 8.86E-09 59  55.00

Riedkost = 0.06%

4 6.88E-15 3.98E-13 5.62E-15 3.06E-13 50 47.80

14 2.53E-14 1.59E-12 2.19E-14 1.30E-12 51 48.00

104 2.30E-13 1.55E-11 1.92E-13 1.14E-11 51  48.30
1004 2.36E-12 1.43E-10 2.00E-12 1.16E-10 51 48.20
10004 2.41E-11 1.50E-09 1.96E-11 1.22E-09 51 48.30
100004 2.67E-10 1.66E-08 2.05E-10 1.27E-08 51 48.20
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LSQR metéda, n = 100
Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 5.33E-10 1.45E-09 4.40E-11 1.18E-10 100 100.0

14 2.42E-09 5.29E-09 2.32E-10 6.22E-10 100 100.0

104 2.51E-08 5.45E-08 2.15E-09 5.77E-09 100 100.0

1004 2.58E-07 6.29E-07 2.22E-08 5.95E-08 100 100.0

10004 2.19E-06 4.91E-06 2.21E-07 5.90E-07 100 100.0

100004 2.49E-05 5.46E-05 2.18E-06 5.82E-06 100 100.0
Riedkost = 10%

4 7.13E-14 7.55E-13 1.20E-14 1.67E-13 99 88.78

14 7.97E-14 1.13E-12 4.38E-14 5.98E-13 100 89.93

104 4.70E-12 4.11E-11 4.75E-13 6.05E-12 100 89.67

1004 2.29E-11 1.93E-10 4.62E-12 6.33E-11 100 89.70

10004 3.75E-10 3.44E-09 4.97E-11 6.60E-10 100 89.56

100004 1.10E-09 1.30E-08 4.17E-10 5.65E-09 100 89.68
Riedkost = 15%

4 1.72E-14 4.67E-13 1.01E-14 2.43E-13 83 74.99

14 1.14E-13 3.25E-12 4.31E-14 1.00E-12 91 75.29

104 9.00E-13 2.37E-11 4.22E-13 1.00E-11 97 75.58

1004 9.26E-12 2.48E-10 4.02E-12 9.26E-11 92 75.60

10004 1.02E-10 2.67E-09 3.91E-11 8.83E-10 91 75.73

100004 9.64E-10 2.66E-08 4.03E-10 9.48E-09 88 75.45
Riedkost = 20%

4 1.90E-14 6.73E-13 1.01E-14 3.23E-13 76  64.90

14 9.36E-14 3.69E-12 4.23E-14 1.35E-12 75 65.26

104 7.80E-13 2.87E-11 4.00E-13 1.29E-11 79 65.20

1004 8.16E-12 2.84E-10 4.07E-12 1.32E-10 79 65.17

10004 1.11E-10 4.09E-09 4.23E-11 1.39E-09 78 65.03

100004 8.64E-10 3.34E-08 4.09E-10 1.35E-08 100 66.03
Riedkost = 25%

4 1.82E-14 8.60E-13 1.08E-14 4.21E-13 83 74.27

14 9.56E-14 3.95E-12 4.52E-14 1.79E-12 86 74.73

104 8.36E-13 4.08E-11 4.19E-13 1.70E-11 91 74.83

1004 9.01E-12 3.95E-10 4.24E-12 1.68E-10 91 74.68

10004 8.87E-11 4.16E-09 4.20E-11 1.71E-09 87 74.79

100004 9.56E-10 4.17E-08 4.16E-10 1.62E-08 85 74.74
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LSQR metéda, n = 200

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 4.05E-13 3.09E-12 3.26E-14 3.77E-13 113 102.7

14 1.25E-12 1.03E-11 1.21E-13 1.48E-12 116 103.3

104 2.10E-11 1.64E-10 1.51E-12 1.65E-11 114 103.3

1004 1.81E-10 1.47E-09 1.49E-11 1.61E-10 114 1034

10004 1.16E-09 9.30E-09 1.19E-10 1.50E-09 113 103.1

100004 1.10E-08 8.92E-08 1.20E-09 1.42E-08 115 103.3
Riedkost = 10%

4 3.49E-14 1.36E-12 1.75E-14 5.71E-13 90 70.88

14 1.46E-13 5.71E-12 7.43E-14 2.42E-12 81 70.85

104 1.87E-12 5.92E-11 7.30E-13 241E-11 78 70.84

1004 1.53E-11 5.45E-10 7.05E-12 2.38E-10 77  70.83

10004 1.30E-10 4.69E-09 7.63E-11 2.57E-09 77 70.71

100004 1.71E-09 6.56E-08 7.70E-10 2.62E-08 78 70.75
Riedkost = 15%

4 4.87E-14 2.83E-12 1.75E-14 8.56E-13 68 61.38

14 1.96E-13 1.13E-11 8.09E-14 4.09E-12 72  61.51

104 1.61E-12 8.63E-11 7.43E-13 3.88E-11 67 61.48

1004 1.92E-11 9.46E-10 7.84E-12 3.98E-10 68 61.54

10004 2.20E-10 1.22E-08 7.84E-11 4.00E-09 72 61.57

100004 2.08E-09 1.15E-07 7.65E-10 3.86E-08 80 61.83
Riedkost = 20%

4 4.69E-14 3.32E-12 1.89E-14 1.27E-12 62 56.29

14 1.86E-13 1.36E-11 8.16E-14 5.48E-12 63 56.37

104 2.00E-12 1.45E-10 8.27E-13 5.58E-11 62 56.50

1004 2.21E-11 1.64E-09 8.10E-12 5.51E-10 73  56.59

10004 1.52E-10 1.07E-08 7.66E-11 5.10E-09 68 56.62

100004 1.68E-09 1.32E-07 7.72E-10 5.25E-08 73 56.68
Riedkost = 25%

4 3.51E-14 3.05E-12 1.68E-14 1.37E-12 60 53.95

14 2.10E-13 2.01E-11 7.81E-14 6.58E-12 61 54.12

104 2.12E-12 2.05E-10 8.14E-13 6.78E-11 62 54.00

1004 1.64E-11 1.54E-09 7.86E-12 6.63E-10 61 54.01

10004 2.13E-10 2.04E-08 8.35E-11 7.02E-09 61 53.90

100004 2.24E-09 2.04E-07 8.34E-10 7.00E-08 61 53.93
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LSQR metéda, n = 300

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 6.7%

4 5.49E-14 2.15E-12 2.54E-14 8.52E-13 82 7282

14 2.61E-13 1.06E-11 1.09E-13 3.77E-12 81 72.98

104 2.91E-12 1.16E-10 1.11E-12 3.80E-11 82 7296

1004 2.31E-11 9.76E-10 1.13E-11 3.85E-10 89 73.05

10004 2.65E-10 1.00E-08 1.14E-10 3.88E-09 83 7293

100004 2.36E-09 8.82E-08 1.18E-09 4.01E-08 89 7310
Riedkost = 10%

4 5.73E-14 3.10E-12 2.53E-14 1.26E-12 70 62.56

14 2.99E-13 1.55E-11 1.03E-13 5.27E-12 71 6281

104 2.32E-12 1.34E-10 1.01E-12 5.17E-11 70 62.77

1004 3.16E-11 1.84E-09 1.04E-11 5.21E-10 71 62.85

10004 2.00E-10 1.15E-08 1.07E-10 5.49E-09 71 62.73

100004 2.42E-09 1.44E-07 1.03E-09 5.24E-08 70  62.87

Riedkost = 16.7%

4 5.38E-14 4.77E-12 2.62E-14 2.14E-12 60 54.82

14 2.46E-13 2.18E-11 1.13E-13 9.43E-12 61 54.80

104 2.85E-12 2.34E-10 9.97E-13 8.25E-11 60 54.91

1004 2.52E-11 2.25E-09 1.22E-11 1.04E-09 61 54.68

10004 2.00E-10 1.72E-08 1.08E-10 9.11E-09 60 54.86

100004 2.66E-09 2.51E-07 1.06E-09 8.81E-08 60 54.90
Riedkost = 20%

4 7.91E-14 8.20E-12 2.64E-14 2.56E-12 58 52.99

14 3.05E-13 3.29E-11 1.12E-13 1.13E-11 58 5311

104 2.82E-12 2.94E-10 1.08E-12 1.08E-10 58 53.10

1004 2.43E-11 2.36E-09 1.06E-11 1.05E-09 59 5315

10004 2.84E-10 3.06E-08 1.12E-10 1.13E-08 59  53.05

100004 3.20E-09 3.27E-07 1.13E-09 1.11E-07 59  53.04
Riedkost = 25%

4 6.34E-14 8.03E-12 2.61E-14 3.18E-12 62 5745

14 3.19E-13 4.18E-11 1.21E-13 1.48E-11 63 5741

104 3.15E-12 4.37E-10 1.10E-12 1.36E-10 63 57.55

1004 3.30E-11 4.56E-09 1.18E-11 1.46E-09 63 5743

10004 2.63E-10 3.34E-08 1.20E-10 1.52E-08 63 5741

100004 3.13E-09 4.21E-07 1.28E-09 1.60E-07 63 5740
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LSQR metéda, n = 500

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 7.76E-13 1.99E-11 5.34E-14 1.92E-12 92 81.73

14 1.41E-12 2.66E-11 2.06E-13 8.18E-12 94  82.01

104 2.06E-11 4.30E-10 2.29E-12 8.66E-11 9 82.00

1004 1.34E-10 2.48E-09 1.92E-11 7.38E-10 95 8213

10004 2.04E-09 4.27E-08 2.08E-10 7.61E-09 96 82.24

100004 1.38E-08 2.79E-07 1.99E-09 7.74E-08 94  82.00
Riedkost = 10%

4 8.38E-14 7.54E-12 3.80E-14 3.14E-12 61 56.27

14 5.40E-13 4.78E-11 1.86E-13 1.59E-11 61 56.34

104 4.51E-12 4.11E-10 1.83E-12 1.57E-10 62 56.31

1004 3.20E-11 2.89E-09 1.66E-11 1.39E-09 62 56.52

10004 4.43E-10 4.15E-08 1.55E-10 1.28E-08 62 56.57

100004 5.23E-09 4.83E-07 1.90E-09 1.60E-07 61 56.32
Riedkost = 15%

4 1.21E-13 1.63E-11 4.07E-14 5.04E-12 66 60.05

14 5.39E-13 7.39E-11 1.95E-13 2.42E-11 67 60.16

104 4.26E-12 5.56E-10 1.74E-12 2.14E-10 67 60.25

1004 3.81E-11 4.93E-09 1.74E-11 2.15E-09 67 60.24

10004 4.53E-10 5.96E-08 1.79E-10 2.20E-08 67 60.24

100004 4.03E-09 5.07E-07 1.70E-09 2.08E-07 67 60.31
Riedkost = 20%

4 1.01E-13 1.69E-11 3.70E-14 6.00E-12 55  50.70

14 4.97E-13 8.16E-11 1.78E-13 2.94E-11 55  50.89

104 b.76E-12 9.75E-10 1.96E-12 3.28E-10 55  50.77

1004 4.22E-11 7.47E-09 1.80E-11 2.96E-09 55 5091

10004 4.99E-10 8.48E-08 1.83E-10 3.03E-08 56 50.84

100004 4.66E-09 7.55E-07 1.93E-09 3.20E-07 56 50.84
Riedkost = 25%

4 8.63E-14 1.88E-11 4.14E-14 8.37E-12 83 76.63

14 4.14E-13 9.38E-11 1.97E-13 4.05E-11 83 7714

104 5.17E-12 1.09E-09 1.95E-12 4.05E-10 83 77.08

1004 4.99E-11 1.07E-08 1.83E-11 3.75E-09 83 7723

10004 4.82E-10 1.05E-07 2.06E-10 4.33E-08 83 77.01

100004 4.54E-09 1.02E-06 1.82E-09 3.78E-07 83 77.28
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LSQR metéda, n = 1000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 1.77E-13 1.48E-11 7.07E-14 5.78E-12 63 57.08

