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Qualitative Properties of Positive Solutions of Parabolic
Equations: Symmetry, A priori Estimates,

and Blow-up Rates
by Juraj Foldes

ABSTRACT

In this work, we study qualitative properties of non-negative solutions of quasi-
linear parabolic equations on bounded and unbounded domains. In the first part,
using the method of moving hyperplanes, we establish new nonlinear Liouville
theorems for parabolic problems on half spaces. Based on the Liouville theorems
and scaling techniques, we derive estimates for the blow-up rates of positive so-
lutions of indefinite parabolic problems in bounded and unbounded domains. As
a consequence, we obtain new results on the complete blow-up of these solutions
and results for the a priori estimates for positive solutions of indefinite elliptic
problems.

In the next part, we employ the method of moving hyperplanes, maximum
principle, and Harnack inequality to study symmetry properties of positive so-
lution of asymptotically symmetric quasilinear parabolic problems in the whole
space. As the result, we prove that if the problem converges exponentially to
a symmetric one, then the solution converges to the space of symmetric func-
tions. We also show that this result does not hold true, if the convergence is not

exponential.



Kvalitativne vlastnosti kladnych rieSeni parabolickych

rovnic: symetria, apriorne odhady a blow-up
Juraj Foldes

ABSTRAKT

V predkladanej praci studujeme kvalitativne vlastnosti nezdpornych rieseni
kvazilinedarnych parabolickych rovnic na ohrani¢enych ako aj neohranic¢enych o-
blastiach. V prvej casti dokdzeme nové Liouvillove vety pre nelinearne para-
bolické rovnice na polpriestoroch s pouzitim metédy pohyblivych nadrovin. Na
zéklade tychto viet a s vyuzitim Skélovania odvodime odhady pre kladné rieSenia
divergujice v konecnom case, ktoré riesia indefinitné parabolické problémy na
ohrani¢enych alebo neohranicenych oblastiach. Ako dosledok dostaneme nové
vysledky pre kompletny “blow-up” tychto rieSeni, ako aj apriérne odhady pre
kladné riesenia indefinitnych eliptickych problémov.

V nasledujicej casti pouzijeme metédu pohyblivych nadrovin, princip maxi-
ma a Harnackovu nerovnost na Studium symetrii kladnych rieseni asymptoticky
symetrickych, kvézilinearnych parabolickych problémov definovanych na celom
priestore. Ako hlavny vysledok dokazeme, ze rieSenie konverguje k priestoru syme-
tricky funkcii, pokial’ samotny problém konverguje exponencialne k symetrickému
problému. Taktiez ukadzeme, ze toto tvrdenie vo vSeobecnosti neplati, pokial

nevyzadujeme exponencidlnu konvergenciu.
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Preface

The basic idea of the qualitative theory of differential equations is to investigate
properties of solutions of the problem directly from equations, that is, without
knowing explicit form of the solutions. Nowadays, one can solve many problems
numerically, however many interesting and important problems stays beyond the
reach of current computational capacities. Qualitative theory provides theoretical
framework for various numerical algorithms, it can also simplify the problem, for
example by the use of symmetries, or it can support the validity of the answer.
Also, it is often more revealing to know properties of the solution than the ex-
plicit formula. For example, it is rather difficult to see periodicity of trigonomet-
ric functions merely by observing their expansions into infinite series. Moreover,
knowing certain properties, such as boundedness or decay at infinity, allows one
to use theorems and techniques that might not be available for general functions.
This work attempts to refine the results on asymptotic properties of solution
to parabolic partial differential equations. More specifically, in the first part we
establish blow-up rates for solutions that cease to exist in a finite time. Such
problems were studied extensively in the recent years under various assumptions
on equations and domains. To the author’s best knowledge, this work contains so
far unknown results for solutions of nonlinear indefinite problems for which the
nonlinearity can change the sign on the boundary of the domain. The proof uses
new Liouville type theorems for nonlinear problems on half spaces that can be
of independent interest in other parts of mathematics. Since solutions of elliptic

problems can be viewed as equilibria of the parabolic ones, our results apply to

11



them and we obtain a priori estimates for solutions of indefinite elliptic problems.

In the second part, we investigate the question, whether the symmetry of the
problem implies the symmetry of solutions. An affirmative answer for this ques-
tion was established for many elliptic and parabolic problems on bounded and
unbounded domains. The standing assumption was that the equation as well
as the domain was symmetric. Here, we consider evolutionary equations on the
whole space that are asymptotically symmetric rather than symmetric, that is,
the equation converges to a symmetric one. We prove that if the convergence is
exponential, then the solution approaches the space of radially symmetric func-
tions with the common origin. However, if the convergence is not exponential,
then the limiting profiles do not necessarily share the same origin.

The rest of the work is organized as follows. Chapter 1 discusses estimates
for the blow-up rates. In Section 1.1, we formulate the problem, describe known
results, and state our theorems and their possible extensions. Section 1.2 contains
parabolic Liouville theorems and in Section 1.4, we formulate doubling lemma and
we prove our main results.

Chapter 2 has similar structure. First, in Section 2.1 we formulate the sym-
metry problem, and we briefly discuss its history. In Section 2.2, we state our
main symmetry results. Section 2.3 contains general linear estimates of parabolic
problems and in Section 2.4 we prove the symmetry results.

Most results in this work are included in [22] for a priori estimates and in [24]

for asymptotically symmetric problems.
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Chapter 1

Liouville theorems and a priori

estimates

1.1 Introduction

In this chapter we consider the problem

uy = Au A+ a(z)|ulPu, (x,t) € A x (0,7,

(1.1)
u =0, (x,t) € 0Q x (0,7T),

which, if needed, is completed with an initial condition
u(+,0) = up(+) € L=(Q). (1.2)

We assume that  is a smooth domain in RY and p > 1. Furthermore, we suppose
that a :  — R belongs to C*(Q) and

if  lim a(xg) =0, then limsup|Va(xg)| >0. (1.3)

k—oo k—o0

Here, C*(D) denotes the space of k-times differentiable, bounded functions on

D Cc RV, with bounded, continuous derivatives up to £** order.



If Q2 is bounded and if we denote

[:={reQ:a(r) =0}, (1.4)
Ot ={z € Q:ax) >0}, (1.5)
Q" ={reQ:a(x) <0}, (1.6)
then (1.3) is equivalent to
|Va(z)| # 0 (xeT), (1.7)

that is, a has nondegenerate zeros in €. Since ug and a are bounded, standard
results [44] yield the unique, strong solution of the problem (1.1), (1.2), with
the maximal existence time Ty, € (0,00]. Moreover, by regularity results, if
Thax < 00, then |Ju(-,t)|[ze@ — 00 as t — Thax. We do not indicate the
dependence of T}, on ug if no confusion seems possible. Here and in the rest of
the work we assume T € (0, Trax)-

As a main result of this chapter, we derive an upper bound for the blow-up rate
of nonnegative solutions of (1.1). The blow-up rates and related a priori estimates
were studied under various assumptions on a, 2 and w in [1, 21, 26, 34, 30, 31,
32, 45, 55, 57, 58, 67, 65, 66], see also references therein. We just briefly describe
the results directly connected to our results. First, Friedman and McLeod [26]

studied blowing up solutions (Tj,.x < o0) of the problem

uy = Au+ |ulP ", (x,t) €e 2 x (0,7), (18)

u=0, (z,t) € 9Q x (0,T), '
with T' = Thax, and the initial condition (1.2). They proved

u(z,t)| < C(1+ (Toax — ) 77) (2 €Q), (1.9)

where ) is a bounded convex domain, p > 1, and u is positive, increasing (in time)
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solution of (1.8). These results were generalized by Giga and Kohn [30] and later
by Giga et al. [31, 32]. With the help of localized energy estimates and iterative
arguments, they proved that (1.9) holds true if 2 is a bounded convex domain or

Q = RY u is, not necessarily positive, solution of (1.8), (1.2), and 1 < p < pg,

where
00 N <2,
ps =ps(N) = Nas
N5 N=3.

In [20] Fila and Souplet employed scaling and Fujita type results to remove the
assumption on convexity of 2 and they established (1.9) for all positive solutions

of (1.8), (1.2), and 1 <p < 14 725,

Finally, Polacik et al. [55] investigated positive solutions of (1.8) with suffi-
ciently smooth domain Q C RY and 1 < p < pg, where

) N<I1,
pp =pp(N) = (1.10)

N(N+2)
V12 N >2.

Using scaling, doubling lemma and Liouville theorems they obtained

1

wa,t) SCA+t 0 +(T—1)" 1) ((2,t)eQx(0,T),  (L11)

where C' is a universal constant depending only on p, N and 2. We remark that
the estimates for the initial blow-up rate were previously established by Bidaut-
Véron [13] (see also [5]) for 1 < p < pp and Q = RY. Some estimates on the
initial blow-up rates for bounded 2 were proved by Quittner et al. [59].

The first a priori estimates for positive solutions of (1.1), (1.2) with sign-

changing a were derived in the form (see [57] and references therein)

[u(s )20y < C(lluoll L=, d, N, p, 2, a)
(t €10, Timax — 0],0 > 0, Tipax < 00) . (1.12)



5
Later, Xing [67] obtained an upper estimate for the blow-up rate, of positive
solutions of (1.1), (1.2)

w(@,t) < C(L+ (Toax — ) 7 T)  ((2,2) € Q % (0, Tonax), Tinax < 00)

when €2 is bounded, 1 < p < pg and I' C €2, that is, when a does not vanish on
09Q. Here C' depends on |lug||L=(), N, p, 2, a.

The next theorem refines the results in [67] in various directions. It includes
unbounded domains and it allows for a very general behavior of a on 9. In
addition it also yields an estimate for the initial blow-up rate. Denote vq(z) the

unit outward normal vector to 0f2 at x.

Theorem 1.1.1. Let Q be a uniformly reqular domain of class C? in RN (cf. [4])
and let 1 < p < pp. Suppose that a € C*(Q) satisfies (1.3) and
Va(xo)

Then every nonnegative solution u of (1.1) satisfies
Wz, t) <O+t 50 + (T —t) %) ((z,t) €Qx(0,T), (L14)

where C' depends on N,p,Q and a.

Remark 1.1.2. (a) The nonlinearity |u[P~'u in (1.1) can be replaced by f(u)

with

1imM:€>0.

v—oo P

Then (1.14) holds with C' depending on N, f, Q and a. Also, we can add lower
order terms to the right hand side, that is, we can add a function g : Q x (0,7") x
R — R such that

t
lim sup g(@,tu) =0.

u=00 (z heqx(0,1) U’

Then (1.14) holds with C' depending on N, p,Q,a and g.
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(b) For the blowing-up solutions (Ti,ax < 00) of (1.8) one has (cf. [58, Proposition
23.1]) sup,epny u(z,t) > C(Thax — t)fp%l. This shows the optimality of the final
blow up estimate in (1.11) for a = 1. However, it is not known whether or not the
weaker estimate (1.14) is optimal for sign changing a. Below, we show that under
additional assumptions the stronger estimate (1.11) holds true even if a changes
sign.
(c) If a also depends on t and p > %, the initial blow-up estimate in (1.14)
does not hold even if 0 < a < 1 (see e.g. [63, 64]). If © is bounded, then (1.13)
;ZEEE;' # va(xg) for any zo € T'NON. It is not known if this
assumption is technical or not.

(d) Universal estimates of the form (1.11) or (1.14) are not true for p > pg, N > 3,

is equivalent to

Q = RY, due to the existence of arbitrarily large stationary radial solutions of
(1.1). We require p < pp < ps mainly because the Liouville theorem for the

problem
up = Au+u?, (z,t) e RY x R, (1.15)

with pp < p < pg is not known. If one proves such a Liouville theorem for some
p € [pB,ps), then the conclusion of Theorem 1.1.1 would hold for the same p as
well.

(e) If we restrict ourselves to the class of radial solutions (of course now € and
a are radially symmetric), then similarly as in [55], one can prove Theorem 1.1.1
for each 1 < p < pg. This is possible, since the Liouville theorem is known for
nonnegative radial solution of (1.15) for any 1 < p < ps (see [53]).

(f) If a nonnegative solution u of (1.1) is global (Tjax = 00), then after letting

T — oo in (1.14), we obtain
wz,t) <O+t 0)  ((z,t) € Q x (0,00)). (1.16)

In particular u is bounded on € x (1,00). For previous results, see [13, 55].



Remark 1.1.3. Observe that (1.14) is equivalent to
M(z,t) < C(1+d (1)) ((x,t) €e Q2 x(0,7)), (1.17)

where
(p—1)

M:=wuw 3 and d(t):=min{t,T — t}% .

Also, for each x € Q, one has d(t) = dp[(z,t), O], where © := Q x {0,7'} and dp

denotes the parabolic distance:
dpl(z,0), (y, )] =[x =yl + ]t —s[2  ((@.0),(y.9) € 2% (0,7)).  (L18)
In this notation we obtain yet another form of (1.14)
u(w,t) < C(L+dp" " V(@,t),0])  ((.t) € 2% (0,T)).
If u is a stationary solution of (1.1), that is, if u solves

0 = Au+ a(x)|ulf~'u, xr €,
u =0, x € 00,

(1.19)

we obtain the following corollary.

Corollary 1.1.4. Let Q C RY be a uniformly reqular domain of class C? (cf. [4]),
1 < p<ps, and a € C*(Q) that satisfies (1.3) and (1.13). If u is a nonnegative
solution of (1.19), then u < C(p, N, a).

This corollary extends the results of Du and Li [17] (see also references therein),
as it allows a to vanish on 9. If 1 < p < pp(NV), then since Ty« = 0o, Corollary
1.1.4 follows from (1.16). If we merely assume 1 < p < pg(NV), then one has to
reprove Theorem 1.1.1 for solutions of (1.19). The only difference is the application
of elliptic Liouville theorems [29], instead of parabolic ones, whenever p < pg is

required.



