
Structural Changes in Money Demandin Selected NMS of EU
MASTER THESIS
Lucia Strapková

Comenius University in BratislavaFaculty of Mathematics, Physics and InformaticsDepartment of Mathematics in Economics and Finance
9.1.9 Economic and Financial Mathematicsdoc. Dr. Jarko Fidrmuc

BRATISLAVA 2009



�trukurálne zmeny v dopyte po peniazochvo vybraných novopristúpených krajinách EÚ
DIPLOMOVÁ PRÁCA
Lucia Strapková

Univerzita Komenského v BratislaveFakulta matematiky, fyziky a informatikyKatedra aplikovanej matematiky a ²tatistiky
9.1.9 Ekonomická a Finan£ná Matematikadoc. Dr. Jarko Fidrmuc

BRATISLAVA 2009



AcknowledgmentsI would like to thank to doc. Dr. Jarko Fidrmuc for his guidance and many usefulsuggestions he o�ered me throughout the elaboration of this thesis. I would like toexpress special thanks to my family and friends for their love and great support duringmy entire studies.



I hereby declare that I wrote this thesis by myself, only with help of the referencedliterature, under the careful supervision of my thesis advisor.
........................................................



AbstraktStrapková, Lucia: �trukturálne zmeny v dopyte po peniazoch vo vybraných novo-pristúpených krajinách EÚ [Diplomová práca], Univerzita Komenského, Bratislava,Fakulta matematiky, fyziky a informatiky, Katedra aplikovanej matematiky a ²tatis-tiky. �kolite©: doc. Dr. Jarko Fidrmuc. Bratislava: FMFI UK, 2009. 68 pagesV tejto práci sme modelovali dopyt po peniazoch pomocou modelov zah¯¬ajúcich stavysúvisiace s jednotlivými parametrami a porovnávali ich so ²tandardnými modelmis kon²tantnými parametrami. Stavová reprezentácia modelu, ktorá sa tu odhadujeKalmanovým �ltrom, ponúka moºnos´ odhadova´ meniaci sa vplyv parametrov po£asobdobia, kedy krajina podlieha ²trukturálnym zmenám, ako sa predpokladá o nových£lenoch ako aj o Európskej menovej únii (EMU). Pre EMU je evidentne tento prístupprínosný a pre vybrané sledované krajiny spomedzi novopristúpených do EÚ vykazujetieº lep²ie výsledky ako MN�, i ke¤ nepotvrdzuje signi�kantnos´ v²etkých sledovanýchparametrov. Stavová formulácia modelov nám umoº¬uje porovnáva´ zmenu vplyvovjednotlivých faktorov a zárove¬ ich vplyv porovnáva´ s hodnotami EMU. Slovinskéstavy v tomto porovnaní vychádzajú ve©mi blízke stavom EMU, Slovenské a Po©ské sak nim blíºia, i ke¤ aktuálne ich nedosahujú. �eská republika a Ma¤arsko sa výrazneodli²ujú a ich výsledky nazna£ujú moºnos´ iných signi�kantných faktorov.K©ú£ové slová: Dopyt po peniazoch, Novopristúpené krajiny EU, Kalmanov �lter,Stavová reprezentácia



AbstractStrapková, Lucia: Structural changes in money demand in selected NMS of EU [Mas-ter thesis], Comenius University, Bratislava, Faculty of Mathematics, Physics andInformatics, Department of Applied Mathematics and Statistics. Supervisor: doc.Dr. Jarko Fidrmuc. Bratislava: FMFI UK, 2009. 68 pagesIn the diploma thesis we modeled demand for money by model in state-space represen-tation that were estimated by Kalman �lter. This alternative method allows demandto adjust while the country has undergone structural reforms during the sample pe-riod, what is the situation of new member states (NMS) during last years. For Euroarea (EA) money demand state-space respresentation proved to be better and appro-priate. For the selected NMS are results better than with OLS estimation, despiteinsigni�cance of some of the estimated determinants. State-space representation evenallows us for comparison of structural changes in e�ects of considered determinantsin selected NMS with the values of the EA. We conclude that Slovenia has the mostsimilar structure of main money demand determinants to the EA. Slovakia and Polandare heading towards the similar weights of studies determinants. Hungary and CzechRepublic result to diversify from EA and signal to have other important determinantsof their money demand.Keywords: Money demand, New Members States of EU, Kalman �lter, State Spacerepresentation
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Introduction
The demand for a money was studied in the �rst half of the 20th century and researchdone about monetary policy of European Central Bank (ECB) stimulated the interestfor it recently again. Concern of this work is to study the money demand for someof the new member states that have recently entered the European Union, because ofwhat they are expected to soon or later join the Economic and Monetary Union (EMU)as well. The single currency requires monetary union, that will enforce commonmonetary policy, targets and strategies to achieve for all member states, that havedecided to adopt that common currency.The primary goal of the European Central Bank is to maintain a price stability.The stability of money demand function is crucial to weather ECB should targetthe interest rate or the money supply. The strategy to achieve the settled targetincludes inevitably the monetary aggregates. The reference value for a monetarygrowth is taken as a benchmark for assessing monetary developments. Target for amoney growth under this and related assumptions has been set at 4.5 percent perannum. Even though, Euro area has exceeded its target continuously since 2001. Infact, many researchers have detected instabilities especially when data after 2001 wereincluded in the analysis [1]. Such a result casts serious doubts concerning the rationaleof monetary aggregates in the monetary strategy of ECB. The candidates for EMUhave also introduced direct in�ation targeting in order to unify with union. Despiteenormous research made on estimating stable aggregate money demand for Euro areaprior to adopting a common currency in EMU, for example [2], the recent empiricalstudies have not �nd a stable money demand function for Euro area yet. Withoutstable money demand function it correctness of the policy of ECB doubtable.Lately, a search for a stable long-run money demand function takes world-widely twodirections. First of them looks for a new variables that will make the function stablein long-run. This attempt of Hamburger (1977), for example, found that average11



dividend to price ratio on common stocks as a measure of opportunity cost [7] resultedin a stable money demand function. Similarly, Heller and Khan [8], included entireterm structure of interest rates that works comparably well.Second direction of analysis of a money demand function focused on weather an in-correct de�nition of money could be the reason, why the demand function becameunstable. Computer and technology development, new �nancial instruments, intro-duction of new payments mechanisms and cash management undergone rapid changesin last decades and consequently a structure of wealth portfolio changed rapidly. The�nancial innovation may cause the conventional de�nition of money assets to referpoorly in circumstances nowadays. These thoughts led economists to study ratherbroad de�nition of money M2, for example in Australia [3] or China [4], or even wide-area de�nition of money demand M3 [1] [6] [5]. Golinelli with Pastorello [6] showthat the area-wide money demand is more smooth and less subject to shocks than thesingle-country ones. In addition to that evidence, Calza and Sousa [13] do argumentthat despite cross country di�erences, the Euro area money demand as a unit is morestable than other economies.The new member states of the European Union (EU) have committed by entering EUto join the EMU, too. Di�erent historical backgrounds, changes in political regimesas well as technical and �nancial developments make it hard to bring them to theequal level, therefore their reactions for impulses of the ECB monetary policy can bedi�erent in volume and sometimes even in opposite directions. Numerous studies havebeen made to show the impact of di�erence in preferences among countries withinEMU, for example in papers of Fidrmuc and Korhonen [11] or Fidrmuc [10], andimplications of macroeconomic discrepancies between EMU countries. Re�ecting theview of Restoy and Buisan [12], countries display noticeable heterogeneity in terms ofeconomic development, exposure to shocks and adjustment mechanisms. In spite ofthat, it does not seem to prevent a relatively high degree of similarity in patterns ofcountry cycles. Therefore, they conclude, that problem is not a de�cit of homogeneityso much as a possible de�cit of �exibility for each economy to adjust smoothly tocountry speci�c developments. As a result, strong emphasis is given to equalizationor balancing of the economic priorities before entering the EMU, to smoother theirintegration into the union later.New member states (NMS) took part in transition mechanism and in The EuropeanExchange Rate Mechanism (ERM II), which aims to stabilize and reduce the �uctu-ations in exchange rates, in order to get prepared for Euro. These economies intro-12



duced many reforms, which stimulated development and growth in order to be ableto meet competition after entering the EMU. Despite of an extreme e�ort, not all ofthe countries perform equally well in that task. Some have adjusted for a new comingmonetary policy very well, others need more time to be ready for common currencyand monetary policy. Country speci�c factors, di�erences in industries structure, innational inheritance, in abilities and sources are going to be also challenge for commonmonetary policy to be handled.It this work, we would like to study the determinants of money demand within selectednew member states of EU. Are these countries ready to enter the EMU? Will theirresponse to monetary policy of EMU be similar or it can be contra-productive for themonetary system of single country? Taking to consideration these questions, we willshow some comparisons between selected new member states of EU and Euro area.We have chosen 5 countries, namely Czech Republic, Hungary, Poland, Slovenia andSlovakia. As far as four of those countries are rather small in comparison with othermembers in EMU, they need to adjust as much as possible. In the case of Polandwe agree that its size may enforce some in�uence on the common monetary policyof ECB. The better are all NMS prepared before entering the EMU, the smootherwill be their later introduction of the common currency. Speci�cally, we concentratedon formulation of a money demand function that would give a valuable referenceof signi�cance of its main determinants. We compare the elasticities for di�erentmacroeconomic determinants e�ecting money demand, to con�rm or disprove theirpreparedness for Euro adoption. At the same time, we analyzed the structural changesduring the last 14 years of preparatory period for each of these countries. We willmonitor these changes in several speci�cations of money demand. In purpose to allowthe model to cope with the adjustments that were made during previous years, we usestate-space representation of the models with time-varying coe�cients and Kalman�lter to estimate them. At last, we make a comparison between the weight of individualdeterminants among the selected countries and EU as well.This thesis is structured as follows. In the �rst chapter, we introduce the classicaltheories relevant for modeling demand for money. In the second chapter, we explainhow we constructed the data set of the variables needed in for the models. Thirdchapter is devoted to explanation of a Kalman �lter, an econometrical algorithm thatwill be used for estimating models formulated in chapter four. Finally, the �fth chapterexamines achieved results and discusses their implications.13