14 9.12E-13 7.80E-11 3.58E-13 3.02E-11 63 57.07

104 8.33E-12 7.31E-10 3.38E-12 2.81E-10 63 57.18

1004 8.09E-11 7.55E-09 3.44E-11 2.97E-09 64 57.18

10004 7.65E-10 7.05E-08 3.25E-10 2.76E-08 63 57.19

100004 8.44E-09 7.56E-07 3.41E-09 2.85E-07 63 57.24
Riedkost = 10%

4 1.70E-13 2.55E-11 6.64E-14 1.06E-11 55  51.44

14 8.09E-13 1.38E-10 3.39E-13 5.51E-11 56 51.51

104 9.37E-12 1.50E-09 3.38E-12 5.55E-10 56 51.57

1004 9.76E-11 1.62E-08 3.44E-11 5.65E-09 56 51.49

10004 1.12E-09 1.93E-07 3.58E-10 5.80E-08 55  51.48

100004 7.72E-09 1.28E-06 3.28E-09 5.37E-07 56 51.62
Riedkost = 15%

4 1.65E-13 4.07E-11 6.70E-14 1.61E-11 55 4981

14 8.87E-13 2.12E-10 3.40E-13 8.22E-11 56 50.03

104 1.09E-11 2.77E-09 3.81E-12 9.20E-10 55  49.80

1004 1.06E-10 2.65E-08 3.37E-11 8.16E-09 55  49.85

10004 7.91E-10 2.00E-07 3.46E-10 8.32E-08 55  49.89

100004 1.10E-08 2.80E-06 3.63E-09 8.88E-07 55  49.88
Riedkost = 20%

4 2.17E-13 7.05E-11 7.47E-14 2.40E-11 54  49.98

14 9.84E-13 3.34E-10 3.53E-13 1.15E-10 54  50.13

104 9.25E-12 3.16E-09 3.81E-12 1.23E-09 54  49.99

1004 9.29E-11 2.98E-08 3.53E-11 1.15E-08 54 50.05

10004 8.72E-10 2.99E-07 3.94E-10 1.29E-07 54  49.94

100004 1.05E-08 3.49E-06 3.74E-09 1.22E-06 53  50.03
Riedkost = 25%

4 2.19E-13 8.64E-11 9.02E-14 3.68E-11 49  46.16

14 8.50E-13 3.60E-10 3.69E-13 1.51E-10 49  46.48

104 1.09E-11 4.33E-09 3.90E-12 1.58E-09 49  46.44

1004 1.06E-10 4.53E-08 3.87E-11 1.57E-08 49  46.40

10004 1.15E-09 4.68E-07 3.57E-10 1.46E-07 49  46.53

100004 1.11E-08 4.64E-06 3.91E-09 1.59E-06 49  46.48
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LSQR metoda, n = 2000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 5%

4 4.03E-13 6.49E-11 1.48E-13 2.39E-11 57 51.79

14 1.55E-12 2.53E-10 5.94E-13 9.67E-11 58 52.23

104 1.97E-11 3.27E-09 6.60E-12 1.07E-09 58 52.14

1004 1.82E-10 2.99E-08 6.67E-11 1.08E-08 58 52.18

10004 1.62E-09 2.81E-07 6.41E-10 1.05E-07 59 5218

100004 2.16E-08 3.57E-06 6.59E-09 1.07E-06 59 5223
Riedkost = 10%

4 4.21E-13 1.37E-10 1.43E-13 4.45E-11 53  48.73

14 2.10E-12 6.60E-10 7.10E-13 2.26E-10 53  49.01

104 1.96E-11 6.36E-09 7.74E-12 2.46E-09 53  48.89

1004 2.26E-10 7.07E-08 6.67E-11 2.12E-08 53 49.02

10004 1.76E-09 5.76E-07 5.99E-10 1.91E-07 53 49.07

100004 2.15E-08 6.98E-06 7.26E-09 2.31E-06 53 4891
Riedkost = 15%

4 4.60E-13 2.24E-10 1.50E-13 7.06E-11 52  48.34

14 2.08E-12 9.96E-10 7.13E-13 3.38E-10 52 48.69

104 1.69E-11 8.17E-09 6.98E-12 3.36E-09 52  48.73

1004 2.26E-10 1.10E-07 7.00E-11 3.31E-08 52  48.67

10004 1.84E-09 8.87E-07 6.75E-10 3.18E-07 52  48.73

100004 2.42E-08 1.18E-05 6.66E-09 3.17E-06 52  48.78
Riedkost = 20%

4 5.23E-13 3.42E-10 1.54E-13 9.77E-11 53  49.86

14 1.74E-12 1.15E-09 7.32E-13 4.66E-10 53  49.99

104 2.32E-11 1.52E-08 7.48E-12 4.80E-09 54  49.95

1004 1.92E-10 1.24E-07 7.42E-11 4.80E-08 53  49.94

10004 2.38E-09 1.55E-06 7.59E-10 4.87E-07 53  49.93

100004 1.91E-08 1.22E-05 7.62E-09 4.90E-06 53  50.00
Riedkost = 25%

4 4.70E-13 3.95E-10 1.51E-13 1.23E-10 49  45.93

14 2.49E-12 2.07E-09 7.58E-13 6.18E-10 49  46.06

104 1.87E-11 1.58E-08 7.61E-12 6.22E-09 49  46.08

1004 1.78E-10 1.53E-07 7.29E-11 5.96E-08 49  46.04

10004 1.95E-09 1.57E-06 7.78E-10 6.31E-07 49  46.07

100004 1.85E-08 1.47E-05 8.10E-09 6.59E-06 49  45.99
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LSQR metoda, n = 3000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 0.15%

4 4.11E-11 8.55E-11 3.75E-12 8.82E-12 248 224.4

14 9.88E-11 2.03E-10 9.46E-12 2.36E-11 251 227.0

104 9.68E-10 2.07E-09 9.38E-11 2.32E-10 252 227.1
1004 1.14E-08 2.42E-08 1.07E-09 2.58E-09 249 2272
10004 9.57E-08 2.04E-07 9.26E-09 2.32E-08 249 227.0
100004 8.12E-07 1.75E-06 8.07E-08 2.09E-07 254  227.0

Riedkost = 5%

4 4.56E-13 1.47E-10 1.91E-13 5.95E-11 53  49.41

14 3.51E-12 1.14E-09 1.12E-12 3.55E-10 55 49.58

104 3.56E-11 1.16E-08 9.94E-12 3.15E-09 54 49.58
1004 3.18E-10 1.06E-07 9.84E-11 3.11E-08 53 49.61
10004 2.55E-09 8.37E-07 9.54E-10 3.03E-07 54 49.62
100004 3.08E-08 9.62E-06 1.04E-08 3.27E-06 53  49.51

Riedkost = 10%

4 5.69E-13 2.77E-10 2.22E-13 1.04E-10 51 47.92

14 3.46E-12 1.66E-09 1.13E-12 5.34E-10 51 48.18

104 2.85E-11 1.40E-08 1.01E-11 4.77E-09 52 48.36
1004 3.66E-10 1.75E-07 1.06E-10 5.01E-08 51 48.24
10004 2.60E-09 1.28E-06 8.59E-10 4.06E-07 53 48.44
100004 3.09E-08 1.52E-05 1.09E-08 5.15E-06 52 48.24

Riedkost = 15%

4 5.91E-13 4.66E-10 2.29E-13 1.80E-10 49  45.68

14 3.13E-12 2.57E-09 1.14E-12 9.01E-10 49  45.92

104 2.32E-11 1.85E-08 9.50E-12 7.54E-09 49  46.00
1004 2.87E-10 2.25E-07 1.05E-10 8.31E-08 49 4596
10004 3.08E-09 2.43E-06 1.07E-09 8.54E-07 49  45.90
100004 3.35E-08 2.72E-05 1.16E-08 9.20E-06 49 45.89
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LSQR metoda, n = 5000

Pres _min Pres _avg Iteracie

ley—a*lly o -2, Azi—al, llzi—a'l. Az -2, max  avg

Riedkost = 0.1%

4 1.10E-10 1.88E-10 1.52E-11 3.20E-11 258 233.2

14 2.93E-10 5.96E-10 3.32E-11 7.21E-11 257 236.9

104 2.37E-09 4.81E-09 2.82E-10 6.21E-10 259 2373
1004 1.13E-08 2.34E-08 1.41E-09 3.57E-09 259 2371
10004 1.72E-07 3.50E-07 2.11E-08 4.91E-08 259 2373
100004 1.72E-06 3.49E-06 2.11E-07 4.79E-07 262 238.1

Riedkost = 3%

4 8.53E-13 2.09E-10 3.13E-13 7.39E-11 55 50.12

14 6.00E-12 1.46E-09 1.75E-12 4.17E-10 55 50.17

104 5.17E-11 1.26E-08 1.71E-11 4.08E-09 55 50.20
1004 5.19E-10 1.25E-07 1.56E-10 3.72E-08 55 50.28
10004 4.52E-09 1.09E-06 1.52E-09 3.61E-07 55 50.32
100004 4.33E-08 1.06E-05 1.60E-08 3.84E-06 55 50.24

Riedkost = 5%

4 1.07E-12 5.03E-10 3.64E-13 1.71E-10 51 48.39

14 5.66E-12 2.59E-09 1.79E-12 8.40E-10 52 48.56

104 5.64E-11 2.70E-08 1.62E-11 7.58E-09 51  48.65
1004 5.59E-10 2.66E-07 1.51E-10 7.06E-08 52  48.76
10004 4.47E-09 2.16E-06 1.68E-09 7.90E-07 53  48.62
100004 4.21E-08 2.01E-05 1.54E-08 7.22E-06 52 48.66

Riedkost = 10%

4 1.14E-12 8.93E-10 3.53E-13 2.75E-10 50 46.73

14 5.31E-12 4.16E-09 1.74E-12 1.36E-09 50 47.16

104 4.02E-11 3.22E-08 1.65E-11 1.29E-08 50 47.24
1004 4.62E-10 3.59E-07 1.55E-10 1.21E-07 50 47.28
10004 4.26E-09 3.40E-06 1.57E-09 1.22E-06 50 47.28
100004 5.91E-08 4.71E-05 1.72E-08 1.34E-05 50 47.16
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LSQR metéda, n = 10000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max  avg

Riedkost = 0.05%

4 2.24E-10 4.20E-10 2.22E-11 4.71E-11 274 245.0

14 9.51E-10 1.73E-09 8.66E-11 1.75E-10 279 2486

104 5.74E-09 1.03E-08 5.08E-10 1.11E-09 269 248.3
1004 7.56E-08 1.37E-07 6.53E-09 1.37E-08 275 249.2
10004 1.47E-06 2.75E-06 1.42E-07 2.81E-07 279 248.7
100004 9.38E-06 1.72E-05 8.39E-07 1.71E-06 277 248.8