8

The next propositions shows that final blow-up rates in Theorem 1.1.1 (and
main results in [67]) can be improved if @ > 0 and € is a convex bounded set.
Notice that a is allowed to vanish on 0f2. In this case, the universal bounds (1.12)

were already obtained in [57].

Proposition 1.1.5. Let Q@ C RY be a bounded, smooth, convex set and let 1 <
p < pg. Assume a € C*(Q) satisfies (1.7) and a(x) > 0 for x € Q. Then a

nonnegative solution u of (1.1), (1.2) satisfies
wz, ) <CA+(T—1t)71)  ((z,t) € Qx(0,T)), (1.20)

where C' depends on N, p, Q, a, T and ||ug|| ().

If a is changes sign in €2, we formulate a sufficient conditions for (1.20) only in
the one-dimensional case. However, one can generalize the following propositions
to higher dimensional case if {2 is convex and certain monotonicity of a and wyg

near 0f) is assumed.

Proposition 1.1.6. Let N =1 and Q = (0,1). Suppose that a € C?*([0,1]) and
has exactly one nondegenerate zero u € [0,1], that is, a(p) = 0 and a'(pn) # 0. If

signfa(2)](uo(2p — ) —uo(x)) <0 (v € (max{0,2p — 1}, 1)) ,
then a nonnegative classical solution u of (1.1), (1.2) satisfies (1.20) with C' de-
pending on N, p, Q, a, T and ||uo| > (q)-

Proposition 1.1.7. Let N = 1 and Q = (0,1). Suppose that a € C?*([0,1])

and has ezactly two nondegenerate zero py < pg in [0,1], that is, a(u;) = 0 and

a'(pi) # 0 fori=1,2. If max{y,1 — po} < p2 — p1 and

CL(ZL‘) < 0, U0<2M1 - {L‘) > UO(J:) (:E € (Ovlul)) )
uo(2p2 — ) > up(7) (z € (2, 1)),
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then a nonnegative classical solution u of (1.1), (1.2) satisfies (1.20) with C' de-
pending on N, p, Q, a, T and ||ug|| L (0)-

Let us briefly explain the connection between the blow-up rate and Liouville

theorems. We need the following notation:
RY := {z = (z1,2/) e RN 13, > ¢} (ceR).

Assume that (1.14) fails, that is, we assume that there exists (xy,tx) € Q x (0,7)
such that

__3 .
w(@g, ty) > 2kC(1+1, 70 +(T—t,) 1)  (keN).

After an application of doubling lemma (see Lemma 1.4.1 below) and appropriate

scaling, we obtain a bounded nonnegative function v with v(0,0) = 1 that solves

vy = Av + 0P, (z,t) e RN x R, (1.21)
or
v = Av + 0P, (z,t) € RY x R,
(1.22)
v =0, (z,t) € ORY x R,
for some ¢* € R, provided a > 0 in Q. If a satisfies (1.7) and I' C €, then v can
also solve
v = Av + 210, (z,t) e RY xR, (1.23)
or
vy = Av — 0P, (z,t) € RN x R. (1.24)

Finally, if we do not assume I' C €2, then v could be a solution of

v = Av+ (z-b)vP, (z,t) € RY x R,

(1.25)
v =0, (z,t) € ORY xR,
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where b is a unit vector and ¢* € R, or

vy = Av — P, (z,t) € RY x R,

(1.26)
v =0, (z,t) € ORY x R.

However, if v satisfies (1.21) and 1 < p < pg(N), we obtain a contradiction to the
Liouville theorem proved by Bidaut-Véron [13], which extends classical elliptic
results of Gidas and Spruck [29].

If v satisfies (1.22) and 1 < p < pp(/N — 1), we obtain a contradiction to the
Liouville theorem proved by Polécik et al. [55]. Observe that pg(N —1) > pg(N).
A contradiction for (1.23) follows from [52] for any p > 1. Liouville theorems for
(1.24) and (1.26) were proved in [67], but here we provide a simpler proof (see
Lemma 1.2.1 and Lemma 1.2.2 below). Nonexistence result for (1.25), based on
[52], is new and its proof is given in Section 1.2.

One can also employ Liouville theorems and universal estimates in the investi-
gation of the complete blow-up and the continuity of blow-up time. Let us recall
these notions and explain the results.

Let u be a nonnegative solution of (1.1), (1.2) with Tj.x < 0o. Let ug, (k € N)

be the solution of the approximation problem

(uk)t - Auk = fk(m7uk:)7 (‘T’t) € QX (07 OO) )
up =0, (x,t) € 0Q x (0,00),

up(@,0) = up(z) 20, €,

where
a(x) min{v?, k} if a(x) > 0,v € R,
fr(z,v) =
a(x)vP if a(z) < 0,v € R.
Since f;. is bounded from above, nonnegative solution u;, exists globally (for all

positive times). Since f; < fri1, the maximum principle implies wyyq(z,t) >
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ug(x,t) for any (z,t) € Q x (0,00). Thus

u(z,t) ;== lm ug(x,t) € [0, 00] ((z,t) € 2 x [0,00))

k—o0

is well defined. Moreover, @(x,t) = u(x,t) for any (z,t) € Q x [0, Thax). We say
that u blows-up completely in D C Q at T, if u(z,t) = oo for any x € D and
t>T.

Theorem 1.1.8. Let Q be a bounded smooth domain in RY and 1 < p < pg.
Suppose that a € C?(Y) satisfies (1.7) and (1.13). If Tree < 00 for a nonnegative
solution u of (1.1), (1.2), then u blows-up completely in Qt at Ty In addition,

the function
T :{ug € L>®(Q) : ugp > 0} — (0, o0], T : ug — Traz(ug)

18 continuous.

If a = 1, Baras and Cohen [9] proved complete blow-up of nonnegative so-
lutions of (1.8), (1.2) in Q at T < oo for each 1 < p < pg (see also [58]).
However, for p > pg, N < 10, and §2 being a ball, there exist radial solutions of
(1.8) that do not blow-up completely in © at Tj,.c. For further discussion see [58]
and references therein.

If a changes sign, then one cannot expect the complete blow-up in the whole 2,
since @ stays bounded in 2~ for any ¢ > 0 (see [43]). Quittner and Simondon [57]
proved the complete blow-up of u in Q" at T < 0o for 1 <p <1+3/(N+1)
and I' C Q. Later Pola¢ik and Quittner [52] replaced the former assumption by
1 < p < pp and proved Theorem 1.1.8 under an additional assumption I C €.

The rest of the chapter is organized as follows. In Section 1.2 we state and
prove parabolic Liouville theorems. In Section 1.4 we formulate doubling lemma

and we prove our main results.
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1.2 Liouville theorems

Since some results in this section can be of independent interest, we formulate
them in more general setting, than required for the proofs of the a priori estimates.

Let us define

RY :={z = (z1,2) e RN : 2y > \} (A eR), (1.27)
Hy = 0RY = {z = (z1,2)) e RY 2y = \} (A eR). (1.28)

The following two lemmas were proved in [67] for increasing function f. Here, we
propose a simpler proofs that remove this unnecessary assumption. The elliptic

counterparts can be found in [19, 61, 62|, see also references therein.

Lemma 1.2.1. Let f be a continuous function with f(v) > 0 for any v > 0. If

u:RY x R — R is a nonnegative bounded solution of
up — Au = — f(u), (z,t) e RY x R,

then v = 0.

Proof. We proceed by a contradiction, that is, we assume u # 0. Fix (z*,t*) €
RY x R such that

u(z*, t*) > C* = sup  u(z,t) >0.

(z,t)ERN xR

DN | —

For each ¢ > 0 denote
ve(2,t) == u(w,t) —elr — 2 —e(\/(t —t*)2+1—1) ((z,t) € RN x R).

Since v.(x,t) — —oo whenever |t| — oo or |x| — oo, there exists (z.,t.) € RY xR
with

UE<$5, ta) = sSup Ug(l‘, t) :
(z,t)ERN xR
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Then for each € > 0

2C" > u(we, t.) > ve(we, te) > ve(x*, %) = u(z*,t*) > C* >0,

and

(Ua)t(xaa ta) =0 ) AUE(QZE, ta) <0.

Consequently,

0 S ('Us)t(xz-:a tz—:) - Avs(xats)

t. —t*
= w(we,t.) — Au(x.,t,) — ¢ : + 2eN
(e fe) = Au(as ) (t.— )2+ 1
() — et oen
gy e (ta_t*)2+1
<— inf f(v)4+e+2eN (e>0).

2C*>v>C*

Since the first term on the right hand side is negative and independent of ¢, we

obtain a contradiction for sufficiently small £ > 0. [

Lemma 1.2.2. Suppose f € C* satisfies f(0) = 0 and f(v) > 0 for any v > 0.

Let h be a continuous function with h(xy) <0 for each x; > 0, and

limsup h(z;) < 0.

T1—00

If u is a nonnegative bounded solution of the problem

u — Au = h(zq) f(u), (z,t) e RY xR,
u=0, (x,t) € Hy x R,

then v = 0.

Proof. The proof is similar to the proof of Lemma 1.2.1. We again proceed by a
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contradiction, that is, we assume u # 0. Fix (z*,¢*) € RY x R such that

u(x*,t*) > C* = sup  u(x,t) >0.

(z,)ERY xR

DN —

It is easy to see that there exists a function ¢ € C?*(RY x R) with

oz, 1) >0, |Vo(z, 1) <1, [p—Ag <1  ((z,t) e RN xR),
#(0,0) =0, o¢(x,t) — 00 if|z] 200 ort— +oo.

For each € € (0,1) denote
ve(z,t) == u(x,t) —ep(x — x™,t — t¥) ((x,t) € RY x R).

Since u is bounded, v.(z,t) — —oo whenever |t| — oo or |z| — oco. Moreover,
ve(z,t) <0 < v (a*, t*) for any (x,t) € Hyx R, and therefore there exists (x.,t.) €
R) x R such that

Ve(Te,te) = sup  wve(w,t).
(z,H)ERY xR

Consequently,
2C" > u(we, t.) > ve(we, te) > ve(x*, %) = u(z*,t*) > C* >0,

and
(v)i(2e,te) =0, (Av.)(xe,te) <0.

Observe that u satisfies

f ()

u=Au+c(z, t)u.
u

ur = Au+ h(zq)

Since f € C*, f(0) = 0, and u is bounded, ¢ is a bounded function in {(z,t) €
RY x R : x; < 2}. Hence, standard parabolic regularity (see for example [42,
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Theorem 1.15]) implies

Vu(z,t)] < C ((z,t) e RY xR, z; < 1),
and consequently
Voo, )| SC+1 ((2,8) €RY xR,z < 1),

where C' is independent of ¢ € (0,1). Furthermore, v.(z.,t.) > C* > 0 and
ve(z,t) <0 for all (z,t) € Hy x R yield dist(z., Hy) = (z:)1 > ¢y, where ¢ is a

constant independent of €. Finally,

0 < (Us)t(l'g,tg> - AU€<$5,t5)
= ut(aja, ta) — AU(ZBE, ta) — €[¢t(l'a> ta) - AQS(:B@ ta)]
< (o)) fulze, te)) + €

< inf .
< sup h(y) ,.inf  f(v)+e

Since the first term on the right hand side is negative and independent of ¢, we

obtain a contradiction for sufficiently small £ > 0. O]

Next, consider the problem

uy — Au = h(z - v)f(u), x,t) € A xR,
¢ (z-v)f(u) (z,1) (1.29)
u =0, (x,t) € 00 xR,
where
(vl) v = (v1,v9,+ - ,vx) € RV is a unit vector with v; > 0 and v; = 0 for i > 3.

About 2, we assume that

(d1) € is a subset of RY, convex and unbounded in zy, that is, z + £e; € Q for
any z € {2 and £ > 0.
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(d2) there is a constant d* such that xovy < d* for any = = (x1, 29, - ,zx) € QL.
Next, the function i : R — R satisfies the following hypothesis.

(h1) A is continuous, nondecreasing, and strictly increasing on (0, 00).

(h2) h(0) =0 and lim, .. h(y) = oco.

About f we assume

(f1) f € CY([0,00)), with f(0) = f’(0) = 0, and f(v) > 0, f'(v) > 0 for each
v > 0.

The following theorem is a generalization of elliptic [17] and parabolic [52]
results proved for v = e; and Q = RY. The general framework of the proof is

similar to one used in [17, 52].

Theorem 1.2.3. If (v1), (d1), (d2), (h1), (h2), and (f1) hold true, then the only

nonnegative, bounded solution u of (1.29) is u = 0.

As a corollary we obtain Liouville theorem for indefinite problems on half

spaces.

Corollary 1.2.4. Given unit vectors b,v € RY and a constant c*, let Q := {x €
RN : z-b > c*}. Consider functions h and f that satisfy (hi), (h2) and (f1)
respectively. Let u be a nonnegative, bounded solution of (1.29). If v # —b, then

u=0.

Remark 1.2.5. The statement of Corollary 1.2.4 still holds true if v = —b, ¢* > 0
and h in addition to (hl), (h2) satisfies h(y) < 0 for y < 0. This follows after
suitable rotation and translation, from Lemma 1.2.2. However, if v = —b and

¢* < 0, then there are nontrivial, nonnegative solutions of (1.29) (see Proposition
1.3.1 below).
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Proof of Corollary 1.2.4. We rotate the coordinates such that b = e, v; > 0, and
v; =0 for i > 3. Then Q = {x € RY : 25 > ¢*} and (d1) holds true. Notice that
(1.29), (h1), (h2), and (f1) are invariant under rotations.

If v, > 0 and vy <0, then (v1) and (d2) are satisfied with d* = ¢*vy, and the
corollary follows from Theorem 1.2.3.

If v > 0, consider another rotation that maps v to e; and fixes the space
spanned by {es,--- ,ex}. Then (vl) and (d2) are clearly satisfied with d* = 0.
Also, Q is transformed to ' := {x € RY : -0 > ¢*}, where b/ = (v, v1,0,---,0).
In particular ¥} > 0 and (d1) holds. Now, the corollary follows from Theorem
1.2.3.