Chapter 1
Theory of money demand
Households' and �rms' desire to hold money assets is represented by a money demand.Demand for money has been studied for about a century. Di�erent models have beencreated in order to explain why do individuals and companies hold money balanceswhich include cash as well as checkable deposits and their close substitutes. Recogniz-ing well factors that a�ect this demand is necessary for formulating a reliable modelthat can credibly assume a level of money demand. We will start with models thatinclude amount of money needed for transactions and therefore their solutions givesthe volume of desired money balance together with the other results. Afterwards, weexplain models that directly describe money demand by the means of its determinants.Hubbard's text [16] and Mishkin's work [14] provided us with a good overview of thattopic and research already done in the �eld, for deeper explanations of the modelspresented we followed [17] from Blanchard and Fischer and several articles mentionedlater on.1.1 Macroeconomic foundationsMoney plays three crucial roles in the economy. Money was �rstly created in orderto simplify transactions. It helped a market to avoid a double coincidence of wantsand reduced transportation costs in comparison with barter. What is more, moneyintroduction brought more �exibility and exactness of the prices as far as a valueexpressed by money was more accurate than a value measured by non-divisible goods.Beside its function as a medium of exchange, it rationally became a store of value andalso a unit of account. 14



The studies about money demand determinants were done since beginning of the 20thcentury and the initiatory model was introduced by Irving Fisher. He tried to explainhow much money would individuals be willing to hold relatively to their income. Lateron, he replaced an income with transactions volume, because neither for income norfor output available data were good approximations of money needed for transactionpurposes. In his book Purchasing Power of Money [15] he published the �rst modelof money demand where he analyzed the relation of transactions and real moneybalances, which are the nominal money balances adjusted for price level. At the timesof Fischer, there were not precise data available, but afterwards they were collectedbetter, so subsequent economists generally used nominal income, measured by grossdomestic product(GDP), to study the volume of transactions. Including replacementof transactions by income, theory of Fischer is known as a Quantity Theory of Money.In terms of the real balances, it is represented by formula
MD

P
=

Y

V
, (1.1)where MD measures demand for money, P denotes a price level, Y stays for an outputand V is a velocity of money. Velocity was a newly established variable representingthe average number of times a unit of currency is used each year in the economyon purchase of goods and services. Fisher assumed that velocity was constant andproposed that demand for real money was proportional to level of transactions.This equation can be simply turned into the equation of exchange, M × V = P × Y ,which states that quantity of money multiplied by velocity equals nominal spendings inthe economy. As it is expected, there is positive relation between money demand andoutput. Monetarists considered nominal amount of money as an exogenous variablethat does not or just poorly depends on an interest rate, so they used only a nominalGDP as an explaining variable for the real demand for money balances. He emphasizedtechnological factors and ruled out any possible e�ect of interest rates on demand fora money in the short run.Quantity theory of money was couple of decades later deeply examined and modernizedby macroeconomist Milton Friedman.1.1.1 Clower constraintBuilding a model that formally explains why and when is money used for transactioninstead of credit, has proved to be a di�cult task. Consequently, most of the research15



on macroeconomic equilibrium has simpli�ed that problem and started with an as-sumption that money must be used in all or most of the transactions. "Money buysgoods, goods buy money, but goods do not buy goods." This assumption is knownas the Clower or cash-in-advance constraint. It can be given either explicitly or im-plicitly. Simple version of that constrains, in discrete time, is that all bought goodsduring one period have to be paid by the money available at the beginning of the sameperiod.Consider the following inter-temporal utility maximization problem :
max

∞
∑

t=1

(1 + θ)−tu(c1t, . . . , cnt)subject to (1.2)
n

∑

i=1

Pitcit + Mt+1 + Bt+1 = Yt + Mt + Bt(1 + it−1)where n is a number of goods for consumption, money M earns no interest and bond
B earns nominal interest at rate i. Utility at the time t of consuming goods c1t, . . . , cntis given by a utility function u(c1t, . . . , cnt). By summing up discounted utilities withthe rate θ over all times, we gain a life-time utility. To avoid negative holding ofmoney, we add the Clower constraint

n
∑

i=1

Pitcit ≤ Mt, (1.3)that restricts individual to start each period with enough money to purchase con-sumer goods without debts. The optimal character of the problem certainly generatessolution that will give demand for money exactly equal to the planned purchases.However, this version is too simple. One of the reasons is, that it allows cash to beused during the period only once, in other words, it restricts velocity for one. Further-more, money demand is unrelated with an interest rate. This version can be modi�edin several ways into a more general model.Lucas and Stokey [19] introduced as a mean of payment beside a cash also certainlevel of a credit as another form of legal tender. That separated consumer goods intotwo categories - those purchasable only for a cash and those available also for a credit.Disadvantage of that model was a complicated distinction between two types of goods.Another modi�cation included uncertainty, where an individual had to make up adecision of an amount of money to hold before the announcement of the state of the16



nature. This de�nition of the problem, including cash-in-advance constraint, forcedpeople to be more precautions and rather have higher demand for money, in order to beable to purchase wanted goods in any case. This received appellation as Precautionarydemand for money and has been studied by many well known economists during years.Among others, let us mentionWhalen (1966), Goldman (1974), Krugman, Persson andSvenson (1985)and Woodford (1984). We will present a simple model that shows themain conclusions and implications of that approach.Let us restrict for an individual that considers only two time periods ahead and hecan purchase only one type of good. He needs to make his portfolio decision aboutallocation of his wealth between money M that can be used in any period, but itforgoes any earnings on interest rates, and bonds B that can not be used in �rstperiod, but in second period they can be used together with their interest gain at rate
i. The individual will wish to spend his entire available sources either in the �rst periodafter decision or in the second period, with a probability q and 1 − q, respectively.Uncertainty of the individual at the time of decision about the time when will the needfor sources arise, enforces his precautionary demand for cash. Let us formalize themaximization problem of such an individual. If we denote the time of the decision as t,then variablesMt and Bt respond to individual's endowment allocation between moneybalances and bonds at that time. In case of consume in the �rst period individualwill be able to use only cash, so his real consumption will be ct+1 = Mt/Pt+1. If heconsumes in later period, his consumption will be ct+2 = [Mt + Bt(1 + i)]/Pt+2. Formaking optimal decision he maximizes his expected utility, which is weighted averageof possible utilities given by

qu(ct+1) + (1 − q)u(ct+2). (1.4)By replacing the consumptions according to relations given above it can be rewrittenas
qu

(

Mt

Pt+1

)

+ (1 − q)u

[

[Mt + Bt(1 + i)]

Pt+2

]

. (1.5)Partial derivation with respect to Mt is
∂U

∂Mt

= qu′(ct+1)
1

Pt+1

+ (1 − q)u′(ct+2)
1

Pt+2

(1.6)and partial derivation with respect to Bt is
∂U

∂Bt
= (1 − q)u′(ct+2)

1 + i

Pt+2
. (1.7)17



By subtracting a �rst-order condition with respect to Bt (1.7) from a �rst-order con-dition with respect to Mt (1.6) we receive the �rst-order condition for the maximalutility:
qu′(ct+1)

Pt+1
=

(1 − q)iu′(ct+2)

Pt+2
. (1.8)The questioned demand for money is obtained by solving that di�erential equation.Under additional assumption of relative risk aversion, that is measured by a variable

γ, money demand is given by formula
Mt

Y
=

1 + i

(1 + π)(γ−1)/γ [(1 − q)i/q]1/γ + i
, (1.9)where π is an in�ation rate between two periods and Y is entire endowment. If theindividual is a risk-neutra, his γ is equal to 1 and we see that in�ation will not e�ecthis decision, all his sources will be hold in a form of bonds. On the other hand, if theindividual is risk-averse, his γ is bigger than 1 and decision depends on both nominalinterest rate and in�ation. That describes precautionary demand for money balances.Presented models already improve the approximation of demand for money, but theyare unfortunately not a lot applicable for reality, as far as their assumption that bondis not negotiable during the periods at any price, is unrealistic and strongly doubtablenowadays.1.2 Microeconomic foundationsThe approach of the Cambridge economists was di�erent from the one of monetarists.Those economists stressed the individual choice in their models. Especially, Keynespaid more attention to the motives of holding the money. He distinguished betweenthree di�erent sources of reasons for holding money. First of all, according to hisdecomposition, it is transaction motive, that considers time inconsistency betweenpayments and transactions made by individuals.Rest of the motives originated in treating money as a particular type of a �nancialasset among many others. This approach focuses beside transaction function of moneyon potential return of assets as an additional motivation. Second motive considers riskaversion of the individual. His tendency to avoid risk leads him into allocation of his18