Riedkost = 0.5%

4 1.84E-12 1.53E-10 7.49E-13 5.96E-11 65 58.53

14 7.90E-12 7.40E-10 3.33E-12 2.79E-10 65 58.79

104 1.04E-10 9.26E-09 3.23E-11 2.70E-09 65 58.78
1004 1.06E-09 9.31E-08 3.57E-10 3.04E-08 64 58.71
10004 1.02E-08 8.34E-07 2.94E-09 2.45E-07 64 5892
100004 8.76E-08 7.88E-06 2.88E-08 2.42E-06 66 59.01

Riedkost = 1%

4 1.80E-12 2.93E-10 6.39E-13 1.01E-10 62 56.15

14 8.21E-12 1.41E-09 3.29E-12 5.28E-10 63 56.29

104 7.15E-11 1.21E-08 2.88E-11 4.62E-09 63 56.42
1004 1.12E-09 1.84E-07 2.94E-10 4.73E-08 61 56.40
10004 9.79E-09 1.61E-06 3.11E-09 5.06E-07 62 56.37
100004 1.15E-07 1.90E-05 3.27E-08 5.30E-06 63 56.36

Riedkost = 2%

4 1.45E-12 4.65E-10 4.10E-13 1.25E-10 52 49.30

14 5.32E-12 1.75E-09 2.81E-12 8.91E-10 51 49.20

104 6.69E-11 2.07E-08 2.89E-11 9.08E-09 52 49.10
1004 8.58E-10 2.79E-07 4.12E-10 1.29E-07 51 48.80
10004 4.14E-09 1.38E-06 1.87E-09 5.95E-07 52 49.60
100004 5.05E-08 1.65E-05 3.21E-08 1.00E-05 52 48.90
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LSQR metéda, n = 20000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max  avg

Riedkost = 0.025%

4 2.06E-10 3.79E-10 3.10E-11 7.83E-11 285 253.6

14 6.89E-10 1.25E-09 1.06E-10 2.39E-10 279 259.0

104 6.59E-09 1.19E-08 1.15E-09 2.39E-09 279  260.5
1004 4.75E-08 8.56E-08 8.06E-09 1.80E-08 284 260.9
10004 6.33E-07 1.14E-06 1.02E-07 2.18E-07 289 260.4
100004 6.81E-06 1.23E-05 1.15E-06 2.38E-06 282 260.8

Riedkost = 0.15%

4 5.64E-12 2.14E-10 2.22E-12 9.74E-11 81 73.04

14 2.18E-11 1.00E-09 7.79E-12 3.61E-10 81 73.86

104 1.52E-10 8.52E-09 7.16E-11 3.65E-09 80 73.81
1004 1.61E-09 9.05E-08 6.35E-10 3.26E-08 81 73.98
10004 1.56E-08 8.21E-07 6.42E-09 3.33E-07 80 7392
100004 1.66E-07 8.71E-06 6.36E-08 3.25E-06 81 74.05

Riedkost = 0.25%

4 5.61E-12 4.26E-10 1.74E-12 1.36E-10 65 59.38

14 1.71E-11 1.46E-09 6.85E-12 5.51E-10 65 59.79

104 2.30E-10 2.15E-08 6.59E-11 5.56E-09 65 59.76
1004 1.58E-09 1.35E-07 6.33E-10 5.26E-08 64 59.82
10004 1.87E-08 1.64E-06 6.47E-09 5.48E-07 65 59.77
100004 1.58E-07 1.41E-05 6.41E-08 5.39E-06 65 59.75

Riedkost = 0.375%

4 1.74E-12 2.18E-10 1.14E-12 1.40E-10 65 60.40

14 1.09E-11 1.24E-09 6.92E-12 8.28E-10 66 60.50

104 2.02E-10 2.63E-08 9.81E-11 1.26E-08 66 60.10
1004 9.68E-10 1.22E-07 6.59E-10 8.11E-08 66 60.40
10004 1.27E-08 1.58E-06 7.28E-09 8.76E-07 67 6020
100004 2.11E-07 2.63E-05 7.54E-08 9.60E-06 66 60.40
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LSQR metéda, n = 30000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max  avg

Riedkost = 0.015%

4 4.00E-10 7.36E-10 7.70E-11 1.71E-10 275 257.3

14 6.74E-10 1.25E-09 1.65E-10 3.80E-10 279 263.1

104 2.82E-09 5.33E-09 7.34E-10 2.08E-09 287 264.8
1004 5.91E-08 1.09E-07 1.40E-08 3.08E-08 285 264.9
10004 3.25E-07 5.91E-07 8.07E-08 2.19E-07 291 264.6
100004 3.26E-06 7.03E-06 8.08E-07 2.18E-06 282 264.8

Riedkost = 0.05%

4 2.07E-11 4.62E-10 4.99E-12 1.30E-10 105 95.10

14 7.75E-11 1.50E-09 1.82E-11 5.08E-10 106 95.96

104 4.80E-10 7.57E-09 1.19E-10 3.48E-09 109 96.81
1004 4.80E-09 9.30E-08 1.23E-09 3.81E-08 108 96.62
10004 4.77E-08 1.18E-06 1.26E-08 3.96E-07 110 96.60
100004 4.77E-07 8.78E-06 1.18E-07 3.65E-06 110 96.80

Riedkost = 0.1%

4 1.25E-11 5.28E-10 3.69E-12 1.65E-10 80 73.51

14 3.45E-11 1.55E-09 1.24E-11 5.73E-10 81 74.33

104 3.25E-10 1.72E-08 1.08E-10 5.49E-09 80 74.42
1004 3.30E-09 1.76E-07 1.01E-09 5.07E-08 81 74.60
10004 2.30E-08 1.34E-06 1.03E-08 5.40E-07 80 74.36
100004 2.51E-07 1.40E-05 9.73E-08 5.04E-06 81 74.55

Riedkost = 0.15%

4 4.91E-12 4.20E-10 2.80E-12 2.30E-10 66 59.50

14 1.47E-11 1.22E-09 7.42E-12 6.24E-10 64 60.30

104 1.77E-10 1.47E-08 8.69E-11 7.25E-09 64 60.00
1004 1.72E-09 1.54E-07 8.88E-10 7.84E-08 64 60.00
10004 1.34E-08 1.09E-06 7.11E-09 5.95E-07 66 60.40
100004 1.35E-07 1.04E-05 7.45E-08 5.91E-06 64 60.20
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LSQR metéda, n = 50000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all, llzi—a*l. Az -2, max  avg

Riedkost = 0.01%

4 4.38E-10 7.57E-10 8.13E-11 2.29E-10 284 263.1

14 1.09E-09 2.07E-09 2.67E-10 6.49E-10 293 269.4

104 1.01E-08 1.79E-08 2.33E-09 5.43E-09 303 270.9
1004 9.18E-08 1.63E-07 2.11E-08 5.03E-08 292 2715
10004 7.24E-07 1.32E-06 1.69E-07 4.38E-07 294 271.2
100004 7.98E-06 1.45E-05 1.89E-06 4.90E-06 290 270.5

Riedkost = 0.02%

4 1.73E-09 6.06E-09 2.32E-10 9.73E-10 208 187.3

14 5.85E-09 2.54E-08 7.26E-10 3.32E-09 210 191.8

104 1.50E-07 6.06E-07 1.83E-08 7.69E-08 222 193.1
1004 4.43E-07 1.98E-06 5.63E-08 2.73E-07 225 192.7
10004 5.44E-06 2.42E-05 6.78E-07 3.12E-06 222 193.9
100004 3.60E-05 1.63E-04 4.63E-06 2.22E-05 214 193.3

Riedkost = 0.04%

4 1.78E-11 4.33E-10 1.00E-11 2.84E-10 106 97.40

14 8.27E-11 2.07E-09 4.13E-11 1.07E-09 107 98.20

104 2.95E-10 1.19E-08 2.20E-10 7.08E-09 108 99.20
1004 3.72E-09 1.11E-07 2.41E-09 7.44E-08 108 99.10
10004 4.20E-08 1.03E-06 1.93E-08 5.34E-07 108 99.90
100004 3.95E-07 1.24E-05 2.05E-07 6.66E-06 110 99.70

Riedkost = 0.06%

4 1.64E-11 6.66E-10 8.66E-12 3.72E-10 80 75.10

14 6.40E-11 2.52E-09 4.00E-11 1.62E-09 82 75.60

104 4.36E-10 2.41E-08 2.02E-10 1.04E-08 84 76.70
1004 2.95E-09 1.20E-07 1.88E-09 9.03E-08 83 76.20
10004 3.34E-08 1.96E-06 1.79E-08 8.99E-07 81 76.40
100004 4.37E-07 2.42E-05 1.99E-07 1.00E-05 83 76.30
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SymmLQ metéda, n =100
Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 5%

4 2.13E-14 3.04E-13 6.70E-15 8.56E-14 100 71.11

14 7.02E-14 9.17E-13 2.81E-14 3.27E-13 100 71.47

104 6.80E-13 9.29E-12 2.66E-13 3.20E-12 100 71.79

1004 6.49E-12 1.00E-10 2.63E-12 3.18E-11 9 72.59

10004 6.73E-11 1.02E-09 2.55E-11 3.11E-10 100 71.75

100004 7.35E-10 1.07E-08 2.63E-10 3.22E-09 98 71.48
Riedkost = 10%

4 1.80E-14 4.41E-13 6.10E-15 1.49E-13 88 5847

14 9.23E-14 2.60E-12 2.89E-14 7.13E-13 81 57.98

104 1.18E-12 3.26E-11 2.72E-13 6.64E-12 80 58.04

1004 7.15E-12 1.93E-10 2.62E-12 6.44E-11 85 58.12

10004 8.60E-11 2.20E-09 2.71E-11 6.53E-10 83 58.53

100004 1.08E-09 3.20E-08 2.45E-10 6.00E-09 83 5811
Riedkost = 15%

4 1.37E-14 5.44E-13 5.38E-15 1.85E-13 75 50.58

14 9.27E-14 3.89E-12 2.90E-14 1.03E-12 75 51.73

104 1.01E-12 4.32E-11 2.56E-13 9.09E-12 77  51.69

1004 8.67E-12 3.42E-10 2.29E-12 8.03E-11 80 50.43

10004 1.01E-10 3.64E-09 2.63E-11 9.42E-10 75  50.98

100004 8.85E-10 3.55E-08 2.58E-10 9.33E-09 82 5091
Riedkost = 20%

4 2.04E-14 1.08E-12 6.29E-15 2.73E-13 66 45.57

14 1.13E-13 6.05E-12 2.71E-14 1.23E-12 82 45.67

104 7.19E-13 3.81E-11 2.35E-13 1.06E-11 72 4551

1004 8.73E-12 4.52E-10 2.63E-12 1.20E-10 79  45.90

10004 7.71E-11 3.82E-09 2.46E-11 1.13E-09 72  45.93

100004 1.17E-09 5.96E-08 2.21E-10 9.99E-09 70 45.98
Riedkost = 25%

4 2.07E-14 1.25E-12 6.23E-15 3.49E-13 64 49.94

14 1.05E-13 6.74E-12 3.10E-14 1.82E-12 76  50.66

104 8.12E-13 5.28E-11 2.55E-13 1.48E-11 73 49.85

1004 1.18E-11 7.65E-10 2.77E-12 1.62E-10 70 5041

10004 7.58E-11 4.99E-09 2.70E-11 1.56E-09 78 50.34

100004 1.05E-09 6.96E-08 2.73E-10 1.59E-08 76  50.49

Tabulka SymmLQ 1:
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SymmLQ metéda, n = 200
Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 5%