If v71 =0 and vy, <0, then v = —ey = —b, a contradiction to our assumptions.
m
Before we proceed, define Lu := u; — Au and M := supgu. Furthermore,

given A € R set

Yai={r ez <A},
2= (2\ —x1, 19, -+, TN) (x = (z1,29, -+ ,xy5) € RY),
wy (1) = u(x*,t) — u(z,t) ((z,t) € B\ x R), (1.30)
A(t) :=sup{p : wy(z,t) >0 for all z € ¥y and A < u},
A = inf{\(¢) : t € R}.

Observe that (d1) implies 2* € Q for any 2 € X, and therefore w), is well defined.

Moreover, since u is nonnegative in €2 and vanishes on 0f2,
wy(z,t) = u(z*,t) —u(z,t) = u(z*,t) >0 ((z,t) € (02N y) x R).
Clearly wy(z,t) = 0 if (z,t) € (2N 0X,) x R, and therefore

wy(z,t) >0 ((x,t) € 0¥y x R). (1.31)
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We divide the proof of Theorem 1.2.3 into several lemmas, in which we implic-
itly suppose the assumptions of the theorem.

First, notice that v; > 0 implies
v —x-v=2\—1x)v; >0 (x € X)), (1.32)
and consequently by (h1)
h(z-v) < h(z* - v) (x € X)). (1.33)

Lemma 1.2.6. If there are A € R, ¥ € ¥\ and t € R with h(Z -v) < 0 and
wy(7,t) < 0, then Lwy(%,t) > 0. Moreover, if ¥; < *U—Cll*, then wy(7,t) < 0

implies Lwy(Z,t) > 0.

Proof. The positivity and monotonicity of f, and (1.33) yield

Lwx(2,t) = h(&* - v) f(u(@*,1)) = (& - v) f(u(3, 1))
>

h
> 1@ ) [f (u(@, 1)) — f(u(z,1))] > 0,

and the first statement follows. Next, assume 7; < —%. Then v; > 0 and (d2)

imply

T-v =210 + Tovs < T1v1 +d" <0,

and by (hl) and (h2) one has h(Z -v) < 0. Now, the second statement follows
from the first one. [l

Lemma 1.2.7. \(t) > _v—cll* for allt € R.

—d*
U1

Proof. We proceed by a contradiction, that is, we assume the existence of A <

and (#,1) € ¥\ x R with wy(%,f) < 0. Then, Lwy(Z,#) > 0 by the second

statement of Lemma 1.2.6. One can easily verify that for any sufficiently smooth



function g : (—oo, A\] — (0, 00)

g(x1) Lwy(x,t) = Lwy(z,t) + 2(0p, wx(2, 1)) g (21) + wa(z, t)g" (21)
((z,t) € By x (0,00)),

where w)(z,t) := wy(z,t)/g(x1). If we set
9(y) =m(A+1-y)+1  (y€(-00,A),

then g > 0 and for already fixed # and ¢ we have

oz Coong@) 29" (3)
Lwy(Z,t) > 2(0,,wx(T,t — + Wy (T, 1) ——=
A&, 1) = 2(0z,wa( ))g(atl) AT 1) o(5)
Consider the solution of the problem
2 — 2yy = Fy, 2, 2y), (y,t) € R x (0,00),
2(y,0) = =M, yeR,
where
22,9' /g y<A—1,

F(y,z,2y) = { 22,9' /g — az yeN—1,1],
0 Yy > A,

19

(1.34)

(1.35)

(1.36)

and a := —¢"(A—1)/g(A—1) > 0. Then, the maximum principle implies z(y, ) < 0

for all (y,t) € R x (0,00), and since F(y,—M,0) > 0, z is increasing in ¢. Also,

for any 7" > 0 the function Z : (z,t) — z(z1,t + T') satisfies

g' (1)

Lz <28y 7 @) 2 e R x (0,00) 31 < A).

g(x1) g(71)

Then, the maximum principle on the set where wy < 0 yields wy(Z,t) > Z(Z,t) =

2(21,t+T) for any T > 0.
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Since z is increasing in ¢, Z(y) := lim;_., 2(y, t) is well defined for each y € R
and

_2yy:F(y7§72y)a yER

An analysis of this problem (for details see [52, Claim 2]) implies Z = 0. Thus,

wy(%,t) > 2(%1,t+T) — 0 as T — oo, a contradiction. O

Lemma 1.2.8. The mapping t — A(t) is nondecreasing. If \(t1) = oo, this means
that \(tg) = oo for all t; < ts.

Proof. Fix to € R and A < A(tp). Then
wy(x,tg) >0 (x € X)),

and by (1.31)
wy(z,t) >0 ((z,t) € 0%, X [to,0)) .

Next, (1.33) and the mean value theorem imply

Lwy(z,t) = h(z* - v) f(u(z, 1) — bz - v) f(u(x,t))
> h(z - v)[f(u(@?, 1) = f(u(z,1))]
= h(x-v)f'(0(z,t))wx(z,t), (z,t) € 3y X [tg, 00),

where 0(z,t) is a number between u(z,t), and u(z*,t). In particular 6 : (z,t) —
[0, 00) is a bounded function. Since by (d2)

T-U =210 + Tovy < x0; +dF < N+ d* (x € y),

one has h(z - v) < h(A+ d*) for each z € 3. Now, the maximum principle, with
the coefficient ¢(z,t) := h(z - v)f'(6(z,t)) being possibly unbounded from below
(see [14, 37]), gives wy(z,t) > 0 for all (z,t) € X\ X [tg, 00). Since A < A(ty) was
arbitrary, A(t) > A(to) for each ¢ > t,. O

Lemma 1.2.9. \* = oo, or equivalently u is nondecreasing in .
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Proof. We proceed by a contradiction, that is, we suppose \* < co. Lemma 1.2.7
guarantees \* > _v—‘f*. By the definition of \* and Lemma 1.2.8, there exit \; \, \*
and t \, —oo with
inf wy, (x,t) <0.

IEEAk

Since u is bounded, there is M > 0 with u < M. Consequently, by (f1), there
exists Cy such that f* < C; on [0, M]. Set by := h(Xvy +d* 4+ 1)Cy > 0 and
choose 1 > ¢ > 0 with

2072 > 3%(2b, + 1). (1.37)

Since f/(0) = 0, we can fix n > 0 with

J

"(2) <
fz) = MOV +d + D+ 1+ L)

(z €10,n]). (1.38)

Let € with 0 < € < ¢ be sufficiently small (as specified below), and fix k& such that
A < A* + €. To simplify the notation set A := A\, and denote

o) =2 g e (—o0A),
Wy (2,1) = w;gl’)” ((z,t) € £y x R).

Observe that ¢”(y) < 0 and g(y) > 0 for any y < A\. For already fixed A, define
S :={(x,t) € By x R:wy(z,t) <0}.

Case 1. If (,t) € S with #; < A* — 6 and Lwy(Z,%) > 0, then (1.34) and the
concavity of ¢ yield

Lis(5.7) > 200, m5(7,1) L2

Case 2. If (z,t) € S with 1 < A* —¢§ and Lw,(Z,t) < 0, then Lemma 1.2.6 yields
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h(Z - v) > 0. Consequently (hl) and (d2) yield

0<z-v=0101 + 2202 < Ty +d" <N +d" + 1. (1.39)
Also, Lemma 1.2.6 implies 7; > _v—(f*, and therefore
v = (2X — F1)vy + Tovg < 2y + 2dF <2\ 24 4 1. (1.40)
Now, (1.33) implies h(7* - v) > h(Z - v) > 0 and (h1), (1.39), (1.40) yield
h(—=1) < h(z-v) <hQ2WA\ +d°)+2) ((x,t) € RV dp[(z, 1), 5] < 1),

where dp was defined in (1.18) and S* is the convex hull of S and the set {(z*,t) :

(x,t) € S}. Next, boundedness of u and standard local parabolic estimates give
|Vu(z,t)| < Cy ((x,t) € S*).

Furthermore,
w(@, 1) > u(z, t) > u(@ 1) (1.41)

and

2N — 2 = |3 — 3 =200 — \F) < 2.

Also, by (f1) and A(Z-v) >0

(1.42)

Let us estimate each term separately. Since the segment connecting & and 7V
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belongs to S*, one has by (1.40), (1.41), and the definition of Cy and C)

(@ - 0)[f (w(@, 1) = fu(@,1))]
> h(2(A\* 4+ d*) + 1)Cp(u(@, 1) — u(@",1))

(1.43)
> —2h(2(N" 4+ d") +1)C;C)e.
To estimate the second term, notice that ; < A\* — ¢ implies
P v —2-v=20\—T)v; > 2\ = X\ +0)vy > 200, .
Thus by the monotonicity of h and (1.39) we have
h(z*-v) —h(z-v) >  inf  (h(y+20v;) — h(y)) > 0. (1.44)

T y€0 N HdF+1]

A substitution of (1.43) and (1.44) into (1.42) yields

0> —2h2\* +d*) +1)C;Crhe +[ inf  (h(y + 26v1) — h(y))]f(u(@*,1)),

ye[0N* +d*+1]
or equivalently

. 2h(2(X* + d) + 1)CCy
M) < -
flu(@, ) nfyeione a1 (2(y + 2001) — h(y))

Hence, by (f1) it follows that for sufficiently small ¢ > 0 one has u(3*",f) < 7,
and for such ¢, (1.38) holds true for any z € [0,u(7*",#)]. Then (1.38), (1.39) and
(1.41) imply

Lwy(,1) = h(z - 0)[f(u(z, 1)) — f(u(z.1))]

)3w)\(§7,t)

t
>h(\N +d +1 -
= )h(/\*+d*+1)(/\*+1+ﬁ—l
5

= ——————w\(&,1).
vy Ep )
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Easy calculations show that

(A + 16+ Ty = <6+A5—y>3 - ‘gﬁéy) : ‘gg”<(5>) (y © {_vd*’”D ’

and since 7, > %,

s 5 s "5 s b
Ln(00) > o () = L)y (3,1) = — (@1)a(5,9).

Consequently, (1.34) implies

Lis(3,) > 20, wa(7, ) LY.

Case 3. Consider (Z,%) € S with #; € [\* — 6, A]. Then by (d2)
T-v =100 + Tovy < Ay +d° < N +d+ 1

and therefore for already fixed b, and C'y we have

Lwy(7,) > h(@ - v)[f(u(@*, 1)) — f(u(E, )] > (XN vy + d° + 1)Crwy (T, 1)

= bgw)\(f, t)

Moreover, (1.37) implies

" _ 20

CHr—yp > +1>g(be+1  (ye [\ =68 A]).

After a substitution into the previous estimate and then into (1.34), we obtain

(1)  @a(d1)
g

(71)

The rest of the proof uses comparison principle similarly as in Lemma 1.2.7, for

LU_)A(@ t~) 2 2(81111_})\((%,t
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more details see [52, Proof of Claim 4]. O

Proof of Theorem 1.2.3. We proceed by contradiction, that is, we assume M :=
| e @xry > 0. Then by the continuity of u, there are t, € R and a smooth
bounded domain Ky C Q with |Ky| < 1 (here |Ky| denotes the Lebesgue measure
of Kjy) such that u(z,ty) > 0 for all z € Ky. Define

K, ={z+o0e :2 € Ky} (0 >0).

Since (2 is convex and unbounded in x, one has K, C Q) for all ¢ > 0. Let u >0

be the first eigenvalue of the problem

—A¢py = o, r € Ky,
Q§0 = 0, T € (9K0,

where the eigenfunction ¢, is normalized such that maxy, ¢o = 1. Set

bo(7) == ¢o(x1 — 0,2") (x = (21,2') € K,)

and

Y, (t) == / u(z,t)d,(x) dx (teR).

o

Since by Lemma 1.2.9 u is nondecreasing in z; and u > 0 in Ky X {{o},

Yo (to) > olto) =1 ¢co > 0.
Denote
K (t) = A{z € Ky : u(,t)ps(x) > co/2}  (t > to).
If ¥, (t*) > co for some t* > ¢y, then (using |K,| < 1)

o < / u(z, t")d, () de < |KL(t")|- M + %0|KU] < |KX(tY)|- M+ %0.
Ko
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Consequently, |KX(t*)| > £ :=¢y/(2M) > 0. Next,

/ u(z, t")d,(x) de > 5@ > ¢ u(x, t*) g (x) dx
K5 ) 2

Ko \K3 ()

=¢£ u(z, t*) oy () de — & u(z, t") o, () dx

Koy K5 (t%)

It follows that

* 5 * . Co "
/Kz;u*) ue C)golw) 2 g /K u(, )¢o (@) dv = Sy vo(t).

Since K is bounded, we can choose R such that K is a subset of the ball of radius

R centered at the origin. Then for sufficiently large ¢ > 0

T v =201 + XU > —|z1 — 0|y + v10 — R|ve| > R(—vy — |va]) + v10
1
> U (x € K,).

Hence, for sufficiently large o > 0 and (h2) one has

Loy = [ (e, t)0r () do + / - 0) f(u(, )6 (2) da

f(u(z, t7))do () du
u(z t*))

> / w(z, t)A¢y () dz + h (—vla
u(z,t*) g, () do

s
).

2/ u(z, t") A¢y(z)dx + h (—vl

> o (1) + (—m(f) P2+ /K i) ds

) [ (o) £(3) o)
> Yo ().

Thus, if ¥, (t*) > ¢, then ¢, (t*) > 0, and consequently ¥, (t) > ¥,(t) > ¢y for
each t > t*. Since 1, (ty) > co, one has ¢! (t) > ¢y > 0 for each t > ty. Therefore
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Yy (t) — oo as t — 00, a contradiction to the boundedness of w. O

1.3 Counterexample

In this section, we show that the statement of the Corollary 1.2.4 does not holt
true in general, if v = —b and ¢* < 0. We construct a function that violates
Liouville theorem in one dimensional case only. An counterexample for a higher
dimensional elliptic or parabolic problems can be obtained by the extension of

this function by a constant.

