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Abstract

This thesis aims to contribute to the debate over dependence of economic growth
and environmental quality using tools of optimal control. In the first part, we introduce
the issue by presenting an empirical evidence along with an overview of literature
dealing with this topic. Then we introduce environmental growth model developed by
Luptéacik and Schubert [22] and analyze it using advanced theory of optimal control.
In the final part, we modify this model to include the endogenous technological change
of emission coefficient of the production process. For both models, we derive sufficient
conditions for the existence, saddle-point property and local stability of the steady
state in the economy. At the same time, we will try to economically interpret these

conditions.

Keywords: economic growth model, environment, optimal control theory, steady state,

technical change, emission rate of production process



Abstrakt

Cielom tejto préce je prispiet k diskusii o vztahu hospodérskeho rastu a kvality
zivotného prostredia pomocou néstrojov teoérie optimélneho riadenia. V prvej casti
uvedieme tuto tému predstavnim empirickych tdajov spolu s prehladom relevantne;
literattury. balej predstavime model hospodarskeho rastu a zivotného prostredia na-
vrhnuty autormi Luptac¢ikom a Schubertom [22] a analyzujeme ho pouzitim toorie
optimélneho riadenia. V zaverec¢nej ¢asti upravime tento model zahrnutim endogénne;j
technologickej zmeny emisnych koeficientov produkéného procesu. Pre obidva modely
odvodime postacujuce podmienky pre existenciu, vlastnost sedlového bodu a lokalnu
stabilitu rovnovazneho stavu ekonomiky. Zaroven sa pokusime ekonomicky interpreto-

vat tieto podmienky.

KTacové slova: model hospodarskeho rastu, Zivotné prostredie, teéria optimélneho

riadenia, rovnovazny stav, technologickd zmena, miera emisii produkéného procesu
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Introduction

Ten years ago, many people thought that there was no climate problem.
They were - unfortunately - wrong.

Five years ago, many people thought that we didn’t have the ideas

and technologies to lower emissions dramatically.

Wrong again.

Erik Rasmussen

Founder of the Copenhagen Climate Council

The impact of economic processes on the environmental quality has become
obvious since the beginning of industrial revolution. However, the governing authorities
(and majority of economists) have been mostly ignoring this relation, while doing
economic decisions, for long years. It wasn 't until the 1950s when first independent
institution aiming to develop and apply the tools of economic theory was founded, thus
laying the foundations of environmental economics (see Pearce in [25]). Since then, the
problems related to this issue have gained on importance and drawn a sufficient public
attention. Several international meetings (see e.g. [41] and [42] on the UN Conferences)
have been held to address the environmental problems caused by human action and
to initiate national as well as global measures to deal with these problems (a review
concerned with the Kyoto protocol can be found e.g. in [7]).

The main question, which has been inquired by environmental economists, is whet-
her the economic growth and the quality of environment are only in the trade-off rela-
tion or there is some complementarity among them, i.e. economic expansion provides
for an improvement of natural conditions. It is generally agreed that rapid economic
growth since end of 18th century caused a serious deterioration of environmental con-
ditions. On the other hand, the empirical evidence from the recent years has shown

that rate of production growth not only significantly surpasses correlated increase of



pollution, but also provides additional sources, which can be devoted to the various
abatement measures. This “eco-friendly”ability of economic activities has been even
more enhanced by the recent research in new technologies.

Our thesis is set within this framework. Its main objective of this thesis is to analyze
the relationship between economic growth and quality of environment using optimal
control theory, thus aiming to contribute to the discussion of the question whether
these indicators are complementary or substitutive goals of economic policy.

The work is divided into the four chapters. First one contains the introduction of the
topic. After the motivation, we present an empirical evidence concerned with the deve-
lopment of economic growth and environmental deterioration, along with the findings
regarding the abatement measures. Consequently, a different economic perspectives on
the environmental issues are mutually confronted (as stated in [43|). The next chapter
offers an overview of relevant literature, starting with the simple models of pollution
accumulation, through the models incorporating a capital accumulation and endoge-
nous growth, up to the models of the directed technical change, which represent the
state of the art in this economic field.

Third chapter is devoted to the environmental growth model developed by Luptacik
and Schubert [22]. After the introduction and preview of results derived by authors,
we pursue analysis further by the another methodology. Our special focus is to derive
new sufficient conditions for the local stability of the optimal steady state. The aut-
hors derived some stability results in their paper, our aim, however, is to apply the
methodology by Sorger [37] and possibly propose more conclusive conditions. In the
final chapter, we modify the model from the previous chapter to include an endogenous
change of the emission coefficient of production process, which can be by devoted ca-
pital investments. The thesis is concluded by the analysis of the optimal solution and

steady state of this new model.
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Kapitola 1

Economic Growth and Environment

In this introductory chapter we will provide the first insight into a problematics of
economic decisions dealing with environmental issues, which will be set in the frame-
work of economic growth theory. Firstly we will talk about the motivation that leads
to this topic. Besides stating the general reasons, why it should be examined, we will
be concerned with an empirical evidence. In order to get better picture how the growth
and environmental quality influence each other, we will look at the development of
both economic and environmental indicators. The next section will be discussing the
different perspectives on this topic, which have developed among the environmental
economists. A final part of this chapter will include description of the role that en-
vironmental policy had during economic development together with the statement of
important historical benchmarks associated with the global environmental policy.

Overall, the purpose of this chapter is to introduce and provide an empirical backg-
round for the issue of environmental economics, which will be modelled and analyzed

in the later chapters.

1.1 Motivation

Thinking of environment, we can simply describe it as everything natural around
us. More generally, it can be understood as a natural world we live in. Either way, the
environmental quality is something that affects everyone. Therefore it seems reasonable
to take this indicator into account while making decisions aimed at improvement of

life. Economic activities, which among others include mining of natural resources or
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emission of waste during production process, have a crucial impact on nature. Un-
fortunately, we must say that goals of environmental quality aren’t always on top of
the list for the makers of economic decisions at the micro level (firms, consumers) nor
at the macro level (government). The decision makers would often use an argument
about incompatibility of these goals with welfare measured by amount of production
or consumption. However, one must ask whether (or to which extent) are these reasons
legitimate. Is it fair to exclude quality of environment from the welfare indicators? And
is this incompatibility always inevitable? These questions can be considered as some
of the incentives for the analysis realized in this work.

The primary question, which I'm inquiring, is whether the economic growth and
environmental quality are the substitutional or complementary targets of economic
policy. In order to do so, I will work within the framework of the economic growth theory
and optimal control, mainly focusing on dynamic continuous-time models extended by
the concept of environment.

Before moving on to the next section, a statement should be made about the appro-
ach we will take towards the modelling of environmental indicators. There are several
ways to look at environmental issues: we can deal with problems of pollution, exhaus-
tible or renewable resources. All of these topics provide rich and inspirational field for
research. Nevertheless, we will focus only on issues of emissions and pollution control
in this thesis and the topics of resource economics won 't be addressed here.

While talking about relation between production and environment, we usually diffe-
rentiate two basic types of abatement measures (adopted according to work by Frondel
et al. [18]): cleaner production, where firms lower harmful impact of their activities
directly in the production process; and use of end-of-pipe abatement, which means
that they utilize an add-on measures to cut down pollution. A utilization of environ-
mentally friendly materials or modification of product design are examples of clean
production (also called R&D abatement) activities, while exhaust-gas cleaning equip-
ment or waste water treatment plants are typical end-of-pipe technologies. This concept
is covered more in depth in sections 1.2 (empirical evidence) and 4 (extension of model

with the consequent analysis).
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1.2 Empirical Evidence

In order to make our analysis more relevant, we will look at the empirical data,
which will help us to get a better picture of the inquired issue. If this work should bring
contribution to the topic, an empirical evidence is truly a necessary part. Knowledge
of data should affect our preferences during the creation and modification of model.
Moreover, it will help us to evaluate the results of analysis and decide, whether they

are reasonable.

1.2.1 Production and Pollution

After the Industrial revolution, and most notably in the recent decades, many econo-
mies around the world have experienced economic growth at rate that by far exceeded
those during the former economic history. Unfortunately, this economic growth has
been accompanied by the growth of natural degradation, which can be represented e.g.
by CO2 emissions or municipal waste. Now we will look at how these variables (gpd
growth, amount of CO2 emissions and municipal waste) evolved in the recent years,
while using data from the OECD Database available online at [24]. At this place, only
data for the United States as a representative country will be presented. Overview of
data for several other countries and OECD can be found in Appendix A.

Let’s start with statistical comparison of growth in real GDP, CO2 emissions and
municipal waste. Table 1.1 shows percentage changes of this indicators from the 1970s
up to recent years. This will help us to decide about damages, which relate to the
production process. Consequently, we may conclude about trends in mutual relationship
of economic growth and environmental quality.

As we can see, all of the indicators have grown in majority of observed time periods.
This means that in past decades the United States experienced years of economic
progress, which was accompanied with increase in produced amount of CO2 emissions
as well as municipal waste. According to these data, we can agree with the statement
about strong link between economic growth and environmental degradation.

However, on this basis we cannot simply conclude that onward expansion of pro-
duction will lead to a natural catastrophe, which is a proposition often used by envi-

ronmental pessimists (see in section 1.3). An important fact here is that although all
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Tabulka 1.1: Growth rates of GDP, CO2 Emissions and Waste in the United States

Time period 1975-80 1980-85 1985-90 1990-95 1995-2000 2000-05
Average annual GDP growth  3.68 3.26 3.24 2.52 4.36 2.42
Average annual change 1.23 -0.50 1.36 1.09 2.09 0.32

of CO2 emitted amounts

Average annual change NA 1.64 4.53 0.81 2.27 1.23

of waste production

growth rates are positive, it is apparent that they are mutually quite different. Overall,
the highest increase can be observed in GDP, while growth rates of waste production
and CO2 emissions are significantly lower. This (positive) disproportion can signify
decrease of "pollution requirements"by production, whereby the economy gets closer
to the concept of sustainable development. To support this trend, we will introduce
another variables describing ratio of GDP to pollution indicators, which will be presen-
ted in table 1.2. To make this analysis reasonable, in calculations we have used GDP

values in the constant price levels of year 2005.

Tabulka 1.2: CO2 emissions and Waste to GDP ratio in the United States

Year 1975 1980 1985 1990 1995 2000 2005

GDP to CO2 emissions ratio 1.19 1.25 1.51 1.65 1.77 197 2.19
USD / kg

GDP to waste ratio NA 4244 4591 43.15 46.91 51.76 54.82
USD / kg

Changes of these indicators agree with the ideas presented in the previous parag-
raph. Both ratios, GDP to CO2 emissions and GDP to waste, grew significantly over
the past 25 — 30 years: GDP to waste ratio increased by about 29% and GDP to CO2
ratio by as much as 84% of their initial values at the beginning of the observed pe-
riod. Although we have to remark that this statistics describes only part of pollution

problems (emission of other gases or waste are neglected), yet it covers one of the most
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essential problem of production-environment relation, therefore the results should be
taken into accout. To sum up, we can conclude following empirical proposition: In
recent years, the economic production (of the United States) has grown at a rather
significant rate, which, along other effects, was accompanied with the rise in generated
pollution amounts. However, the weight of this pay-off between production and envi-
ronmental quality has been lowered as the value of GDP to emissions ratio has been

dropping.

1.2.2 Environmental Protection Expenditures

Our next task is to examine how is the fact of nature deterioration by economy
taken into account by the national budget. As we are investigating the empirics of
production-environment trade-off, we will shortly overview the development of costs
devoted to the environmental protection in several European countries. This indicator
will be consequently confronted with the evolvement of pollution capacities in the
corresponding economies. We may be able to observe the impact, which have the recent
decisions of the environmental policy had on the actual evolvement of the pollution
stock.

We will present two indicators: firstly, an average annual expenditures spent on
protection of the environment and measured as a percentage of GDP will be overviewed.
The source of data was the Eurostat online database [16]. On the other hand, we will
show the average annual growth of CO2 emissions, taken from the OECD Database
[24] similarly to the previous section. Both this variables are presented in table 1.3 for

*7 means that due to the

several EU countries in the three different time periods (
missing data, only an average for years 1997-2000 has been calculated).

While observing these data, one could notice that we may divide countries into
two groups. First group, which includes e.g. Germany or Austria, can be labelled as
the abatement advanced countries, meaning that at the time, when the observations
have begun (in the 1995), they had a quite high level of pollution control expenditures
(about 0.5% of total GDP). Many of these countries gradually lowered their cleaning
costs and in some cases, situation with the production of emissions has worsened (see

e.g. Finland). On the other hand, there are countries, which have started rather low

on environmental protection costs (Portugal or Spain) and high on pollution growth.
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Tabulka 1.3: Environmental Protection Expenditures and CO2 Emissions

Average Environmental Protection  Average Growth of CO2 Emissions

Expenditures (as percentage of GDP) (in percents)

Year 1995-2000  2000-2005 2005-2007 1995-2000 2000-2005  2005-2007
Germany 0.55 0.49 0.37 -0.95 -0.37 -0.78
Austria 0.65 0.43 0.33 0.73 3.98 -2.70
Portugal 0.21 0.30 0.29 4.38 1.46 -6.45
Finland 0.49 0.41 0.39 -0.57 1.12 8.67
Spain 0.15* 0.24 0.27 4.06 3.69 0.78
UK 0.47* 0.32 0.30 0.30 0.32 -1.03

However, over the observed time period they have begun to address the environmental
issues to greater extent in terms of higher part of GDP devoted. At the same time,
growth of their pollution capacities started to decrease (or even turned into decline in
case of Portugal).