4 6.08E-14 1.84E-12 1.25E-14 3.46E-13 85 58.31

14 2.09E-13 6.31E-12 5.61E-14 1.56E-12 88 59.77

104 1.47E-12 4.36E-11 5.13E-13 1.43E-11 91  59.06

1004 2.02E-11 6.11E-10 5.84E-12 1.65E-10 88 59.23

10004 1.55E-10 4.66E-09 4.97E-11 1.37E-09 85 58.95

100004 1.52E-09 4.74E-08 5.82E-10 1.65E-08 88  59.02
Riedkost = 10%

4 3.02E-14 1.65E-12 1.00E-14 4.72E-13 63  46.64

14 1.63E-13 8.54E-12 4.79E-14 2.29E-12 62  46.42

104 1.80E-12 9.63F-11 4.55E-13 2.21E-11 64  46.49

1004 1.51E-11 8.42E-10 4.06E-12 1.99E-10 62  46.39

10004 1.21E-10 6.26E-09 4.18E-11 202E-09 85 46.89

100004 1.28E-09 6.87E-08 4.07E-10 198E-08 62 46.14
Riedkost = 15%

4 2.15E-14 1.48E-12 7.27E-15 4.57E-13 59  43.06

14 1.36E-13 9.75E-12 4.20E-14 2.83E-12 59  43.00

104 1.45E-12 1.12E-10 3.41E-13 2.31E-11 59 4352

1004 1.33E-11 1.03E-09 3.39E-12 2.30E-10 58  43.08

10004 1.08E-10 7.69E-09 3.33E-11 2.22E-09 59 4316

100004 1.11E-09 8.91E-08 3.48E-10 2.37E-08 57  43.02
Riedkost = 20%

4 2.71E-14 2.53E-12 7.35E-15 6.05E-13 57  41.14

14 1.03E-13 9.81E-12 3.41E-14 2.93E-12 54  40.87

104 9.79E-13 8.95E-11 3.04E-13 2.64E-11 48  40.88

1004 1.00E-11 9.31E-10 3.36E-12 2.89E-10 50 4091

10004 1.13E-10 1.05E-08 3.01E-11 2.59E-09 55 40.96

100004 9.47E-10 8.70E-08 2.98E-10 2.59E-08 56 41.32
Riedkost = 25%

4 2.01E-14 2.42E-12 7.92E-15 8.04E-13 51 39.86

14 1.08E-13 1.33E-11 3.17E-14 3.35E-12 53 40.09

104 9.08E-13 9.28E-11 3.36E-13 3.60E-11 54 40.05

1004 1.10E-11 1.24E-09 3.23E-12 3.47E-10 53 40.06

10004 1.15E-10 1.32E-08 3.21E-11 3.44E-09 52  40.03

100004 1.17E-09 1.28E-07 3.36E-10 3.60E-08 53  39.84

Tabulka SymmLQ 2:
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SymmLQ metéda, n = 300

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 6.7%

4 4.69E-14 2.60E-12 1.32E-14 6.41E-13 63 46.85

14 1.91E-13 1.06E-11 5.76E-14 2.80E-12 62 47.16

104 1.93E-12 9.50E-11 6.07E-13 3.06E-11 67 4741

1004 3.29E-11 1.80E-09 5.69E-12 2.87E-10 64 47.03

10004 2.06E-10 1.12E-08 5.54E-11 2.78E-09 65 47.44

100004 2.49E-09 1.38E-07 5.69E-10 2.82E-08 65 47.16
Riedkost = 10%

4 4.91E-14 3.64E-12 1.10E-14 7.24E-13 57 43.11

14 1.54E-13 1.14E-11 4.54E-14 3.12E-12 58 4312

104 2.14E-12 1.60E-10 4.86E-13 3.35E-11 58  43.25

1004 1.82E-11 1.33E-09 4.69E-12 3.25E-10 59 4325

10004 1.27E-10 8.30E-09 4.50E-11 3.06E-09 62 43.40

100004 1.74E-09 1.38E-07 4.76E-10 3.31E-08 59 4329

Riedkost = 16.7%

4 4.31E-14 4.97E-12 9.70E-15 9.80E-13 49  40.04

14 1.53E-13 1.74E-11 3.84E-14 4.08E-12 43 40.07

104 1.32E-12 1.52E-10 3.96E-13 4.29E-11 54 40.20

1004 1.75E-11 2.05E-09 4.10E-12 4.42E-10 45  40.09

10004 1.52E-10 1.82E-08 3.83E-11 4.07E-09 55  40.38

100004 1.50E-09 1.83E-07 4.17E-10 4.51E-08 53 4012
Riedkost = 20%

4 2.87E-14 4.18E-12 9.75E-15 1.18E-12 42  39.20

14 1.63E-13 2.17E-11 4.21E-14 5.31E-12 43  39.26

104 1.63E-12 2.17E-10 4.33E-13 5.53E-11 42  39.28

1004 1.05E-11 1.51E-09 3.59E-12 4.47E-10 50 39.48

10004 1.54E-10 2.03E-08 3.76E-11 4.68E-09 43  39.37

100004 1.56E-09 2.10E-07 3.71E-10 4.62E-08 43 39.40
Riedkost = 25%

4 2.38E-14 3.89E-12 8.43E-15 1.20E-12 44  41.04

14 1.03E-13 1.65E-11 3.69E-14 5.51E-12 44  41.11

104 8.98E-13 1.50E-10 3.48E-13 5.32E-11 56 41.46

1004 8.27E-12 1.40E-09 3.39E-12 5.16E-10 55  41.29

10004 1.37E-10 2.21E-08 3.57E-11 5.53E-09 44  41.18

100004 1.25E-09 2.08E-07 3.41E-10 5.17E-08 44  41.25

Tabulka SymmLQ 3:
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SymmLQ metéda, n = 500

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 5%

4 6.88E-14 4.44E-12 1.88E-14 1.11E-12 54  49.65

14 3.70E-13 2.33E-11 9.17E-14 5.60E-12 63 49.82

104 3.44E-12 2.19E-10 8.22E-13 5.02E-11 66 50.00

1004 3.48E-11 2.16E-09 8.97E-12 5.50E-10 66 50.04

10004 3.03E-10 1.93E-08 9.30E-11 5.69E-09 62 49.89

100004 2.78E-09 1.83E-07 8.58E-10 5.28E-08 57 49.88
Riedkost = 10%

4 3.82E-14 4.04E-12 1.27E-14 1.30E-12 44  40.50

14 2.15E-13 2.39E-11 5.88E-14 6.29E-12 57  40.77

104 1.68E-12 1.96E-10 5.07E-13 5.41E-11 51 4078

1004 2.03E-11 2.33E-09 5.57E-12 5.98E-10 45  40.65

10004 1.55E-10 1.77E-08 5.82E-11 6.30E-09 44  40.63

100004 2.28E-09 2.54E-07 5.88E-10 6.32E-08 44  40.63
Riedkost = 15%

4 3.55E-14 5.83E-12 1.26E-14 1.85E-12 59  42.06

14 2.24E-13 3.68E-11 6.01E-14 9.36E-12 58 4223

104 2.20E-12 3.62E-10 4.78E-13 7.42E-11 60 42.49

1004 1.55E-11 2.57E-09 4.54E-12 6.95E-10 46  42.25

10004 1.92E-10 3.33E-08 4.59E-11 7.11E-09 58 42.35

100004 1.55E-09 2.71E-07 5.22E-10 8.20E-08 45  42.14
Riedkost = 20%

4 6.35E-14 1.36E-11 1.07E-14 2.05E-12 41  38.36

14 1.47E-13 3.24E-11 4.39E-14 8.66E-12 42  38.62

104 1.22E-12 2.52E-10 4.10E-13 8.17E-11 42  38.63

1004 1.71E-11 3.64E-09 4.73E-12 9.49E-10 42  38.62

10004 1.41E-10 2.98E-08 4.45E-11 8.83E-09 43  38.55

100004 1.48E-09 3.06E-07 4.16E-10 8.24E-08 42  38.62
Riedkost = 25%

4 4.02E-14 1.08E-11 1.54E-14 3.91E-12 51 47.52

14 3.08E-13 8.70E-11 7.20E-14 1.92E-11 50 47.76

104 2.45E-12 6.81E-10 6.62E-13 1.76E-10 51 47.86

1004 2.47E-11 6.99E-09 7.96E-12 2.13E-09 59  47.84

10004 2.78E-10 7.78E-08 7.13E-11 1.89E-08 51 47.72

100004 2.90E-09 8.20E-07 7.08E-10 1.89E-07 51 47.82

Tabulka SymmLQ 4:
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SymmLQ metéda, n = 1000
Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all llzi—a*l. Az -2, max  avg

Riedkost = 5%

4 8.75E-14 9.83E-12 2.11E-14 2.20E-12 44 40.70

14 2.52E-13 2.63E-11 8.06E-14 8.67E-12 45  41.05

104 3.21E-12 3.86E-10 8.94E-13 9.79E-11 45  40.89

1004 3.36E-11 3.84E-09 7.92E-12 8.63E-10 44 40.98

10004 2.14E-10 2.35E-08 8.31E-11 9.06E-09 44  40.95

100004 3.51E-09 3.99E-07 8.11E-10 8.76E-08 44 41.00
Riedkost = 10%

4 5.51E-14 1.16E-11 1.45E-14 2.69E-12 42  38.52

14 2.25E-13 4.64E-11 6.73E-14 1.30E-11 42  38.78

104 1.80E-12 3.55E-10 5.64E-13 1.10E-10 45  38.93

1004 1.61E-11 3.34E-09 5.46E-12 1.06E-09 43 38.90

10004 2.31E-10 4.55E-08 6.30E-11 1.24E-08 41  38.78

100004 2.34E-09 4.91E-07 5.94E-10 1.16E-07 42  38.87
Riedkost = 15%

4 4.36E-14 1.33E-11 1.40E-14 3.78E-12 41  37.96

14 1.68E-13 5.07E-11 5.47E-14 1.52E-11 41  38.22

104 1.18E-12 3.64E-10 4.59E-13 1.29E-10 41  38.32

1004 2.17E-11 6.53E-09 5.79E-12 1.66E-09 41  38.18

10004 2.03E-10 6.15E-08 5.32E-11 1.51E-08 41  38.32

100004 1.52E-09 4.65E-07 5.09E-10 1.42E-07 41  38.32
Riedkost = 20%

4 3.64E-14 1.38E-11 1.59E-14 5.72E-12 41  38.08

14 3.04E-13 1.26E-10 6.81E-14 2.60E-11 46  38.41

104 2.08E-12 8.72E-10 5.86E-13 2.24E-10 41  38.35

1004 2.11E-11 8.83E-09 6.40E-12 2.48E-09 49  38.37

10004 1.18E-10 4.89E-08 4.99E-11 1.91E-08 45  38.44

100004 1.77E-09 7.34E-07 5.89E-10 2.27E-07 42  38.36
Riedkost = 25%

4 6.84E-14 3.66E-11 1.74E-14 8.17E-12 41  36.21

14 2.69E-13 1.46E-10 6.78E-14 3.27E-11 40 36.52

104 1.54E-12 7.86E-10 5.99E-13 2.90E-10 50 36.70

1004 2.13E-11 1.06E-08 5.75E-12 2.82E-09 39 36.64

10004 2.03E-10 1.10E-07 6.39E-11 3.15E-08 47  36.61

100004 1.44E-09 7.20E-07 5.89E-10 2.84E-07 51 36.71

Tabulka SymmLQ@ 5:
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SymmLQ metéda, n = 2000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all llzi—a*l. Az -2, max  avg