wealth in mixed combination of low risk-low return assets (here it was money form)and high risk-high return assets (represented by bonds or equity). This motive isbecause of that called portfolio allocation motive or precautionary motive.Third reason is speculative motive.I t is formed on the individuals' ambition to earn onmoney by holding a liquidity, because it bears interest rate. This motive is proportionalto interest rate, the higher potential changes in interest rate, the higher endeavor tospeculate.Due to the contributions of James Tobin from Yale University and William Baumolfrom Princeton University, interest rate was introduced into the models of demand formoney. They worked independently, even though both concentrated on transactionalmotive and developed similar models for transactions demand. Couple of years later,David Romer from Harvard University, consolidated their theories and expanded theminto a general equilibrium [18].1.2.1 A general equilibrium Baumol-Tobin modelRomer considered model for continuous time, where money emerged together withinterest-bearing bonds. Individuals could hold either money or bonds, but they couldat any time exchange bonds for a money at additional cost. Cash-in-advance con-straint restricted purchases to be paid only by cash. Individuals were deciding abouta consumption and dividing the rest of their wealth between liquid money and interestearning bonds.Model is constructed for overlapping generations in continuous time. At each instantan individual living for a time T is born and civilization is equally distributed withan age from 0 to T . Firstly, we analyze the economy from the point of view of anindividual at certain time point and limit it to the steady state, when the populationis constant. Later we enlarge the analysis for dynamic dimension and consider it as aproblem of whole economy, generating optimal aggregate demand for money.Individual's decision problemEach member of civilization receives at birth a wealth Y , that he can store in twoways. Either he keeps them as bonds at interest-bearing real rate r or in the form ofmoney, where his return is negatively weighted by in�ation as −π. Di�erence betweenreturns is given by nominal interest rate, r− (−π) = i. If it is positive, holding bonds19



gives him higher return then keeping money. But Clower constraint must still hold,therefore individual needs to purchase good for cash and bonds cannot be used forthat purpose. On the other hand, bonds can be sold at any time at utility cost b pertransaction, no subject to the time or amount sold. Selling bond has in model samemeaning as withdrawal from the bank account, and in that case the selling fee can beinterpreted as a cost of the trip to the bank. Prime decision about storing form of thewealth given at birth is costless and the amount of part stored in form of money wedenote by M1. Assuming logarithmic utility of consumption, that is not subject todiscounting over time, the inter-temporal utility function of an individual is given by
U =

∫ T

0

ln(ct) dt − Nb. (1.10)While the �rst component of the function represents the sum of instantaneous con-sumptions during life-time, the second component enumerates the cost of transactionsmade during life, as far as variable N represents the number of made transactions,or equally trips to the bank. The �rst transaction (trip) takes place at time δt1 andvolume of M2 that will be available from then on. Obviously is optimal to withdrawbalances used throughout next period and leave the rest earn on interest, so we canimply, that it is the amount available for next period, till the second withdrawal doesnot take place. Total number of transactions is N + 1, where the prime decision atbirth is included.To summarize the problem of individual, in the presented model, he needs to decideon number of trips, their timing, amount of withdrawals and continuous plan forconsumption during life. By solving the Utility maximization problem the followingsolutions are derived. For detailed derivation follow [17].First, individual decides to withdraw at equidistant times. With regard to N + 1planned trips it gives constant interval of length µ = T/(N + 1). Second, the optimalinterval between following trips is be given by
µ =

√

2b

i
. (1.11)The optimal interval is increasing function of the cost of the trip and decreasing rela-tively to the nominal interest rate i, that constitutes the opportunity cost of holdingliquidity instead of bonds. At third, the amount of real balances withdrawn can bejointly expressed for each transaction by formula for trip j as

Mj+1 =

(

Y

N + 1

)

exp(rµj)for j = 0, . . . , N. (1.12)20



Therefore, the real withdrawals are equal parts of initial endowment increased bytime in size at rate r, the rate of return earned by their holding in a form of bonds.Withdrawals would be nominally equal only in case of zero return on bonds. Finally,the consumption expressed for each time point t between trip j and trip j + 1 as afunction of withdrawal Mt+1 made at time µj is given by
ct =

(

Mj+1

µ

)

exp[−π(t − jµ)], for j = 0, . . . , N. (1.13)Thus, consumption of money available for the certain period is a decreasing functionof the in�ation. Plugging (1.12) into (1.13) formula can be rewritten as
ct =

(

Y

T

)

exp[rµj − π(t − jµ)], for j = 0, . . . , N. (1.14)Therefore, the level of utility achieved by making those optimal choices is
U? = T ln

(

Y

T

)

+
rT 2

2
−

(r + π)T 2

2(N + 1)
− Nb, where N = T

√

i

2b
− 1. (1.15)Accordingly, utility is an increasing function in real interest rate r and decreasingfunction in in�ation π. These implications correspond to the rational expectationsfrom economical theory.In order to imply conclusions for money demand, we consider amount withdrawn atparticular time to be a demand for money balances at the time of trip. Combining(1.11), (1.12) and (1.13) results in money demand for time µj:

Mj+1 =

√

2b

π + r
cµj . (1.16)Apparently, the amount of money that is an individual willing to hold is decreasingin nominal interest rate i and it is a linear function of his consumption.Aggregate demandsTurning back to the model characteristic, general equilibrium of the civilization inmodel is topic for this section. Considering the fact that in steady state is populationconstant and equally distributed, the amount of money hold by society in particulartime point equals the sum of the amounts of money hold by one individual throughouthis life. To derive an aggregate demand for consumption, for bond or for moneywe apply similar procedure. Integrating money demand of an individual for each21



period separately and consecutive summing them up gives us total monetary wealthof population at the time. In order to normalize that result for a population of size oneis necessary to divide the result by T . By that procedure we gain for money demandformula
M =

(

1

T

) (

Y

T

) [

exp(rT ) − 1

exp(rµ) − 1

] [

exp(−µπ) + µπ − 1

π2

]

. (1.17)The aggregate consumption and the aggregate demand for bonds can be derived by thesame method. Despite extreme simpli�cation of the underlying model, the solutionsare complicated and not clear for interpretation. Nonetheless, some derivatives can becalculated. For a money demand is worth implication that holding Y and r constant,aggregate willing to hold a money decreases with an increasing nominal interest rate.Formulation of Romer's model beside characterizing the demand for money gives alsosome other useful implications about consumption-saving choice as well as e�ects ofmoney growth, which we will not discuss in this text widely. We will concentrate onconclusions about money demand.To enclose the �gure of the economy for society, variables that were up to that pointconsidered to be exogenous as an in�ation rate π, a real rate of interest r and a pricelevel, needs to be now inserted into the economy and determined by its organs. Othermembers of the model for closed economy together with individuals are �rms, banksand government. Their roles can fully simulate the actual economy. Government's onlytask is to issue money, that is transfered at constant rate to the newborn individuals.Banks communicate with �rms and individuals. They hold savings of individuals andallow them to sell there their bonds for money and consequently sell those bonds backto the �rms, which have issued them, in exchange for money, that companies earned byselling their goods. Role of �rms is triple. First of all, they own technology on whichthey produce goods for consumption. Sales of those goods earns companies returnat real interest rate r. Their capital is formed out of individuals' wealth, that theyhad received in exchange for selling goods. Using it, they can repurchase bonds frombanks. Finally, the endowment of young generation is invested in �rm in exchangesfor bonds, in order to earn on the return that �rm makes. This is simpli�ed versionto give a reader idea how closed economy �ts into the presented model.
22



1.2.2 Money in the utility functionStudying exact ways of money transformation and specifying them in the Clower con-straint became cumbersome and impractical within more complicated models. There-fore, another ways of including money into the economy have been investigated. Thee�ort brought approach called Money in the utility function (MIU) where moneydirectly enters agents' utility function capturing the liquidity services provided bymoney. An example of such a model is the model of Sidrauski [20]. His conceptallows both the real money and the consumption to enter the utility function. It isconstructed for the economy populated by in�nitely living families and with constantgrowth of population. Each out of the equal households solves his maximization prob-lem. Conclusions show that although in equilibrium every household receives transferof the wealth proportional to their money holdings as they are identical, when makingdecisions each of them considers amount of transfer it receives as given and indepen-dent of holden money balances.The MIU approach is o�ering way out of problematic setting of Clower constraint. Onthe other hand, from results we do not have clear idea of transactions and role playedby money. What is more, in approach where money is inserted in production function,it is doubtable what restriction to impose on such an objective function. Research inthat question was done by Fischer [21].1.3 Direct models of money demandAs we showed above, forming demand function for real money balances has severaldi�erent approaches. It was explained, that putting money straight into the utilityfunction instead of using cash-in-advance constraint limits the �ndings on moneyfunction in economy. Even though, some economists took even more dramatic shortcutand tried to specify directly demand for money.1.3.1 Keynes' liquidity preference theoryModels for money demand, that rely only on transaction motives do not completelyexplain movements in real balances. As it was suggested before, individuals have alsoportfolio allocation motives, that are in�uenced by various factors on the market andby individual's characteristics. Personal factors are income and wealth of concerned23



one, his attitude to the possible risk and as the last, but the least, his informedness andknow-how. The market determines the expected return on di�erent forms of moneyassets and their liquidity.John Maynard Keynes stressed the choice between money and bonds. His liquiditypreference theory believed that transaction reasons and precaution were irredeemablemotives for holding money balances, but at the same time he emphasized the role of thespeculative motives, that were sensitive mainly to the interest rate. He summarizedit in his book The General Theory of Employment, Interest and Money [25].From the point of view of the speculative motive, Keynes considered individual'schoice to be strictly depending on the comparisson of the expected return on moneyand expected return on bonds, that is described by a nominal interest rate. Includingthe other reasons for holding real money balances, we can symbolically express hismodel of money demand as
M