Proposition 1.3.1. For each a > 0 and p > 1, there exists the unique bounded

nonnegative, nontrivial solution u of the problem

u” = z|ulP~tu, z € (—a,00),
(1.45)

u(—a) =0.
Moreover, v/ (x) <0 for x > 0 and lim, ., u(z) = 0.
Proof. Let uy : (T, Tmax) — R be the solution of the initial value problem

= x|ug|P g T € (Tiy Trax)
k= Tlue" ug (7 ) (1.46)
up(0) =1, u,(0) =k,

where (7x, Thax) is the maximal existence interval of uy. By a standard theory
—00 < 7 < 0 < Thpax < 00.
Claim 1. Given k. If uj(zo) > 0 and ug(xg) > 0 for some zy > 0, then u(z) > 0

for each = > zg and lim, 7, ux(z) = co.

max

Proof of Claim 1. First, uj(xo) = zou}(zo) > 0 implies

up(x) > up(z1) > up(xe) >0 (x > x1 > x0)



28
with z and z; sufficiently close to xo. If wj(z) > uj(z1) > 0 for each z >
x1, the claim follows. Otherwise, there exists xo > xy with u(z2) = up(z1).
Then, uj(x) > 0 on [x1,xs], and therefore ug(x) > ug(xy) for each z € [z, z4].
Consequently uf(xz) = zu}(z) > xuf(x1) > 0, that is, uy is strictly convex on

[x1, x5, a contradiction to uj(zq) = u}(z1). O

Claim 2. If ug(zg) < 0 for some xy > 0, then ug(x) < 0 for each x > xy and

lim, 7, ., ur(z) = —o0.

Proof of Claim 2. We can assume ug(zo) < 0. Otherwise, ug(zo) = 0, u},(z9) =0,
and we obtain a contradiction to the uniqueness of the solution to the initial value
problem.

We proceed by contradiction, that is, we suppose that there is x; > xg such
that ug(x1) > 0 > wug(xp). Then, uy has a local negative minimum z5 on the
interval [0, z1]. But, u}(z2) = zouk(xs) < 0 a contradiction.

Similarly as in Claim 1, we use concavity of u on the interval (zy, 00) to prove

lim, 7, ux(z) = —o0. O

Denote

Ko :={k : ux(z) <0 for some z > 0},

Ko :={k : ug(z) > 2 for some x > 0} .

Claim 3. The sets Ky, Ko are nonempty, open, and disjoint.

Proof of Claim 3. First, we show that k = —2 € Ky. This follows if u)(z) < —1
for each z € (0,1). Otherwise, there is xy € (0, 1) with uj(xy) = —1 and v} (z) <
—1 for all z € (0,x9). Then, ui(x) < 1 for all x € (0, zg), and

xo o
uy.(z0) = u,(0) +/ up(z) de = —2 —I—/ zul(z)de < =2+ 29 < —1,
0 0

a contradiction.
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If ky € Ko, then, by Claim 2, there exists z; such that wug,(x;) < —1. The
continuous dependence of solutions on initial data implies uy(z1) < —3 for any k
sufficiently close to kq. Thus, ICq is open.

By Claim 1, (0, 00) C Ky, and for any ko € Iy there is x¢ such that ug, (x¢) > 3.
Then, the continuous dependence of solutions on the initial data yields u(zo) > 3
for any k sufficiently close to ky. Thus, Ky is open and nonempty.

Fix k € Ko UKy and fix g > 0 with 0 < ug(z) < 2 for any x € [0,z() and
uk(zg) = 0 or ug(zg) = 2. If ug(zy) = 0 then, by Claim 2, ux(z) < 0 for each
x > xp, and therefore k & Ky, If ug(zo) = 2, then there is z; € [0,z9) with
u'(x9) > 0. Claim 1 yields u(x) > u(x;) = 2 > 0 for each x > x4, and therefore
k & Ko. This shows Ko N Ky = 0. O

Denote

M:=R\ (KyNKy).

By Claim 3, M # (), and since uy, k € M is bounded, T},.x = 0o. Then, by Claim
1, uj, < 0 in [0,00) for each k € M. Also, lim,_,o ug(x) = 0 for any k € M.
Otherwise, uf(z) = zuP(z) > L > 0 for a sufficiently large z, a contradiction to

uy, < 0.
Claim 4. M = {k*}.

Proof of Claim 4. Suppose that there are ki, ky € M with k; > ky. Then, for z

sufficiently close to 0 one has

€ = U, (T0) — upy(z9) >0 and  wuy, (z) > up, () (z € [0,z0]).

Since limg oo U, () = limy_oo up, (z) = 0, there exists x1 > zo with uj (z1) =
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uy, (1) and ug, () > u, (v) for x € (9, 71). However,

a contradiction. O
Claim 5. There exists * < 0 such that u«(z*) = 0.

Proof of Claim 5. For a contradiction assume wug«(x) > 0 for each x € (73+,0).
Then, u}.(z) = zug < 0 for all x € (74+,0). Hence, u}. decreases in (74+,0), and
in particular u}. (0) < u}.(z) for each z € (74+,0). Thus, 0 < up-(z) < 14 uj. (0)x
for each x € (73+,0), and consequently 7« = —o0.

Next, we show that uj.(x¢) > 0 for some zg < 0. If not, then uz+ decreases on

(—00,0) and wugs(z) > ug=(0) = 1 for all x < 0. However,

Upe () = up. (—1) — /xl up.(s)ds = up.(—1) + /ml(—s)ui*(s) ds

a contradiction to u}.(z) < 0 for large negative . We already proved that u}.
decreases for x < 0. Hence uj.(z) > uj.(z9) > 0 for each z < z. Thus,

up (%) = 0 for some z* < 0, a contradiction. O

Now, we finish the proof of the proposition. Notice that wug« is a bounded

non-negative solution of (1.45) with a replaced by —z*. Then

a \3/(p—1) a
x x
satisfies (1.45) and the existence part follows.

Let u, v be two nonnegative bounded solutions of (1.45) with u(0) < v(0).
Then, v5(0) = u(0) for some A € (0, 1], where vy(z) := A®Dy(\z). If u'(0) #
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v4(0), we obtain a contradiction to Claim 4. If «'(0) = v}(0), then vy = u, by the
uniqueness of solutions of initial value problems. If A = 1, then v = v and the
uniqueness follows. Otherwise, A € (0,1) and 0 = u(a) = vx(a) = AP Dy(Aa) >

0, a contradiction. Il

1.4 Proofs of a priori estimates

In this section, we use the notation introduced in the previous sections. Especially,
recall the definitions of RY (see (1.27)), Hy (see (1.28)), z* (see (1.30)), and d,
(see (1.18)).

Our main technical tools are the following doubling lemmas.

Lemma 1.4.1. Let (X,d) be a compact metric space and let ) # D C ¥ C X,
with ¥ closed. Set © := X\ D. Also, let M : D — (0,00) be a bounded function
on compact subsets of D, and fix a real k > 0. If y € D 1is such that

M(y)d(y, ©) > 2k,
then there exists x € D such that
M(z)d(x,0) > 2k, M(x) > M(y),
and

M(z) <2M(x) (z € DN B*(z, kM (2))), (1.47)

where B*(y, R) :={z € X : d*(x,y) < R} and d*(x,y) = |d(z,©) — d(y, O)|.
Lemma 1.4.2. The statement of Lemma 1.4.1 holds true if (X,d) is a complete
metric space and B*(x,kM~1(x)) in (1.47) is replaced by B(x,kM~'(x)), where
B(z,R) :={z € X :d(z,y) < R}.

Lemma 1.4.2 was proved in [54, Lemma 5.1]. The proof of Lemma 1.4.1 is
analogous to the proof of [54, Lemma 5.1]. One only replaces every d by d* and

uses compactness of X, when passing to the limit.
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Proof of Theorem 1.1.1. This proof was partly inspired by the proofs of the cor-
responding results in [17, 55, 67]. We use the equivalent formulation intro-
duced in Remark 1.1.3. If (1.17) fails, then there exist (Tj)ren C (0,00), a
sequence (ug)ren of nonnegative solutions of (1.1) with 7" replaced by T}, and
(Y, Sk )ren C Q X (0,T},) such that

p—1

My (yr, si) = up.® (Yk, Sx) > 2k(1 + d;l(sk)) (k e N),

where dj(s) := min{s, T}, — s}2. Now, for each k € N, Lemma 1.4.2 with X, =
Ye = Qx[0,Ty], d = dp, Dy = Q x (0,T}) and O = Q x {0,T;} implies the
existence of (zy, 1) € Q x (0,T}) with

Mk(l’k,tk) > Mk(yk; Sk> > 2kd,;1(tk)
My (zp, te) > Mi(yr, sk) > 2k (1.48)
2Mk(l‘k,tk) > Mk(l',t) ((l‘,t) € Gk),
where

Gk = {(l’,t) e x (O,Tk) . dp((x,t), (xk,tk)) < k)\k},

and

A 1= Mk_l(xk,tk)—>0 as k — 00.
Here we used that dp((z,t), Ok) = di(t) for each (x,t) € ¥j. By (1.48)

Kl < kAL < L = Zmln{tk,Tk t} ((z,t) € Gy),

and therefore

kA k22 k22
{xGQ:|x—xk] <Tk} X (tk— 4k,tk+ 4k) C Gg.

Since the function a is bounded, we can, after passing to a subsequence, assume

that A := limy_, a(zy) exists.
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Case (1). First assume A # 0. We define a sequence (vy)ren, of rescaled copies
of u as
_3 3
vp(z,t) == NV uzy + Ao, + Ajt) ((x,t) € Dy),

where

D, = xex%(g—x)-|x|< FoL _B ¥ (1.49)
ke k ke 2A,§ AN, AN ) '

Then v, (0,0) = 1 and, by (1.48), 0 < vg(z,t) < 2 for each (x,t) € Dg. Moreover,

vy, satisfies

3
(vk)r = Avg + a(zy, + N2 x)vy, (x,t) € Dy, (1.50)
_3 k k2 k2
—0 t A2 (09 — ) - BN
Vg ) ('x? ) € {y € k ( xk) ‘yl < 2)\’%} X ( 4>\k’ 4>\k)
(1.51)

By passing to a suitable subsequence we may assume either

dist (g, 0)

dist(xy, 0€)

(i) 3
i

— oo or (i) — " >0.

If (i) holds, then (1.50), LP estimates, and the Schauder’s estimates yield a sub-
sequence of (vg)gen converging in CLr7 T 2(RN x R), o € (0,1) to a function vy,

satisfying
(Voo )t = AV + AVE, (z,t) € RN x R.

Moreover, v,,(0,0) = 1 and vy, < 2. However, if A > 0 and p < pg(N) (for the
definition of pp(N) see (1.10)) this contradicts [13, Remark 2.6]. If A < 0 and
p > 1 we have a contradiction to Lemma 1.2.1

If (ii) holds, then after an application of a suitable orthogonal change of co-

ordinates, the LP estimates and the Schauder’s estimates, yield a subsequence of
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CZ+U,1+U/2

! (RY x R) to a function vy, satisfying

(g )ken converging in

(Voo)t = A + AVE, (z,t) € RY x R,
Voo = 0, (z,t) € ORY xR,

with v,(0,0) = 1 and v, < 2. However, if A > 0 and p < pg(N) < p(N — 1)
this contradicts [55, Theorem 2.1]. If A < 0 and p > 1 we have a contradiction to
Lemma 1.2.2.

Case (2). Assume A = 0. Since a is bounded in C?(2), we can assume, after
passing to a subsequence, that there exists a vector B := limj_, Va(z) € RY.
Then (1.3) implies B # 0.

If (z1)ren has a convergent subsequence, we can, after appropriate restriction,
assume the existence of o, := limy_o 5. Then A = a(z) = 0. Set Z; 1= o
and Vi, :=V :=Q for each k € N

If (x)ken does not have a convergent subsequence, we can assume |z — ;| > 3
for each k # [. Let V) be the connected component of Bi(xy) N2 containing xy,
where Bj(y) is the unit ball centered at y. By [33, Lemma 6.37], there exists
an extension of a € C?(V},) to C%(By(x)), which we denote again by a. Since
Vi N Vi = 0 for k # 1, the function a is well defined on V := Uen B (24).

Denote ' := {z € V : a(z) = 0}. Since a € C*(V), A= 0, and B # 0, there is

(Zt)ren C T with |z — 2| — 0 as k — oo. Define & and (z;,)ren C T’ such that

Then a € C?*(V) yields limy .o Va(z;) = limg_ Va(zy) # 0. Thus we may

assume |Va(z;)| # 0, and therefore

| Va(z) (zr — )|
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Using that z;, € T, that is, a(zx) = 0, we obtain

a(xg + M\ex) = Va(zg)(zr + A — 21) + O(|(5k|2 + )\i|x|2) ) (1.52)

We define a sequence (wy)ken, of rescaled copies of u as

3
wi(z,t) == AN V(g + M, t, + At ((x,t) € Dy),

where

~ k k* k2

Then, w(0,0) = 1 and 0 < wy(x,t) < 2 for each (x,t) € Dy, and wy, satisfies

1 -
(wr)r = Awy + )\—a(xk + \pz)wy, (x,t) € Dy, (1.53)
k
B k k2 K2
wg =0, (x,t) €Sy €N (00 —ay) : |y| < s\~ ) (1.54)

Hence, by (1.52)

1
(wk)t = Awk + )\—k [Va(zk)(:rk + >\kl‘ — Zk) + O(|(5k’2 + )\z|l”2)} wz,

(z,t) € Dy,. (1.55)

Case (2a). Assume that there is a suitable subsequence of (z)ren such that

lim Y@ =) g % — d" €R.

k—o0 k k—oo Af
By passing to a yet another subsequence we may assume that either

(i) dist(z, 0) - (ii)
Ak

dist(xy, 0€2)

" —c>0.