In conclusion, we have seen that situation with the amount of costs devoted to the
environmental protection varies with each specific country following its own pattern.
As to evolvement of emission process, for the countries lowering their green budget
different behaviors were observed. On the other hand, both countries enhancing their
environmental protection expenditures have experienced improvement of pollution con-
ditions. Therefore we may propose that devoting additional sources to the improvement
of a deteriorating situation with the emissions is quite likely to bring the desired effect.
However, if the country follows the opposite direction, which means reduction of the
“green“expenditures, the outcome on pollution and environmental quality can follow
different (even opposite) patterns based on situation regarding to the other indicators

in economy.
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1.2.3 Empirical Comparison of End-of-Pipe and R&D Abate-

ment

Now it’s time to inquire and compare different abatement techniques. In order to
do this we will look over an empirical study by Frondel et al. [18]. To examine this
diferentiation of abatement, the authors investigated data in several OECD countries
(Germany, Japan, United States, and four others). The data are from the OECD survey
taken on the facility level, which makes this study even more complex and comprehen-
sive.

The measures taken to reduce the environmental damage caused by production
can be divided into two fundamental categories: end-of-pipe abatement, which uses
the add-on actions to regulate the emissions level, and abatement with R&D, which
can be considered as an investment into the clean technology. Authors further remark
that end-of-pipe cleaning activities mostly aim solely at reduction of the harmful by-
products of production. On the other hand, R&D abatement can provide for realization
of potential benefits such as reduced costs or creation of new markets with goods or
processes, which are environmentally friendly. Therefore, this type of abating activity
is viewed as more advantageous by the firms. However, it is widely agreed that firms’
decisions are still dominated by the end-of-pipe techniques. There are several reasons for
this statement, including the fact that for the firms it’s not always simple or applicable
to meet environmental standards by a sole investment in cleaner technologies. Another
reason, stated by the authors, is that there had been only few empirical analyses of
this topic because of the scarcity of the available data. The paper inquired a state of
the art in this issue together with the factors, which may stimulate firms to use R&D
instead of the end-of-pipe.

As for findings of the study, an average over 75% of sample facilities utilized mainly
the R&D abatement. Looking at the particular countries, highest proportion was de-
tected in Japan with the contribution 86.5%. On the other hand, Germany displayed
lowest share at about 57.5%. This fact can be, according to the authors, explained by
the previous strong governmental support of the end-of-pipe abatement in Germany.
Overall, authors found out an surprising prevalence of investment in cleaner technolo-
gies against the add-on environmental measures, which exists in the surveyed OECD

countries.
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To be precise on content of the study, we must mention also findings concerning
determinants, which influence firms“decision about the type of abatement. To inquire
this, an estimation multinomial logit models were used. The results suggested that
cost savings, as a decision factor, along with market forces, support choice of R&D
abatement, while regulatory weight and extent of the environmental policy enhance
utilization of the end-of-pipe techniques. The paper further exploited differentiation of
environmental innovations, however we won "t address this issue in the thesis.

In the conclusion, the empirical evidence has shown that amounts of emissions and
waste have grown to a tremendous size. This increase was significantly inflicted by
boost of the economic production. Although this unpleasant finding, the positive fact
is that the rate of the economic growth has exceeded increase of the pollution stock.
Moreover, regarding to the type of abatement used by firms, cleaner pollution, which is
econmically and environmentally more desirable, has started to gain advantage against

the end-of-pipe techniques.

1.3 Different Perspectives

As we have already outlined in motivation, there is much controversy about the
economic growth and environmental quality and their mutual relationship. This implies
an uprise of diverse scientific views on this issue. An inspirational overview is provided
by Van den Bergh and De Mooij in [43]. They describe five different perspectives on
growth and environment, particularly focusing on how they view a potential of mutual
conformity of growth and environmental preservation. What makes this comparison
even more interesting is the fact that the authors came out from the general framework
of basic factors in economy, structures of economics activities and their changes. Let “s
take a look at a short overview of these perspectives.

The first perspective can be called immaterialistic. A philosophy of these econo-
mists can be shortly described by a statement that growth is undesirable. Truly one
of the main issues, which they are pursuing, is whether the economic growth is really
something that we want, or whether this is an indicator, which should be pursued by
the economic policy [14]. Authors usually try to point out the fact that fast economic

growth in general doesn "t coincide with a rise in welfare or well-being. Of course, there

18



is some relationship, but according to this group, it “s not really significant. Further-
more, many of them hold an opinion that because economic growth has proven to be
often associated with degradation of the natural environment, it should be evaded.
Examples can be found in the works of Mishan, Schumacher or Daly [13].

The economists representing next viewpoint are known as the pessimists. According
to their opinion, the sustainable economic growth is impossible in the long run. The
growth, which remains at levels observed in the past decades, will inevitably lead to
the irreversible exhaustion of natural resources. This process may be as well associa-
ted with degradation or even destruction of natural and environmental components.
Furthermore, these scientists are really pessimistic about the technological potential
to prevent further environmental damage. This perspective was worked out in studies
by the Club of Rome overviewed by Nordhaus in [23]. Other mentioned authors are
Duchin and Lange or Georgescu and Roegen.

Following perspective is advocated by the scientists, who can be described as the
technocrats. In their opinion a compatibility exists between growth and environmental
quality. Moreover, the economic growth, represented by increasing valuation of man-
made goods and services, and expansion of production and consumption in the sense
of use of material and energy aren’t related in any particular way. The question, which
they are asking, is whether economy can realize an ever-growing value added on the
basis of a finite amount of natural resources and environmental capacity. Note that
this concept strongly recalls the one of the sustainable growth. They point out several
channels that can be used to relax the constraints on growth, including a replacement
of non-renewable resources by a renewable capital, or stressing out the importance of
investments and technological progress while lowering use of resources. Overall there
is a strong emphasis of the significance of “environmental technology“in order to har-
monize growth and environment. More can be found e.g. in the work of Goeller and
Weinberg [19].

Next group is called opportunists. Their perspective was outlined by the statement
that growth and environmental degradation are inevitable. According to these econo-
mists, we can hardly influence a path of economic development. Reason for this rather
confident statement is the fact that both the rate and the direction of growth are result

of economic decisions at the micro-level, most notably by households and firms, and
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as such are not infuenceable by the economic policy maker. Besides that, any effort by
government to change economic or social stability is nowadays restricted by number of
international agreements and institutions. As a representative for this group, a work
by Aalbers was selected.

The last view on growth and environment, as it is stated by authors, is represented
by the optimists. These economists have a positive attitude to the economic growth,
stating that it may be beneficial for environmental conservation. According to them,
positive economic growth can promote such changes in preferences and institutions,
which can be substantial for environment as well as for the economy. Another argu-
ment by these economists states that global situation concerning environment isn’t
as alarming, as it is often presented. They use even empirical evidence to show that
economic growth hasn’t damaged nature too severely. Instead it has provided for rise
in overall welfare |6]. One of the best known representatives of this ideas is Beckerman.

To conclude, different and often opposing perspectives are undoubtedly an conse-
quence of complexity as well as difficulty of given issue. Obviously, none of them is
completely right and each one has its pros and cons from theoretical as well as from
empirical point of view. Moreover, we could notice that these viewpoints aren "t strictly
disjunct and have lot in common. Nevertheless, each perspective contains something
inspiring, which could be included into our analysis. Thus the overview literature and
becoming familiar with different opinions turns into an important and inspiring part

of this work.

1.4 Development of Environmental Policy

In the final section of this introductory chapter, we will present which actions have
been taken to solve the issues of economic growth and environmental quality and how
they developed in history. According to Smulders [35], strong connection of environment
and economic growth has existed during the entire economic history of the world. This
mutual relation has become especially considerable after 18" century and the industrial
revolution. A significant rise in the exploitation of natural resources caused by stream
of innovations and enormous growth of industrial production began to cause serious

deteriorative changes in the environment. For a long time, this has been largely ignored
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by the producing companies as well as the governing authorities. It wasn’t until the
20" century, when the first considerable decisions to improve this unpleasant situation
were made.

In the middle of last century, several governments have realized a necessity of action
in area of environmental protection, as the negative effects of pollution couldn 't be ig-
nored any longer. In the 1950s, the Resources for the Future, an independent research
organization addressing various environmental issues while developing and applying
relevant economic theory, was founded in the United States. According to Pearce [25],
this laid a foundation for the environmental economics. Later, the National Environ-
mental Policy Act was signed, thus becoming first major environmental law in the
United States (see e.g. [11]). Consequently, environmental issues started to be addres-
sed in many countries through the laws, measures or agencies striving to promote and
improve environmental quality.

First major international action on the global scale was The United Nations Con-
ference on the Human Environment held in Stockholm in 1972 [41]. One of the most
important results was the statement of the Action Plan for the Human Environment,
which included specific recommendations for the governments regarding treatment of
the environment. This led to an adoption of the first Environmental Action Programme
by the European Community (later European Union) [20]. After this first environmen-
tal conference, several other meetings took place, beginning with the UN Conference
on Environment and Development, held in Rio de Janeiro in 1992 (see [42]) and en-
ding with the Climate Council in Copenhagen in 2009. These meetings, especially the
most recent ones, aimed at creation of binding global agreement to lower environmental
degradation, mostly by the reduction of greenhouse gas emissions.

One of the most important measures regarding international environmental policy
is the Kyoto Protocol. Adopted in 1997, it was motivated by growing public interest
in the climate change, which is assumed to be caused by emission of greenhouse gases.
This document introduces obligatory emission targets, which should be reached by in-
dustrialized countries during the period 2008-2012. As significant as it is, the Protocol
brings about opposing viewpoints (see |7]). For the supporters, it is a major accom-
plishment on the field of internetional climate policy, while opponents argue about

defectiveness of its concept, namely regarding set up of the goals and schedules of the
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emissions " reduction. Moreover, although it has been accepted by majority of coun-
tries, the United States, country producing the biggest amount of emisssions, didn 't
ratify it, thus causing serious blow to the expected effect of these measures. Despite
this flaws, according to Bohringer [7] is an adoption of this agreement an important
step toward future decisions. Because of its flexible international mechanism, the Kyoto
Protocol provides valuable foundation for the future creation of efficient environmental
policies.

To sum up, topics dealing with the environmental quality and impacting measures
have developed into complex and controversial issues that require significant efforts
of policy makers world wide. They realize, however, that in order to accept decisions
optimal fo social welfare, a sufficient preparation with thorough theoretical background
has to be excercised. Thus a place for environmental economists to realize research and
apply their findings is created. An overview of approaches within the framework of

economic growth theory follows in the next chapter.
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Kapitola 2

Overview of Literature

Before moving to the analysis of particular models, we will devote a part of this
thesis to the overview of works concerned with question of dependence between econo-
mic production and quality of environment. This relation has already providen various
inspirations for the academic research. As we have already seen, there are many per-
spectives, developed by the economists, which address problems outlined by this issue
(see section 1.3). Now we will look at the analytical tools used in their analyses, parti-
cularly ones concerned with the models of economic growth theory. At the beginning,
we will look at the foundations of environmental growth models, which will be illu-
strated by one of the earlier works devoted to a pure consumption-pollution trade-off.
Consequently, a development of theory starting with models that incorporate capital
accumulation up to the models with endogenous growth will be overviewed. In the final
part, several other growth models using an approach of directed technical change will

be mentioned, representing the state of the art of this field.

2.1 Foundations and Earlier Works

It shouldn "t be surprising that issue of environmental quality has been part of eco-
nomic theory since its very beginning. First influential work, which addressed this topic,
was written by Malthus as early as in 18" century. In the course of early development
of economic theory, several works addressed various particular environmental problems
faced by the growing economies. According to Pearce (see [25]), foundations of the

environmental economics can be laid in the 1950s, when Resources for the Future, an
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independent organization that developed and applied economics to the environmental
problems; was founded in the United States. However, it wasn “t until early 1970s, when
this economic field gained on importance. During this time period the energy crisis as-
sociated with world-wide recession drew considerable attention to the issues regarding
scarcity of natural resources or undesirable production of pollution. From this point
on, more economists have started to address these problems in their works.

One of the economic fields contributing greatly to issues outlined above is the
neoclassical theory of economic growth. Extensive textbooks on this field were written
e.g. by D. Romer [31] or D. Acemoglu [2]|. As it is stated in paper by Huang and Cai [21],
the growth theories were developed in 1950s and 1960s. Some of basic works, which laid
foundations for this field of research, were written by Solow [36], Swan [38] or Cass [10].
Providing new opportunities for economic analysis, these tools became employed in
wide range of issues, one of them being the topics concerned with the dependence
of economic growth and quality of environment. A modelling of the environmental
factors, such as pollution or natural resources, has been introduced by many authors in
their economic growth models. However, as we have already stated in our motivational
section 1.1, in order to be more precise and in-depth we will focus on works concerned
with the issues of pollution and emissions, thus omitting topics of exhaustible or non-
exhaustible resources. Some of the resource models were proposed by e.g. Anderson [4],
Dasgupta and Stiglitz [15] or Tahvonen and Kuuluvainen [40].

At the beginning, the pollution (or waste) control was included in simple models
with only one state variable. These works didn’t include capital accumulation and the
level of production output was given exogenously, as they wanted to keep formulations
simple in order to use graphic analytical tools. Examples are papers written by Plourde
[26], Smith [34] or Forster [17], who formulated their models as the optimal control
problems. Forster “s model will be overviewed more closely later in the section, but we
will start with a look at first two models.

In his article, Plourde considers a waste as a state variable, which evolves over
time. Its stock is generated by the fixed proportion of production output and abated
by waste disposal services together with biodecomposition. Specifically, author diffe-
rentiates between fixed input capital, which can be alternatively used in production

process or abatement activity, and consumption goods generated by production. As
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to the control variables, the planning authority sets levels of production and abate-
ment capital as well as the consumption and "disservices"proportional to the pollution
stock (which is subject to the dynamic equation). The utility function, which is con-
cave and additive, is influenced by level of this consumption good as well as by these
"disservicesof pollution.

Let s remark on some of the results presented in this work. Author derived and
analyzed optimal solution, specifically proposing about the mutual relations between
the variables. Interestingly, despite assuming several non-negativity restrictions on the
variables, he considered only optimal solution in the interior of the state space, while
neglecting the boundary solutions (some of the consumption or capital variable is equal
to zero) as they are, according to the author, unlikely to occur. As particularly im-
portant part, the steady state solution and its stability were examined. The graphical
representation of the phase space provided for the analysis of the stationary point and
development of the system for given initial position. Finally, the paper contains remarks
about achieving the optimal state by the taxation as well as other possible extensions
of the model.