P
= L(Y, i), (1.18)where a demand for real balances is interpreted as liquidity function L dependingon real income Y and nominal interest rate i. Liquidy function captures liquiditypreferences of the assets. Whereas the desire to hold money raised with higher income,money demand is positively related to Y . On the other hand, the higher is the nominalinterest rate, the better is to keep the value in the form of bonds and earn the interests,so it lowers the demand for money. Therefore, there is a negative relationship betweendemand for money and nominal interest rate.Let us rewrite the Fischer's equation of exchange (1.1) into the form

V =
PY

M
. (1.19)Afterwards, we rearrange the Keynes' money demand function and multiply both sidesby Y to get equation

PY

M
=

Y

L(Y, i)
. (1.20)Subsequently, by plugging together both equations we can show that

V =
Y

L(Y, i)
. (1.21)Given formula denotes velocity's dependence on an income and on an interest rate.Velocity �uctuates conditionally to changes in income or in interest rate and does notstay constant as it was assumed by Fisher.24



1.3.2 Friedman's money demand modelOne more theory served famous macroeconomist Milton Friedman, who beside othercontributions to the economy and statistics, analyzed in detail also Quantity theory ofmoney. Instead of analyzing reasons for holding money as Keynes did, he reexaminedthe work of Fisher and others, who concentrated purely on determinants of moneydemand. On the other hand, he had something common with Keynes approach aswell, because he treated money like any other asset.He explained willingness of the people to hold money balances in broader measurethan just a cash and checkable deposits for short period. He used theory of assetdemand to derive the demand for money, that is a function of expected return onmoney, return on other substitutes for money and permanent income. He modeleddemand for real broad money M2
P
, where M2 stays for monetary aggregate M2. As anexplaining variables he considered wealth, that should be proportional to permanentincome YP , di�erence between returns on holding money iM or �nancial assets (bonds)

ib, di�erence between returns on holding money iM or equity ie and di�erence betweenreturn on money and expected return on durable goods πexp presented by an expectedin�ation. He published this theory in [26]. Symbolically, we can write Friedman'smodel for real balances as
M

P
= L(Y, ib − iM , ie − iM , πexp − iM). (1.22)When a wealth rises, demand for a real money increases too, while for growing oppor-tunity costs,either ib− iM or ie − iM or πexp− iM , demand reacts each time negatively,by decreasing.In comparison with the model of Keynes, Friedman considered all kinds of assetswhile Keynes distinguished only between money and the other assets. Friedman'smodel included di�erences between rates of return because Friedman believed that itis not their size that matters. He allowed in model also return on money balanceswhile Keynes assumed it to be zero.1.3.3 Cagan's model of hyperin�ationAlready Milton Friedman maintained that there is a close relation between in�ationand money supply. Realizing that fact, it is not much surprising, that it was his doc-toral student, who brought in�ation into the money demand function. This alternative25



concept was introduced due to Phillip Cagan, who studied money demand in periodsof hyperin�ation [22]. The quotation from his work [22] explains the main idea of histheory. "During hyperin�ation the amount of real cash balances changes drastically.At �rst sight these changes may appear to re�ect changes in individuals' preferencesfor real cash balances � that is, shifts in the demand function for the balances. Butchanges in real cash balances may re�ect instead changes in the variables that a�ect thedesired level of the balances." Cagan constructs his model on hypothesis, that changesin demand for real balances root in variations of expected rate of change in price level.In previous settings we have considered the rate of growth as given. Note that in realeconomy creation of money implies certain level of revenue for government, namelyseigniorage. Seigniorage is one of the government's revenue sources, that is minor inlow-in�ation periods, but in times of extream hyperin�ations, money printing is oftenthe only source of government's revenue. Those exceeding conditions in hyperin�ationperiod allow us for an assumption that real variables move su�ciently slow comparedto the price level in order to be considered as given.The basic Cagan's model consists of two equations. First of them, it a real moneydemand function depending on an expected rate of in�ation π? given by formula,
m =

M

P
= c exp(−aπ?), (1.23)where c is a constant and a is amount of wealth per capita. The higher is the in�ation,the lower will be demand for real money balances. It is crucial to mention, that asfar as an output is given by assumption, it is included in constant term c. The realinterest rate is constant as well, so it is included in a constant term, therefor functiondepends only on expected in�ation rate. The higher will be expected in�ation rate,the lower will be demand for real money balances. As far as a demand for real moneybalances in the equilibrium equals real money stocks, the equation 1.23 is interpretedas equilibrium.Second equation speci�es formation of expectations. While in previous model weassumed perfect foresight, following Cagan, for this model we use adaptive expectationsabout in�ation. Under the adaptive expectations, understand expectations of in�ationrate adjusted for the current in�ation. If the current rate of in�ation exceeds theexpectations, new expectations about in�ation decrease. This process can by capturedby equation

dπ?

dt
= b(π − π?), (1.24)26



where b indicates the speed at which individuals revise their expectations. By inte-gration it can be rewritten as
π? = b

∫ t

−∞

πs exp[b(s − t)]ds. (1.25)Given the dynamics of the money growth, equations 1.23 and 1.25 determine thedynamics of the in�ation rate.Cagan's conclusion is truly remarkable. In contrast with the apparent chaos typicalfor hyperin�ations, Cagan argues that there is stability, a stable relationship betweenreal money demand and expected in�ation. Publication of Cagan's article generateda signi�cant body of work, a number of leading macroeconomists either reexaminedor extended Cagan's model, most notably Barro (1970), Sargent and Wallace (1973),Frenkel (1975, 1976a, 1976b, 1977, 1979), Sargent (1977), Abel et al. (1979), Salemi(1979), and Salemi and Sargent (1979). In addition, monetary economists todayoften refer to a Cagan demand function when modeling the real value of money.This shortcut proved to be useful in economical issues dealing the relations betweenseigniorage, de�cits and in�ation.

27



Chapter 2
Data Sources and Formation of TimesSeries
This section describes the main guidelines that were followed in order to form adatabase used for the estimations. Due to the availability, compatibility and ap-propriateness of the data, we decided to analyze period of 14 years since 1995q1 till2008q3. By taking quarterly frequency of the data we got 55 observations for fourselected countries (Czech Republic, Hungary, Poland, Slovakia) among NMS of EUand also for Euro area data. In case of Slovenia, we shortened the period till 2006,that limited number of the observations for 48, as far as Slovenia adopted Euro ascurrency in 2007 and became a part of the Euro area.The main sources for the data were databases of Eurostat [27] and national banksof selected countries - �eská Narodní banka [28] in Czech Republic, Magyar nemzetibank [29] in Hungary, Narodowy bank Polski [30] in Poland, Banka Slovenije [31] inSlovenia and Narodná banka Slovenska [32] in Slovakia. Unfortunately, not all datawere available from the same time point in each selected country, therefore we had tolimit our selves on the period given. In the next sections we describe each used timeserie as well as the adjustments that were made because of compatibility.2.1 Gross domestic productTo estimate demand for money balances, we need to recognize its main determi-nants. In accordance with overview of done research, we used the gross domestic28



product(GDP) as a measure of transactions made within the country. Collected dataare in units of millions of national currency. The series were seasonally adjusted andthe nominal values for each country are graphically displayed in the Figure 2.1. Thevariable is in this work denoted by Y . The descriptive characteristics of logarithm ofoutput, which is used in log linear form of the models and denoted by lowercase y, aresummarized with the others in Table 2.1.
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Figure 2.1: Gross domestic product in millions of national currency
2.2 Nominal interest rateThe second most important determinant of money demand among macroeconomicindicators is the interest rate. The literature is not unit in decision about which rateto choose. There are more applicable rates and even research done varies in their29



choice. Some studies even include both short-term and long-term interest rate, likeGerlach and Svenson did in [33]. We decided to consider nominal one month interestrate on deposits as a reference value to enumerate the opportunity costs, supposing italternates the average rate earned by the assets included in monetary aggregate M2and hold in the form di�erent from the cash.We could not include both type of rates as far as they were not available in satisfyinglong period. Problematic heterogeneity of the data may further in estimates causewrong results. Domestic interest rate will be denoted by i, if necessary, related countrywill be given in brackets,i.e. i(EA). Figure 2.2 presents the join graph of interest ratesin the unis of percents for all the countries.
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Figure 2.2: Short term interest rates in percents
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2.3 Monetary aggregate M2In order to estimate the coe�cients of our models, data for monetary aggregate M2were used as a reference value of money demand. Unfortunately, during the period thatwe decided to study, some of the selected countries have already enacted new de�nitionof broad money M2 according to the methodology of ECB. The data counted accordingto the previous methodology were no longer available, neither new methodology wasapplicable for the old available data. Therefore, we had to create a substitutingdata set, that would be unit for a whole examined period. In all national banks,there was reported an intersecting period, when data were counted according to bothmethodologies, so we used it as a 'chain' in order to chain those two time seriestogether. We chained the time series according to di�erent methodologies.
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Figure 2.3: Monetary aggregate M2 in the millions of national currencyIn particular, we have employed chain ratios. Chain ratio is a number given as a31



ratio of certain factor measured by di�erent methodologies in the same time that willbe used as a sample how the change of methodology changes the value of the factor.According to the chain ratio, all numbers given only by the new methodology can beshifted to the base of old methodology. We plugged these approach for money demand,in four out of �ve selected countries, where the changes were reported. For Slovakia,the introduction of the new methodology took place in 2005, in Slovenia in the end of2004, Czech Republic and Poland adopted changes in 2002. To ensure correctness ofthis approach, we considered the sub period analysis. We did test the model on thesub period with the data serie available according to the identical methodology andwe can enforce that on the common period of both �lters, the values were almost thesame, so the results are robust for this adjustment. Symbol M represents volume ofmonetary aggregate in units of million of national currency and it is graphed in Figure2.3. Logarithm is used for log-linear model showed, therefore the descriptive statisticsof the logarithmic form are available in the Table 2.1.2.4 Price levelThe last factor that we collected was the price level during examined period 1995q01- 2008q03 for the selected countries and Euro area. By knowing the price levels weare able to turn the nominal demand for money into the real volume of desired moneybalances, which we model. This variable was recounted marked as P and is countedto the base year 2005.
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Figure 2.4: Price levels at the base of year 2005
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Mean Min Max Std.Dev.Czech Republic 1995q1 - 2008q3 (55 obs.)
ln(M2) 14.23 13.63 14.74 0.30