Riedkost = 5%

4 6.39E-14 1.24E-11 2.14E-14 3.95E-12 42  38.79

14 3.09E-13 6.23E-11 8.45E-14 1.63E-11 43 39.20

104 3.80E-12 8.15E-10 8.60E-13 1.70E-10 43  39.18

1004 2.73E-11 5.60E-09 7.93E-12 1.55E-09 45 39.29

10004 3.26E-10 6.63E-08 9.49E-11 1.86E-08 42  39.18

100004 2.15E-09 4.50E-07 8.12E-10 1.59E-07 42  39.21
Riedkost = 10%

4 8.73E-14 3.41E-11 2.00E-14 6.89E-12 40 37.48

14 1.98E-13 8.04E-11 7.77E-14 2.83E-11 41 37.82

104 3.08E-12 1.31E-09 7.55E-13 2.80E-10 41 37.76

1004 2.22E-11 8.78E-09 6.85E-12 2.50E-09 40 37.87

10004 2.43E-10 9.87E-08 7.03E-11 2.58E-08 41  37.89

100004 2.37E-09 9.70E-07 7.18E-10 2.66E-07 40 37.84
Riedkost = 15%

4 3.77E-14 2.24E-11 1.94E-14 1.00E-11 40 37.30

14 2.24E-13 1.31E-10 7.27E-14 3.91E-11 40 37.75

104 3.18E-12 1.87E-09 6.74E-13 3.68E-10 40 37.77

1004 1.51E-11 8.07E-09 6.42E-12 3.49E-09 40 37.83

10004 1.40E-10 7.94E-08 6.27E-11 3.36E-08 41  37.92

100004 1.89E-09 1.13E-06 6.43E-10 3.51E-07 41  37.88
Riedkost = 20%

4 5.60E-14 4.34E-11 2.34E-14 1.70E-11 40 37.89

14 2.31E-13 1.80E-10 8.08E-14 5.85E-11 51 38.35

104 1.92E-12 1.52E-09 7.10E-13 5.25E-10 41  38.36

1004 2.99E-11 2.42E-08 7.78E-12 5.74E-09 41  38.25

10004 2.09E-10 1.67E-07 7.48E-11 5.51E-08 41  38.31

100004 1.88E-09 1.51E-06 7.52E-10 5.58E-07 41  38.33
Riedkost = 25%

4 6.04E-14 6.00E-11 2.58E-14 2.34E-11 42  36.07

14 2.65E-13 2.61E-10 9.56E-14 9.08E-11 39 36.35

104 2.60E-12 2.61E-09 8.26E-13 7.87E-10 47  36.60

1004 2.06E-11 2.07E-08 7.90E-12 7.47E-09 43 36.47

10004 1.60E-10 1.65E-07 7.67E-11 7.27E-08 46  36.58

100004 2.75E-09 2.87E-06 8.18E-10 7.78E-07 47  36.53

Tabulka SymmLQ 6:
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SymmLQ metéda, n = 3000
Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all llzi—a*l. Az -2, max  avg

Riedkost = 0.15%

4 1.44E-12 3.04E-11 2.75E-13 5.40E-12 98  79.98

14 3.71E-12 7.22E-11 1.02E-12 2.00E-11 107 81.19

104 5.82E-11 1.11E-09 9.27E-12 1.84E-10 115 81.94
1004 3.60E-10 6.87E-09 8.78E-11 1.74E-09 100 80.86
10004 3.00E-09 5.87E-08 8.24E-10 1.62E-08 102 81.03
100004 4.38E-08 8.97E-07 1.00E-08 1.98E-07 102 81.01

Riedkost = 5%

4 8.33E-14 3.17E-11 2.42E-14 8.17E-12 40 37.84

14 3.32E-13 1.29E-10 8.76E-14 3.16E-11 41  38.24

104 2.44E-12 9.21E-10 7.85E-13 2.81E-10 41  38.33
1004 2.30E-11 8.78E-09 8.16E-12 2.97E-09 41  38.28
10004 2.43E-10 9.15E-08 8.03E-11 2.93E-08 41  38.25
100004 1.79E-09 6.94E-07 7.22E-10 2.62E-07 41  38.39

Riedkost = 10%

4 5.22E-14 2.89E-11 2.35E-14 1.19E-11 39 3722

14 2.60E-13 1.49E-10 7.93E-14 4.18E-11 40 37.58

104 1.96E-12 1.12E-09 8.13E-13 4.37E-10 40 37.49
1004 2.77E-11 1.58E-08 7.69E-12 4.09E-09 40 37.59
10004 2.36E-10 1.32E-07 7.56E-11 4.04E-08 40 37.65
100004 2.13E-09 1.25E-06 8.04E-10 4.37E-07 40 37.63

Riedkost = 15%

4 7.33E-14 6.78E-11 2.39E-14 2.00E-11 38 36.09

14 2.15E-13 2.08E-10 8.64E-14 7.51E-11 38 36.39

104 1.99E-12 1.90E-09 8.07E-13 7.27E-10 39 36.50
1004 2.35E-11 2.18E-08 8.10E-12 7.17E-09 39 36.49
10004 1.99E-10 1.87E-07 8.04E-11 7.23E-08 40 36.48
100004 2.05E-09 2.00E-06 7.59E-10 6.56E-07 39 36.50

Tabulka SymmLQ 7:
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SymmLQ metéda, n = 5000
Pres _min Pres _avg Iteracie

ler—a*lly o -2, Azi—all llzi—a*l. Az -2, max  avg

Riedkost = 0.1%

4 4.61E-12 9.10E-11 8.16E-13 1.66E-11 113 81.21

14 6.54E-12 1.38E-10 1.91E-12 3.92E-11 105 81.65

104 9.13E-11 1.87E-09 1.82E-11 3.77E-10 105 83.06
1004 1.03E-09 2.13E-08 1.80E-10 3.71E-09 111 83.31
10004 7.70E-09 1.65E-07 1.69E-09 3.49E-08 104 82.88
100004 9.23E-08 1.98E-06 1.41E-08 2.92E-07 109 83.40

Riedkost = 3%

4 1.12E-13 3.58E-11 3.60E-14 9.71E-12 41  38.18

14 5.16E-13 1.63E-10 1.31E-13 3.65E-11 42 3850

104 3.23E-12 9.98E-10 1.02E-12 2.84E-10 41  38.63
1004 3.11E-11 9.49E-09 1.10E-11 3.13E-09 42  38.64
10004 3.39E-10 9.85E-08 1.11E-10 3.15E-08 41  38.69
100004 4.03E-09 1.22E-06 1.09E-09 3.07E-07 41  38.64

Riedkost = 5%

4 6.68E-14 3.81E-11 2.88E-14 1.43E-11 40 37.54

14 3.09E-13 1.70E-10 9.97E-14 5.14E-11 40 37.92

104 2.68E-12 1.53E-09 9.52E-13 4.98E-10 40 37.95
1004 2.45E-11 1.37E-08 8.69E-12 4.61E-09 40 38.01
10004 2.43E-10 1.40E-07 8.91E-11 4.70E-08 40 37.93
100004 2.81E-09 1.54E-06 8.76E-10 4.56E-07 41 3803

Riedkost = 10%

4 1.01E-13 9.28E-11 3.10E-14 2.57E-11 39 36.64

14 2.46E-13 2.32E-10 1.04E-13 8.84E-11 39 37.08

104 2.02E-12 1.83E-09 8.64E-13 7.27E-10 42  37.36
1004 3.54E-11 3.20E-08 8.42E-12 7.23E-09 40 37.33
10004 2.82E-10 2.58E-07 9.07E-11 7.84E-08 42  37.32
100004 3.42E-09 3.06E-06 8.96E-10 7.59E-07 39 3727

Tabulka SymmL(Q 8:
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SymmLQ metéda, n = 10000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 0.05%

4 1.07E-11 2.24E-10 1.45E-12 3.05E-11 108 8252

14 1.76E-11 3.80E-10 3.79E-12 8.02E-11 97 82.82

104 1.90E-10 4.11E-09 3.70E-11 7.84E-10 118 84.28
1004 1.89E-09 4.10E-08 3.46E-10 7.30E-09 119 84.17
10004 1.60E-08 3.33E-07 3.69E-09 7.88E-08 119 84.24
100004 1.39E-07 2.98E-06 3.63E-08 7.73E-07 106 83.71

Riedkost = 0.5%

4 5.41E-13 6.28E-11 1.50E-13 1.69E-11 44  41.15

14 2.53E-12 2.96E-10 6.05E-13 7.00E-11 45 41.38

104 1.73E-11 2.14E-09 4.92E-12 5.75E-10 45 41.55
1004 2.47E-10 3.12E-08 4.94E-11 5.72E-09 45 41.51
10004 1.16E-09 1.31E-07 4.23E-10 4.88E-08 46 41.70
100004 1.45E-08 1.65E-06 4.31E-09 4.98E-07 45  41.69

Riedkost = 1%

4 2.67E-13 5.52E-11 7.91E-14 1.56E-11 43 40.66

14 1.16E-12 2.55E-10 2.82E-13 5.63E-11 44 41.02

104 1.11E-11 2.59E-09 2.42E-12 4.90E-10 44  41.17
1004 7.55E-11 1.56E-08 2.07E-11 4.20E-09 44  41.24
10004 8.77E-10 1.92E-07 2.32E-10 4.72E-08 44  41.15
100004 7.33E-09 1.55E-06 2.20E-09 4.45E-07 44  41.24

Riedkost = 2%

4 1.29E-13 5.01E-11 5.24E-14 1.80E-11 40 37.59

14 5.84E-13 2.23E-10 1.81E-13 6.52E-11 41  38.06

104 5.54E-12 2.18E-09 1.48E-12 5.40E-10 41  38.25
1004 4.70E-11 1.85E-08 1.45E-11 5.27E-09 41 38.21
10004 5.14E-10 1.96E-07 1.48E-10 5.47E-08 41  38.20
100004 4.32E-09 1.67E-06 1.38E-09 5.03E-07 41 3816
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SymmLQ metéda, n = 20000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 0.025%

4 3.63E-11 7.85E-10 541E-12 1.18E-10 101 8216

14 4.80E-11 1.09E-09 1.15E-11 2.53E-10 110 84.46

104 3.62E-10 7.97E-09 8.24E-11 1.81E-09 107 84.99
1004 3.42E-09 7.60E-08 8.28E-10 1.82E-08 118 84.94
10004 5.87E-08 1.30E-06 1.00E-08 2.22E-07 99 84.09
100004 3.40E-07 7.67E-06 7.43E-08 1.64E-06 103 85.21

Riedkost = 0.15%

4 3.61E-12 3.03E-10 7.26E-13 5.65E-11 57 4559

14 8.39E-12 7.40E-10 2.37E-12 1.87E-10 59  46.28

104 7.14E-11 5.75E-09 1.55E-11 1.23E-09 60 46.70
1004 4.41E-10 3.73E-08 1.51E-10 1.19E-08 60 46.72
10004 4.86E-09 3.99E-07 1.38E-09 1.09E-07 58  46.67
100004 5.61E-08 4.72E-06 1.27E-08 1.01E-06 61 46.73