Another similar model was formulated by Smith in [34]. He again considered waste
as a state variable, which develops over time. The agents in economy can perform three
productive activities: produce new goods, recycle waste and produce commodities for
recycling. Each of these activities require part of total amount of input resource and
produced capital has to equal investment into abatement, whether through recyclacion
or "preparation"process. A different approach was also employed while modelling the
utility function, which is, along levels of production and waste, influenced also by the

recycling process that causes the utility losses.

2.1.1 Simple Model of Consumption-Pollution Trade-Off

At this place, we will look more closely on the model presented by Forster in [17].
Similarly to the many other works, the article is outlined as a planning problem for
governing authority, which aims to maximize a future utility by setting optimal values
of certain controlable variable. A contrast with the previous works as well as to works we
will be presented later is the focus on a pure consumption-pollution trade-off. Despite

this difference, we will present this model because it’s a suitable example concerning
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how the earlier works coped with this issue.
Formally it is a simple model of optimal control theory, containing only one control
variable - consumption C, and one state variable - pollution P. The author mathema-

tically formalized given problem in the following way:

mgx/ e " U(C,P)dt (2.1.1)
0

P=2(C)—aP, P(0)=P, P(c)= free, (2.1.2)
" —-C >0, P>0. (2.1.3)

As can be see, the model consists of three important parts. Firstly, there is maximi-
zed functional (2.1.1), which represents present value of future utility over infinite time
horizont. Notion U(C, P) depicts standard utility function, which will be described in
more detail in part 3.1. Dynamic equation with initial (and terminal) conditions (2.1.2)
describes evolvement of the pollution over time. Function Z(C') represents an impact
that the choice of consumption level has on the change in pollution stock. According
to the author, it can be also viewed as a pollution control function, since the selection
of consumption level determines the mass of pollution. Term «, on the other hand,
relates to the decay of the pollution stock.

The last equation (2.1.3) of the model s formulation provides constraints on the
variables, where ®° is exogenously set level of a total output. This simplification can
be considered as the major drawback of the model, because as we are talking about
economic growth based on the real data, the level of output can be regarded as anything
but fixed. The reason for such assumption, as the paper states, was an aim at focus
solely on the consumption-pollution trade-off. In addition, keeping the model simple in
terms of modelling only one state variable allowed for a graphical analysis of optimal
solutions, which won’t be the case in more complex models.

After the analysis of the optimal patterns in the system, paper further inquires
an impact of variations in the parameters on the optimal levels of consumption and
pollution. Particularly interesting is effect of change in output level ®°. Its growth
causes increase in consumption level as the productive capacity of the system is higher.
However, there can be different impacts on the pollution level, which can be explained
through the various extent of indirect effect through the consumption. Based on this

findings, author concluded that economic growth doesn’t necessarily cause a higher
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optimal level of the pollution.

The paper is concluded by the phase portraits” analysis. In the initial model, the
equilibrium is shown to be a unique saddle point, with the optimal solution of the model
as the trajectory along the stable branch. However, if economy starts in the initial point
not belonging to the stable branch, the system will diverge from the optimal trajectory.
Author later sharpened analysis by assuming the parametrization of pollution marginal
disutility near the clean environment. Depending on the value of this parameter, the
solution can be similar to the one from the initial model or the equilibrium is achieved
in a clean environment. In certain cases of boundary stationary point, the optimal
trajectory reaches a state of the clean environment in a finite time and stays there, as
the marginal utility of consumption is lower than its marginal psychic costs.

To sum up, presented earlier models dealing with the environmental issues provi-
ded interesting application of the optimal control theory within the theory of economic
growth. However, the omission of the capital accumulation (and the economic growth)
significantly reduced empirical relevance of these models. As we will see in the follo-
wing section, the development in theory of optimal control as well as the rise of new

approaches in the growth theory provided for more complex and realistic models.

2.2 From Models with Capital Accumulation to En-
dogenous Growth

The major drawback of models presented so far was their simplicity in terms of using
only one state variable. This was caused mainly by the theoretic limitations, as the
authors didn’t have tools to analyze more complicated systems. With the development
of more advanced theory in 1980s, economists began to incorporate more complex
features into their models. An example of two dimensional optimal control model was
presented in paper by Luptacik and Schubert [22], which will be introduced in detail
in chapter 3.

Later, the authors Tahvonen and Kuulvainen developed another two dimensional
model in [40]. Their problem also includes capital acumulation along with the deve-
lopment of pollution stock. The difference is that they consider impact of the policy

on environmental quality through the set up of the emission level instead of abate-
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ment expenditures. Moreover, these emissions are modelled as a necessary input in the
production process, thus making it difficult to possibly incorporate "green'"technical
change in the model. Later in the work, two extended models were formulated and ana-
lyzed: one with the added sector of renewable resource and other considering externality
taxes on emissions and harvesting.

Even more interesting than model’s formulation are analytical tools used to solve
problems and examine stability of stationary state. Authors used knowledge about
dynamic systems, most notably the particularly inspirational findings regarding global
stability derived by Sorger (|37], see also in appendix B.2). Applying this results, they
were able to propose quite simple and straightforward conditions for the problems of
existence and uniqueness of steady state along with its stability. We will try to use this
approach later in this thesis (chapters 3 and 4) during the analysis of our models.

In the framework of the economic growth theory, a new view was brought up by the
introduction of endogenous growth models in late 1980s (see e.g. works by P. Romer
[30] or Barro [5]). This new approach started to incorporate the endogenous technolo-
gical change instead of the exogenous one. Thus, per capita growth in stationary state
could grow without restrictions observed in older works. This has led to the more com-
plex models, which were better in correspondence with the empirical evidence. As an
example we can mention the works written by Bovenberg and Smulders [8] or Huang
and Cai [21], which will be overviewed in more detail.

Similarly to the earlier works, these authors (Huang and Cai) outlined their model as
an optimal control problem with maximization of utility over the infinite time horizont.
To represent a development of the economy as well as the environment, two dynamic
equation are set up, which model capital per capita, generated by production function
with technological progress, and pollution. The emission flow is produced by stock
of capital and at the same time diminished by two types of variables: an exogenous
government spending on the abatement activities and cost of pollution control per
capita, which is part of the national budget. Moreover, part of the produced value is
subtracted to the taxes, in order to preserve concept of "no free lunch”.

This rather complex model provides several interesting propositions. Given by the
endogenous technological development, constant growth of capital implies an equal

growth of production and consumption. Also, if consumption rises constantly, at rate
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determined endogenously, the abatement expenditures grow at the same and pollu-
tion at slightly lower growth rate. While dealing with the suitability of environmental
policy, authors proposed that in economy, where the government considers the abate-
ment expenditures to rise a pollution control ‘s efficiency, the consumption growth rate
is higher than the one in competitive economy. This proposition shows that the envi-
ronmental measures, which are chosen effectivelly, can actually cause an improvement
of welfare in terms of greater consumption. Consequently, a complementarity of these

goals from the perspective of the optimal economic policy can be remarked.

2.3 Models of Directed Technical Change

The framework of endogenous growth has laid foundations for the concept of direc-
ted technical change, which can be considered as state of art in this field. It proposes
that not only the determinants of technical change, but also its direction, or way in
which it is biased towards particular factors, is important. This concept was initiated
by works of Acemoglu (see e.g. [1]) and it has soon become employed in several models
of environmental economics. In the following section, we will present some of them. The
main question, which they are asking, is how do the restrictions of theenvironmental
policy affect economic growth. While looking through each model, we will introduce
its formulation, outline some specifics and also mention some of the proposed results.

One of the earlier works was written by Ricci [29]. In his analysis, he uses the
Schumpeterian model of endogenous growth. The model is extended by emissions,
which are emitted by capital and they can be at the same time considered as an implicit
production input. The contribution of this paper is that it offers an alternative channel
of impact of the environmental policy on the economic growth, which lowers the trade-
off between environmental quality and growth. This is achieved through the modelling
of innovations: not only they improve a capital productivity, but also its pollution
intensity. On the other hand, model doesn’t contain the end-of-pipe abatement. As
a conclusion of analysis, it is shown that stricter environmental policy influences the
economic growth in two opposite ways: it powers the innovations, but the marginal
impact of the innovations on productivity growth decreases. The effect is positive only

if the firms have little possibility to reduce pollution intensity of innovations.
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Very inspirational analysis was put together by Rauscher [28]. To inquire an impact
of environmental regulations on innovations and economic growth, a simple model with
two types of capital is put together. Unlike other authors, he simplifies this model by
assuming only one agent in economy, who employs in all the activities: consumption,
saving, production and R&D. However, as author states, only under assumption that
markets are perfectly competitive is this model equivalent to the ones with multiple
agents. In the matter of outcomes, the work shows that when the environmental stan-
dards are tightened, the steady-state rates of investments are decreased in both types
of capital. Consequently, a steady-state of growth rate declines as well. One positive im-
pact of the stricter standards is the replacement of the conventional (polluting) capital
by the green one (environmentally friendly).

Another similar model can by found in the working paper by Cunha-e-Sa et al. [12]
It “s again a two sector model with endogenous growth, where clean or dirty innovations
are created by the technical change. Authors show that neither the optimal growth
nor the optimal emission rate can be achieved in the decentralized equilibrium. The
optimal growth rate decreases with the growing number of consumers, who take the
environment into consideration. Furthermore, both R&D subsidies and pollution tax
should be used in order to move the research more towards cleaner technology as well
as to increase the rate of innovation.

To summarize, this overview presents different approaches to analyze an impact
of environmental policy on the economic growth. Authors used different modelling
techniques as they are trying to construct a model supported by an empirical evidence.
Overall, these works provide a great inspiration for the building process of an growth
model, whose purpose is to contribute to the debate on issues of environmental quality

and economic growth.
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Kapitola 3

Analysis of Environmental Growth

Model

After the introduction of topic and overview of literature, we now finally get to the
main point of this thesis - an analysis of environmental growth model. As we will try
to inquire different issues dealing with the dependence between economic growth and
environment, we will focus on the model formulated by authors Luptacik and Schubert
in [22]. We will divide our analysis into several parts. First, we will introduce this
model and present its building block. We will be particularly interested in the way of
modelling of environmental parts - pollution and abatement activities. Consequently,
a results presented in authors” work will be overviewed, along with notion about used
mathematical techniques. In the third part, we will inquire existence and stability of
optimal stationary state, while applying different analytical tools.

All in all, our focus isn’t the sole mathematical analysis of the model, but also to
draw economic interpretations from these results. In order to make this work reasonable,

we will seek an empirical rationale in our theoretical findings.

3.1 Formulation of Model

At the beginning, we should overview a formulation of model, particularly focu-
sing on individual building parts it consists of. As authors outlined in the paper’s
introduction, their main aim is to contribute to the discussion about some controver-

sial environmental issues concerning the economic growth. These include questions of
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trade-off relation between economic growth and environmental quality or time effects
of expenditure spent on pollution abatement, while taking into account a nature of
chosen strategy. As the analysis and investigation of optimal policies is pursued, the
paper takes into account various situations regarding e.g. level of abatement technology
or economic development.

In the formulation of their model, authors are applying theory of economic growth,
particularly that of optimal control. They set up a model with two control and two
state variables, all of them depending on time. A central governing authority can decide
about levels of consumption C' and abatement expenditures A. Environmental quality
(or its inverse) is included in the model through the stock of pollution P. Finally, we
should mention economic growth, which is generated by the capital K.

Goals of policy makers are increase in the consumption level (thus making a "con-
sumingéconomy better off) while cutting down on level of pollution. This is expressed
via ordinary, strictly concave utility function U(C, P). The assumptions regarding this

function, which define relation between two welfare variables, are following:
Uc>0, UCC<O, C>0,
UP<0, Upp<0, P>O7 (311)

Ucp <0,  UccUpp — (Ucp)® > 0.
We can see that marginal utility is positive for consumption and negative for pollution,
while both are decreasing. Moreover, last condition along with decrease in marginal
consumption utility provides for strict concavity of the utility function.

Particularly interesting is condition laid on the mixed derivative Ugp. Assuming
Ucp < 0, we state that increase in either consumption or environmental degradation
causes diminishment of marginal utility of other varible, for example higher levels of
air pollution decreases consumer’s utility from additional grilled sausage. However, not
every work adapts this approach, as some of them presume conditions Usp = 0 or even
Ucp > 0 (see e.g. Tahvonen and Kuuluvainen [40]). These authors use an argument that
the rise in consumption is likely to cause a reduction of pollution’s marginal disutility.
Nevertheless, we will use condition as it is stated in (3.1.1).

As we try to evade optimal policy of zero consumption, we will further impose one

of Inanda conditions on the utility function:

VP >0 lim Uc(C,P)— +o0. (3.1.2)
C—0
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Note that we will use sign f, to represent partial derivative of arbitrary function f
with respect to variable z (i.e. f, = 0f/0x).

This utility function expresses only instantaneous utility, while we would like to
consider also future welfare levels in our decisions. Thus we calculate present value
of all future utilities depending on the levels of consumption and pollution. Using
discount rate p to describe time preferences and considering infinite time horizont, we
can formulate a following optimization problem:

max/ e " U(C, P) dt. (3.1.3)
C A Sy

As we have already mention, level of economic growth is influenced by amount of
capital K. It is a single production factor of a production function F'(K'), which holds

all the usual assumptions:
F'(K) >0, F"(K) <0, F(0) =0. (3.1.4)

The production Y generated by the capital K (and expressed via F'(K)) can be explo-
ited in several ways: it can be either invested to increase stock of capital K or spent
on consumption C. Third and last option is to use producted value on abatement

expenditures A. This can be labeled as national income constraint
Y=1I+C+A. (3.1.5)

As the stock of capital K is generated by investment, this differentiation of total expen-

ditures allows us to define dynamic equation describing capital development over time:
K=F(K)-C—-A-pK. (3.1.6)

As the last item in this relation, we included also the rate of capital depreciation [.
Now it “s time to address a development of pollution stock. Just to note here, that
emissions are considered as a flow variable, while pollution is corresponding stock va-
riable. There are two opposite ways, how do the economic activities affect environmental
quality. First, different sectors produce emissions and thus increase mass of pollution.
Authors include three such sectors in their model: production, consumption and capi-
tal depreciation. Emissions generated by production sector are expressed as Fy = €Y.