ln(GDP ) 13.30 12.77 13.75 0.27

ln(P ) 4.51 4.17 4.72 0.14

i 6.52% 1.75% 38.78% 6.06%Euro Area 1995q1 - 2008q3 (55 obs.)
ln(M2) 15.37 14.98 15.88 0.26

ln(GDP ) 14.37 14.10 14.65 0.17

ln(P ) 4.54 4.41 4.69 0.08

i 3.58% 2.02% 6.46% 1.13%Hungary 1995q1 - 2008q3 (55 obs.)
ln(M2) 14.53 13.54 15.32 0.53

ln(GDP ) 15.09 14.10 15.71 0.49

ln(P ) 4.34 3.57 4.79 0.33

i 13.55% 5.60% 33.61% 7.38%Poland 1995q1 - 2008q3 (55 obs.)
ln(M2) 12.51 11.31 13.34 0.52

ln(GDP ) 12.12 11.29 12.67 0.37

ln(P ) 4.43 3.83 4.69 0.23

i 13.02% 4.02% 27.03% 7.87%Slovakia 1995q1 - 2008q3 (55 obs.)
ln(M2) 13.32 12.60 13.86 0.35

ln(GDP ) 9.09 8.44 9.75 0.38

ln(P ) 4.36 3.91 4.71 0.26

i 8.06% 2.58% 21.45% 5.12%Slovenia 1995q1 - 2006q4 (48 obs.)
ln(M2) 14.29 13.21 14.96 0.54

ln(GDP ) 8.45 7.79 8.99 0.36

ln(P ) 4.34 3.93 4.64 0.23

i 6.50% 3.29% 17.00% 2.99%Table 2.1: Descriptive statistics of data series used in models (logarithmic forms whereapplicable) 34



Chapter 3
Econometric Methodology
In this chapter, �rst we describe the basic terms in econometric terminology. Econo-metric time series can be classi�ed in several ways, indicating various methods formodeling time series. For estimation of the linear models with constant coe�cientsis usually used Ordinary least square method (OLS). On the other hand, because weintend to use mostly the models with coe�cients varying over the time, we introducethe State-space representation of dynamic systems. For this class of models is widely,but not solely, used method named Kalman �lter that we derive, explain and alsoshow couple of application in economy in the end of the chapter.3.1 Time Series and Stochastic ProcessesA time series is a sequence of data taken in di�erent, most of the times equidistant,time points. These can be values measured over the time in physics or economicalstatistics.3.1.1 Stationarity of stochastic processesIf the time series has time constant mean µ, time constant variance σ2 and timeconstant covariance C(s), that depends just on the distance of the points,

E(Xt) = µ for all t (3.1)
E(Xt − µ)2 = σ2 < ∞ for all t (3.2)

E(Xt − µ)(Xt+s − µ) = C(s) for all t and any s, (3.3)35



than we call the process generating this time series as covariance-stationary or weaklystationary.The commonly known stochastic stationary processes are white-noise and randomwalk. Stochastic process is called white noise if {Xt}
∞
−∞ is a sequence, whose elementshave mean zero, variance σ2 ant these elements are uncorrelated over the time,

E(Xt) = 0 for all t (3.4)
E(Xt)

2 = σ2 < ∞ for all t (3.5)
E(XtXs) = C(s) for all t 6= s. (3.6)Secondly, if white noise satis�es also independence of all representations across thetime, then it is called an independent white noise process.Thirdly, if process satis�es all the conditions for independent white noise processalong with the condition of normal distribution of representations with mean zero andvariance σ2,

εt ∼ N(0, σ2), (3.7)we denote such a process Gaussian white noise. This process is well known also underthe name random walk and can be equaly de�ned as a white noise, whose di�erencesof consequent representations form also white noise stochastic process,
Xt − Xt−1 = εt (3.8)

E(εt) = 0; E(ε2
t ) = σ2; E(εtεs) = 0; s 6= t (3.9)

εt ∼ N(0, σ2). (3.10)3.2 State-Space Representation of a Dynamic Sys-temThe classical regression model, yt = βTxt + ut where ut is white noise, assumes therelation ship between the explanatory and explained variables to be constrant throughestimated period. On the other hand, physicians and economists have found manyexamples were assumptions of the constantly equal in�uence of determinants on theprocesses were too restrictive for modeling dynamic nature and society. Therefore, anew phenomenon was introduced into another set of models. The base of those models36



can be similar to those described above, just the coe�cients are allowed to vary overthe time, update. Such processes are called dynamic processes and we will talk aboutsome of them more in following section. For more detailed explanation read [34].Let yt denote a vector (n × 1) of variables observed at time t. A rich class of dy-namic models can include beside visible variables also unobservable variables. Visiblevariables are represented in (k × 1) vector xt while unobservable, exogenous or prede-termined variables, as they are called occasionally, are represented in (r×1) vector ξt.This vector is known as state vector. The state-space representation of the dynamicsin the model of yt can by given by following system of equations:
ξt+1 = Fξt + vt+1 (3.11)

yt = A′xt + H ′ξt + wt, (3.12)where F,A' and H' are matrices or parameters of the model with dimensions (r × r),
(n × k) and (n × r), respectively. The �rst equation of model (3.11) is called stateequation as far as it describes the state at which is 'nature' in the time point t + 1.The second model's equation (3.12) is called observation equation, because it describesthe value of the observable variables at time t. The vector vt of dimension (r× 1) andvector wt of dimension (n × 1) represent white noise, so it holds:

E(vtv
′
s) =

{

Q if t = s

0 otherwise
E(wtw

′
s) =

{

R if t = s

0 otherwise,where Q and R are square matrices of dimensions (r × r), (k × k), respectively. Dis-turbances of vt and ws are under the assumption uncorrelated at all time points
E(vtw

′
s) = 0 for all s and t. (3.13)The system of equations (3.11) through (3.13) is describing a �nite number of obser-vations {y1, y2, . . . , yT} under the assumptions for the initial state vector ξ1, that thisvector is uncorrelated with all vectors vt and wt:

E(vtξ
′
1) = 0 for all t = 1, . . . , T (3.14)

E(wtξ
′
1) = 0 for all t = 1, . . . , T (3.15)37



The system of equations (3.11) through (3.15) is complete and can be used for furtheranalysis, but before we do so, let's derive couple of characteristic, that need to holdbeside. Recursively plugging the de�nition of state variable ξt, we can obtain ξt as alinear function depending on set {ξ1, v1, . . . , vt} like
ξt = vt + Fvt−1 + F 2vt−2 + · · ·+ F t−2v2 + F t−1ξ1 for all t = 2, 3, . . . , T . (3.16)So we can further imply that vt is not correlated neither with lagged values of ξ andalso wt is uncorrelated with all unobserved realization of ξ. White noises vt, wt ofboth state and observation equations, respectively, are uncorrelated with all observedvariables yt except the given relation by observation equation between wt and yt.3.3 The Kalman �lterThe idea is to represent the analyzed model in the form of State-Space representation.For that we can employ a very useful tool of econometrics, named Kalman �lter.That is a recursive �lter that sequentially updates a linear projection of the model.First of all, we use the most simple form of the State-space representation with allthe assumptions given above to be able to derive basic algorithm. Many of theseassumptions were later on relaxed and model was modi�ed into several ways to bemore complex and be suitable for di�erent kind of problems. Beside other bene�ts, thisalgorithm can generate exactly calculate forecasts or likelihood function for Gaussian

ARMA(p, q) processes. Further more, it can estimate a vector autoregression, thathas coe�cients changing over the time, what is the reason, why we do pay attentionto Kalman �lter.3.3.1 Derivation of the Kalman �lterAs we mentioned, Kalman �lter is most of the times used to estimate the parametersof model, where observed variables yt and visible, exogenous factors xt are measuredby analyst. However, we will assume the opposite to derive the model. All parameterswill be known, and we will �nd formulas to estimate states and realization of theobservations in given times. Algorithm is based on a least square error of the forecastof state vector ξt+1 as a linear projection on the data set available till time t andconstant,
ξ̂t+1|t ≡ Ê(ξt+1 | νt), (3.17)38



where νt is information data set available
νt ≡ (y′

t, y
′
t−1, . . . , y

′
1, x

′
t, x

′
t−1, . . . , x

′
1)

′. (3.18)That algorithm recursively generates estimates ξ̂1|0, ξ̂2|1, . . . , ξ̂t+1|t step by step. To-gether with estimate, method calculates the mean square error (MSE) of these forecast,that is denoted by (r × r) matrix:
Pt+1|t ≡ E[(ξt+1 − ξ̂t+1|t)(ξt+1 − ξ̂t+1|t)

′]. (3.19)To be able to perform the recursion, we need to start forecast at beginning ξ̂1|0 whereis no information available, so that is the reason why we need to have the initial state
ξ1 given or assumed. Than the �rst step is simpli�ed into