If (i) holds, then (1.55), L” estimates, and standard imbeddings yield a subse-
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quence of (wy)ren converging in Ci,o(RY X R) to a function w,, € C(RY x R) that

is a weak solution of the problem
(Woo )t = Awee + (d* + B-z)wl,,  (z,t) e RY xR,

satisfying we(0,0) = 1, wy < 2. Standard regularity theory implies that we,
is in fact a classical solution. After a suitable orthogonal transformation and

translation, we obtain a nontrivial nonnegative bounded solution of the problem
(woo>t = Awy = |B|xnw§o, (ZL’, t) S RN X R,

a contradiction to [52, Theorem 1.1] for any p > 1.

If (ii) holds, then dist(xy,0§2) — 0 as kK — oo. After a suitable rotation
we have vq(xy) — —e; as k — oo. Then (1.55), LP estimates, and standard
imbeddings yield a subsequence of (wy,)ren converging in Ci,.(RY xR) to a function

We € C(RY x R) that is a weak solution of the problem

(Woo)t = Aweo + (A" + B - z)w?,, (z,t) e RY xR,
Weo = 0, (z,t) € ORN x R,

with w,(0,0) = 1 and we < 2. Standard regularity theory yields that wy, is in
fact a classical solution. Also a € C%(Q), dist(xg, dQ) — 0 and (1.13) imply

Va(zg)
[Va(zy)|

0< = 5 < hmlnf

i
+el|l=|—+te
|B]
Thus, B is not a multiple of —e;. Now, after a suitable translation, we obtain a

contradiction, to Corollary 1.2.4 for any p > 1.

Case (2b). After passing to a subsequence, we may assume that

lim Valz) (@ = ) = +|B| hm O _ = +00
k—oo k )\k
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Setting

where

N

‘“:(Eﬁ%%O :<Nwmﬁwwm)aﬁo

we transform (1.55) to

2
o

(wi)s = Aywg + )\—ka(a:k + Apouy)ws,
k

Va(zp)(zp — 21 + Apz) + O(62 + )\z|$|2)wp
(Va(zr)(zr — 21)] g

= Ay, + [£L+ alVa(z)y + 06 + afAlyPlul,  (y.s) € Dy,

= Aywy, +

where

D € (M) HQ — 1) 1 |y < B (o F
= a K — ——,— ] .
k ) kG k ) 2Q4k 40(%,40%

Moreover, by (1.54)

U}k:O

((y,s) e {y € Ovear) (092 — 24 : [y] < %} « (_4% 4’%)) |

By passing to a yet another subsequence, we may assume either

. dist(zg, 00Q) .
(i) var oo or (i)

dist(xy, 0€)

ct>0.
Ak Ql; -

If (i) holds, the L estimates and standard imbeddings yield a subsequence of
(w,)ken converging in Cioo(RY x R) to a function wy, € C(RY x R) that is a weak

solution of the problem

(Woo )t = Aweo WL, (z,t) e RN xR,



38

and wy(0,0) = 1, wy < 2. Standard regularity theory implies that wy, is a

classical solution. However, this contradicts [13] (with “+” sign) for any 1 < p <
pp(N) and Lemma 1.2.1 (with “-” sign) for any p > 1.

If (ii) holds, then after a suitable orthogonal change of coordinates and a

translation, the LP estimates and standard imbeddings yield a subsequence of

(w,)ken converging in Cioo(RY x R) to a function ws, € C(RY x R) that is a weak

solution of the problem

(Woo )t = Awn £ Wk, (z,t) e RY x R,

Woo = 0, (z,t) € ORY xR,

and w4 (0,0) = 1, wy < 2. Standard regularity theory implies that wy, is a
classical solution. However this contradicts [55, Theorem 2.1] (with “+” sign)
for any 1 < p < ps(N) < pp(N — 1) and Lemma 1.2.2 (with “” sign) for any
p > 1. ]

Let us formulate a sufficient condition that guarantees (1.20).

Lemma 1.4.3. Let Q be a smooth bounded domain in RN, 1 < p < pg(N), and

assume that a € C*(Q). For a nonnegative classical solution u of (1.1), (1.2)
define x* : (0,T) — Q such that

u(@*(t),t) = supu(e,t)  (te (0,T)).
€N
If there exist e* > 0 and ty € [0, T such that dist(z*(t),[") > &* for eacht € [to, T,
then (1.20) holds with C' depending on N, p, 2, a, ||uo||L=(q), " and to.

Proof. As in the proof of Theorem 1.1.1, we use the equivalent formulation intro-
duced in Remark 1.1.3. Assume that (1.20) fails. Then there exist (T;)ren C
(0,00), a sequence (ux)reny Of nonnegative solutions of (1.1), and a sequence
(Yk, Sk )wen C Q x (0, T) such that

Mi(ye, s1) > 2k(1+ di " (s1))
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where
p—1

My=uw_? ,  dp(t)=min{t,Tp —t}2 .

Now, Lemma 1.4.1 with compact X = 3 = Q x [0,T], Dx = Q x (0,7}) and
O = Q x {0, T} implies the existence of a sequence (x},t;) € Q x (0,7T}) with

Mk($;€,tk) > Mk(ylm Sk) > delzl(tk)
Mk(l’{k,tk) Z Mk(yk,sk) > 2k (156)
2Mk($;€,tk) > Mk(l’,t) ((ZL’,t) € G;),
where
L=, t) € A x (0,T) : di((z, 1), (z, 1)) < kN, },
di((z,1), (y, 8)) = |di(t) — di(s)|  ((2,1),(y,5) € X)),
and

M= M"Yzl t) =0 as k— oo.

Observe that dj does not depend on z, and therefore (1.56) remains true if we

replace x}, by zy := x*(tx) and G}, by
Gy = {(l’,t) € ) x (O,T) : dz«.’ﬁ,t), (.’L’k,tk)> < k)\k} C G;/,,

where
)\k = Mﬁl(.rk,tp» — 0.

By our assumptions limy_ . a(zy) # 0. The rest of the proof is now the same
as Case (1) in the proof of Theorem 1.1.1 (see also [55, Theorem 4.1]) with vy
replaced by

ve(@,t) == ApTu(zg + Mew, b + A2 ((2,1) € Dy),
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and Dy by

2 272

Dy = {(ac,t) EN(Q—mp) 2] < E} X ( K kz) : O

Proof of Proposition 1.1.5. In the proof we implicitly assume that all constants
depend on N, p, Q, a, ||ug||z=@) and T Fix any £ € 0Q with a(§) = 0. Since

is convex, we can, after a suitable rotation, assume

& =supxy, and therofore vg(€) =e;.
€

Since ¢ is a local minimizer of a in Q, all tangential derivatives of a vanish at &.
Then (1.7) implies 0,,a(§) < 0. Denote

M={reQ: x> \}.
Assume u # 0, otherwise the statement is trivial. Observe, that u satisfies
u = Au+ oz, t)u, (x,t) € Q2 x(0,T),

where a(z,t) = a(z)u”~!. By Theorem 1.1.1, o is bounded on Q x (0, 7/2) and the
bound depends only on the implicitly assumed constants. Next, Hopf boundary
lemma (see [42, Lemma 2.6]) implies O, u(&, %) < 0. By the convexity of €, we

can choose \ < &1, sufficiently close to & such that
wy(x,t) = u(x*,t) — u(z,t) ((x,t) € Q\ x (0,7))

is well defined. Since 8,,u(¢, %) < 0 and 9,,a(€) < 0, we can increase A < & such

that

wy(z, g) >0, and a(z)) > a() (x € ).

Observe that & — XA > ¢; > 0, where ¢; is independent of €. Since a(z?) > a(z)
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for x € Q,, w, satisfies
(wr)e = Awy + o™ (z, t)wy, (z,t) € U x (0,7),

where
uP (2, t) — uP(z,1)

u(zM t) — u(zx, t)

a(z,t) == a(r) ((x,t) € Qy\ x (0,7))

is bounded on compact subintervals of (0,7). Similarly as in (1.31)

wy(z,t) >0 ((z,t) € 0y x (0,7)).

Now, the maximum principle implies wy > 0in Q\x (%, T'). Therefore |z*(t)—¢| >

co for each t € (%, T ) Since ¢q is independent of £ and I' C 052, one has

dist(z*(£),T) > dist(2*(t),09) > co > 0 (t c (gT)) ,

and the statement of the proposition follows from Lemma 1.4.3. O]

Lemma 1.4.4. Let N =1, Q = (0,1) and fix pn € [0,3). Assume a € C*((0,1])
has exactly one nondegenerate zero p € [0,2u). Also assume a(z) < 0 forz € [0, p)
and

up(x) < ug(x) (x e (0,p)). (1.57)

If w # 0 is a nonnegative solution of the problem (1.1), (1.2), then |x*(t) — u| >
co > 0 and cy depends on N, p, a, ||uol|ze((0,1)), T-

Proof. For each A € (0, 1), define wj : (0,\) x (0, 00) — R as wy(z, t) = u(z*,t)—
u(z,t). Since a(z*) > 0 > a(z) for each z € [0, ul,

a(x*)uP(z*,t) — a(z)uP(x,t) >0 ((x,t) € [0,p] x (0,7)).
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Thus,

By (1.57)
wy(x,0) = uo(2") —up(z) >0 (x € (0,p)).

Since u # 0, the maximum principle implies u > 01in (0, 1) x (0,7"). Then similarly
as in (1.31)
w,(0,t) >0 and w,(p,t) =0 (te€(0,7)).

Then, the maximum principle w, > 0 in (0,x) x (0,7") and d,w,(u,t) < 0 for
t € (0,T). Hence, for sufficiently small g > 0 we obtain

Wn@,T/2) 20 (2 € (0,\), )€ [, +20)).
As above one can show
wx(0,£) >0 and wy(\,t) =0 (te(T/2,T)).

Since a’'(11) > 0, we can decrease &9 > 0 to obtain a(2*) > a(z) for each z € (0, \)
and each A € [u, p +¢p). Then

(wy)y — Awy, > a(z)[uf (2, t) — uP(z,t)] = c(z, t)w,

((z,2) € (0, A) x (to, 1)),

where ¢(z,t) is a continuous function on [0, A] X [ty, T") (possibly unbounded as t —
T') The maximum principle implies wy(z,t) > 0 for each (z,t) € (0, \) x (to, 7). In
particular z*(t) > A > pu, and therefore |x*(t)—pu| > ¢o > 0 foreach t € (to, 7). O

Proof of Proposition 1.1.7. Lemma 1.4.4 with u = py implies |2*(t)—p1| > €* > 0.
If we replace x by 1 — 2z and use Lemma 1.4.4 with 4 = 1 — ps again, we obtain

|z*(t) — po| > €* > 0. Now, the proposition follows from Lemma 1.4.3. O
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Proof of Proposition 1.1.6. Without loss of generality assume a(0) < 0, otherwise
replace x by 1 —x. If p < %, then the proposition follows from Lemma 1.4.4 and
Lemma 1.4.3. Assume p € [3,1]. Similarly as in the proof of Lemma 1.4.4, we

can show that w,(z,t) := u(z",t) — u(x,t) is well defined on [y, 1] and satisfies
W) <0 ((5,t) € (u1) x (0,T) and w,(ut) <0  (t€ (0,T)).

Hence, for A > p sufficiently close to p we have wy(z, %) < 0 for any z € (X, 1).
Similarly as in Lemma 1.4.4 (using the maximum principle) we prove wy(z,t) < 0
for any (z,t) € (A1) x (£,7). Consequently, |z*(t) — pu| > X — p > 0 for all
te (%, T') and the proposition follows from Lemma 1.4.3. ]



Chapter 2

Asmyptotically symmetric

equations

2.1 Introduction

In this chapter we study quasilinear parabolic equation
Ou = Ay (t,u, Viuye, + F(t,u, Vu) + G(z,t), (z,t) € RY x (0,00), (2.1)

where Vg denotes the gradient of a function g. The functions A and F satisfy
certain regularity, ellipticity, and symmetry assumptions as specified in the next
section. The function G that decays to 0 as t approaches infinity, is considered to
be a perturbation of the problem. In (2.1) and also in the rest of the chapter we
use summation convention, that is, when an index appears twice in a single term,
we are summing over all of its possible values, usually from 1 to V.

Our goal is to show that every positive, classical, global, bounded solution u
of (2.1) is asymptotically symmetric. Before we make these statements precise,
let us give a brief account of older results.

The first results on reflectional symmetry were established by Gidas, Ni and

Nirenberg [27] for positive solutions of elliptic equations on bounded domains.

44
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Specifically, if €2 is a bounded, smooth domain, convex in xy, and symmetric with

respect to the hyperplane
Hy:={r € RY : 2, = 0},
and f is a Lipschitz function, then a positive classical solution u of

Au+ f(u) =0, xr €, (2.2)
u =0, x € 08, (2.3)

is even in x; and nonincreasing in the set
Qo ={xeQ:a2>0}.

The used techniques included the maximum principle and the method of moving
hyperplanes introduced by Alexandrov [3] and developed by Serrin [60], who used
it for overdetermined elliptic problems. Later, the results of Gidas et al. were
generalized by Li [39] to fully nonlinear problems and Berestycki and Nirenberg
[12] extended them to nonsmooth domains 2. We refer the reader to the surveys
[10, 46, 48] for more results, references, and generalizations.

In another paper, Gidas, Ni and Nirenberg [28] considered (2.2) with Q = RY
and a smooth nonlinearity f satisfying f(0) = 0, and certain hypothesis near 0.
They proved that each positive solution which decays to 0 at a suitable rate, is
radially symmetric. Later, Li [40] showed that any decay of solution as |z| — oo is
sufficient for symmetry, provided f(0) = 0 and f’(0) < 0. The later condition was
weakened by Li and Ni [41], who assumed that f'(z) < 0 for any z sufficiently close
to 0. All these papers also treat fully nonlinear problems. The described results
were extended in various directions such as cooperative systems of equations, more
general unbounded domains, or more general equations. We again refer the reader
to [10, 46, 48] for more references.