Coefficient €; (with positive value) represents part of a technology adding up to the
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environment deterioration and it can change with application of new technologies. This
consideration was neglected in the work, however we will address it in chapter 4.
Emissions amanating from consumption activities can be approached in manner
similar to the production process. An amount can be described as Ec = €,C, where
€2 > 0 displays environmental inefficiency by consumption. Finally, taking into ac-
count capital depreciation with rate 8 and constant emission ratio €3, we can represent
environmentally negative effects of amortization by expression Fx = 630K = e3K.
On the other hand, there are economic activities that can lead to the improvement
of environmental conditions. In the paper, they consider an abatement activity of trans-
formation process, where in exchange for current expenditures the level of pollution
is lowered. To represent this activities, author use a total abatement function G(A),
which affects pollution stock. Regarding assumptions on this function, it meets similar

conditions like production function F'(K):
G'(A) >0, G"(A) <0, G(0) = 0. (3.1.7)

Note that this abatement method by its nature (literally "cleaning"pollution) resembles

concept of end-of-pipe techniques (as introduced in 1.2, particularly in 1.2.3). This will

become more obvious as we will differentiate abatement techniques in later chapter.
To sum up, after joining this abatement function with channels that produce emis-

sions, we obtain dynamic equation of pollution evolvement:

P=eF(K)+eC + 6K — G(A) — aP. (3.1.8)

Since the nature itself has ability to regenerate (transformation of undesirable waste
into neutral substances), authors included a rate of pollution decay « in this expression.
Finally, after introduction of all these parts, we are ready to present a mathematical
formulation of the model. A subject of optimization (3.1.3) along with dynamic equ-
ations (3.1.6) and (3.1.8), which describe development of system, form together with
initial and terminal conditions and sign restriction on some of the variables a following

optimal control problem:
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max/ e " U(C,P)dt
CA

K=FK)-C—-A-BK

P=aF(K)+eC+ K —G(A) - aP Planning Problem 1
K(0) = Ko,  K(00) = free
P(0)=P),,  P(co)= free

A>0, P>0.

J

3.2 Results Presented in the Original Work

Now, as we have outlined formulation of model, we are able to present analysis
realized in the paper. The authors focused on several problems: firstly they derived
and analyzed optimal allocation patterns, then and finally inquired about asymptotic
convergence of optimal solution towards the steady state. We will follow the structure

of the work and address each topic in individual subsection.

3.2.1 Optimal Solution and Its Analysis

Before start of any analysis, authors formulated the Lagrangian function based on the

Planning Problem 1 in order to solve the outlined problem:

L =UC,P)+ ) (F(K)—C—-A-pK) +
+ Yo (e F(K) + eC + e3K — G(A) — aP) + (3.2.1)
+ sA + r(aF(K)+ eC+eK —G(A) —aP).
On the basis of the optimal control theory (for overview of topic see e.g. [32] or [33]),
variables 1, and 15 are co-state variables, which have an interpretation of shadow prices
of state variables K and P, while s and r are the Lagrange multipliers associated with

restrictions laid upon A and P (A >0, P > 0).

After this formulation, authors applied Pontryagin ‘s Maximum Principle to derive
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optimal solutions. The necessary conditions in this case are:

Lo = Us — 1 +gea + 160 = 0 (3.2.2)
La = =1 —G'(A)+s—rG'(A) =0 (3.2.3)
s>0, sA=0 (3.2.4)
r>0, rP=0andrP =0. (3.2.5)

Based on these expressions, authors formulate several propositions, which interpret
analytical results economically. They address mostly marginal utility of consumption
and pollution on the optimal path, considering also several particular modifications in
parameters.

The paper further examines signs of shadow prices v and )5, thus inquiring whether
capital (and indirecly investment) and pollution always have same preferences regarding
social welfare. Using equations (3.2.2) and (3.2.3), it’s easy to show that ¢y > 0,
meaning that capital investment is always beneficial to the social welfare, as it can be
utilized in several useful ways. On the other hand, we obtain ¢, 2 0 for the shadow
price of pollution. This may be surprising, since we would expect pollution stock to
be undesirable good (and therefore its shadow price to be negative). However, authors
argue that pollution can be valued positively (in terms of welfare) in case, when there
is no abatement activity (A = 0 ), and social price of starting it is too high (coefficient
s is large).

As you have already noticed, the optimal solution conditions are constructed using
current time Hamilton (and Lagrange) function, meaning that expression e ' is not
included in (3.2.1). In accordance with the optimal control theory, authors include

discount rate p in the costate equations:

by = (p— F(K)+B)v1 — (eF'(K) +es) (V2 +7) (3.2.6)
¢2 —Up+ (p+ @) s + ra. (3.2.7)

These expressions are in the paper used to derive particular results concerning growth
rates of shadow prices.

An interesting analysis is performed considering compatibility of growth in abate-
ment expenditures and consumption. Althought there is a trade-off relation between

these indicators in every period (given by constraint (3.1.5)), authors derived analytical
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results, which show that a mutual positive growth of cleaning activities and consump-
tion is possible. The proposed sufficient condition for C' > 0 (under assumption of A

growing) is

o (ratn) ( raa)d < (at) e

where o(A) = —A[G"(A)/G'(A)] > 0 denotes the elasticity of abatement s margi-

nal efficiency. The condition proposes that consumption can grow (together with the
cleaning costs) on the optimal path, if the net marginal product (marginal product
decreased by portion needed to clean additional emissions) is greater than the mar-
ginal environmental consequences of this consumption increase for a given abatement
growth.

As a final analysis of optimal solution, the paper inquires question of long-term gro-
wth in abatement expenditures. To find a suitable and interpretable condition, authors
used results already derived in the work. Finally, they formulated following condition:

oY s

vy Yy

As we can see, the long-term growth in abatement costs depends on mutual relation of
growth rates of shadow prices. Cleaning expenditures will grow along the optimal path
provided that growth rate of marginal social value of environmental quality is greater

than that of capital accumulation.

3.2.2 Steady State and Its Stability

Now we will present results of the paper considering the stationary state. It is a
situation, where the development of state variables approaches 0, thus halting growth
in the system. This means that K = P = 0 as well as ¢; = ¢y = 0. The steady state
values of variables are denoted by upper index oo, e.g. K. A several propositions,
which deal with this state, were derived in the work. Firstly, emission rate due the
production process in the steady state must be exceeded by marginal abatementnet,
i.e. G'(A>®) > €. This is an implication of derived result that net marginal product

has to be equal to the interest rate and cost of capital depreciations:
€1 €3
F(K®)([1l—- =) = —
W (1-ghm) =0+ 0 i
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Furthermore, it’s simple to show that marginal utility of consumption and environ-
mental quality has to be equal, with the second one being discounted by augmented

Interest rate:
Up(C>®, P>®)(G'(A>®
Uc(C™, P*) = — p(C%, P2)(C )+€2).
p+a

As the last stationary state proposition, the "no change"condition implies investment

at the level just replacing depreciated capital
I =F(K®)—(C%® — A*® = BK*°, (3.2.8)
and abatement equal to the total emission rate
e F(K™) 4+ eC™ + K™ = G(A®) + aP™. (3.2.9)

In the final part of this work, authors analyze question of optimal solution con-
vergence to the stationary state. From the analytical point of view, this is the most
interesting as well as challenging part of the paper, since convergence question for prob-
lems with more than one state variable (and discounted future utility) is non-trivial.
In order to contribute to this issue, authors tried to apply results from the work by
Brock and Scheinkman (see discussion paper [9]).

After application of theoretical findings to their planning problem and derivation of
mutual effects between variables (see section 3.2.3), the authors were able to conclude
stability conditions. They proposed, under stricter assumptions A > 0, P > 0 and
Ucp < 0, that the steady state is locally asymptotically stable (with few exceptions)
in case that expression

G'(A®)p + €3 + Bey — (a% + a) (G'(A%)/e1)

is negative and there exist a closed curve I', which contains this steady state and the

vector field described by dynamic system

k= H,(p(k). k)

is "pointing inward", in other words k; near zero implies k; > 0 and k; large enough
provides for k; > 0. Note that we have used notation of vectors of state variables
by k = (ki,k:) = (K, P), control variables by x = (C, A), and shadow prices by

p = (¢1,%2). As it mentioned in the paper [9], factual verification of inward pointing
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hypothesis is rather nontrivial task. In this thesis, we won 't inquire this topic any
further, as the alternative approach will be applied. However, readers interested in this

methodology should see cited literature for more details.

3.2.3 Comparative Statics

To conclude this section, we will mention derived comparative statics. During the
stability analysis realized in previous part, the authors had to calculate what effects do
the state variables and shadow prices have on the control variables along the optimal
path. Since we will be using them later in our analysis, it is therefore useful to mention
these conditions. Based on (3.2.2) and (3.2.3), which characterized the optimal solution,

the following relations concerning consumption C' can be derived:

g—g =0, g—g <0, 3—51 <0, 3—52 > 0. (3.2.10)
As we can see, level of consumption along the optimal path isn’t affected by changes
in capital level, only by changes in its social value. If this shadow price increases
(meaning capital is perceived as more valuable), it is optimal to raise capital investment,
thus dropping level of consumption. Regarding changes of environmental quality, its
deterioration (implied by growth of pollution stock) cause consumers to lower their
consumption as to prevent continuation of this effect. Similarly, if subjective value of
pollution decreases (meaning people are more sensitive about environmental problems),
an expenditures are again switched away from consumption.

Using analogical approach, we can receive similar expressions for the effects on

abatement expenditures A:

DA DA DA DA

0 i - — . 2.11
K 0, 5P 0, aw1<0’ 3¢2<0 (3 )

This time, while following the optimal patterns, abatement expenditures A shouldn 't
be affected by change in neither of the state variables K or P. In shadow price of
capital rises, a costs devoted to the environmental cleaning should be lowered, because
of the similar reasons like in case of consumption effect. On the other hand, decrease in

social value of pollution causes more capital resources to be devoted to the abatement.
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3.3 Further Analysis of Stationary State

In the previous section we have presented analysis of Planning Problem 1, par-
ticularly concerned with the stationary state of the system, which was performed in
the surveyed paper. Now it s time to solve and analyze this problem using different
theoretical background. In our inquiry, we will be using approach from the work by

authors Tahvonen and Kuuluvainen [40].

3.3.1 Existence of the Steady State

Firstly, we will again derive expressions representing the steady state and try to
formulate conditions for its existence. Let K>, P> C*, A* ¢ and ¥35° denote
steady state values of state, control and costate variables (to simplify notation, we will
suppress an upper index of co for these variables in this section). We assume that these
values follow the optimal path, thus meeting the necessary conditions (3.2.2) - (3.2.5).
Moreover, because they are in the stationary state, the relations K = P = 0 as well
as @ﬁl = ’(ﬁ'g = 0 must be satisfied (as already stated in section 3.2.2). To sharpen our
analysis, let’s assume that the steady state belongs to the interior of the control and
state space, i.e. A > 0 and P > 0. This presumption has several important implications:
firstly, the values of Lagrangian multipliers hold » = 0 and s = 0. Moreover, according
to statement concerning signs of shadow prices in section 3.2.1, the costate variable of
pollution v should be negative.

The stationary point is a solution of following system of equations:
0= F(K)—C—A- 8K (3.3.1)
0 = 6 F(K)+eC + K — G(A) — aP (3.3.2)
0 = Uc(C,P) — 1 + e (3.3.3)
0 = —1by —1hG'(A) (3.3.4)
0 = (p— F'(K)+B)¢r — (e1F'(K) +e3) s (3.3.5)
0 = —Up(C,P)+ (p+ ) (33.6)

Firstly, let "s use equation (3.3.1) to express A as a function of K and C:

A(K,C) = F(K) - C - BK. (3.3.7)
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Moreover, equation (3.3.2) along with previous condition (3.3.7) defines following de-

pendence of P on values of K and C"
1

As can be seen, we can express ¢, and consequently 1, as functions of C' and K using

equations (3.3.6), (3.3.4). Thus we receive

Uo(K,C) = Ur [i;i(g’ ©) (3.3.9)
and
Vi (K,C) = = G'(4) = _Ue [((Jp’i g’ A [A(K,C)]. (3.3.10)

After this calculations, we can substitute derived conditions (3.3.7) - (3.3.10) to the
expressions in remaining steady state equations (3.3.3) and (3.3.5) and formulate two

functions F and G:

F(K,C) = Uc|C,P(K,C)] + (K, C) (G'lAK,C)] + €), (3.3.11)

G(K,C) = (p—F'(K)+ B8) 1(K,C) — (e F'(K) + €3) to( K, C). (3.3.12)

We can see that task of proving an existence of the stationary state is now changed
into equivalent problem of finding common root to these two functions.

Firstly, denote capital level K; that holds F'(K;) = /3, and K3 such that F(K,) =
BK3. Obviously K7 < Ks because of the assumptions (3.1.4) laid on the production
function F'. Moreover, we can see that any level of capital K in the steady-state must
be lower than K5 because of positivity of A (and as well C') and condition (3.3.7).

Let s look at function F, more specifically on problem F = 0. Using the assump-
tions laid on functions U and G, along with effects calculated from the conditions
(3.3.7) - (3.3.10), we receive 0F /OC < 0. Consequently, for K € (K, K») we have also
0F JOK < 0. Denote K3 a capital level such that for K > K3 a condition 0F /0K < 0
holds (note that from the continuity of derivative that K3 < K7). Thus using implicit
function theorem, for capital level K € (K3, Ks) consumption C' is strictly decreasing
(and therefore injective) function of K (C'= C(K),C'(K) < 0) implicitly given by the
expression F = 0.