ξ̂1|0 = E(ξ1) and P1|0 = E[(ξ1 − E(ξ1)(ξ1 − E(ξ1))
′]. (3.20)Since now, all the steps can be repeated recursively in each time index.Assume we know the estimate of the current state vector ξt we can calculate estimationof current representation of the observation yt. Considering the assumption, thatcurrent exogenous variables do not enlarge the information about current state abovethe level of informations given in previous times, considering for the forecast of ytfollowing prescription,

ŷt+1|t ≡ Ê(yt | xt, νt−1) (3.21)and using the observation equation (3.12), we can derive forecast for observation yt

ŷt|t−1 = A′xt + H ′ξ̂t|t−1 (3.22)and associated MSE
E[(yt − ŷt|t−1)(yt − ŷt|t−1)

′] = E[H ′(ξt − ξ̂t|t−1)(ξt − ξ̂t|t−1)
′H ] + E[wtw

′
t]. (3.23)Using given notation and characteristic of wt, it can be simpli�ed into

E[(yt − ŷt|t−1)(yt − ŷt|t−1)
′] = H ′Pt|t−1H + R. (3.24)Given the current value of observation yt we can improve our forecast of the currentstate ξt as

ξ̂t|t = Ê(yt, xt, νt−1) = Ê(νt). (3.25)39



This can be simpli�ed into expression
ξ̂t|t = ξ̂t|t−1 + Pt|t−1H(H ′Pt|t−1H + R)−1(yt − A′xt − H ′ξ̂t|t−1). (3.26)Updated forecast needs also updated MSE matrix, that can be simpli�ed as well:

Pt|t = E[(ξt − ξ̂t|t)(ξt − ξ̂t|t)
′] = Pt|t−1 − Pt|t−1H(H ′Pt|t−1H + R)−1H ′Pt|t−1.Next step is to forecast next state variables ξt+1 using the state equation (3.11),

ξ̂t+1|t = Ê(ξt+1 | νt) = F ξ̂t|t−1 + FPt|t−1H(H ′Pt|t−1H + R)−1(yt − A′xt − H ′ξ̂t|t−1).(3.27)The MSE of this forecast can be simpli�ed into
Pt+1|t = FPt|tF

′ + Q = F [Pt|t−1 − Pt|t−1H(H ′Pt|t−1H + R)−1H ′Pt|t−1]F
′ + Q. (3.28)As we showed, we can express both state and observation by knowing the previousforecasts and all parameters, so that algorithm can be recursively used till we haveavailable parameters.3.3.2 Some economic applications of the Kalman �lterKalman �lter was apriori envented to show how to estimate the values out of thedeterminants that are subject to the changes. This approach was used in many �elds,particulary it found applications in physics, technical science and robotics. Duringlast decade its has been used all so mode the dynamics of within economic �eld. Herewe will mention couple of examples. For reference we took article of Gurnain [35].Even though, that basic model was restricted by many di�erent assumptions, laterresearch did derive augmented theory how to relax those assumption and correct the�lter to response well.Time Varying Parameters in a Linear Regression: Demand for Interna-tional ReservesEstimating macroeconomic relations within the country that has undergone structuralchanges during studied period became much easier using Kalman �lter to estimate thetime-varying coe�cients. Bahmani-Oskooee and Brown (2004) used this approach tomodel the demand for reserves Rt as a speci�cation of countrie's real imports IMt, a40



variability measure of balance of payments V Rt and its average propensity to import
mt. The function formula was estimated as

log(Rt) = β0 + β1 log(IMt) + β2V R+β3mt + εt, (3.29)where βs are assumed to follow a random walk, The problem speci�cation ignores thesupply side and takes the level of demand quantity as a realized supply. This modelis very similar to our speci�cations as far as it estimates the time-varying coe�cientswhile given the data of observable factors.Kalman Filter with Correlated Error Terms: Exchange Rate Risk PremiaAnother mentioned example, wethat would like to mention did show applications forgeneralized Kalman �lter where some of the assumptions may be relaxed. The thebasic model assumes that the errors in the measurement and transition equation tobe uncorrelated. This assumption fails in situation where increase in shock causethe movement of the observable variable as well as unobservable variable under theconsideration. Such a problem was realized by Cheung (1993) with the exchange rates.The case of the market for exchange rate an additional, new information e�ects therate by jump and at th same time it may lead the risk premium to change. The �lteris initialized by unconditional mean and variance of risk premium.
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Chapter 4
The Econometric Models
As we have showed in previous chapter, several di�erent theories were examined inorder to describe demand for money. Most of the research started in forming modelsfor narrow money M1, that included cash currency, over night deposits and theirclose substitutes. As doubts about narrow money M1 demand stability continued,researchers used to study rather broad money M2, as we can see for example in manypapers from Trehan [36]. We adopt the idea by trying to estimate demand functionfor real broad money M2.4.1 Model for real money demand with constant pa-rameters estimated by OLSStarting from the Keynes' theory, we suppose the transactions and the interest rateare the main determinants of a demand for money balance, as they are de�ned byM2. The volume of money hold for transactions is measured by the volume of moneyproduced in the country during the year, in other words, by the nominal gross domesticproduct (GDP) of the country. The speculative motive is captured by the interest rateon the deposits. We combine those motives into one linear function, where we includein addition to both factors also constant term. This simple form of the demand formoney balances M2 is expected to have a positive coe�cient with regard to outputof the economy (GDP) and with regard to opportunity costs, we forgo by holdingassets in the form of cash or other substitute included in M2, the coe�cient shouldbe negative. 42



Conventionally, we suppose that exists unity between the price level and the nominalneed for money balance. This can be simply interpreted, as an assumption, thatif prices rise twice while everything else stays constant, there is no other change inmoney demand except making it double, and vice-versa. This typical assumption ofhomogeneity of degree one is called the homogeneity postulate.Note: A homogeneous function x = f(y, z) is said to be homogeneous of degree µwith respect to y if and only if it has the property that:
λµx = f(λy, z).Therefore, the real money balances are calculated as nominal money balances dividedby price level.Summarizing all given assumption we construct a simple model to characterize demandfor real money, where our liquidity function L(Y, i) is given as

M

P
= aY bexp(i)c, (4.1)by counting natural logarithm of both sides we gain a linear model

ln

(

M

P

)

= ln a + b ln Y + i · c. (4.2)Obviously, the �rst part ln a represents the constant term.Remember that an elasticity compares a percentage change of one variable x with thepercentage change of the other variable y, i.e. dlog(y)
dlog(x)

. While a semi-elasticity comparesa level change in one variable with a percentage change of the second variable, i.e.
dlog(y)

dx
.Therefore, the second parameter b expresses the elasticity of the real money demandto the income. For example, if income rises by one percentage point, demand for realmoney will react by increasing with b percentage points. Furthermore, the real moneydemand semi-elasticity to the interest rate is c and it is expected to be negative,because of that, if interest rate rises by one base point, the demand for money balancewill decrease by c percents. Applying this model to our data, we start with ordinaryleast square method to estimate those coe�cients, the results are considerably weakas we will proof later on. Even though, that estimates turned out to be signi�cant, inmany cases we report disagreement between expectations over the signs of coe�cientsand their estimates, or the determinants end up to be insigni�cant. Disregarding thevalues of coe�cients, that are in some cases satisfying, in some other not, we realizea certain level of inaccuracy of that de�nition.43



4.2 Money demand models with the time-varying co-e�cients estimated by Kalman �lterConsidering the theory of Keynesian approach, we see the root of imprecision in as-sumption, that these coe�cients should be constant over the examined period. Duethe �nancial development many changes were introduced to the �nancial market dur-ing previous two decades. Because of that, there might be some e�ect of a developmentreported in coe�cients as well. Therefore we suggest a model with coe�cients varyingover the time, although the main cadre of model stays equal.4.2.1 Model for real money demandAccording to Keynesian approach, we examine linearized de�nition of money demandas we formulated above, with the only change in character of the coe�cients. Weallow them to behave as a random walks in order to be able to study possible changesin elasticity with output or semi-elasticity with interest rate. we are able to denotethis concept mathematically due to the State Space representation in which we de�nelog-linear model. Because of simplicity, let us denote logarithmic forms of variables formoney demand M ,price level P and domestic output Y by lowercase letters m, p, y,respectively. Interest rates i stay denoted in absolute levels. Afterwards, we formulatethe observation equation as
mt − pt = rwt + svY

t · y + svi
t · i + wt (4.3)and assume that state of the nature behaves as a random walk with regard to eachconsiderable factor. Therefor, we gain a vector of states of the nature (rw, svY , svi)Tdescribed by following state equations

rwt+1 = rwt + v1
t+1 (4.4)

svY
t+1 = svY

t + v2
t+1 (4.5)

svi
t+1 = svi

t + v3
t+1, (4.6)where all components of vector (v1, v2, v3)T as well as w are assumed to be a Gaussianwhite noise. The upper index denotes the time point.
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4.2.2 Model for nominal money demand testing the homogene-ity assumptionAs we argued in the �rst chapter, naturally is assumed that money demand should behomogeneous in price level. Therefore, we modeled demand for real balances, nominaldemand for money divided by price level, as a reference value to be able to �lter thestates of the nature. At this point, we would like to check this assumption and verify,weather there exists unity, which is stable for all examined periods. We construct theobservation equation of this model as
mt = rwt + svY

t · y + svi
t · i + svP

t ·t +wt, (4.7)where variable m denoting logarithm of money demand is explained by logarithm ofdomestic output y, interest rate i and logarithm of price level P . Corresponding stateof the nature is given by vector (rw, svY , svi, svP )T and we keep assumption that stateof the nature behaves as a random walk with regard to each considerable factor. Theset of state equations is
rwt+1 = rwt + v1