The situation is more complicated for parabolic problems, as one cannot expect
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the solution to be symmetric, unless the initial data are symmetric. However, one
can prove that the solution approaches the space of symmetric functions as time
approaches infinity. To make this concept precise, for any open 2 C RY we define

w-limit set of u to be

w(u) :={z:z= lim u(-,t,) for some t,, — 0o},

n—0oo

where the convergence is in the space Cy(€2), the space of continuous functions
on  that vanish on 9Q and decay to zero at infinity (if 2 is unbounded). The
space C5(Q) is equipped with the supremum norm. If € is a bounded domain,
symmetric with respect to Hy, we say that u is asymptotically symmetric if z is
even in x; and decreasing in x; in € for each z € w(u).

The first results on asymptotic symmetry appeared in [35], where Hess and

Polacik proved asymptotic symmetry for positive classical solutions of the problem

w = Au+ f(t,u), x e,
u =0, x € 0N).

Here, €2 is a smooth bounded domain convex in x;, symmetric with respect to
Hy and f is Hélder in ¢t and Lipschitz in u. In an independent work Babin [6, 7]
showed asymptotic symmetry for autonomous fully nonlinear problem and later,
Babin and Sell [8] allowed nonlinearity to depend on ¢. However, these results
require additional compactness and positivity assumptions compared to [35].

These drawbacks were removed in [51], where Pola¢ik proved the asymptotic
symmetry for positive, classical solutions of a general fully nonlinear parabolic
problem on bounded domains. The results required certain strong positivity as-
sumptions that were further discussed in [23].

Unlike for elliptic equations, symmetric properties of solutions on R are much
less understood. The difficulties arise from the fact that the center of symmetry
is not a priori fixed. Even if one is able to prove the symmetry of every function

z € w(u) with respect to some hyperplane, it is not immediate to show that all
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functions in w(u) are symmetric with respect to the same hyperplane. Having this
in mind, we say that u defined on Q2 = R¥ is asymptotically symmetric, if there is
Ao € R such that all functions z € w(u) are symmetric with respect to the same

hyperplane
Hy, = {z e RY :2; = A},

and decreasing in the halfspace
Rf\\g = {.CEERN::Ul > Ao} -

In [49], Polacik proved that a nonnegative solution u of (2.1) is asymptotically
symmetric, provided G = 0 and assumptions (N1)-(N4), (2.15), (2.16) from the
next section are satisfied. In [50], Poldcik discussed entire solutions, that is,
solutions defined for all times (positive and negative), and he showed that each
nonnegative entire solution is symmetric at each time.

We were not able to locate any symmetry results in the literature if G # 0.
However, these can be obtained if the problem (2.1) is asymptotically autonomous,
that is, if /" and A;; are independent of ¢, and u converges to a solution of the

elliptic problem
0 = Ajj(u, Vu)uy,e, + F(u, Vu), reRY. (2.4)

Then by the symmetry results for elliptic problems [28], this equilibrium is sym-
metric, and therefore the solution of the parabolic problem is asymptotically sym-
metric.

The convergence to a nonnegative equilibrium was obtained for asymptoti-
cally autonomous problems, that is, for the problems that are approaching an
autonomous one as t — oco. First, let us explain the existing results on the fol-

lowing model problem. Let u be a classical, global, nonnegative solution of the
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problem

uy = Au+ F(u) + G(z, 1), (x,t) € Q x (0,00),

(2.5)
u(z,t) =0, (x,t) € 0 x (0,00).

Huang and Takac in [36] (see also [15]) proved that the solution u of (2.5) converges

to a solution v of the problem

0=Av+ F(v), r e,

(2.6)
v =0, x € 012,

provided €2 is a smooth bounded domain, F' satisfies certain analyticity assump-

tions and

sup tH‘S/ |G (-, 8) || 2@)ds < . (2.7)
t

te(0,00)
Huang and Takac¢ also treated more general gradient-like problems with self-

adjoint differential operators.
Later, Chill and Jendoubi [16] considered the problem (2.5) with Q = RY and

F) =3 eplul .

peP

NH2
1’ N-2

they assumed that there exists a compact set K C RY with supp G(-,t) C K for

where P is a finite subset of ( ) and ¢, > 0 for ¢ = max,epp. Moreover,

each t > 0. As a result, they proved that (2.7) implies the convergence of positive

solutions u, with bounded H*(RY) norm, to a solution of (2.6).

In this work we generalize symmetry results from [49] to nonnegative solutions
of the problem (2.1) with G # 0. Under the assumptions (N1)-(N4) listed in
the next section, we prove that each positive solution of (2.1) is asymptotically

symmetric, provided there exists p > 0 with

Gl Xy < Ce™ (t20), (2.8)
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where
Xspy = LZRY x (s,1)) & LNTHRY x (s,1)) (t,s € (0,00],5s <t) (2.9)

is the space of functions f that can be written in the form f = g + h with
g € L®(RYN x (s,t)) and h € LN*TH(RYN x (s,t)), equipped with the norm

Hf”X@,t) = g-gllif (HQHLOO(RNx(s,t)) + ||h||LN+1(]RN><(s,t))) . (2.10)

Notice that G is not assumed to be globally integrable in x. This generalization
proves to be useful for perturbations that depends on the solution or derivatives
of solution, since these are only assumed to be bounded. Indeed, if instead of G :
(z,t) — R we consider a function G : (x,t,u,p,q) € Q x [0, 00) X RUFNHN? R

then our results apply, if

G : (z,t) — Gz, t,u(x,t), Du(z,t), D*u(z,t)) ((z,t) € RY x [0,00))
satisfies (2.8). An example of such function G is
G : (x,t,u, Du, D*u) — e~'g(u, Du, D*u), (2.11)

where g is continuous. Notice that problem (2.1) with G replaced by G is fully
nonlinear. Therefore, our symmetry results cover certain fully nonlinear problems
that converge exponentially to quasilinear ones as ¢ — oco. However, it is not
known if the symmetry results hold for general fully nonlinear equations.

If we apply our results on reflectional symmetry in various directions, the stan-
dard arguments show that all functions in the w-limit set are radially symmetric
with respect to the same origin. In a future work we show how to apply our sym-
metry results in the study of the asymptotic behavior of solution of asymptotically
autonomous problems, that is, when F' and (A;;) are independent of ¢.

The asymptotic symmetry of positive solutions does not hold true if we merely
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assume that G converges to 0 as t — oco. A counterexample is given in Example

2.2.3 below, with [|G||x () = 1.

However, it is not know if the exponential
decay (as stated in (2.8)) is necessary. Especially, we leave as an open problem,
whether the integrability of ¢ — ||G||x () is sufficient for asymptotic symmetry
of solutions.

To prove the symmetry results, we extend linear estimates for parabolic equa-
tions such as Alexandrov-Krylov estimate and the Harnack inequality to more
general inhomogeneities (right hand sides) on unbounded domains. Since these
results might be of independent interest, especially for applications to unbounded
domains, we devote them a separate section. Once the linear estimates are es-
tablished, we follow the framework from [49] to prove the symmetry results. The
application of methods from [49] is not completely straightforward and a special
care should be taken when treating perturbations on unbounded sets, since vari-
ous constants might depend on the diameter of the set or the length of the time
interval. In that case, we restrict our arguments to bounded time intervals and
use iterative methods.

The rest of the chapter is organized as follows. In the next section we state our
main results. Section 2.3 contains general linear estimates of parabolic problems,

and in Section 2.4, we prove the symmetry results.

2.2 Main results

Consider parabolic problem (2.1). We assume that the real valued functions
(Aij)i<ij<n, F @ (t,u,p) — R are defined on [0,00) x [0,00) x RY and satisfy

the following conditions.

(N1) Regularity. The functions (A;;)1<; j<n, F are continuous on [0, 00) X [0, 00) X
RY and continuously differentiable with respect to u and p = (py,--- ,pn)

uniformly in ¢ € [0, 00). This means, that if 4 stands for any of 9,4, 0,F,
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Op, Aij or 0, F for some 1 <1, 7,k < N, then for each M > 0 one has

limsup  |h(t,u,p) — h(t,v,q)| =0. (2.12)
0<u,v,|pl,|q|<M;t>0
[u—v|+|p—gq|—0

(N2) Ellipticity. There is a positive constant ag such that for each £ € RY

Aij(t7uﬂp)§i€j > a0|§|2 ((t,u,p) € [07 OO) X [0,00) X RN)

N3) Symmetry. For each (t,u,p) € [0,00) x [0,00) x RY and 1 < 4,5 < N one
Y Y p J

has

Ayt u,p) = Ay (t,u, —p1, pas -+ . PN)
F(t7u7p) = F(tvuv —P1,P2," 7pN>7
Alj:AleO lfj#l

(N4) Stability of 0. F(t,0,0) = 0 and there is a constant v > 0 such that

0. F(,0,0) < -2y (t>0).

Remark 2.2.1. The assumption (N4) and uniform continuity of 9, F in ¢ imply

the existence of 5:*/ > (0 with
O F (t,u,p) < —y ((t,u,p) € [0,00) x [0,€3] x Bex),

where B, is an open ball centered at the origin with the radius r.
The assumptions on G are as follows (recall that X, ;) was defined in (2.9)) .

(G1) G € X(4441) for each t € [0,00) and

tlirg 1G04y =0 (2.13)
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Some results require exponential decay of G.

(G2) For each t € (0,00) one has G € X(; ). Moreover, there exist © > 0 and

C,, > 0 such that
C

1Gxn) < 7“6““ (t>0) (2.14)
One can easily verify that, with possibly changed p, (G2) is equivalent to the

following statement. For each € > 0, there exists t. > 0 with ||C~¥||X(t&oo < g,

where G(z,t) = e*t=t)G(z,t). Notice that if we replace X(t.00) by X(t;H) in
(G2), we obtain an equivalent assumption. As explained in the introduction, the
space X allows us to treat, possibly unbounded, perturbations depending on wu,
Du or D?u.

We assume that u is a classical, nonnegative, global solution of (2.1), that is,

u € CH(RY x (0,00)) and u satisfies (2.1) everywhere. Moreover, we assume

Si= sup  A{Ju(z,t)], |ug, (2, )], [uga, (2, 1)} < 00, (2.15)
(z,t)ERN x[0,00)
1<i,j<N

and

limsup  {Ju(z, t)], [ua, (2, 8)], [z, (2, 1)[} =0 (1 <4, <N). (216
|| —00,t€[0,00)
Observe that (N1) combined with (2.15) yields the existence of 5y > 0 such
that

sup |h(t,v,p) — h(t,w,q)| < Bol(v,p) — (w,q)]

(v,w € [0,9),p,qg € RV, |p|,|q| <5), (2.17)

where h stands for F' or A;;, and S was defined in (2.15). Although we suppose
(N2) with fixed constant oy > 0, we really need it to be true on the range of

(u, Du, D*u) for each considered solution u. Since u is bounded and has bounded
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derivatives, (N2) needs to hold true only for u, [p| < S.
By (2.16), there is p% such that |u|, |[Vu| < & in (RN \ By:) x [0,00), and
therefore by Remark 2.2.1

OuF(t,u(z,t), Vu(z,t)) < —y ((x,t) € (RY\ Byx) x [0,00)). (2.18)

Uniformity of the limit (2.16) in ¢ is not technical. When omitted the symmetry
results may fail even for G = 0. For more details see [50] and references therein.
It is not sufficient to merely assume 0,F(t,0,0) < 0 in (N4). Indeed, for
appropriate p > 1 Polacik and Yanagida [56] constructed a positive solution of
the problem
ur = Au+ uP, (z,t) € RY x (0, 00)

satisfying (2.15) and (2.16) that is not asymptotically symmetric. If we set
F(t,u,q) = w? — e 'u and G(z,t) = e 'u(x,t), then 9,F(¢,0,0) < 0 and G
satisfies (G2). However, u is not asymptotically symmetric.

The assumptions (2.15) and (2.16) guarantee that u is globally defined and
{u(-,t) : t > 0} is relatively compact in E := C}(R"Y), which stands for the space
of C1(RY) functions, bounded together with their first order derivatives, equipped

with the standard C' norm. Define the w-limit set of u

w(u) ={z:2z= lim u(-,t,) for some ¢, — oo}, (2.19)

n—oo

where the convergence is in the topology of the space Cj(RY). Then w(u) is

nonempty, compact set in F, and it attracts the solution in the following sense

lim distg (u(-,t),w(u)) =0. (2.20)

t—o0
We are ready to formulate our first symmetry result.

Theorem 2.2.2. Assume (N1)-(N4), (G1), and let u be a global solution of (2.1)
satisfying (2.15) and (2.16). Then either u converges to 0 in L=®(RY) or there



54
ezist A € R and ¢ € w(u) such that for each x € RY one has

$(2A — 21,2') = é(x) (1,2) =2 €RY),

(2.21)
Op, 0(x) <0 (x €RY).

If we in addition assume (G2), then either w(u) = {0} or there is A € R such that
(2.21) holds for all ¢ € w(u).

The following example shows, that the last statement of Theorem 2.2.2 does
not hold if we merely assume (G1). In particular it is not true that all functions

in the w-limit set are symmetric with respect to the same hyperplane.

Example 2.2.3. Let v be a positive function satisfying (2.15), (2.16) and
0= Av+g(v), r € RY, (2.22)

for appropriate function g with ¢’(0) < 0. Such a function v exists for example for
g(u) = Au+uP (see e.g. [11] and references therein) with A < 0, 1 < p < pg, where
ps = % for N > 3 and pg = oo for N < 2 is the critical Sobolev exponent.
By [28], v is radially symmetric and radially decreasing with center at a point
g € RN, Let n : [0,00) — R be a bounded differentiable function and define
u: RN x (0,00) — R by u(z,t) := v(z; +n(t),2") for any (z,t) = ((x1,2'),t) €
RY x [0,00). Then u satisfies (2.15), (2.16), and

ur = Au+ g(u) + G(z, t), (z,t) € RY x [0, 00),
where
G(Iaw = Uy (xl + n(t)v Il)n,<t> ((l’,t) = ((xlv I/)v t) e RY x [07 OO)) :

It is easy to see that we can choose 1 with the following properties. There are

sequences (Sg)ken, (tk)keny With sp,t, — oo as k — oo such that n(ty) = 1,
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n(s;) = 0, and there is C' > 0 with |n/(t)] < < for all ¢ > 0. Since v,, is bounded,

C

tliglo HG||X(t,t+l) < t]i}l’g) ’|GHL°°(RN><(t,t+1)) < tliglo ||Uz1 ||L00(RN><(0,OO))? = 07

and in particular G satisfies (G1). However, v(z; + s,2") € w(u) for any s € [0, 1],
and therefore the functions in w(u) are not symmetric with respect to the same

hyperplane.