Now we will focus on the function G. After substituting variable C' by the functional

dependence C'(K'), which has been derived above, G will be dependent only on the level
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of capital K, given:
G(K) = (p— F'(K)+ B) (K, C(K)) — (aF'(K) + e3) Ua(K, C(K)).

Proof that this function reaches zero value will be equivalent to the existence of the
stationary state. One can notice that 1, (K, C(K)) > 0 for any level of K. Similarly,
(e, F'(K) + €3) > 0 and 1o(K,C(K)) < 0. Thus the equality G(K) = 0 can be only
achieved, if the condition F'(K) > p+/ is satisfied and ¢ (K, C'(K)) > 0is high enough
for some levels of capital K. This provide for existence of a level of capital K* (and
implied level of consumption C*) such that G(K*) = 0. Since F' is concave function,
K* must be less than K. Moreover, in order to meet the constraint on implicitly given
function C(K'), K* has to be greater than Kj.

After this inquiry, we can finally propose a sufficient condition for existence of the
optimal steady state, where the variables follow their pattern according the conditions
of Maximum Principle. This stable point exists, if there is an interval of capital levels
K, where the marginal product of capital F’ is greater than sum of discount rate p
and depreciation rate 8 and at the same time the social value of capital is sufficiently
positive. This proposition holds if rates of discount and depreciation are small enough,
marginal productivity is high enough, or additively social price of capital is high and
social value of environmental quality is relatively low. Moreover, we can see that in

case that lim_ F'(K) < p+ S, no steady state with A > 0 and P > 0 exists.
K—0

3.3.2 Steady State without Abatement Costs

Concerning the existence of the steady state at the boundary, let “s consider the case
when no abatement expenditures are spent, i.e. A = Ay = 0 and thus s > 0. In this
case, we have to make several changes into accoust during formulation of conditions:
G(Ag) = 0 and G'(Ay) = G} > 0. Thus, again using necessary conditions 3.2.2 and
3.2.3 together with the dynamic equations for state and costate variables in stationary
state, we receive similar stationary state system of equations to the previous part (see

expressions (3.3.1) - (3.3.6)), with (3.3.1), (3.3.2) and (3.3.4) changed as follows:
0 = F(K)—C - BK
0 = aF(K)+eC+eK—aP

0 = —¢1 —1/J2G6—|—8.
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Applying similar approach like in section 3.3.1, we can express C, P, 11, 1)y and s as

the functions dependent on level of capital K:

C(K) = F(K) - 8K (3.3.13)

P(K) = é(elF(K)—l—EQC’(K)—l—@,K) (3.3.14)
_ Up[C(K), P(K)]

Vo (K) = T a) (3.3.15)

(K) = Uc(C(K), P(K)) + th(K)e (3.3.16)

S(K) = 1K) + 12 K)Gy. (3.3.17)

Thus our task to proove an existence of the stationary state is reduced to the question

of finding root of following expression, derived from (3.3.5):
0 = (p— F(K)+ B)a(K) — (aF'(K) + o) ta(K) = H(K). (3319

Let s denote K; a capital level such that F'(K;) = + p. Using similar reasoning, one
can see that expressions ¥1(K) > 0 and ¢ F'(K) + €3 > 0 as well as —9(K) are all
positive for any level of K, thus H(K) > 0 for any K > K;. However, if K — 07,
we obtain C' — 0 and P — 0, with Us growing over any bound and Up bounded (see
assumptions 3.1.1), thus providing H(K) < 0.

Suming up, an optimal stationary state in the stage of system without abatement
can exist given that marginal productivity for low levels of capital is sufficienly high,
specifically I(li_1>15+ F'(K) > p+ 8. We could go on and analyze boundary steady state
in the case of clean environment with abatement in process (P = 0 and A > 0) using
similar approach. There is no need to address stage without pollution and abatement,
as this implies zero values of capital and consumption, which is non-optimal (and in

fact unattainable) based on assumption laid on utility function (3.1.2).

3.3.3 Saddle Point Property of the Steady State

One important question concerning the steady state is whether it has local proper-
ties of saddle point. To inquire this task, we will apply an approach used by Tahvonen
and Kuuluvainen [40], which is presented in appendix, section B.1. The modified Ha-
miltonian dynamic system for our Planning Problem 1 is expressed by the dynamic

equations (3.1.6) and (3.1.8) for the state variables and (3.2.6) and (3.2.6) for the
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costate variables. We construct Jacobi matrix (using comparative statics conditions

(3.2.10) and (3.2.11)) as follows:

F'(K)-p —Cp —Cy, — Ay, —Cyy — Ay,
;o aF'(K) + €3 eCp — €2Cy, — G'(A)Ay, €Cy, —G'(A)Ay,
— (1 + e192) F"(K) 0 p+ 08— F(K) —e1F'(K) — €3
0 —UcpCp — Upp —UcpCy, —UcpCly, +p+
(3.3.19)

Consequently, we can calculate 2 as it was defined in (B.1.2):

F’(K) — 5 —Cwl — A¢1 n GQCP — EQCwQ — G/(A)A¢2
—(1 + @) F"(K) p+ B — F'(K) —UcpCp —Upp —UcpCly, +p+a

Q:

-C —Cy, — A
4+ 2 P 2 2
0 —ElFI(K> — €3
(3.3.20)

In order to prove that our steady state has a local saddle properties, we have to find
conditions under which 2 < 0 and A = det(J) > 0.

Let s start with the sign of €2. The signs of particular elements are given by the
assumptions and the comparative statics. Therefore it s easy to see that last matrix
in expression (3.3.20) is always positive. In the first two matrices, the sign of only one
unit in each of them is ambiguous. Therefore, we can conclude that €2 is positive given

if following inequalities hold:

Y1+ ey > 0 (3.3.21)

UCPCP + Upp < 0. (3.3‘22)

The examination of the sign of determinant A is more difficult because of the
density and dimension of the Jacobi matrix (3.3.19). To derive the expression of this
determinant, we use computer algebra system Maxima, which can execute calculations
with symbolic values. Keeping in mind conditions derived for the sign of (2 along with
the assumptions, we can reduce the question of the sign of A to the inquiry of the sign
of two expressions:

Cyy + Ay, (3.3.23)

which describes reaction of optimal consumption and abatement costs level with regard
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to the change in social value of pollution, and expression
6201111 — GI(A)Awl, (3324)

that describes the effect that change in the price of capital has on the pollution deve-
lopment. Finally, after careful examination, we are able to find the sufficient conditions.
We derive that our stationary point has the local properties of the saddle, if following
statement holds true: expression (3.3.23) is equal to zero and (3.3.24) is negative. Furt-
hermore, we require [ (K) to be close enough to zero or F'(K) to be sufficiently high.
Let s note that other sufficient conditions may be formulated as well.

To sum up, by the application of methodology used in article by Tahvonen and Ku-
uluvainen [40], we were able to derive some of the characteristics, which may sufficiently
provide for the saddle point behavior of our dynamic system locally near the steady
state. If we interpret these conditions economically, we receive that the social price of
capital must be in absolute values higher than the price of pollution proportional to
the production process (3.3.21) ; a change of marginal pollution disutility due to the
pollution increase must be negative (3.3.22); the changes of optimal levels of consump-
tion and cleaning expenditures caused by the social valuation of environmental quality
must be equal (equation (3.3.23)); a rise in the social price of capital has to decrease
a growth rate of pollution (equation (3.3.24)); and finally marginal productivity must
be high.

3.3.4 Stability Analysis of the Steady State

After we have inquired the question of existence and characteristics of the stationary
state, let’s now focus on stability conditions of this point. The stability in the dynamic
systems is understood in sense of optimal solution ’s convergence to this steady state.
To derive analytical results, we will use theoretical propositions proposed in article
[37] by Sorger. The applied findings are outlined in appendix part B.2. Following an
assumption in the Luptacik and Schubert’s Paper (see p. 466 in [22]), we will again
consider interior point of the state space, i.e. A > 0 and P > 0.

First, we will define current value Hamiltonian for our Planning Problem 1 following
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the expression (B.2.1):
H(K, P 1,19) = Igax{U(C,P) + ¢ (F(K)—C—A-BK) +
+ wg(ElF(K) +€QC+€3K— G(A) —aP)} =

= U(C(P,¢1,2), P) + 1 (F(K) — C(P,¢1,92) — A1, ¢2) — BK) +
+ by (€1 F(K) + eC(P,v1,92) + esK — G(A(¢1,12)) — aP,)
(3.3.25)

where C'(P, 1, 12) and A(t1,15) denote optimal responses of consumption and abate-
ment expenditures on the levels of the state and costate variables, which are derived
from the necessary conditions (3.2.2) and (3.2.3). The effects, or signs of derivatives,
have been presented in the part concerned with the comparative statics 3.2.3.

Now we apply results by Sorger. The sufficient condition of global stability of the
steady state is negative definiteness of curvature matrix C. Now we will derive this
matrix from our system following the equation (B.2.4) while setting coefficient v = 0

(just to note that z = (K, P) and p = (¢1,15)). The matrix H,, for our problem is

H,, = (1 + erva) Y 0 . (3.3.26)

0 Upp + UcpCp

Concerning the matrix —H,,, we use again an implicit function theorem to derive
following expression
Cy, +A G'Ay, — eC
_pr _ 1 1 1 1 7 (3327)
G,Awl — 6201/,1 G/A¢2 - EQCwQ

After composing the matrix C, our task is to inquire the conditions for its negative
definiteness. In order to do so, we will use the Sylvester s criterion, which is necessary
and sufficient condition for this matrix characteristic. Since all of the diagonal elements
of C are negative under assumptions (3.3.21) and (3.3.22), the following two conditions
will provide desired result:

p2

— Hix Hywr = 77 > 0, (3:5:2%
*Hy] | :
Hyiwx |Hpp (H¢1¢1H¢2¢2 - Hi’l”‘/’Q) + & 4¢ ‘ ] + pz (HPPH@@ ” pz) -0
(3.3.29)
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Finally, let’s formulate derived sufficient conditions for the local stability of the
stationary point. Assume that this steady state of our system exists in the interior of
the state space. We propose that this rest point is locally asymptotically stable, if the
conditions (3.3.28) and (3.3.29) as well as (3.3.21) and (3.3.22) hold. This restrictions
can be satisfied if e.g. the discount rate p is sufficiently small.

At this place, we have to note that because of these restrictions, the stationary
state does 't meet the requirements for global stability from the Sorger s corollary, as
we can’t ensure the negative definiteness of the matrix C for all (z,p) € R" x R”
(see conditions (3.3.21) and (3.3.22)). Nevertheless, we will pursue our analysis while
inquiring only the local stability of our steady state (i.e. condition (B.2.3) holds only
locally around this state) under assumption that the derived conditions are satisfied in
some open area around this point.

To conclude, this chapter presented an application of the optimal control theory to
the economic issues of the dependence between economic growth and environmental
quality. Although the analyzed model provided quite thorough insight in the topic,
we may have missed possibility to influence the emissions” rates, particularly the one
describing environmental burden of production process. Analysis of this additional
abatement technique could bring a deeper insight into the economic progress” impact

on the state of environment.
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Kapitola 4

Model with the Differentiation of
Abatement

As we “ve seen in empirical study by Frondel (presented in section 1.2.3), the type
of cleaning technique does matter in the process of abatement activities. The diffe-
rentiation between R&D abatement in sense of investments into cleaner production
process and end-of-pipe technique, which cleans harmful by-products already emitted
by production, was introduced. Therefore, in order to make our analysis more realistic,
we will now modify Planning Problem 1 analyzed in the chapter 3 with this concept
of differentiated abatement activities, specifically using endogenously changed rate of
pollution generated by the production process. At the beginning, we will introduce this
model and explain the modifications compared to the previous one. In following part,
we will analyze it and solve the relevant planning problem. Moreover, we will examine
qualitative characteristics of shadow prices, analyze the long-term trends in optimal
levels of variables and derive conditions of the comparative statics. Consequently, a
steady state of the system and its stability will be inquired. During this calculations,
there will be an overview of differences between this and original model. Finally, we will

derive results for some special cases, where one of the abatement activities is neglected.

4.1 Specification of the Model

In the previous chapter, we have analysed model which included environmental

policy measures in terms of general abatement expenditures A. These costs were part
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of total spendings in economy and their impact on the level of pollution was modelled
through the general function G(A). Within the frame of abatement differentiation, this
approach can resemble the end-of-pipe activities, where pollution from the environment
is cleaned up. On the other hand, flow of emissions caused by the production process
was determined by coefficient €;, whose value was given exogenously.

In our new model, we divide the abatement expenditures A into two distinct va-
riables. Firstly, A; represents R&D expenditures as an investment devoted to lower
environmental impact of production. This effect is achieved by making the emission

coefficient ¢; function dependant on A; with following conditions:

861 8261

>0: a4 942
ALz 0 ald) > 0 e < 00 G

> 0. (4.1.1)

To intepret this, production cannot be made completely emission-free only by inves-
tment into the cleaner technologies, as there is always some pollution generated. The
next point is that the higher investment is spent on R&D abatement, the lower pol-
luting by-products are emitted in the production process. However, an absolute value
marginal improvement is decreasing, as it is always harder to find new ways to improve
environmental efficiency with the many means already being implemented.

On the other hand, As will stand for techniques, which tackle pollution present
in environment. In mathematical representation of our model, this variable will take
place of previous general abatement A, i.e. it will be input in the function G(As), which
decreases the rate of emissions with properties defined by expression (3.1.7). Both these
indicators will be considered as the control variables in our optimal control problem.