t+1 (4.8)
svY

t+1 = svY
t + v2

t+1 (4.9)
svi

t+1 = svi
t + v3

t+1 (4.10)
svP

t+1 = svP
t + v4

t+1. (4.11)In case that there would be �uctuating character of the state related to price level, wewill have to lower the explanation power of our previous results.
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Chapter 5
The Results of Analysis
First, we will summarize the results from the model estimated by OLS methods andcompare the results with literature available. The other models' estimation by Kalman�lter allows us to use two di�erent points of views to explain the gained results. Byover viewing the estimates of the �nal states of tested models we will give a detaileddescription of the values and signi�cance of related determinants for the model, whilecomparison of the graphical interpretation of the states' estimates over the time allowsus to study rather the structural changes and stability of analyzed models.5.1 Model for real money demand with constant pa-rameters estimated by OLSTesting a log-linear model of money demand with constant parameters brought uscouple of interesting insights into the topic. First of all, we do con�rm that thisregression is signi�cant for all countries, as it is proved also by information criteria.Even though, only for two out of six estimated areas are all estimated parameterssigni�cant at 1% level, namely for Euro area and Slovakia. While in Euro area de-mand for money is relatively elastic for money with a coe�cient equal to 1.14, inall studied new member countries is money demand relatively inelastic to the outputof its economy. Slovakia has the lowest response in money demand to the changein gross domestic output. We believe, that a good result of Euro area is re�ectingECB's interest in being able to estimate demand for money well. For Hungary was�lter signi�cant in all determinants at the 10% level. Even though we emphasize the46



extreme size of positive e�ect of interest rate on the real money balances. Recallingthe values of monetary aggregate M2 in Hungary (Figure 2.3), we can interpret it asa consequence of high depreciation of the Hungarian forint due to which we report anextreme increasing tendency in the volume of money balances.Surprisingly, the semi-elasticity of the money demand with regard to the interestrate end up to be high and with positive sign in all signi�cant cases. These results arecontra the macroeconomic theory and that signi�cantly lower the value and credibilityand of given money demand function.The absolute term in this equation is signi�cant at least at 10% level and varies alot through the countries. We do subscribe this to the factors that are not includedamong the explanatory variables, therefore their e�ect turns into that term. For theexact values reference, see the table A.1. The factors that were not speci�ed might besome identical for the countries, but it may be also some country-speci�c factor.Concluding this results, only the gross domestic product as a measure of country'soutput resulted to be signi�cant for all countries. In case of interest rate, not evenin one country it was signi�cant and negatively related to the money demand. Whatis more, signi�cant positive elasticity appeared couple of times that is contra anyeconomical research done before, because it explains the increase of the money demandby the increase of opportunity costs. Further on, we �nd that de�nition restrictivefor the countries that are implementing innovations, �nancial development activitiesand absorbing many reforms in order to enter the EU or later on EMU. Constantmodel brings unexplained gap in e�ort to describe the demand for money, thereforeis not applicable for the reality and according to results it is neither con�dent way forestimating the future money demand. As we mentioned above, our theory �nds thepossible root of this gap in transformation mechanisms run of all examined countries,therefore, we searched for more �exible model, that would adapt for the developmentresults during the experienced period and would allow us to study the process ofstructural changes made in countries.5.2 Model for real money demand estimated by Kalman�lterThe formulation of the model, where the coe�cients can vary with the time, hasseveral advantages above the common model with constant parameters estimated by47



OLS.Starting with signi�cance at �nal states, recursive estimation over the examined periodbrings results comparable with the previous static model. First advantage, gained bytime-varying speci�cation of the model, are signi�cant estimates of the states with theexpected signs. As it is shown in the table B.1, this model has e�ects related to thegross domestic product signi�cant and positive for each country except Hungary forwhich it is non signi�cant determinant. The e�ect of output is the highest for Euroarea, at the level close to 0.9, and Slovenia's e�ect is comparable, with level 0.74.Second advantage, the signi�cant e�ects related to the interest rate are signi�cantin Euro area, Hungary and Poland and they are negative as was anticipated in therelated theory. Although neither for any of the studied countries nor for Euro areaare all of the speci�ed determinants signi�cant. Euro area has the highest coe�cientof output's semi-elasticity to the interest rate, with the value close to −0.6 and thesemi-elasticity of Poland and Hungary is nearly −0.4.The random walk variable RW can be interpreted as the volume of shocks introducedto the desire of holding money balances. It includes factors that we do not specifyexplicitly among determinants, they are either common for all countries or they mightbe speci�c for each country as well. Therefore it is inaccurate to compare this e�ectamong the di�erent areas.By looking at the graphical interpretation of the estimated states during estimatedperiod, the results clearly show how Kalman �lter adjusts his estimates of the natureand uses the information from previous period. As far as there was not availableany previous information about the initial state of the nature, we started with thehigh level of variation for all countries. We allowed model for a wide diversity ofpossibilities for apriori informations and the structure of the Kalman �lter did narrowthis con�dence interval by consecutive recursive iterations.With regard to country's output (see the Figure B.1), we assess the trend as quitestable without any extreme �uctuations in all examined countries. It is importantto realize, how much did introduction of the Euro stabilize this e�ect in 2001. Theelasticity has been continuously raising by the time upto the �nal reported level. Weexperienced smoother estimations since 2001 for Euro area for estimated models sothis documents a positive contribution of the policy of ECB. In addition, con�denceintervals are positive for the most of the studied period in almost all countries. Theonly exception is Hungary, for which is this coe�cient raising continuously and has48



reports positive values only since middle of the year 2003, but it has increasing trendon whole examined period. Slovakia seems to have estimated palliations in the trendfor money demand elasticity to the output, but it still reports values comparable withCzech Republic. From this point of view, the most stable is evidently Poland. We cansee, that in general, we con�rm the results of OLS estimation, where only Hungarywas insigni�cant, but we have a little di�erence in the size of the e�ects.Referring to the set of graphs on the Figure B.2, we �nd states estimations relatedto interest rate insigni�cant in three countries out of six, namely for Slovakia, CzechRepublic and Slovenia. That is result in agreement with the result of OLS estimations.For Euro area we report a signi�cant period of three years between 2002q03 and2005q03, where error bands of width equal double Root Mean Square Error (RMSE)lies in negative area. On the other hand, Hungary's interest rare state's estimate isclearly signi�cant except the period between 2002q03 and 2005q03. For Poland wefollow signi�cant state estimate that is almost stable since 2002, signi�cantly negativewith the size of e�ect slightly above value −0.5.As we reasoned earlier, there is no point in detailed comparison of the shocks betweencountries as far as we cannot adress them to the exact determinants. ome of themmight be join for all countries, the other might be country-speci�c factors. Although,from the graphs in �gure B.3 we can conclude that for each country is that term inmodel signi�cant and has a relatively stable run. Only case of the Euro area it isinsigni�cant it has a decreasing character. That con�rms our assumption above, thatthis term includes other factors e�ecting money demand that are signi�cant for theselected countries' explanation of their demand for money balace. The identi�cation ofthose determinants would certainly contribute to precise estimation of money demand,but we did not get a clear results in this part.Refering to the hidden determinants, it was already suggested in the research of Arango[9], there is also a clear evidence that demand for money is e�ected not only by changesin domestic variables such as permanent income, domestic interest rate and priceexpectations but also foreign interest rates can take a signi�cant share in explanationof demand for a domestic currency. To explore augmented set of determinants, weincluded the interest rate in Euro area as an additional explaining factor into themodel for money demand in selected �ve NMS. The results were not better, neitherclear for explanation, because the e�ect of nominal interest rate together with Euroarea interest rate might be related, therefore we do not present the results in detailand we con�ne to the approved determinants.49



As an alternative model, we examined also dependence of real money demand on thereal interest rate, that was de�nes as de�erence between nominal interest rate andin�ation expectations (r = i − π?). The realation between in�ation and real moneygap was studied by Gerlach and Svennson [33] and had very good results. Is this workintroducing in�ation into our model did not improve the results therefore we do notpresent results in detail.According to the paper of Dreger , Reimers and Ro�a [37] the unidenti�ed determinantfor demand for money which causes gap between our estimations and real moneydemand could be the exchange rate.5.3 Model for nominal money demand with time-varying coe�cients estimated by Kalman �lterModel for nominal money demand with time-varying coe�cients was estimated byKalman �lter in order to con�rm weather the homogeneity postulate was raised ap-propriately above the relation of demand for money and the level of prices. Our mainconcern is therefore to study the character and any possible structural changes of thestate related to the price level as far as according to the homogeneity assumption itshould be a unit.Re�ecting the �nal estimates of the states related to the price level from the �gureC.1, results lie within the interval [0.68, 1.89] and are signi�cant at the level of 1%for all countries except Czech Republic. We distinguish them into the 3 categories.First of all, Slovenia reports the highest elasticity to the nominal demand for moneyat the level close to 1.9 and the elasticity of Euro area is comparable (almost 1.75).This result was reported also by Dregen and Wolters (2008) at the symposium atSchloss Wartensee [1],who were able to identify the stable long run money demandrelationship for M3 in the Euro area, but to obtain the result, they relaxed the shortrun homogeneity restriction between money and the prices. The second level of theoutput's elasticity to the prices that we report is around unit, as was assumed before,and it was estimated closely for Hungary and Poland. Third level we report in Slovakia,where the elasticity is below the expected level, and has the level close to 0.7 but it ishighly signi�cant as well. This lower e�ect in Slovakia could be possibly explained alsoas a result of new �nancial instruments. Even if prices rise, the demand for nominalmoney measured by M2 does not raise equally because of �nancial development. The50