Finally, we state the corollary of Theorem 2.2.2 on asymptotic radial symmetry.
We omit the proof since it uses the same arguments as in the case G = 0 (cf. [49]).
The formulation of results on rotational symmetry, if the problem is rotationally

symmetric, is left to the reader.

Corollary 2.2.4. In addition to (N1) - (N4) and (G2), assume A;; =0 if i # j

and
An<t7 u;p) - All(ta u, q)7 F(t7 UaP) = F<ta u, q) whenever ’p| = |q, .

Let w be a global solution of (2.1) satisfying (2.15) and (2.16). Then either u
converges to 0 in L=(R™N) or there exists £ € R such that for each ¢ € w(u) there
18 gg : R — R with

¢z — &) = o(|x) (r € RY),
A, p(r) <0 (r=|z| >0).

2.3 Linear equations

This section is devoted to linear parabolic estimates as a preparation for the
method of moving hyperplanes. The results that were already published are stated
without proofs. However, at some places we have to extend existing results and
for those we include proofs as well.

Recall the following standard notation. For an open set @ C RY we denote
by 0pQ the parabolic boundary of @ (for precise definition see e.g. [37, 42]). We
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also define a time cut of () to be
Qu ={(r,8)€Q:s€ M} (M CR). (2.23)

If M = {t}, we often write Q) instead of Q.

For bounded sets U, U; in RY or RV*! the notation U; CC U means U, C U,
diam U stands for the diameter of U, and |U| for its Lebesgue measure (if it is
measurable). For any A € (—o00,00) we define an open half space: Ry = {z €
RN : z; > A}, and for A = —oco we set RY = RY. The open ball in R" centered
at = with radius r is denoted by B(z,7) and if the ball is centered at the origin,
that is, if z = 0, we also write B, := B(0,r). For any A € R and R > 0 we set
By := BrNRY. Symbols f* and f~ denote the positive and negative parts of a
function f: f*:= (|f| + f)/2 > 0.

We consider time dependent elliptic operators L of the form

2

L(z,t) = agm(x,t) =———

)
Sran H kg (2.24)

8wk

To simplify the notation we shall use the following definition.

Definition 2.3.1. Given an open set Q € RY x (0, c0) and positive numbers oy,
Bo, we say that an operator L of the form (2.24) belongs to E(a, (o, @) if its

coefficients ay,,, by are measurable functions defined on () and they satisfy

|akm|,|bk|§ﬂo (k:,mzl,...,N),
akm(xat)fkfm Z 040’5‘2 ((xvt) € Qa 5 € RN)

2.3.1 Nonlinear to linear

In this subsection we assume (N1) — (N4) and (G1). At some places, where
explicitly stated, we also assume (G2). Fix a positive global solution u of (2.1)
satisfying (2.15) and (2.16). We show, how symmetries of the problem give rise

to linear equations from the nonlinear ones.
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We say that a pair of functions (i, G) is admissible, if @ satisfies (2.15), (2.16),
G satisfies (G1), and @ is a positive solution of (2.1) with G replaced by G. In
particular (u,G) is an admissible pair.
Let (i, G) be an admissible pair different to (u, G). If we denote w := u — 1,
then

wy = Lz, t)w + c(x, t)w + f(x,1), (z,t) € RY x (0,00),

2.2
lim sup |w(zx,t)|=0, (2.25)

|z —00 £€(0,00)

where L has the form (2.24) with

a;;(z,t) = Ai;(t, u(z, t), Vu(z,t)),

bi(x,t) = /0 F, (t,u(x,t), Vu(x,t) + s(Vu(z,t) — Va(z, t))) ds
gy, (2, 1) /0 Aot (i, 8), Vi, 1) + 5(Vu(z, t) — Va(z, 1)) ds,
clx,t) = /0 Fu(t,a(x,t) + s(u(x,t) —a(z,t)), Va(x, t)) ds

+ ﬂka(m,t)/o Agen(t,u(z,t) + s(u(z, t) — u(x,t)), Va(z,t)) ds.

(2.26)
Then
L e E(Oéo,ﬁo,RN X (0, OO)) , ||C||LOC(RNX(O’OO)) < 0o, (227)
and, by (N1) and Remark 2.2.1
clz,t) < —v, (2.28)

whenever u(z,t), a(z,t), |Vi(z,t)| and |D*u(z,t)| are smaller than &, where
el was defined in Remark 2.2.1. Observe, that we do not impose any smallness

assumptions on |Vu(x,t)| or |D*u(z,t)].
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Moreover,
f=G—G € X, Tim [ £,y = 0- (2.29)
If we suppose that (G2) holds for G and G, then
1fllxpw < Cue™  (t>0). (2.30)

Uniform continuity of derivatives of (A;;)1<; <y and F in conjunction with (2.15)

yields that (a;;), (b;), and ¢ are continuous in = and t.

Example 2.3.2. By (N4), @« = 0 and G = 0 is an admissible pair. Thus
w = u — 0 = u solves the equation (2.25) such that (2.27) and (2.29) hold true
with f = G. Moreover,

c(z,t) < —v ((z,t) € RY x (0,00) : u(m,t) < ), (2.31)
and by (2.18),
clx,t) < —v ((x,t) € RY x (0,00), |z| > ) - (2.32)
Example 2.3.3. For any z, € RY define
(z,t) == u(z + zo,t) and G(z,t) == G(x + x0, 1) ((x,t) € RY x (0,00)).

Since (A;j)1<ij<n and F' are independent of z, the pair (4, G) is admissible. There-
fore w(z,t) = u(z + xo,t) — u(x,t) satisfies (2.25), such that (2.27) and (2.29)
hold true. Moreover, by (2.28) and (2.18)

cla,t) <= ((@,1) €RY x (0,00), 2] > g + [o])

The next example is crucial for the method of moving hyperplanes. To simplify

the notation denote z* := (2\ — x1,2'), the reflection of x = (x,2") € RY with
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respect to the hyperplane H). We indicate explicitly the dependence of functions

and operators on \.

Example 2.3.4. By (N3),
i(x,t) == u(x*,t) and G(z,t) := G(z,1) ((z,t) € RN x (0,00))

form an admissible pair. Thus, w* := @ — u satisfies (2.25) such that (2.27) and
(2.29) hold true. Moreover, |z| > 2|X| 4 p% > p% implies [#*| > pZ, and therefore
(2.28) and (2.18) yield

M, t) < —v ((x,t) € RY x (0,00), |z| > P+ 2[A). (2.33)

By (N1), (2.17) (and (G2), if assumed), the constants ay, fy, (and also C,,, ut) are
independent of \. Notice that w*(x,t) = 0 for any (z,t) € H, x [0,00). Hence,

w? satisfies
wf‘ = LA(Jc,t)wA + c’\(x,t)w’\ + f’\(x,t), (x,t) € Rf\v x (0,00), (2.34)
wt =0, (z,t) € Hy x (0,00) '

limsup w(z,t) =0.
|z|—00,t>0

Also, if G satisfies (G2), then G satisfies (G2) as well. Consequently (2.30) holds
with f replaced by f*. Notice that (a;;) in (2.26) are independent of .

2.3.2 Estimates of solutions

The results in this subsection might be of independent interest, therefore we state
them in more general setting, than required for the proofs of our symmetry results.
Let @ be a domain in RN¥*! (bounded or unbounded), and let oy, 3y be positive

constants. Consider a general linear parabolic equation

vy = Lz, t)v+ c(x, t)v + f(z,1), (x,t) € Q. (2.35)
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For any s < ¢ denote X(,4(Q) the space of functions f : @ — R such that their
extension by 0 to RV*! belongs to X4 (cf. (2.10)). We denote Cle(Q) the
space of continuous functions equipped with the topology induced by the locally
uniform convergence.

First, we formulate Alexandrov — Krylov estimate, proved by Alexandrov [2]
in the elliptic case, and later extended by Krylov [37] to the parabolic setting. In
the literature, one can find many generalizations of these results. Here, we extend
Cabré’s result [14] to functions f belonging to X, (Q). If f =0, we refer to the

next theorem as the maximum or comparison principle.

Theorem 2.3.5. Given 7 < T, fiz an open set Q C RN x (1,T). If v € Cpe(Q) N
Wi/}rl’loc(Q) is a bounded supersolution of (2.35) (it satisfies (2.35) with « =7
replaced by “ > 7 ) with L € E(ag, o, @), a measurable function ¢ < 0, and
f € Xem)(Q), then

supv <supv + C|f7|[x,p @ (2.36)
Q opQ

where C' depends on N, ag, By, T — T.

Proof. Fix arbitrary € > 0 and choose fi, fo such that f{ + f; = f~ and

1 Mm@ +€ = L vy + s @) -

Since ¢ < 0, the bounded function w: ) — R
w(z,t) == v(x,1) + zugv_ + =N ee@ur (1) €Q),
P

satisfies
wtZL(Lt)w+c(x,t)w—f1_(x,t), ($7t) 6@7

w >0, (x,t) € 0pQ.

(2.37)
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Consequently, by [14, Corollary 1.16]

Sup w” < Off [+ (2.38)
where C' depends on N, ag, B9, T — 7. Then,

supv” <supw” +supv + (¢ — T)‘|f5||L“(Q<T,T>)
Q Q opQ
< zugv* +C (15 ey + 17 o))
P

<supv +C (Hf_”X(T,T)(Q) + 6) :
opQ

Since £ > 0 was arbitrary, (2.36) follows. O

Corollary 2.3.6. If the assumption ¢ < 0 of the previous theorem is replaced by

c <k for some k € R, and all other assumptions are retained, then

a) if k>0

sup v~ < eFI=T) sup v" + O Ix,n@ |
Qpr,1] or(Qr,17)

where C' depends on N, ag, By, T — T.

b) if k<0
supv” < max{e*" | v || =,  sup v}
Qr (OPQr,m)\Qr

+

= S0 1 @

where C' depends on N, «ag, By. Notice that C' is independent of T — 7.

Proof of Corollary 2.3.6. The function © := e *uv is a a supersolution of (2.35)
with ¢ and f replaced by ¢ — k and f respectively, where f(z,t) = e * f(z,t).
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Since ¢ — k < 0, Theorem 2.3.5 implies

k2 gupvT =supv” < sup U

Qty Qty Qlty o)

e
< max{sup v, sup (s C|f~ ”X(tl@)(Q)
Qty (OP Qe 15\ @ty
(7’ <t <ty < T) , (239)

where C' depends on N, ay, (o, ta — t;.

If £ > 0, we set t; = 7 and elementary manipulations imply

sup v~ < ek(tz—”f) sup v+ CHf_”X('r,Q)(Q) ’
Q1 BP(Q[r,tQ])

Part a) follows, if we take supremum with respect to to € [1,T].
Denote I' := supyey 1) |/~ Ix( iy @- I & <0, then (2.39) with ¢, = ¢, + 1
yields

sup v~ < max{e*supv, sup v} 4+ CT (ty € [7, T —1]),
Qty+1 Qty (8PQ(t1,t1+1))\Qt1

where C' depends on N, ag, By. Iterating the previous expression for t; = 7 + j,

with 7 € N, j <T — 7 — 1, we obtain

J—1
sup v~ < max{e™ supv, sup v }+CT Z et (2.40)
Qr+tj Qr (OPQ(r,7+))\Qr i—0

Choose jo € NU{0} such that 7+jo < T < 7+ jo+1. Then (2.39) with t; = 7+ jo,
to =T and (2.40) imply

supv~ < max{e* =) qup v~ sup v }+CT
Qr Qr+jg (OPQ(r140, 1)) \Rr+4g

<max{e*Tsupv~, sup v }+CT Z ekt
Qr (BPQ(T,T))\QT i=0
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where C' depends on N, ag, fp and the part b) follows. Il

IfQ=RYx(7,T), A\ € R, 7 < T, we can change variables such that ¢ becomes
negative in the neighborhood of H) and it does not change too much away from
H,. Such results are usually obtained with an application of an appropriate
supersolution. The observation that such procedure is possible for thin domains
and domains of small measure was proved in [12]. In the next lemma we summarize

properties of the supersolution constructed in [49, Lemma 2.5].

Lemma 2.3.7. Given ©,¢ > 0, there exist a function g : [0,00) — R and a

constant 6 = §(N, ag, fo, ©,¢) > 0 with the following properties:

g € C*([0,00)) N C%([0,6)) N C*((6,00)),
% <g<2,
g"€)+O0(d(l+g) <0 (£€(0,0)),

g'(€) +0lg' () —eg(§) <0 (€ (6,00)).
Following [49, Remark 2.6], we obtain the following result.

Remark 2.3.8. Set Q := RY x (7,T) for some A € Rand 0 < 7 < T < oc.
Let v € Cloe(Q) N W]%;JIFLIOC(Q) be a solution of (2.35) with L € E(ay, o, @),
cllre@) < Bo, and f € LYTHQ) satisfying

v=0 ((z,t)€ Hyx (r,T7)) and lim sup  |u(z,t)] =0.
M—00 (2 1) eQ,|z|>M

For any v > 0 set © = 27@+1, e =72 andlet § = 0(V, g, Bo,7) > 0 and g be as
in Lemma 2.3.7. Then

((z,1) € Q)
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is a solution of

~ ~

wy = L(z, t)w + ¢(z, t)w + f(z,t), (z,t) € RY x (1,T),
w =0, (z,1) € Hyx (1,T), (2.41)

lim sup  |u(z,t)] =0
M= (a,0)€Q o> M

with L(x,t) € E(ao, 500, Q), ||l z=(q) < 50 and

Hf”X(T,T)(Q) < QHfHX(T,T)(Q) ‘

Moreover,

o2

xr,t) € Q,x1 € [N\, A+ 0),
&z, t) < (o,8) €@ €] ) (2.42)
c(z,t) + 3 (z,t) € Q, 21 €[A 00).
We conclude this section with a version of Krylov-Safonov Harnack inequality
[38] (see also [42]) for sign changing solutions of nonhomogeneous problems. The

statement is based on [51, Lemma 3.5], however it was modified to obtain the

dependence of k and x; on diam D instead of diam U.