Riedkost = 0.25%

4 1.79E-12 2.05E-10 3.21E-13 3.68E-11 45  41.39

14 3.92E-12 4.82E-10 1.05E-12 1.21E-10 45 41.82

104 3.53E-11 4.12E-09 9.22E-12 1.07E-09 45  41.90
1004 3.95E-10 4.85E-08 7.58E-11 8.85E-09 46 42.12
10004 2.75E-09 3.28E-07 6.82E-10 7.91E-08 45  42.07
100004 3.13E-08 3.86E-06 7.53E-09 8.73E-07 46  42.10

Riedkost = 0.375%

4 3.12E-13 4.94E-11 1.62E-13 2.55E-11 45  41.80

14 1.28E-12 2.16E-10 7.66E-13 1.26E-10 45  42.40

104 4.87E-12 7.84E-10 3.23E-12 5.22E-10 45  43.00
1004 1.28E-10 2.11E-08 5.63E-11 9.23E-09 45  42.80
10004 1.50E-09 2.60E-07 4.55E-10 7.51E-08 46  42.90
100004 9.84E-09 1.61E-06 5.55E-09 9.11E-07 45 42.60
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SymmLQ metéda, n = 30000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 0.015%

4 3.75E-11 8.43E-10 7.12E-12 1.57E-10 104 8253

14 1.36E-10 3.20E-09 1.93E-11 4.32E-10 124 84.55

104 7.70E-10 1.74E-08 1.41E-10 3.15E-09 109 84.47
1004 9.76E-09 2.17E-07 1.49E-09 3.34E-08 123 84.59
10004 9.85E-08 2.22E-06 1.50E-08 3.36E-07 113 84.68
100004 7.48E-07 1.77E-05 1.52E-07 3.40E-06 112 84.46

Riedkost = 0.05%

4 1.20E-11 7.12E-10 2.80E-13 1.66E-11 53 50.40

14 3.69E-11 2.27E-09 8.16E-12 4.91E-10 64 53.00

104 8.81E-11 5.42E-09 3.03E-11 1.83E-09 65 53.50
1004 7.54E-10 4.48E-08 3.62E-10 2.18E-08 55 52.00
10004 7.70E-09 4.66E-07 3.18E-09 1.88E-07 55 52.20
100004 6.65E-08 3.73E-06 3.00E-08 1.73E-06 65 53.60

Riedkost = 0.1%

4 6.78E-12 5.72E-10 1.06E-12 8.46E-11 50 45.85

14 1.41E-11 1.16E-09 2.99E-12 2.37E-10 50 46.31

104 7.16E-11 5.77E-09 2.09E-11 1.66E-09 61 46.66
1004 6.98E-10 6.07E-08 2.00E-10 1.60E-08 50 46.66
10004 1.33E-08 1.15E-06 2.01E-09 1.61E-07 61 46.80
100004 7.08E-08 6.15E-06 1.90E-08 1.53E-06 50 46.77

Riedkost = 0.15%

4 8.57E-13 1.02E-10 4.01E-13 4.63E-11 44  41.70

14 3.35E-12 4.00E-10 1.42E-12 1.67E-10 44 41.80

104 5.92E-11 7.13E-09 1.72E-11 1.98E-09 44 42.00
1004 2.47E-10 2.95E-08 8.99E-11 1.07E-08 44  42.10
10004 1.73E-09 1.95E-07 7.00E-10 8.03E-08 45  42.70
100004 3.20E-08 3.82E-06 1.12E-08 1.32E-06 44 42.20
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SymmLQ metéda, n = 50000

Pres _min Pres _avg Iteracie

ler—a*lly o -2, Az -2l llzi—a*l. Az -2, max  avg

Riedkost = 0.01%

4 7.88E-11 1.85E-09 1.69E-11 3.88E-10 101 82.44

14 2.26E-10 5.25E-09 3.38E-11 7.82E-10 113 85.94

104 1.18E-09 2.77E-08 2.55E-10 5.86E-09 144 86.08
1004 1.39E-08 3.24E-07 2.80E-09 6.44E-08 113 85.38
10004 1.20E-07 2.79E-06 2.38E-08 5.47E-07 112 85.43
100004 1.64E-06 3.86E-05 3.02E-07 6.95E-06 105 84.87

Riedkost = 0.02%

4 2.36E-11 9.14E-10 8.36E-13 3.08E-11 88 72.00

14 5.45E-11 2.11E-09 1.92E-11 7.13E-10 84 72.80

104 5.45E-10 1.98E-08 1.55E-10 5.61E-09 87 74.20
1004 3.61E-09 1.33E-07 1.79E-09 6.50E-08 80 71.90
10004 3.91E-08 1.52E-06 1.84E-08 6.90E-07 86 7270
100004 4.46E-07 1.58E-05 1.75E-07 6.34E-06 103 75.00

Riedkost = 0.04%

4 2.09E-11 1.21E-09 5.44E-12 3.20E-10 67 51.98

14 6.97E-11 4.53E-09 1.40E-11 8.43E-10 65 53.08

104 2.78E-10 1.66E-08 6.38E-11 3.84E-09 69 54.12
1004 2.06E-09 1.27E-07 5.95E-10 3.55E-08 66 54.02
10004 2.27E-08 1.39E-06 6.60E-09 3.96E-07 66 53.81
100004 2.27E-07 1.39E-05 6.35E-08 3.84E-06 68 53.76

Riedkost = 0.06%

4 7.18E-12 6.24E-10 2.61E-12 2.14E-10 48  46.10

14 3.83E-11 3.30E-09 1.33E-11 1.08E-09 49  46.40

104 1.02E-10 8.68E-09 4.40E-11 3.60E-09 50 47.00
1004 2.13E-09 1.84E-07 4.53E-10 3.82E-08 50 47.00
10004 8.87E-09 7.59E-07 4.16E-09 3.44E-07 49 47.00
100004 8.86E-08 7.59E-06 3.48E-08 2.93E-06 51  47.20
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Priloha 2

Zdrojkovy kod programu

% A = Gen(n, d)

Y o __
% Funkcia vrati kladne definitnu, symetricku,
% diagonalne dominantnu maticu

b

% pocet nenulovych prvkov k = nx*d,

% pricom rozmery matice sun x n

function A = Gen(n, d)

n2 = n/2;
nd = n2/2;
d2 =d - 1;
sl = n/d2;
s2 =1 - s1,;

for h =1 : d2
j((h - 1)*nd4 + 1 : h*n4) = round(s2*rand(nd, 1) + h*sl);
end

pom = 1 : n4;

i = pom;
for h = 2 : d2
i = [i, pom];
end
clear pom

Value = [-1, 1, -2, 2];

o
I

sparse(i, j, Value(random(’Discrete Uniform’, 4, 1, n4*d2)), n4, n);

C=P(, n2+1:mn);
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clear P(:, n2 + 1 : n)

if C(1, 1) =0
c(1, 2) = C(1, 1);
c(, 1) = 0;

end

k = find(diag(C) ~= 0);

for h = 1 : length(k)
if C(k(h), k(h) - 1) ==

Ck(h), k(h) - 1) = Ck(h),

else

k(h));

C(k(h), k(h) + 1) = C(k(h), k(h));

end
C(k(h), k(h)) = 0;
end

if P(1, 1) "= 0
P(1, 2) = P(1, 1);
P(1, 1) = 0;

end

k = find(diag(P) ~= 0);

for h = 1 : length(k)
if P(k(h), k(h) - 1) ==

P(k(h), k(h) - 1) = P(k(h), kh));

else

P(k(h), k(h) + 1) = P(k(h), k(h));

end
P(k(h), k(h)) = 0;
end

C=1[C; P(:, n4 +1 : n2), P(:, 1
clear P

L = tril(C, -1);

L = fliplr(flipud(L));
U = triu(C, 1);

U = fliplr(flipud(U));
L="L+L%
U=U~+U’;

D = sum(abs(U)) + sum(abs(C)) + 1;

(W}
I

U=10U+ D;

: nd)’];

sparse(1 : n2, 1 : n2, D, n2, n2);
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(W}
I

sum(abs (L)) + sum(abs(C’)) + 1;
sparse(1 : n2, 1 : n2, D, n2, n2);
L=L+D;

(]
1]

clear D

A=1[L, C; C, Ul;

134



% [x, Pres, Iter] = CG(A, x_ries, x1)

Y
% Funkcia vrati riesenie sustavy

% Ax = b, kde

% A - je kladne definitna, symetricka,

% diagonalne dominantna matica n x n

h

% CG - The conjugate gradient algorithm

function [Pres, Iter] = CG(A, x_ries, x1)

n = length(xl);
b = Axx_ries;

x = x1;

r = A*x - b;

Pres(1, 1) = norm(x - x_ries, inf);
Pres(1, 2) = norm(r, inf);

p=r;
q = A*p;
sl = ri*r;
u = p’*q;
i=0;
Log = 1;
while i <n & u "= 0 & s1 "= 0 & Log > .1
i=1i+1;
= s1/u;

X = X - p*u;
r =1 - g¥u;

s2 = r’*r;
v = s2/s1;

P =1 + p¥v;
q = Axp;

U = p’*q;
sl = s2;

Pres(i + 1, 1) = norm(x_ries - x, inf);
Pres(i + 1, 2) norm(A*xx - b, inf);

if i > 13
Log = abs(loglO(max(Pres(i- 3:i+1, 2))/min(Pres(i-13:i+1, 2))));
end
end
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Iter = i,
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% [x, Pres, Iter] = CR(A, x_ries, x1)

Y
% Funkcia vrati riesenie sustavy

% Ax = b, kde

% A - je kladne definitna, symetricka,

% diagonalne dominantna matica n x n

h

% CR - The conjugate residual algorithm

function [Pres, Iter] = CR(A, x_ries, x1)

n = length(xl);
b = Axx_ries;

x = x1;

r = A*x - b;

Pres(1, 1) = norm(x - x_ries, inf);
Pres(1, 2) = norm(r, inf);

p=r;
q = A*p;
d = q’*q;
s = Qq;
i=0;

= s’*r;
Log = 1;

while i <n &d "=0& v "= 0 & Log > .1

H
Il
H
+

—

u = v/d;

X = X - u*p;

r = I - uxq;
s = Ax*r;

v = (s72*r)/v;
p =1 + vkp;
q = s + V*q;
d = q’*q;

vV = s’ r;

Pres(i + 1, 1) = norm(x_ries - x, inf);
Pres(i + 1, 2) norm(Axx - b, inf);
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if i > 13
Log = abs(logl0(max(Pres(i-13 : i+1, 2))/min(Pres(i-13 : i+1, 2))));
end
end

Iter = i,
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h
h
b
h

b
h
b

Funkcia vrati riesenie sustavy

Ax = b, kde

A - je kladne definitna, symetricka,
diagonalne dominantna matica n x n

CGNR - The CG normal residuals algorithm

function [Pres, Iter] = CGNR(A, x_ries, x1)

n = length(xl);
b = Axx_ries;
x = x1;
r = A*x - b;
Pres(1, 1) = norm(x - x_ries, inf);
Pres(1, 2) = norm(r, inf);
p = Axr;
q = Axp;
h = q’*q;
sl = p’*p;
i=0;
Log = 1;
while i <n & h =0 & s1 "= 0 & Log > .1
i=1i+1;
u = s1/h;
X = X - p*u;
r =71 - g¥u;
v = Axr;
s2 = v2*v;
p = v + p*x(s2/s1);
q = A*p;
h = q’*q;
sl = s2;

e

Pres(i + 1, 1) = norm(x - x_ries, inf);
Pres(i + 1, 2) norm(A*xx - b, inf);

if 1 > 13

Log = abs(loglO(max(Pres(i-13 : i+1, 2))/min(Pres(i-13: i+1, 2))));

end
nd
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Iter = i,
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% [x, Pres, Iter] = GMRes(A, x_ries, x1)