Czech results departure from the rule as far as its �nal state related to the price levelis estimated as −0.15 and at the same time, it is the only insigni�cant price statesamong studies countries. We explain that as a result of problematic Czech data.Considering the rest of the result given by �lter estimation we con�rm the signi�canceof the other determinants as well, even though that their choice depends up on thecountry. In four out of six cases, the in�uence of output was signi�cant at the 1%level and values vary from 0.45 to more than 1. One of the countries, where it isinsigni�cant is Hungary, which reported lack of explaining power already in previousspeci�cation of the model, where real demand for money was estimated.The nominal demand for money has same week relation to the interest rate as thereal demand did. Only in Euro area it has the e�ect estimates for almost −0.6 andsigni�cant at 1% level. For Hungary and Poland it is signi�cant at 10% level with thesimilar size of −0.4 which was reported also in real money demand model.The random walk is still less signi�cant for the Euro area an there it is estimatedto be negative, while it has a high signi�cance for Slovakia, Hungary and Sloveniaand it reports much higher, positive values. For Czech and Poland appears to beinsigni�cant.Finally, considering the dynamics of the states during the examined period, we con�rmanalogous results for the entire period. Looking at the Figure C.3 we conclude thate�ects of price level were relatively stable for Hungary and Poland during entire period,while for the other countries became stable couple of years later. The homogeneityassumption cannot be rejected in majority of the cases, except the last year for Euroarea and generally insigni�cant results for Czech Republic. For Euro area we subscribethe recent mall response to the prices as implication of the ongoing �nancial crisis.Hungary, Slovakia and Poland are comparable in their reaction to the price level,while Euro area and Slovenia have rather increasing tendency if the prices e�ect.Furthermore, we realize high level of stabilization of that in�uence in Slovakia sincemiddle of the year 1999 while it experienced surprisingly high ans unstable levels in theperiod before. We believe this can be caused by the change in the government in 1998.During the transition of government changes were introduced into the monetary policy,which brought also �exible exchange rate among other reforms. This could led to thestabilization of the relation between price level and demand for money in Slovakia.Czech republic shows unexplainable results of this model even for entire period. Thelevel of price state estimate is there negative for the whole period and non signi�cant.51



As we reasoned above, we see it as a result of problematic data.The result of money demand elasticity to the gross domestic product described abovecan be generalized in most of the cases for all the periods (see Figure C.1). The onlychange was reported for Poland, where signi�cantly positive values were �ltered onlysince the last quartile of 2006. For Slovakia, Euro area, Poland and Slovenia is thee�ect close to 0.5. In addition, we report the rapid change for Slovakia in 1999 denovo.The e�ect of interest rate resulted to be signi�cant during studied period only for Euroarea, Hungary and Poland and they reported relatively stable values around −0.5. Forthe rest three countries interest rate did not proof to be signi�cant at all. This resultscon�rms the �ndings of �nal states as well as the ones of model for real demand formoney, where the results were almost the same.Summarizing given results, we cannot reject in majority of case plausibility of homo-geneity assumption. At the same time we conclude, that by relaxing the homogeneityassumption we estimated the demand for nominal money demand the same well oreven rather better than we estimated demand for real money balances. All the re-lated tables and graphs of states estimates and parameters together with informationcriteria of presented �lters can be found in the appendix.
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Conclusions
The aim of this work was to model demand for money. After the identi�cation ofits main determinants, we formulated and by OLS estimated the log-linear modelwith the constant parameters. Despite of model's signi�cance for all countries, theresults were partially in disagreement with studied theory and did show up a lackof explaining power to the demand for money. Only the gross domestic productresulted to be signi�cant for all countries. The interest rate was estimated either assigni�cant with positive sign or insigni�cant that contradicts macroeconomic theory.New models constructed in the state-space representation form allowed money demandto adjust for the changes in the economical conditions. The results estimated byKalman �lter showed the function form with dynamic coe�cients to be signi�cantin all cases and describe the e�ects of the determinants better than de�nition withconstant coe�cients.Fistly, we conclude that both presented models purpose a reliable estimate of moneydemand in Euro area and they satisfactory well describe the demand for money balancein selected NMS of EU. Secondly, the e�ect of determinants is evidently more stablein Euro area after introduction of the common currency that is accordance with theexpectations. The high relevance of the absolute term in NMS leads to conclusion, thatthere are still missing some important determinants, that might also vary across thecountries. Thirdly, results comparison did prove the states diversity in the reaction forcertain determinants. For Slovenia the reactions seems to be comparable with the onesfor Euro area what is advantageous result for their entering into EMU. Slovakia andPoland are heading towards the results of Euro area, although there are still a smalldi�erences in size of their response to the identi�ed determinants. For Slovakia theimprovement for interest rate would apply while for Poland is rather expected higherin�uence of the output. Finally, for Hungary are the results poor even though theyreport continuous improvement and process of stabilization toward the value of Euro53



area. Nevertheless, demand for money in Hungary strongly appears to have additionalsigni�cant determinants above the tested once. The results for Czech Republic arecontrovertible and partialy contra the theory what we subscribe to the problematicdata.To sum up these conclusions, we �nd this approach valuable and believe that althoughthe results here are not perfect, but further search for new determinants might improvethem in order to reliably estimate demand for money in developing countries. As thework of Dreger,Reimers and Ro�a [37] suggests, the possible missing determinant forselected NMS might be exchange rate. Komárek and Melecký [38] con�rm the sameparticulary for Czech Republic.

54



Appendix A
Estimates by OLS for real moneydemand Constant coe�cients

R̄2 AIC
c cY ciCzech Republic 1.7885*** 0.5968*** -0.0033 0.9243 -3.2733(0.4166) (0.0309) (0.1368)Euro area -5.5327*** 1.1365*** 0.8592*** 0.9855 -4.6686(0.3104) (0.0212) (0.3205)Hungary -1.4064* 0.7470*** 2.3925*** 0.9250 -2.7968(0.7877) (0.0494) (0.3257)Poland -1.9580*** 0.8258*** 0.2463 0.9699 -3.0676(0.5517) (0.0435) (0.2050)Slovakia 5.8904*** 0.3308*** 0.6527*** 0.8195 -2.9160(0.2152) (0.0227) (0.1720)Slovenia 2.9573*** 0.8297*** -0.4650 0.9659 -2.7757(0.3181) (0.0351) (0.4270)

c - absolute term, cY - output elasticity, ci - interest rate semi-elasticity
AIC - Akaike information criteria, R̄2 - Adjusted R2***, **, * - signi�cant at 1%, 5% and 10% level, respectivelystandard errors are given in parentheses belowTable A.1: Real money demand model estimated by OLS55



Appendix B
Estimates by Kalman �lter for realmoney demand

Final states
AIC l

RW SV Y SV iCzech Republic 3.7636** 0.4552*** 0.0272 -3.9315 111.12(1.6656) (0.1211) (0.0514)Euro area -1.8969 0.8957*** -0.6025*** -5.9029 168.28(1.1700) (0.0799) (0.2898)Hungary 9.0868*** 0.0940 -0.3668* -4.2004 118.51(1.0721) (0.0677) (0.2042)Poland 1.2084 0.5891*** -0.3843* -3.6836 104.30(1.1082) (0.0872) (0.2307)Slovakia 5.9719*** 0.3261*** -0.0037 -3.7689 114.18(0.7258) (0.0745) (0.0905)Slovenia 3.6269*** 0.7444*** 0.0222 -3.1984 79.76(1.0640) (0.1187) (0.2574)
RW - random walk, SV Y - state related to output, SV i - state related to interest rate
AIC - Akaike information criteria, l - Log likelihood***, **, * - signi�cant at 1%, 5% and 10% level, respectivelystandard errors are given in parentheses belowTable B.1: Final states of real money demand estimated by Kalman �lter56
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Figure B.1: Estimates of the state variable related to the output (SV Y ) in real moneydemand model for all considered countries57
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Figure B.2: Estimates of the state variable related to the interest rate (SV i) in realmoney demand model for all considered countries58
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Figure B.3: Estimates of the random walk (RW ) in real money demand model for allconsidered countries 59



Appendix C
Estimates by Kalman �lter fornominal money demandFinal states

AIC l
RW SV Y SV i SV PCzech Republic 0.4861 1.0871*** 0.0038 -0.1463 -3.8586 110.11(1.6401) (0.1887) (0.0448) (0.2821)Euro area -1.5842* 0.6353*** -0.5761*** 1.7461*** -5.6606 162.50(0.9000) (0.0904) (0.2222) (0.1906)Hungary 8.5975*** 0.1507 -0.3798* 0.9165*** -3.8526 109.95(1.3221) (0.1208) (0.1949) (0.1550)Poland 1.7410 0.4504*** -0.3987* 1.2616*** -3.3579 96.34(1.2473) (0.1702) (0.2315) (0.2549)Slovakia 6.0996*** 0.4653*** -0.0468 0.6851*** -3.4995 107.23(0.7621) (0.1127) (0.0960) (0.1874)Slovenia 3.6517*** 0.2866 -0.0778 1.8823*** -2.9227 74.15(1.0690) (0.2597) (0.2634) (0.4330)

RW - random walk, SV Y - state related to the output, SV i - state related to the interest rate,
SV P - state related to the price level
AIC - Akaike information criteria, l - Log likelihood***, **, * - signi�cant at 1%, 5% and 10% level, respectivelystandard errors are given in parentheses belowTable C.1: Final states of nominal money demand estimated by Kalman �lter60
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Figure C.1: Estimates of the state variable related to the output (SV Y ) in the nominalmoney demand model for all considered countries61
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Figure C.2: Estimates of the state variable related to the interest rate (SV i) in thenominal money demand model for all considered countries62
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