To sum up, we have again an optimal control problem with two state (P and K)
and three control variables (consumption C' along with A; and A,). In order to focus on
analysis of abatement techniques and their comparison, we will omit some parts from

previous model, particularly the depreciation and the additional sources of pollution
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other than production. The mathematical formulation of problem is as follows:
)

max / e " U(C,P)dt
C.A1LAz Jq

K=FK)-C—A — A,
P=a(A)F(K) - G(4) —aP Planning Problem 2
K(0) = Ky, K(o0)= free

P(0) =Py, P(x)= free

A >0,  Ay;>0, P>0.
4.2 Optimal Behavior Path

4.2.1 Optimal Solution of Our Problem

Solution of the model again starts with formulation of current value Lagrange func-
tion
L=U(C,P) + Y, (F(K)—C—A; — Ay +
+ Uy (e1(A))F(K) — G(Ag) — aP) + (4.2.1)
+ s141 + 5245 + 1 (e1(A))F(K) — G(As) — aP),

where 1, and v, denote (in correspondence to the Planning Problem 1) the shadow
prices of captial and pollution, s; and s, stand for Lagrangian multipliers belonging
to the restrictions of different abatement expenditures and r is multiplier of capital
restriction.

Now we apply Pontryagin s Maximum Principle to receive following necessary con-

ditions:

Lo =Us(C,P) =11 =0 (4.2.2)
La, = =1+ 0o F(K)€e (A1) +s1+rF(K)ej(A1) =0 (4.2.3)
La, = =1 — oG (Ay) + 89 —1G'(A3) =0 (4.2.4)
s1 >0, s3>0, $1A1 =0, s34 =0 (4.2.5)
r >0, rP=0 and rP=0. (4.2.6)
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Moreover, variables 1, and 1y must follow the costate equations:

U1 = 1 — Y1 F'(K) — aer (A1) F'(K) — rei (A) F'(K) (4.2.7)
o = pho — Up(C, P) + hsa + rav. (4.2.8)

Expressions (4.2.2) - (4.2.4) provide several interesting interpretations as the pat-
terns for optimal planning. As we compare them to the propositions stated in the
original paper [22]| (see section 3.2.1), several differences can be noticed. First of all,
marginal utility of consumption has to be equal a production cost of consumed capital.
Since we don’t consider pollution effect caused by consumption, this equality isn’t
affected by any environmental indicator. Concerning differentiation of abatement we
can see that marginal contribution of end-of-pipe activities G'(As) has to equal that
of cleaner production process (—F'(K)ej(A1)), when both types are used (i.e. A; > 0,
Ay >0 and s; = 55 = 0).

Several remarks should be made regarding signs of shadow variables 1, and .

From the condition (4.2.2) we receive immediately:
Y1 = Uc(C,P) >0 (4.2.9)

Similarly to the results in original work, the marginal social value of capital is always
positive as the additional units of this variable can be always spent in beneficial way.
On the other hand, condition of 1, which can be derived from (4.2.3) or (4.2.4), is

slightly more complex:

Uy S92 >
=L 2 >, 4.2.10
Y= ey T Fm A S (210
or alternatively
Py = G,<A12) —r+ G,(f42) > 0. (4.2.11)

Inspired by the propositions in the original paper, we can interpret this as follows:
in case that there is positive level of (either type of) abatement in the system, the
marginal social value of pollution holds negative. The only possibility for pollution to
be valued positively by the society is the state without any abatement and with high

cost of starting it (s or s is large).
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4.2.2 Long-Term Trends in Consumption and Abatement Costs

In order to sharpen our analysis, let “s consider an interior point of the state spate
(A; > 0, Ay > 0 and P > 0). As we are following optimal patterns of resource al-
location, a question arises whether we are able to enhance our consumption behavior
(C > 0) and at the same time maintain (or even rise) the investments into the pro-
tection of environmental quality (4; > 0 or Ay > 0). In the short time horizont, this
task is unattainable because of the instantaneous constraint on the national income
F(K)=C+ A, + Ay + I, where I stands for the capital investment. However, holds
this statement true also in the long term development of these variables? We will try
to inquire this question in the following part.

Firstly, we take the expression (4.2.10) and differentiate it with respect to time.
Thus we receive '

V2 Uco : €/ (A)Uc

Uy 6’1(A1)F(K)C (A A 212

Consequently, we combine (4.2.8) and (4.2.10) to obtain
' U
% = pt+a-— U—zF(K)e’l(Al). (4.2.13)

Let’s denote, with accordance to the original paper, the elasticity of marginal con-
sumption utility o(C') and the elasticity of marginal efficiency of clean production

investments o(A;), and define them as follows:

Ucc e (A)
C) = -C— >0, and A) = —A 4.2.14
7(0) UC o) = —4 S a2

At last, we merge the equations (4.2.12) and (4.2.12) with the substitution of defined

variables (4.2.14) to receive

C 1 A Up

- = —— —0(A)— — —F(K)e|(Ay) | .

= 70 <,o+a o) G = TR o)
Assume that the expenditures devoted to the “green”technological progress are gro-
wing, i.e. A1 > 0. Then it’s easy to derive that
Ay

C > 0 if p+ a < EfT(I(>€1(Al) + O'(Al)A—
1

Uc

To interpret this condition, we can propose following statement: if the elasticity of the

marginal efficiency of costs devoted to the cleaner production, which is proportional
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to the growth of these expenditures (o(A;) (A;/A;)), exceeds impact of natural self-
cleaning ability («), and the utility change resulting from the marginal change in these
costs ((Up/Uc) F(K) €}(A1)) is higher than rate of discount (p) than there is possible
consumption growth along the path of optimal solution (C > 0).

Using similar approach, we can derive the propositions concerning the dependence
between a growth in the consumption and increase of the end-of-pipe abatement costs.
This time we start with the expression (4.2.11), which is again differentiated and than
combined with (4.2.8) and (4.2.11). We also define elasticity of the marginal efficiency

of end-of-pipe abatement o(A,) as follows

G"(As)
Ay) = —A . 4.2.1
o(As) 2 G (Ay) ( 5)
Finally we receive
C 1 A, Up
- = ——— A)—=—p—a——G'(4y) .
C 7(C) (“( 2) g, TP o 2))

and thus, under assumption of growing abatement expenditures Ay > 0, we obtain
following requirement for the increase of consumption:

C >0 if p+ a < o(dy) i_i — g—z G'(As). (4.2.16)
This condition can be interpreted analogously to the case of cleaner production inves-
tments Aj, i.e. the level of consumption grows in the long term horizont, if proportional
elasticity of abatement activity surpasses rate of pollution decay in the nature and uti-

lity change is greater than the rate of value decrease (aka discount rate).

4.2.3 Comparative Statics

After proposing conditions for optimal solution and long-term trends, we can men-
tion comparative statics of the variables. In order to make these computations more
straightforward (and with respect to assumptions in further analysis), we assume that
system is in the state with positive level of pollution (P > 0, i.e. » = 0) and both types
of abatement are utilized (i.e. A; > 0 and Ay > 0). Based on the necessary conditions
(4.2.2) - (4.2.4), the effects of state and costate variables on optimal level of C, A; and
As will be derived using implicit function theorem. Let s first focus on consumption,

where we obtain following results:

oC oC oC oC
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Compared to the results concerning original model presented in part 3.2.3, the only
difference is that optimal level of consumption isn’t affected by the social value of
pollution. The reason can be found in the omission of term representing the emissions
caused by consumption.

The other effects, which have to be examined, are that concerned with the aba-
tement expenditures. In contrast to the Planning Problem 1, this time we have to
calculate and interpret changes in two different types of cleaning activities. Firstly, ex-
pressions related to the expenditures Ay, which are devoted to the cleaner production,

will be calculated:

8A, dA, 9A, 8A,

— = — — . 4.2.1
8K>0’ 0, a?/}1<0’ 3¢2<O ( 8)

P
An increase in capital level should enhance optimal level of cleaner production costs.
Since the greater production brings additional emission burden, more resources should
be devoted to preserve environmental quality. These resources, however, are made avai-
lable through the corresponding capital growth. On the other hand, rise in pollution
doesn 't affect these expenditures, as sources used to fight pollution disutility are taken
away from consumption, thus causing another utility drop. Concerning social values of
capital and pollution, both of them have negative effect on A; level. A higher price of
capital leads to greater investments, which pulls resources off the abatement. Also hig-
her (or less negative) valuation of pollution takes abatement away from social concern.

Finally, the effects of variables on end-of-pipe abatement costs will be derived:

A A A A
04 04, 0 0, 94 (4.2.19)

Dby

These effects are identical with the ones calculated for cleaning expenditures A in

ax % ap =% g <

section 3.2.3, thus supporting our proposition that this type of the abatement in the

original model represents concept of end-of-pipe abatement activities.

4.3 Steady State and Stability Analysis

In order to pursue our analysis of Planning Problem 2, we will now devote some
space to the inquiry of the stationary point and its stability. As we have already men-
tioned, this concept of steady state is particuralry important, because it holds infor-

mation about long-term sustainable position of the system. Consequently, a question,
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whether our optimal solution converge to this point, is essential if any relevant pro-
positions about this optimal pattern should be made. Before starting, let “s note that
throughout this section we will be considering only interior point steady state in sense

that inequalities P > 0, A; > 0 and Ay > 0 hold.

4.3.1 Sufficient Conditions for Existence

Similarly to the previous chapter, at the beginning the sufficient conditions for the
existence of stationary state will be presented. According to the part 3.2.2, in this
point the system doesn’t change in any variable, which means K = P = 0 as well as
Yy = 1)y = 0. Tt is a position of the system, where the total production it completely
spent on consumption and cleaning (without any further capital investments), and the
abatement measures are at the level, where amount of pollution in environment doesn’t
change. To express this mathematically (while using same notation convention like in

previous chapter), we recieve:

0= F(K)—C— A — A

0 = e1(A)F(K) — G(As) — aP

0 = (p— F'(K))r — er(A) F'(K )by
0 = —Up(C,P)+ (p+ )ty

Moreover, we must consider also the necessary conditions for the optimal solution

(4.2.2), (4.2.3) and (4.2.4), which must hold in the steady state:

0 = Uc(C,P) —1 (4.3.5)
0= - +¢2F<K)5,1(A1) (4.3.6)
0 = —t — rG'(A) (4.3.7)

Thus a problem of stationary state existence is reduced to equivalent task of finding
solution to system of equations (4.3.1) - (4.3.7).

As we have already stated, the optimal values of control variables C', A; and A,
can be expressed in the dependence of state and costate variables by conditions (4.3.5)

- (4.3.7). The following functions are received

C = C(Pvy), A = A(K,¥1,1h), Ay = As(r, 1), (4.3.8)
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with the signs of derivatives already expressed in part 4.2.3. Consequently, we derive a

relation for P using (4.3.2) along with (4.3.8), obtaining

P = PR ) = & ([ K o W] FE) - Glsvm)] ) (139

and substitute these relations into the conditions (4.3.1) and (4.3.4). From the implicit
function theorem we are able to propose that the unique functions v, (K) and ¢9(K)

are implicitly given by the system of equations

0 = F(K) - C[P(K,%,wz),%} - AI(K:¢1aw2) - AQ(%,%),
0 = —UP(C[P(K,%,wz)ﬂﬂl}?P(K,%a%)) + (P+a)¢2>

if the following condition holds true

(—UCP(C'pPIZ,1 + Cy,) — UppP¢1> (—UCPC'pr2 — Upp Py, + p + a) < 0.

(4.3.10)
Thus we have reduced our problem of finding the solution of the system (4.3.1) - (4.3.7)
to the existence of root of equation (4.3.3), which has following form with regard to

the corresponding substitutions:

0 = (= FUO) () — o ([ 0al00)] ) PO vald). (43

Now we apply a similar reasoning like in the previous chapter (see part 3.3.1). It’s
obvious that factors 1, —1)5, €; and F’ are always positive, thus only possibility of
the root existence is p — F'(K) < 0. If the marginal product of capital is sufficiently
high (and discount rate is small enough), than the equation 4.3.11 has solution in some
capital level, which consequently implies the values of the remaining variables.

In conclusion, a stationary point of economy with the two types of measures dealing
with an environmental deteriorations, cleaner production’s investments and end-of-
pipe abatement, can exists, if the production generated by an additional unit of capital
is high enough and the discount rate is rather small (condition (4.3.11)). Moreover,
we require that a marginal pollution disutility reacts negatively to the change of the
social value of capital and its potential decrease as a result of the pollution social
value s growth doesn "t exceed the discount rate and the rate of natural self-abatement

(condition (4.3.10)). Note that the last proposal may also hold vice versa.
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4.3.2 Qualitative Analysis of the Steady State

After finding some of the sufficient conditions for the stationary point’s existence,
it’s again useful to inquire about its qualitative properties. For the Planning Problem
1, we have derived several conditions, which, in case they are satisfied in the steady
state, imply the local saddle point behaviour. Now we will inquire whether it is possible
to draw a similar conclusion with regard to the Planning Problem 2. As we will analyze
the steady state, whose existence has been examined, we again assume location in the
interior of the state space.

During our analysis, we will again apply an approach used by Tahvonen and Ku-
uluvainen in their work [40], in the same manner like in part 3.3.3. Firstly, we derive
a Jacobi matrix J for the dynamic system of state and costate equations (following
pattern (B.1.1)) along with the variable © (see (B.1.2)). To recap (according to the
propositions included in appendix B.1), the saddle point property of the rest point
requires A > 0 and 2 < 0, where A := det J.

The derivation of A and €2 as well as the calculation of their sign using conditions
of the comparative statics (4.2.17) - (4.2.19) is more difficult than the one realized in
the section 3.3.3. Because of their complexity, we won’t present an explicit form of J
and €2 and limit ourself to the statement of results. After the thorough analysis, using

the effects from part 4.2.3, we obtain following list of sufficient conditions:

Y1 + ey > 0, , o(A) F(K) > A, (4.3.12)

where is defined in (4.2.14). Moreover, we require F’ to be sufficiently high
UcpCp+Upp < 0, ‘UCPCP—FUPP‘ << 1. (4313)

Note that some of the conditions are identical with the ones in the analysis realized in
previous chapter.
To sum up, the steady state of the economy, which is subject to the Planning

Problem 2, has the properties of the saddle point if:

e the social price of capital is greater than the valuation of the environmental

quality proportional to the emission rate of production process;

e the rate of change in green R&D investments must be higher than the correspon-

ding rate of change in marginal efficiency of these investments;

57



e the expenditures devoted to the cleaner production are lower than the production

proportional to the elasticity of the marginal efficiency of these costs;
e an additional unit of capital causes sufficiently high production increase;

e the loss of marginal pollution disutility resulting from the pollution increase must
exceed, though only slightly, its potential increase due to the consumption drop

caused by this pollution growth.