Y
% Funkcia vrati riesenie sustavy

% Ax = b, kde

% A - je kladne definitna, symetricka,

% diagonalne dominantna matica n x n

b

% GMRes - The generalised minimal residuals

function [Pres, Iter] = GMRes(A, x_ries, x1)

n = length(xl);
b = Axx_ries;

x = x1;

r = A*x - b;

Pres(1, 1) = norm(x - x_ries, inf);
Pres(1, 2) = norm(r, inf);
gama = norm(r);

i=1;

pl = r/gama;
q = A*pl;

hl = pl’xq ;

p2 = q - hlxpil;

h2 = norm(p2);

if h2 ==0 | i ==n
p2 = zeros(n, 1);

ul = hi;
else

p2 = p2/h2;

ul = sqrt(hl~2 + h2°2);
end
zl = pl/ul;

cosl = hil/ul;

sinl = -h2/ul;

X = X - zlxgama*cosl;
gama = gama*sinl;

Pres(2, 1) = norm(x - x_ries, inf);
Pres(2, 2) = norm(A*xx - b, inf);
i=2;

q = A*p2;

hl = p2’x*q;

pl = q - plxh2 -p2xhil;
sinl*h2 + cosl*hil;
norm(pl);

==
w
nn
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if h3==0 | i ==

pl = zeros(n, 1);
u2 = h_;
else
pl = p1/h3;
u2 = sqrt(h_"2 + h3°2);

end

ul = cosl*h2 - sinlx*hi;
cos2 = h_/u2;

sin2 = -h3/u2;

z2 = (p2 - zl*xul)/u2;

X = X - z2%gama*cos2;
gama = gama*sin2;

Pres(3, 1) = norm(x - x_ries, inf);
Pres(3, 2) norm(A*x - b, inf);

p3 = pl;
Log = 1;

while i < n & gama "= 0 & Log > .1

i=1+1;

hl = h3;

pl = p2;

p2 = p3;

q = A*p2;

h2 = p2’xq;

p3 = q - plxhl - p2xh2;

h_ = sin2*cosl1xhl + cos2xh2;

h3 = norm(p3);
if h3 ==0 1] i==n
p3 = zeros(n, 1);

u3 = h_;
else

p3 = p3/h3;

u3 = sqrt(h_"2 + h3°2);
end

u2 = cos2*coslxhl - sin2xh2;
ul = -sinlx*hi;

cosl = cos2;
sinl = sin2;
cos2 = h_/u3;
sin2 = -h3/u3;
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end

Iter

z3 = (p2 - zlxul - z2+%u2)/u3;
X = x - z3*gama*cos2;
gama = gama*sin2;

z1 z2;
z2 = z3;

Pres(i + 1, 1)
Pres(i + 1, 2)

norm(x - x_ries, inf);
norm(A*xx - b, inf);

if 1 > 13

Log = abs(loglO(max(Pres(i-13 : i+1, 2))/min(Pres(i-13 :

end

i,
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% [x, Pres, Iter] = LSQR(A, x_ries, x1)

Y
% Funkcia vrati riesenie sustavy

% Ax = b, kde

% A - je kladne definitna, symetricka,

% diagonalne dominantna matica n x n

b

% LSQR - The least-square QR

function [Pres, Iter] = LSQR(A, x_ries, x1)

n = length(xl);
b = Axx_ries;

x = x1;

r = A*x - b;

Pres(1, 1) = norm(x - x_ries, inf);
Pres(1, 2) = norm(r, inf);
i=1;
norm_rl = norm(r);
if norm_ri1 ==
return
end
s

r/norm_ri;

v = Axs;

alfa = norm(v);

if alfa ==
return

end

v = v/alfa;

s = Axv - alfax*s;

beta = norm(s);

if beta ==
u2 = alfa;
cos = 1;
sin = 0;
else

u2 = sqrt(alfa~2 + beta~2);
cos = alfa/u2;
sin = -beta/u2;
s = s/beta;
end
= v/u2;
= A*w;
qQ’*r;
= X - Wkp;
r - g*p;

H X7 Q =
I
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Pres(2, 1) =
Pres(2, 2) =

norm(x_ries - x, inf);
norm(A*x - b, inf);

v = Axs - betaxv;
alfa = norm(v);

Log = 1;

while i < n & alfa "= 0 & Log > .1

i=1i+1;
if alfa ==
return
end
v = v/alfa;
alfa_ = cos*alfa;
ul = -sinx*alfa;
s = A*v - alfax*s;
beta = norm(s);
if beta ==
u2 = alfa_;
cos = 1;
sin = 0;
else
u2 = sqrt(alfa_"2 + beta~2);
cos = alfa_/u2;
sin = -beta/u2;
s = s/beta;
end
w = (v - wxul)/u2;
q = Axw;
P = q’*r;
X = X - Wkp;
r =T - p*q;
v = Axs - betaxv;
alfa = norm(v);

Pres(i + 1, 1)
Pres(i + 1, 2)

norm(A*x - b, 2);

if 1 > 13

Log = abs(logl0(max(Pres(i-13 :

end
end

Iter = 1i;

norm(x_ries - x, 2);

i+1, 2))/min(Pres(i-13: i+1, 2))));
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% [x, Pres, Iter] = SymmLQ(A, x_ries, x1)

Y
% Funkcia vrati riesenie sustavy

% Ax = b, kde

% A - je kladne definitna, symetricka,

% diagonalne dominantna matica n x n

b

% SymmLQ - The Symmetric LQ

function [Pres, Iter] = SymmLQ(A, x_ries, x1)

n = length(x1);
b = Axx_ries;
i=0;

x = x1;

r = A*x - Db;

Pres(1, 1) = norm(x - x_ries, inf);
Pres(1, 2) = norm(r, inf);

norm_rl = norm(r);

if norm_ri1 ==

return
end
i=1;
pl = r/norm_ri;
q = A*pl;
hl = pl’xq ;
P2 = q - hi*pl;
h2 = norm(p2);

if h2 ==0 | i ==n

p2 = zeros(n, 1);
ul = hi;
else
p2 = p2/h2;
ul = sqrt(hl~2 + h2°2);
end
z1l = pl/ul;
yl = q/ul;

cosl = hil/ul;
sinl = -h2/ul;
sl = r’*z1;

X = x - ylxsl;

r =1 - Axylx*sl;

Pres(2, 1) = norm(x - x_ries, inf);
Pres(2, 2) = norm(A*x - b, inf);
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i=2;
Axp2;
hl = p2’*q;
pl = q - pl¥h2 - p2%hi;
h_ = sin1*h2 + coslx*hl;
h3 = norm(pl);
if h3 ==0 | i ==n
pl = zeros(n, 1);

Q
1]

u2 = h_;
else
pl = pl/h3;
u2 = sqrt(h_~2 + h3°2);

end

ul = cosl*h2 - sinlx*hil;
cos2 = h_/u2;

sin2 = -h3/u2;

z2 = (p2 - zl*ul)/u2;
y2 = (q - ylxul)/u2;

s2 = r’*z2;

X = X - y2%s82;

r =1 - Axy2%s2;

Pres(3, 1) = norm(x - x_ries, inf);
Pres(3, 2) = norm(A*x - b, inf);

p3 = pl;
Log = 1;

while i < n & Log > .1

i=1i+1;

hl = h3;

pl = p2;

p2 = p3;

q = Axp2;

h2 = p2’xq;

p3 = q - plxhl - p2xh2;

h_ = sin2*coslx*hl + cos2+*h2;

h3 = norm(p3);
if h3 =0 | i ==n

p3 = zeros(n, 1);

u3 = h_;
else

p3 = p3/h3;

u3 = sqrt(h_~2 + h3"2);
end
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u2 = cos2*coslx*xhl - sin2%h2;
ul = -sinlxhil;

cosl = cos2;
sinl sin2;

cos2 = h_/u3;

sin2 = -h3/u3;

z3 = (p2 - zlxul - z2%u2)/u3;
y3 = (q - yl*ul - y2%u2)/u3;
s3 = r’*z3;

X - y3*s3;

r =1 - Axy3*s3;

b
I

z1l = z2;
z2 = z3;
yl =y2;
y2 = y3;

Pres(i + 1, 1) = norm(x - x_ries, inf);
Pres(i + 1, 2) norm(A*xx - b, inf);

if i > 13
Log = abs(loglO(max(Pres(i-13 : i+1, 2))/min(Pres(i-13: i+1, 2))));
end
end

Iter = i;
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function [Pres_Min, Pres_Avg, Iter_Max, Iter_Avg] = Test100(n,d)
Values = (-2 : 2)7;

Iter_Maxl = -1;
Iter_Avgl = 0;
Iter_Minl = n + 1;

Iter_Max2 = -1;
Iter_Avg2 = 0;
Iter_Min2 = n + 1;

Iter_Max3 = -1;
Iter_Avg3 = 0;
Iter_Min3 = n + 1;

Iter_Max4 = -1;
Iter_Avgd = 0;
Iter_Min4d = n + 1;

Iter_Maxb = -1;
Iter_Avgb = 0;
Iter_Minb =n + 1;

Iter_Max6 = -1;
Iter_Avg6 = 0;
Iter_Min6

1]
B
+
[

rand(’state’, 11684)

x1 = Values(random(’Discrete Uniform’, 5, n, 1));
x_ries = Values(random(’Discrete Uniform’, 5, n, 1));

for k =1 : 100

disp([’k = ’ int2str(k)])
A = Gen(n, d);

[Pres, Iter] = CG(A, x_ries, x1);
Iter_Avgl = Iter_Avgl + Iter;

if Iter_Minl > Iter + 1
Iter_Minl = Iter + 1;
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end

if k ==
Pres_Mini
Pres_Avgl

zeros(Iter_Minl, 2);
zeros (Iter_Minl, 2);

end

Pres_Min1(1:Iter_Minl, 1) =

max([Pres_Min1(1:Iter_Mini, 1), Pres(1l:Iter_Minl, 1)]°)’;
Pres_Mini(1:Iter_Minl, 2) =

max([Pres_Minl1(1:Iter_Mini, 2), Pres(l:Iter_Minl, 2)]°)’;
Pres_Avgl = Pres_Avgl(l:Iter_Minl, :) + Pres(l:Iter_Minl, :);

if Iter_Maxl < Iter + 1
Iter_Maxl = Iter + 1;

Tter_Avg2 = Iter_Avg2 + Iter;

if Iter_Min2 > Iter + 1
Iter_Min2 = Iter + 1;

end
if k ==
Pres_Min2 = zeros(Iter_Min2, 2);
Pres_Avg2 = zeros(Iter_Min2, 2);
end

Pres_Min2(1:Iter_Min2, 1) =

max([Pres_Min2(1:Iter_Min2, 1), Pres(l:Iter_Min2, 1)]1’)’;
Pres_Min2(1:Iter_Min2, 2) =

max ([Pres_Min2(1:Iter_Min2, 2), Pres(1:Iter_Min2, 2)]1°)’;
Pres_Avg2 = Pres_Avg2(1:Iter_Min2, :) + Pres(l:Iter_Min2, :);

if Iter_Max2 < Iter + 1
Iter_Max2 = Iter + 1;