4.3.3 Stability Analysis

Our analysis of the stationary point for the system Planning Problem 2 will be
concluded by remarks on stability. We will again apply the proposals proved by Sorger
in [37], which are overviewed in appendix B.2. Let “s begin with the construction of the
curvature matrix C, which follows the expression (B.2.4). By the differentiation of the

current value Hamiltonian for this problem
H(K, P41, ¢2) = U[C(P,4), P]+
0 (P = COPb) = Au(E ) — Aol ) ) +
v [ 01, 00 FU) = Gt )] - P ),

as well as an application of the effects (4.2.17) - (4.2.19), we receive the matrices H,,

oo (Y1 + e11po) F” 0
0 Upp + UcpCp
and —Hp,
H = Cwl + (Al)th + (A2)¢1 G/(AQ)th - 6’1F(A1)w1
—Hpp —

G'(Az)y, — €1 F(A1)y, G'(A2)y,

Note that H,, is exactly the same to the matrix (3.3.26) derived in the previous chapter.

The question whether C is negative definite, being a sufficient condition for the
global asymptotic stability of the rest point, will be again inquired by the Sylvester s
criterion. Under assumption of first condition from (4.3.12) and condition (4.3.13) we

obtain negative sign of all diagonal elements of the matrix C. Thus the property of
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negative definiteness again depends on the following conditions:

2

et pz o (4.3.14)
P P v
Hyy |Hpp (Hlﬁll/lewzlh - Hilwz) + Z o lewl} * Z <HPPH¢2¢2 * Z) -0
(4.3.15)

If these inequalities are satisfied, than the steady state of our system is locally asymp-
totically stable. This is more likely to hold in case that the discount rate p is small
enough. Because of the restrictions (4.3.12) and (4.3.13), we are concerned only with
the local, not the global asymptotic stability of our rest point (see reasoning in 3.3.4).

To conclude this chapter, we have modified the model developed by Luptacik and
Schubert in [22] by the inclusion of an additional channel of abatement through the
technological progress. An analysis of this model and its stationary state, much resem-
bling the approach from the previous chapter, has brought forward several interesting
implications about the long-term trends in a development of different indicators along
with the sufficient conditions for the existence, saddle-point behavior and the local

stability of the rest point.
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Conclusion

To sum up, our thesis addresses the environmental issues within the framework of
the economic growth theory. Its main goal is to contribute to the question whether
economic growth and quality of environment are complementary or substitutive goals
of economic policy using the optimal control theory.

In the first chapter, we introduce the topic, stating why it is important to inquire it.
Moreover, a several kinds of empirical evidence are presented. We overview and compare
the trends in GDP growth and emission rate development in the United States, than
the different policies regarding the total environment protection costs are presented. A
study by Frondel [18], concerned with the comparison of R&D and end-of-pipe cleaning
activities, concludes the empirical evidence. The chapter continues by mention about
different scientific perspectives on this issue (based on paper [43]), which have evolved
over time. Finally, we shortly look over the development of environmental policies,
starting with the first UN conference dealing with the environmental issues up to the
mention of the Kyoto Protocol.

The next chapter offers an overview of relevant literature. As our thesis is set within
the framework of the models of economic growth and the optimal control theory, the si-
miliar works are presented. We start with the simple models of pollution accumulation,
where the level of output is set exogenously. Than, the examples of the environmental
models incorporating a capital accumulation are presented. The overview is concluded
by the examples of the environmental models with endogenous growth and finally the
models of the directed technical change, which represent the state of the art in this
economic field.

In the third chapter, we use the environmental growth model developed by Luptacik
and Schubert [22] to derive particular results and findings on this topic. The chapter

starts with an overview of the planning problem and the results introduced by the
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authors. Our focus is the inquiry about the optimal steady state of the system, which
is a state that the economy remains at. Firstly we derive sufficient conditions for its
existence, obtaining that this point can exist if the marginal product of the capital is
higher than the sum of discount and depreciation rate for some levels of capital and at
the same time the social value of capital is sufficiently high.

Consequently we inquired the qualitative properties of the the rest point using the
methodology from the paper by Tahvonen and Kuuluvainen [40]. We find out that
it has local behavior of the saddle point if several conditions hold, most notably the
social price of capital must exceeds the value of the environmental quality proportional
to the emission rate of the production process (condition (3.3.21)) and the change of
marginal pollution disutility caused by the increase of pollution stock must be negative
(condition (3.3.22)).

The pivotal analysis of this thesis is concerned with the stability of the steady state
is terms of optimal solutions” convergence to this rest point. We apply theoretical
findings by Sorger 37|, thus receiving the sufficient conditions (3.3.28) and (3.3.29) for
the local stability of the stationary point of our system. In comparison to the results
from the original paper, we haven’t obtained more simple conditions, however our
approach proved to be more straightforward.

Our thesis is concluded by the chapter devoted to the model with differentiated
abatement. We modify an original model to include an endogenous change of emis-
sion coefficient of the production process through the capital invesments. A planning
problem is outlined and analyzed in the similar manner to the previous chapter. Con-
cerning the local stability, a several sufficient conditions are proposed, which hold if
e.g. a discount rate is sufficiently small. Overall we can state that the differentiation of
abatement, introduced in this chapter, makes our model somehow more plausible.

There are several possibilities to pursue our analysis even further. We may receive
interesting results by using the production function of “endogenous growth“type. Mo-
reover, as the more powerful tools of optimal control theory have been developed, our
model could be extended to include the renewable or non-renewable resources. Overall,
this field provides truly inspirational field for the economic research, which can find

application in the decision-making process of the environmental policy.
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Resumé

V nasSej praci sa zaoberéme problematikou znecistenia zivotného prostredia zasade-
nou v ramci teérie hospodéarskeho rastu a optimélneho riadenia. Nasim hlavnym ciel om
je prispiet k debate o vzdjomnou vztahu tychto dvoch faktorov a to v otazke ¢i ide o
substitu¢né alebo komplementarne ciele hospodérskej politiky. Dolezitym teoretickym
vysledkom je analyza rovnovazneho stavu a odvodenie postacujucich podmienok pre
jeho lokalnu stabilitu aplikovanim pokrocilych vysledkov teérie optimalneho riadenia
pri dvoch spojitych modeloch hospodarskeho rastu.

Prva kapitola tvori ivod do tejto problematiky. Délezitou castou je poukazanie na
vztahy vychadzajice z empirickych pozorovani. Na zéklade idajov z databazy OECD
[24] ukazeme, ze v ekonomike Spojenych statov rastol v poslednych desatroc¢iach ukazo-
vatel HDP ako aj produkcie emisii CO2 a tvorba komunélneho odpadu. Na datach méo-
zeme pozorovat, Ze hospodarska produkcia rastie znacne vysSou mierou nez ukazovatele
znecistovania, ¢o modzeme pripisat vysokému technologickému pokroku a naslednému
znizovaniu produkcie emisii. f)alej porovname podiely vydavkov ochrany zivotného
prostredia na celkovej produkcii vo viacerych krajinach. Zaver empirickych pozorovani
tvori studia prezentované Frondelom et al. [18], ktora sa zaobera porovnanim dvoch
typov cistiacich aktivit: investicii do cistejSej produkcie a cistenia vyprodukovaného
znecistenia.

Uvodna kapitola d'alej obsahuje pasaz tykajicu sa rozliénych vedeckych pohladov
na tato problematiku. Vychadzajic z ¢lanku Van den Bergha a De Mooija [43]| uve-
dieme péat rozdielnych nézorov tykajucich sa vzajomného vztahu rastu a zivotného
prostredia, od “nematerialistov” zavrhujicich hospodarsky rast az po optimistov, ktor{
st presvedcéeni o jeho potrebe pre zlepsenie stavu zivotného prostredia. Napokon sa
strucne pozrieme na historicky vyvoj politik venujucich sa tejto téme, zacinajic od

prvej konferencie OSN tykajicej sa tejto témy a konciac Kjotskym protokolom.
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V nasledujtcej kapitole prezentujeme prehlad literatury, ktora sa zaobera vztahom
hospodarskeho rastu a zivotného prostredia z pohladu teorie hospodarskeho rastu. Na
zaciatku uvedieme priklady modelov akumulacie znecistenia, kde je troven produkcie
dané exogénne. Su to jednoduché modely, kde méze byt stabilita rovnovazneho stavu
analyzovana graficky. Nasleduji modely, kde je zahrnuta aj akumulédcia kapitalu a
tym padom hospodarsky rast. Pokracujeme prikladmi modelov s endogénnym rastom
a kapitola je ukoncend modelmi s usmernenou technickou zmenou, ktoré predstavuja
aktuélny stav tejto problematiky.

Tretia kapitola ukazuje vyuzitie rastového modelu sformulovaného Luptéacikom a
Schubertom [22] na odvodenie konkrétnych vysledkov. Kapitola za¢ina prehladom mo-
delu formulovaného ako tloha optimalneho riadenia a vysledkov odvodenych v povod-
nej praci. Nasim hlavnym cielom je skimanie optimalneho rovnovazneho stavu tohto
systému. Pomocou teoérie optimélneho riadenia odvodime postacujice podmienky pre
existenciu takéhoto stavu. Vyzadujeme, aby hrani¢ny produkt F’(K) bol vyssi ako su-
¢et diskontnej miery p a miery amortizicie 3, zaroven musi byt spoloc¢enska hodnota
kapitalu 1, dostatocne vysoki. Podobné podmienky odvodime aj pre pripad rovnovaz-
neho stavu, kde uvazujeme nulové vydavky na Cistenie.

Nésledne vysetrujeme kvalitativne vlastnosti staciondrneho bodu pouzitim postupu
z ¢lanku Tahvonena a Kuuluvainena [40]. Ukazeme, Ze tento bod ma lokalne spréavanie
typu sedlového bodu, ak je splnenych niekol’ko podmienok. Spolo¢enska hodnota kapi-
talu musi prevysit spolo¢enskt hodnotu pre kvalitu zivotného prostredia, pricom téato
je proporcionalna miere emisii generovnych produkciou (podmienka (3.3.21)). Taktiez
uvadzame, ze zmena hranic¢nej uzito¢nosti zo znecistenia spdsobena rastom mnozstva
znetistenia musi byt zaporna (podmienka (3.3.22)).

Taziskova analyza tejto prace sa zaobera lokalnou stabilitou rovnovazneho stavu.
Na odvodenie postacujicich podmienok pouZzijeme teoretické vysledky z ¢lanku Sor-
gera [37|, pricom dostavame nerovnosti (3.3.28) a (3.3.29) spolu s potrebou platnosti
postacujucich podmienok na sedlovost. Dané nerovnosti mézu byt splnené napr. ak
diskontny faktor p je dostato¢ne maly. V porovnani s vysledkami v pévodenj praci
sme neziskali kvalitativne vyrazne odlisné podmienky, ale n4s postup bol pomerne jed-
noduchsi. Je dolezité poznamenat, Ze povodnéd Sorgerova tedria sa zaobera globalnou

stabilitou, avSak naSe ohranicenia zuzili platnost tejto vlastnosti na lokalnu.
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Naga praca je zakoncena kapitolou venovanou modelu s rozliSenymi metdédami ¢is-
tenia. Model z predchadzajucej kapitoly obsahoval iba sposoby odburavajice uz uvol-
nené znecistenie. Rozsirime tento koncept tak, Ze mozeme endogénne vstupovat do
emisného koeficientu prislichajiuceho produkénému procesu. Znecistujica naro¢nost
produkcie méze byt znizované cez kapitalové investicie. Toto opéat sformulujeme ako
tlohu optimélneho riadenia, ziskame optimalne rieSenie pouzitim Standarnych analy-
tickych néastrojov a prezentujeme ho spolu s jeho interpretaciou.

Nésledne analyzujeme rovnovazny stav podobnym spésobom ako v predchadzajuce;j
kapitole, pricom dostavame postacujice podmienky pre jeho existenciu, sedlovost a
stabilitu. Vysledky st podobné tym z predchédzajuceho modelu, opat pozadujeme
restrikcie tykajuce sa spolocenskej hodnoty kapitalu a kvality Zivotného prostredia ako
aj vyvoja hrani¢nej neuzito¢nosti znecistenia.

Ako napokon uviddzame v zavere, tato praca pontka viaceré moznosti na rozsire-
nie, ¢i uz pouzitim iného typu produkénej funcie alebo modelovanim vycerpatelnych
nerastnych zdrojov. Kazodpadne je to oblast, ktorej skimanie sa ukazuje ako velmi

podnetné a zaujimavé.

64



Literattra

1]

2l

13l

4]

[5]

6]

17l

8]

9]

ACEMOGLU, D.: Directed Technical Change. The Review of Economic Studies
69(4), 781-809. 2002.

ACEMOGLU, D.: Introduction to Modern Economic Growth. Princeton: Princeton
University Press. 2009. ISBN 9780691132921.

ACEMOGLU, D., et al.: The Environment and Directed Technical Change. Nati-
onal Bureau of Economic Research. Working Paper No. 15451. 2009.

ANDERSON, K.P.: Optimal Growth when the Stock of Resources is Finite and
Depletable. Journal of Economic Theory 4(2), 256-267. 1972.

BARRO, R.J.: Government Spending in a Simple Model of Endogenous Growth.
The Journal of Political Economy 98(5), 103-125. 1990.

BECKERMAN, W.: A Pro-growth Perspective. Handbook of Environmental and
Resource Economics, 622-634. 1999.

BOHRINGER, CH.: The Kyoto Protocol: A Review and Perspectives. Centre for

European Economic Research. Discussion Paper No. 03-61. 2003.

BOVENBERG, A.L., SMULDERS, S.: Environmental Quality and Pollution-
Augmenting Technological Change in a Two-Sector Endogenous Growth Model.
Journal of Public Economics 57, 369-391. 1995.

BROCK, W.A., SCHEINKMAN, J.A.: The Global Asymptotic Stability of
Optimal Control with Applications to Dynamic Economic Theory. Discussion
Paper No. 151. 1975.

Available at http: //www.kellogg.northwestern.edu/research /math /papers/151.pdf
(Date when accessed: 22.3.2011)

65



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

CASS, D.: Optimal Growth in an Aggregative Model of Capital Accumulation.
Review of Economic Studies 32(3), 233-240. 1965.

COUNCIL ON ENVIRONMENTAL QUALITY: A Citizen’s Guide to the NEPA.
Having Your Voice Heard. 2007.

Available at http://ceq.hss.doe.gov /nepa/Citizens Guide Dec07.pdf (Date when
accessed: 14.3.2011)

CUNHA-E-SA, M.A., LEITAO, A., REIS, A.B.: Growth, Innovation and Envi-
ronmental Policy: Clean vs. Dirty Technical Change. 2008.

DALY, H.E.: From Concept and Theory to Operational Principles. Population and
Development Review 16, 25-43. 1990.

DALY, H.E.: Growth and Development: Critique of a Credo. Population and De-
velopment Review 34(3), 511-518. 2008.

DASGUPTA, P., STIGLITZ, J.E.: Resource Depletion under Technological Un-
certainty. Econometrica 49(1), 85-104. 1981.

EUROPEAN COMMISSION: FEurostat Statistics Database.
Available at http://epp.eurostat.ec.europa.eu/portal /page/portal /statistics/
search database (Date when accessed: 2.4.2011)

FORSTER, B.A.: On a One State Variable Optimal Control Problem.
Consumption-pollution Trade-offs. Application of Control Theory to Economic

Analysis, 35-56. 1977.

FRONDEL, M., HORBACH, J., RENNINGS, K.: End-of-Pipe or Cleaner Produc-
tion? An Empirical Comparison of Environmental Innovation Decisions Across
OECD Countries. Centre for European Economic Research. Discussion Paper No.
04-82. 2007.

Available at ftp://ftp.zew.de/pub/zew-docs/dp/dp0482.pdf (Date when accessed:
14.3.2011)

GOELLER, H.E., WEINBERG, A.M.: The Age of Substitutability. The American
Economic Review 68 (6), 1-11. 1978.

66



[20]

21

22]

23]

[24]

[25]

[26]

27]

28]

[29]

HEY, CH.: EU Environmental Policies: A short history of the policy strategies.
EU Environmental Policy Handbook: A Critical Analysis of EU Environmental
Legislation, 17-30. 2006.

Available at http://www.eeb.org/publication/chapter-3.pdf (Date when accessed:
14.3.2011)

HUANG, CH.-H., CAI, D.: Constant-Returns Endogenous Growth with Pollution

Control. Environmental and Resource Economics 4, 383-400. 1994.

LUPTACIK, M., SCHUBERT. U.: Optimal Economic Growth and the Environ-

ment. Economic Theory of Natural Resources. Wurzburg-Wien. 1982.

NORDHAUS, W.D.: Lethal Model 2: The Limits to Growth Reuisited. Brooking
Papers on Economic Activity 2, Cowles Foundation Paper 831. 1992. Avai-
lable at http://cowles.econ.yale.edu/P /cp/p08a/p0831.pdf (Date when accessed:
14.3.2011)

OECD: OECD Statistics.
Available at http://stats.oecd.org/ (Date when accessed: 14.3.2011)

PEARCE, D.: An Intellectual History of Environmental Economics. Annual Re-
view Energy Environment 27, 57-81. 2002.

PLOURDE, C.G.: A Model of Waste Accumulation and Disposal. Canadian Jour-
nal of Economics 5(1), 119-125. 1972.

PORTER, M.E., VAN DER LINDE, C.: Toward a New Conception of the
Environment-Competitiveness Relationship. The Journal of Economic Perspectives

9(4), 97-118. 1995.

RAUSCHER, M.: Green R € D wversus End-of-Pipe Emission Abatement: A Mo-
del of Directed Technical Change. Thiinen-Series of Applied Economic Theory.
Working Paper No. 106. 2009.

RICCI, F.: Environmental Policy and Growth when Inputs are Differentiated in
Pollution Intensity. Fondazione Eni Enrico Mattei.Working Paper No. 16,/2002.
2002.

67



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

ROMER, P.M.: Increasing Returns and Long-Run Growth. The Journal of Political
Economy 94(5), 1002-1037. 1986.

ROMER, D.: Advanced Macroeconomics. New York: McGraw-Hill. 1996. ISBN
0-07-053667-8.

SEIERSTAD, A., SYDSAETER, K.: Optimal Control Theory with Economic App-
lications. Amsterdam: Elsevier. 1987. ISBN 978-0-444-87923-3.

SETHI, S.P., THOMPSON, G.L.: Optimal Control Theory: Applications to Ma-
nagement Science and Economics. New York: Springer. 2nd ed. 2000. ISBN 0-387-
28092-8.

SMITH, V.L.: Dynamics of Waste Accumulation: Disposal versus Recycling. Qu-
arterly Journal of Economics 86, 600-616. 1972.

SMULDERS, S.: Endogenous Growth Theory and the Environment. Handbook of

Environmental and Resource Economics, 610-621. 1999.

SOLOW, R.M.: A Contribution to the Theory of Economic Growth. The Quarterly
Journal of Economics 70(1), 65-94. 1956.

SORGER, G.: On the Optimality and Stability of Competitive Paths in Continuous
Time Growth Models. Journal of Economic Theory 48, 526-547. 1989.

SWAN, T.W. Economic Growth and Capital Accumulation. Economic Record
32(3), 334-361. 1956.

TAHVONEN, O.: On the Dynamics of Renewable Resource Harvesting and Pol-

lution Control. Environmental and Resource Economics 1, 97-117. 1991.

TAHVONEN, O., KUULUVAINEN, J.: Economic Growth, Pollution, and Re-
newable Resources. Journal of Environmental Economics and Management 24,

101-118. 1993.

THE UNITED NATIONS: Report of the United Nations Conference on the Hu-
man Environment. The United Nations Conference on the Human Environment.

Stockholm. 1972.

68



Available at http://www.unep.org/Documents.Multilingual / Default.asp?documentid=97
(Date when accessed: 14.3.2011)

[42] THE UNITED NATIONS: UN Conference on Environment and Development
(1992). 1997.

Available at http://www.un.org/geninfo/bp/enviro.html (Date when accessed:
14.3.2011)

[43] VAN DEN BERGH, J.C.J.M., DE MOO1J, R.A.: An Assessment of the Growth
Debate. Handbook of Environmental and Resource Economics, 643-655. 1999.

69



Dodatok A

Additional Data

Our first part of appendix will contain additional data concerned with comparison
of economic growth and production of pollution. We have already seen these indicators
in section 1.2 for the United States. At this place, more countries at different levels of
economic development will be presented.

In our first table A.1, we will show the average rates of annual GDP growth for
different time periods. Similarly to the chapter 1, the data are taken from the OECD

Database [24] and are expressed as percentage rates.

Tabulka A.1: Average Growth of GDP

Time period 1975-80 1980-85 1985-90 1990-95 1995-2000 2000-05

China NA 10.78 7.94 12.28 8.62 9.58
France 3.44 1.54 3.28 1.16 2.80 1.68
Germany 3.36 1.36 3.32 2.22 2.00 0.75
India NA 5.24 5.96 5.00 6.16 6.50

Italy 4.46 1.68 3.16 1.28 1.92 0.90
Japan 4.40 3.10 4.82 1.54 1.02 1.30
United Kingdom 1.76 2.14 3.34 1.66 3.44 2.52
OECD Countries  3.64 3.25 3.54 2.16 3.42 2.18

As we can see, different growth patterns can be observed over the past decades in
these sample countries. Particularly high growth of GDP can by noted for China and

India, which can be nowadays considered as top world producers, although regarded
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as less developed countries before. On the other hand, highly developed European
countries haven’t shown such overwhelming growth. Nevertheless, their production has
increased. A specific case is Japan, which has experienced a stagnation starting in the
1990s after previous long years of expanssion. Finally, the production in developed
countries associated in OECD has grown at solid rate between 2% and 4% on average.
Overally, these values represent a progress of economic production in all of the included
countries, which, however, can be associated with strong environmental degradation.
To pursue an issue of environmental damage caused by production in our sample
countries, we will present one of its indicators in our next table A.2. The observed
variable is an average annual change in production of CO2 emissions again evaluated

as percentage rate.

Tabulka A.2: Average Growth of CO2 Emissions

Time period 1975-80 1980-85 1985-90 1990-95 1995-2000 2000-05

China 6.13 3.98 5.37 6.21 0.40 10.90
France 1.47 -4.78 -0.41 0.22 1.32 0.59
Germany 1.66 -0.76 -1.31 -1.76 -0.95 -0.37
India 4.13 7.43 7.05 5.87 4.53 3.43

Italy 2.46 -0.72 2.80 0.63 0.68 1.38
Japan 0.63 -0.05 4.05 1.49 0.62 0.63
United Kingdom  -0.16 -0.88 0.30 -1.25 0.30 0.32
OECD Countries 1.80 -0.48 1.29 0.89 1.54 0.68

Comparing pollution development with the growth rates of economic production
brings forth several interesting correlations. The generation of emissions in countries
developing at the high rates (China and India) has grown rather significantly. As the
main goal of these countries is high economic growth, they haven’t given environmental
issues much credit. On the other hand, countries with already high levels of production
display little increase or even decrease in production of polluting residuals, as the more
resources are devoted to the abatement activities and research in cleaner production.
Note that decrease of pollution is most likely to happen in countries, where the nature

suffered much from economic development beforehand (Germany or United Kingdom).
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Dodatok B

Remarks on the Steady State

B.1 Sufficient Conditions for Saddle-Point Properties

In our analysis of trade-off between economic growth and environmental quality
using the optimal control theory, we pay significant attention to the existence of sta-
tionary point and its qualitative properties. Over the analysis realized in our work,
particularly in chapters 3 and 4, we have used the approaches realized in work by
Tahvonen and Kuuluvainen [40]. In what follows, the findings included in Appendix 1
(p.114) are applied.

Let’s consider the modified Hamiltonian system for the general optimal control

problem with the two state variables  and y, and two corresponding costate variables

¢ and :

i = He(z,y,d,9),
g = Helz,y,0.9),
O = po — Halz,y.6,0),
o= p = Hy(x,y, 0,0),

where p stands for discount rate and H denotes maximized Hamiltonian. The conditions

for the stationary point are & = § = ¢ = ¢» = 0. Furthermore, we consider the Jacobian
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of this system:

0i/0x di/dy 0i/dp O
. ag/ax ay:/ay (9y:/8¢ ay:/aw B
0¢/0x  0¢/dy 0¢/0p 0p/OY

0%/0x MW [dy b[9[

which is evaluated at the steady state. To analyze local properties of this point, we
have to analyze properties of the eigenvalues of this matrix, or in other words the roots
of the characteristic polynomial. Tahvonen and Kuuluvainen further denoted A as the

determinant of J matrix and defined €2 as follows:

di/0x 01/0 . dy/0y 9y s 0i /0y Oi o
0b/0x 09/00|  |00/dy /o 060y 0é/ow|

Q= (B.1.2)

After these introductory statements, the authors finally presented a theoretical conc-
lusion from the article by Tahvonen [39]. The proposition holds that if the conditions
A > 0 and © < 0 are satisfied, the steady state has saddle point properties. This
finding is also important for our work. As we inquire about qualitative properties of
the stationary point of our system, it can significantly contribute to our analysis of
economy’s behavior with regard to the trade-off between economic growth and envi-

ronmental quality.

B.2 Global Stability of the System

Some of the inspirational results concerning optimal solutions and stability of steady
states in growth models were proposed by Sorger in his article [37]. In our thesis, we
apply these finding in analysis of stationary state stability in terms of optimal solutions’
convergence. It’s therefore suitable to overview used theoretical results.

Author considered following optimal control problem, where x € R”™ represents
state and v € R™ control variables. Function f : R" x R™ x [0,00) — R"™ describes

the dynamics of the system and U : R™ x R™ x [0,00) — R denotes standard utility
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function. Coefficient p is a discount factor.

max /000 e P U(x(t),v(t),t) dt

&= f(a(t),v(t),t) for almost all ¢ € [0,00), Planning Problem 3

x(0) = xo,

v(t) € V(t) for almost all ¢t € [0, c0).

Ve

Author further defines Hamiltonian od this problem, using (.,.) to denote usual

scalar product of R" vectors:

H(x,p,t) = Zlél()t) {U(x, v, t) + (p, f(x, v,t))}. (B.2.1)

As we are looking for the optimal solution, the necessary conditions can be formulated

through the Hamiltonian dynamic system:

p(t) = pp(t) — He(x(t), p(t))

#(t) = Hy(x(t), p(t)).

(B.2.2)

It s defined that the steady state of this dynamic system is globally asymptotically

stable if the condition

lim (z(2), p(t)) = (7,p) (B.2.3)

t—00
holds for all bounded solutions (z(t),p(t)) of B.2.2.

Author further pursues a theory of canonical transformations of this system and its
implications regarding stationary state and its stability properties. This topic won'’t be
addressed in depth in our thesis.

As the result valuable in our analysis, we will mention one important finding. For-
mulated as a Corollary 2 ([37], p.540), this proposition states that the steady state
is globally asymptotically stable for bounded sollutions of dynamic system (B.2.2), if

there exists a scalar v € R such that the curvature matrix

Hyo + 7y [Hap + Hpa] =51+ vHpp
—81 +vHy, —Hy,

C = (B.2.4)

is negative definite for all (z,p) € R™ x R™. This hold under assumption that a stati-

onary state exists.
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