[Pres, Iter] = CG(A, x_ries, x1 + 100);
Iter_Avg3 = Iter_Avg3 + Iter;

if Iter_Min3 > Iter + 1
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Iter_Min3 = Iter + 1;

end
if k ==
Pres_Min3 = zeros(Iter_Min3, 2);
Pres_Avg3 = zeros(Iter_Min3, 2);
end

Pres_Min3(1:Iter_Min3, 1) =

max ([Pres_Min3(1:Iter_Min3, 1), Pres(1:Iter_Min3, 1)]°)’;
Pres_Min3(1:Iter_Min3, 2) =

max ([Pres_Min3(1:Iter_Min3, 2), Pres(1:Iter_Min3, 2)]°’)’;
Pres_Avg3 = Pres_Avg3(1:Iter_Min3, :) + Pres(l:Iter_Min3, :);

if Iter_Max3 < Iter + 1
Iter_Max3 = Iter + 1;

[Pres, Iter] = CG(A, x_ries, x1 + 1000);
Iter_Avgd = Iter_Avgd + Iter;

if Iter_Min4d > Iter + 1
Iter_Min4d = Iter + 1;

end
if k ==
Pres_Min4 = zeros(Iter_Min4, 2);
Pres_Avgd = zeros(Iter_Min4, 2);
end

Pres_Min4(1:Iter_Min4, 1) =

max([Pres_Min4(1:Iter_Min4, 1), Pres(1:Iter_Min4, 1)]1°)’;
Pres_Min4(1:Iter_Min4, 2) =

max([Pres_Min4(1:Iter_Min4, 2), Pres(l1:Iter_Min4, 2)]°)’;
Pres_Avg4 = Pres_Avg4(l:Iter_Min4, :) + Pres(l:Iter_Min4, :);

if Iter_Max4 < Iter + 1
Iter_Max4 = Iter + 1;

[Pres, Iter] = CG(A, x_ries, x1 + 10000);

Iter_Avgbh = Iter_Avgb + Iter;
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if Iter_Minb > Iter + 1
Iter_Min5 = Iter + 1;

end
if k ==
Pres_Minb = zeros(Iter_Min5, 2);
Pres_Avgb = zeros(Iter_Min5, 2);
end

Pres_Min5(1:Iter_Minb, 1) =

max ([Pres_Min5(1:Iter_Min5, 1), Pres(1:Iter_Minb5, 1)]°)’;
Pres_Min5(1:Iter_Min5, 2) =

max ([Pres_Min5(1:Iter_Min5, 2), Pres(1:Iter_Min5, 2)]°)’;
Pres_Avgb = Pres_Avgb(l:Iter_Minb, :) + Pres(l:Iter_Min5, :);

if Iter_Max5 < Iter + 1
Iter_Maxb = Iter + 1;

[Pres, Iter] = CG(A, x_ries, x1 + 100000);
Iter_Avg6 = Iter_Avg6 + Iter;

if Iter_Min6 > Iter + 1
Iter_Min6 = Iter + 1;

end
if k == 1
Pres_Min6 = zeros(Iter_Min6, 2);
Pres_Avg6 = zeros(Iter_Min6, 2);
end

Pres_Min6(1:Iter_Min6, 1) =

max ([Pres_Min6(1:Iter_Min6, 1), Pres(1:Iter_Min6, 1)]°)’;
Pres_Min6(1:Iter_Min6, 2) =

max ([Pres_Min6(1:Iter_Min6, 2), Pres(1:Iter_Min6, 2)]°)°;
Pres_Avg6 = Pres_Avg6(1:Iter_Min6, :) + Pres(l:Iter_Min6, :);

if Iter_Max6 < Iter + 1
Iter_Max6 = Iter + 1;
end
end

Iter_Avgl .01xIter_Avgl;
Pres_Avgl = .01%Pres_Avgl;

Iter_Avg2 .01xIter_Avg?2;
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Pres_Avg2 = .01*Pres_Avg2;

Iter_Avgl3 = .01xIter_Avg3;
Pres_Avg3 = .01*Pres_Avg3;
Iter_Avgd = .0l1xIter_Avgéd;
Pres_Avgd = .01*Pres_Avg4;
Iter_Avgb = .0l1xIter_Avgb;
Pres_Avgb = .01*Pres_Avg5;
Iter_Avg6 = .0lxIter_Avg6;
Pres_Avg6 = .01*Pres_Avg6;

Pom = max([Iter_Minl,Iter_Min2,Iter_Min3,Iter_Min4,Iter_Min5,Iter_Min6]);

Pres_Min = -ones(Pom, 12);

Pres_Avg = -ones(Pom, 12);

Pres_Min(1 : Iter_Minl, 1) = Pres_Minl1(1 : Iter_Minl, 1);
Pres_Avg(l : Iter_Minil, 1) Pres_Avgl(1l : Iter_Minl, 1);
Pres_Min(1 : Iter_Min2, 2) Pres_Min2(1 : Iter_Min2, 1);
Pres_Avg(l : Iter_Min2, 2) Pres_Avg2(1 : Iter_Min2, 1);
Pres_Min(1 : Iter_Min3, 3) Pres_Min3(1 : Iter_Min3, 1);
Pres_Avg(l : Iter_Min3, 3) Pres_Avg3(1 : Iter_Min3, 1);
Pres_Min(1 : Iter_Min4, 4) Pres_Min4(1 : Iter_Min4, 1);
Pres_Avg(l : Iter_Min4, 4) Pres_Avg4(1 : Iter_Min4, 1);
Pres_Min(1 : Iter_Min5, 5) Pres_Min5(1 : Iter_Min5, 1);
Pres_Avg(l : Iter_Minb, 5) = Pres_Avg5(l : Iter_Min5, 1);
Pres_Min(1 : Iter_Min6, 6) Pres_Min6(1 : Iter_Min6, 1);
Pres_Avg(l : Iter_Min6, 6) Pres_Avg6(1 : Iter_Min6, 1);
Pres_Min(1 : Iter_Mini, 7) Pres_Mini1(1 : Iter_Minl, 2);
Pres_Avg(l : Iter_Minl, 7) Pres_Avgl(1 : Iter_Minl, 2);
clear Pres_Minl Pres_Avgl

Pres_Min(1 : Iter_Min2, 8) = Pres_Min2(1 : Iter_Min2, 2);
Pres_Avg(l : Iter_Min2, 8) Pres_Avg2(1 : Iter_Min2, 2);
clear Pres_Min2 Pres_Avg2

Pres_Min(1 : Iter_Min3, 9) Pres_Min3(1 : Iter_Min3, 2);
Pres_Avg(l : Iter_Min3, 9) Pres_Avg3(1 : Iter_Min3, 2);

clear Pres_Min3 Pres_Avg3

Pres_Min(1

: Iter_Min4,

10) = Pres_Min4(1 :
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Pres_Avg(l : Iter_Min4, 10)
clear Pres_Min4 Pres_Avgéd

Pres_Avg4 (1l : Iter_Min4, 2);

Pres_Min(1 : Iter_Minb, 11)
Pres_Avg(l : Iter_Minb, 11)
clear Pres_Minb Pres_Avgb

Pres_Min5(1 : Iter_Min5, 2);
Pres_Avg5(1 : Iter_Minb5, 2);

Pres_Min(1 : Iter_Min6, 12)
Pres_Avg(l : Iter_Min6, 12)
clear Pres_Min6 Pres_Avg6

Pres_Min6(1 : Iter_Min6, 2);
Pres_Avg6(1 : Iter_Min6, 2);

Iter_Max = [Iter_Maxl; Iter_Max2; Iter_Max3; Iter_Max4;Iter_Max5; Iter_Max6];
Iter_Avg = [Iter_Avgl; Iter_Avg2; Iter_Avg3; Iter_Avgd; Iter_Avgb; Iter_Avg6];
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function Zapis_Test100(Filename, n)
Filename = [Filename ’.txt’];
Error_Message = [’Problemy so suborom ’, Filename];

for i = 1 : length(n)

n_ =n(i);
switch n_

case 100

d = [5, 10, 15, 20, 25 1;
case 200

d = [5, 10, 20, 30, 40, 50];
case 300

d = [5, 20, 30, 50, 60, 75];
case 500

d =[5, 25, 50, 75, 100, 125];
case 1000

d = [5, 50, 100, 150, 200, 250];
case 2000

d = [5, 100, 200, 300, 400, 500];
case 3000

d = [5, 200, 300, 500, 600, 750];
case 5000

d = [5, 150, 300, 500, 600 1;
case 10000

d = [5, 50, 100, 200, 300 1;
case 20000

d = [5, 30, 50, 75, 100, 150];
case 30000

d = [5, 20, 30, 50, 75, 100];
case 50000

d = [5, 10, 20, 30, 50, 60];
case 100000

d = [5, 10, 15, 20, 25, 30];
otherwise

disp(’Unknown ’’n’’!?)

d = [1;

end

for j = 1 : length(d)
disp([’n = ’ int2str(n_)])
disp([’d = ’ int2str(d(j))]1)

[Pres_Min,Pres_Avg,Iter_Max,Iter_Avg] = Test100(n(i), d(j));
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[fid, Error_Message] = fopen(Filename, ’a’);

fprintf(fid, [’n=’, int2str(n(i)), ’\n’l);

fprintf(fid, [’d=’, int2str(d(j)), ’\n’]);

fprintf(fid, [’k=n*d=’, int2str(n(i)*d(j)), ’\n’1);

fprintf(fid, [’riedkost=’, num2str(n(i)*d(j)*100/n(i)~2, 6), ’%%\n\n’]1);

fprintf(fid, ’Pres_Min_Error\n’);

fprintf(fid, ’x1 x1+10 x1+100 x1+1000 x1+10000 x1+100000\n’);

fprintf(fid, ’%0.12g %0.12g %0.12g %0.12g %0.12g %0.12g\n’,
Pres_Min(:,1:6)?);

fprintf(fid, ’Pres_Min_Residuals\n’);

fprintf(fid, ’x1 x1+10 =x1+100 =x1+1000 x1+10000 x1+100000\n’);

fprintf(fid, ’%0.12g %0.12g %0.12g %0.12g %0.12g %0.12g\n’,
Pres_Min(:,7:12)?);

fprintf(fid, ’Pres_Avg_Error\n’);

fprintf(fid, ’x1 x1+10 =x1+100 x1+1000 =x1+10000 x1+100000\n’);

fprintf (fid, %0.12g %0.12g %0.12g %0.12g %0.12g %0.12g\n’,
Pres_Avg(:,1:6)’);

fprintf(fid, ’Pres_Avg_Residuals\n’);

fprintf(fid, ’x1 x1+10 =x1+100 =x1+1000 x1+10000 x1+100000\n’);

fprintf (fid, ’%0.12g %0.12g %0.12g %0.12g %0.12g %0.12g\n’,
Pres_Avg(:,7:12)°);

fprintf(fid, ’Iter_Max\n’);

fprintf(fid, ’x1 x1+10 x1+100 x1+1000 x1+10000 x1+100000\n’);

fprintf(fid, ’%0.12g %0.12g %0.12g %0.12g %0.12g %0.12g\n’,
Iter_Max’);

fprintf(fid, ’Iter_Avg\n’);

fprintf(fid, ’x1 x1+10 =x1+100 x1+1000 x1+10000 x1+100000\n’);

fprintf(fid, ’%0.12g %0.12g %0.12g %0.12g %0.12g %0.12g\n\n’,
Iter_Avg’);

fclose(fid);

end
end

disp(’HOTOVO?)
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