Lemma 2.3.9. Given numbers d > 0,0 >0, 0 <7 < 1 < 13 < 74, and 7 with
7 —20 <71 <71 —0, consider bounded domains D,U C RN with

DccU, dist (D,0U) > d,

and denote Q) = U x (7,74). Then there exist constants k, kK, > 0 determined only
by N, g, o, d, diam D, 6, 7o —1y, T3 —To, and 74— 13 with the following property.
If v € C(Q) N W]%,’}FUOC(Q) is a solution of (2.35), with L € E(w, [, Q)),
lellz=(@) < Bo, and f € X(r)(Q), then

inf v=> RHU_FHLOO(DX(TLQ)) - ’ﬁ“f”X(r,m)(Q) — Sup ey~

_ )
Dx(73,74) P

where m = supg, c.
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Sketch of the proof. Since the proof closely follows [51, Proof of Lemma 3.5], we
only outline differences (our statement includes a minor correction to [51, Lemma
3.5], as given in the addendum, see [47]). Instead of [51, Lemma 3.6] we employ
the original Krylov-Safonov Harnack inequality for nonnegative solutions, [37, 38|
where x depends on N, diam D, «g, By, 0, 9 — 11, T3 — T and 74 — 73, but not
on diam U. Moreover, we use Theorem 2.3.5 instead of used Alexandrov-Krylov
estimate to make x; independent of diam U and to replace LY*! norm of f by X

norm. The rest of the proof remains unchanged. m

In the next corollary we formulate Harnack inequality for half spaces and the
whole space. Based on the proof, one can easily formulate the results for other

unbounded domains. If A = —oo in the next corollary, we set Ry := R" and
H A\ = @

Corollary 2.3.10. Given numbers d >0, A € RU{—o0}, 0 >0,0< 7 <7y <
T3 < T4, and 1y — 20 < 7 < 71 — 0, denote Q = RY x (1,74). Fiz a bounded
domain D CC RY with dist(D, Hy) > d. If v € Cioe(Q) N Wity ,,.(Q) satisfies
(2.35) with L € E(ag, B0, Q), |Icllz=@) < Bo, [ € Xzr)(Q), and

lim sup  |v(z,t)] =0, (2.43)
M=00 (2.1)€Q x| 2 M

then there exist constants k, k1 and p depending on N, ag, [o, d, diam (D), 0,

Ty — T1, T3 — Ty and T4 — T3 such that

_inf v > /€|’U+HL°°(D><(T1,72)) — Sup Py — "‘lef”X(Tr (@)
Dx(13,74) apQ )T4

Proof. Choose large enough R such that D CC By and dist (0Bp, D) > g. Then
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Lemma 2.3.9 applied with U = B implies

T4—T), —

Cinf v > /{||U+||L00(D><(T1,7—2)) — sup ePol v

Dx(13,74) opQ

- sup P (@) — m || fllx L@
lz|=R,te(T,74)

where k and k; are as in Lemma 2.3.9. In particular they are independent of R.

Passing R — oo and using (2.43), we obtain the desired result. O

We mostly use Corollary 2.3.10 with
r=7m—9 and =1+, (i=1,234). (2.44)

With this choice we obtain the following result.

Corollary 2.3.11. For givend > 0, A € RU{—o00}, ¥ € (0,1) and T > 1. Denote
Q :=RY x (1,7 +49) and fix a bounded domain D CC RY with dist(D, Hy) > d.
If v € Cioe( Q) NWi1100(Q) satisfies (2.35) with L € E(a, fo, Q), llcllz=(@) < o
[ € Xrria0)(Q), and

lim sup  |v(z,t)] =0,
M= (@) €Q Je>M

then there ezist constants k and k1 depending on N, «g, Bo, d, diam (D), ¥ such
that

inf v > klloT e — sup 2By~ _ .
Dx(r+30.74+40) H ||L (DX (T+9,7+29)) 8})8 1||fHX(T’7_+419)(Q)

2.4 Proof of Theorem 2.2.2

In this section the notation and assumptions are as in Section 2.2. In particular
(Aij)i<ij<n and F satisfy (N1) — (N4) and G satisfies (G1). At some places,

where explicitly stated, we also assume (G2). Let u be a positive, global, classical
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solution of (2.1) satisfying (2.15) and (2.16).

In addition we denote
Xé,t) = X(S,t)(RiV X ($>t)) ()‘ € Ra S,t € (07 OO), s < t) ;

where X, (Q), for general Q C RN+ was defined at the beginning of Subsection
2.3.2.

To start the proof, we assume

limsup ||u(-, )| peo @y > 0, (2.45)

t—o00

otherwise ||u(:,t)[| oo (mry — O the the theorem follows.

Lemma 2.4.1. Given any ball B C RY, there exists k(B) > 0 and T >0
depending on N, «q, By, and B such that

w(a,t) > k(B)  ((z,t) € B x (T, 00)). (2.46)

Proof. We claim that
litm inf [Ju(-,1)|| peerary > 0. (2.47)

Suppose not, that, is suppose
li%n inf ||u(-, 1) ooy = 0. (2.48)

We find a contradiction by showing that there exists 7 > 0 with

1
u(z,t) < 3e = 3 min {limsup Hu(',t)HLoo(RN),S?;}

t—o00

((z,t) € RY x (1,00)), (2.49)

where 52 was defined in Remark 2.2.1.
According to Example 2.3.2, u satisfies (2.25) with L € E(ay, By, RY x (0, 00))
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such that (2.27), (2.29), (2.31), and (2.32) hold. Let C' = C(ap, By, N) be a
constant from Corollary 2.3.6 b). Then by (2.29) (or (G1)) and (2.48) there is 7
with

C
{1l e i p <

We prove that (2.49) holds for such 7. Suppose not, that is, suppose that

T :=inf{t > 7: sup u(z,t) =3¢} < .
zeRN

Since 3e < ¢f, by (2.31) one has c(z,t) < —v for any (z,t) € RN x [r,T]. An
application of Corollary 2.3.6 b) with Q@ = RY x (7,T) yields

. T < —y(T—7) . .
sﬂyj&ou(, )<e Jul, )L (RN)+1_6—7

sup HG||X(S,S+1) <2 < 3e,
S>T

a contradiction. Thus, (2.47) holds true, or equivalently there are constants s, T >
0 such that
[u( )l e@ry > s (t € (T,00)).

By (2.16), we can replace RY in the previous inequality by Bz U B for a suffi-
ciently large R independent of T'. Then, an application of Corollary 2.3.11 with
(d,\,D,7,9) = (1,—00, BR U B, t,1) yields

u(w,t) > ks — k1| Gllx,_,., ((z,t) € (BRUB) x (T +4,00)),

where k, Kk, depend on R, N, ag, [y. Since the second term in the previous

inequality converges to 0 as t — oo, we obtain for sufficiently large T

u(z,t) > k(BrUB) = % ((z,t) € (BRUB) x (T, 0)). O

Recall, that for any = (z1,7') € R} we already defined 2* = (2\ — 21, 2/).
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Now, for any function g : RV — R, let
Vag(a) == g(a*) —g(z)  (z€RY,A€R),
and for the solution u of (2.1) let
w(z,t) = Viu(z, t) :== w2, t) — u(z,t) ((z,t) € RY x (0,00), A € R).

As shown in Example 2.3.4, the function w” satisfies (2.25) such that (2.27), (2.29),
(2.33), and (2.34) hold. Hence, the results of Subsection 2.3.2 are applicable to
w?. We use this observation below, often without notice.

In the process of the moving hyperplanes we examine the following statement

liminf inf w(z,¢) >0  for all bounded D C RY, (2.50)

t—oo xz€D

which by the compactness of {u(-,t) : t > 0} in C}(RY) is equivalent to
Viz(z) >0 (x €RY, 2z € w(u)). (2.50%)

The next lemma states an criterion for (2.50) to hold.

Lemma 2.4.2. Consider g and 6 = §(N, ap, Bo,7y) > 0 such that Lemma 2.3.7 is
satisfied with (©,¢e) = <§_2+ 1, 32-). For fized A > 0 consider a domain Dy CC RY
such that

By sopN{x € RY -2y > A+ 6} C Dy, (2.51)

where p: was defined in (2.18). Then (2.50) holds, provided there exist n > 0 and
to > 0 with
(WM (x,t) > ((x,t) € Dy X (tg,0)). (2.52)

Remark 2.4.3. Notice that (2.52) is equivalent to assumptions in [49, Lemma
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3.2]:
litminf [w(-, ) || oo (pg) > 0, (2.53)
w(z,t) > 0 ((x,t) € Dy X (tg,0)) . (2.54)

Proof of Lemma 2.4.2. Fix a bounded domain D* CcC RY with Dy C D* and
denote d := dist (D*, H)).
If we transform (2.34) as described in Remark 2.3.8, then

w(z, 1)

~ L
) =

((z,t) € RY x (0,00))

satisfies (2.41) with L* € E(ag, 500, RY x (0, 00)), Hé’\||Loo(RzAvX(0,oo)) < 50, and
f satisfies (2.29). Moreover, by (2.33) one has ¢(x,t) < —v for each (z,t) €
(RY \ By 4215) % (0,00), and consequently (2.42) yields

det) <=2 (1) € (BY \ Do) x (0,0).

By (2.52), any connected component @ of the set {(z,t) : @*(x,t) < 0,t > to}
is contained in (R} \ Dy) x (tg,00), and in particular ¢(x,t) < —v/2 for any
(x,t) € Q. Then Corollary 2.3.6 b) implies

~%(t—t)

(@) [z (@) + —sup || x

A
1 —e72 s>t (s,541)

(to < t* <t), (2.55)

(@) || < €

where C' depends on N, o, and [y. This, (2.52), and an application of Corollary
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2.3.11 with ¢ = § imply

B sup (@)

Mz, t + 1) > /‘9”(w)\)+‘|L°°(D*><(t+i,t+%)) - ¢
Op (RY x (t,t+1))

—mil Pl

X (f—t* ~ — *
> o — ePem 2| (@) (- t )N oo @) (2.56)

ePoC N . .
— | "+ = | sup || /7| x ((z,1) € D" x (t*,00)),
1—e2 /) s>t (t:t+1)

where k,k; > 0 depends on N, «ap, [y, d and diam D*. Then, by (2.15) and
(2.29), one can choose large enough ¢* such that w*(z,t+1) > 1 for any (z,t) €
D* x (2t*,00). Since D* C RY was arbitrary, (2.50) follows. O

The following lemma shows that the method of moving hyperplanes can get
started, that is, (2.50) is true for large A. The proof is similar to [49, Lemma 3.3],

and we omit it here.
Lemma 2.4.4. There exists Ay such that (2.50) holds for all A > \;.

Now, we move the hyperplane H) to the left (decrease \) as far as (2.50) is

satisfied and we investigate properties of the limiting position:
Aoo = inf{p : (2.50) holds for all A > u}. (2.57)

Lemma 2.4.5. Let \; be as in Lemma 2.4.4. Then:
(1) =00 < Moo < Ay
(i1) Viz > 0 for all z € w(u).
(i1i) There ezists z € w(u) such that V,_z = 0.

(w) For each z € w(u) one has 9,2 < 0 in RY .
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Proof. The proofs of (i) and (ii) are analogous to [49, Lemma 3.4 (i), (ii)].

To prove (iii), we proceed by contradiction, that is, we assume V,_z # 0 for
each z € w(u). By (ii), one has V) _z > 0 for each z € w(u). By the compactness
of w(u) we can assume the existence of a bounded open set Dy CC RY_and b > 0
such that

| (Vaw 2) ™| oo () > 20 (z € w(u)). (2.58)

This remains valid if we enlarge Dy CC R} . We make Dy so large that it satisfies
the assumptions of Lemma 2.4.2 for any A < A, sufficiently close to A\o.. By (2.20)
and (2.58), there is t* > 0 such that

1) O eey >0 (E>1).
Consequently, Corollary 2.3.11 with 9 = i yields

w2, t) > kb — e sup(w*) (¢ = 1) — ki S x

N (t—1,t)
Rkoo

(z € Do, t > t*),

where x and k; depend on N, v, By, dist (Do, Hy) and diam (Dg). Since V) _z > 0
for each z € w(u) and (2.29) holds true, the last two terms decay to 0 as t — oo.

Hence, for any sufficiently large ¢
A 1
we(x,t) > 5/1() (x € Dy) .

Since Vu is bounded, the previous inequality holds with A\, replaced by A for
any A < A sufficiently close to As. Then, Lemma 2.4.2 implies (2.50) for any A
sufficiently close to A\, a contradiction.

The statement (iv) is proved by analogous arguments as in [49, Proposition
3.5]. We only modify the application of the Harnack inequality in the same way
as we did in the proof of (iii). O
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This lemma finishes the proof of the first part of Theorem 2.2.2.

Before we proceed we state a lemma analogous to Lemma 2.4.5. Define v :
RY x (0,00) — R as v(x,t) := u(—wz1, 2, t) for all (z1,2',t) = (x,t) € RY x (0, 00),
and observe that v satisfies (2.1), (2.15), and (2.16) with G changed to G/(z,t) :=
G(—xy1,2',t). Then G satisfies (G1), and Lemma 2.4.5 applied to v yields to

following result.
Lemma 2.4.6. There exists A\ such that
(1) —00 < AL < Ao,
(i4) V=2 <0 for all z € w(u),
(i) There ezists Z € w(u) such that V\- 2 =0,

(i) For each z € w(u) one has 0.,z > 0 in (Rivgo)_ ={z=(2,7) eRY : 2, <
Aot

To prove the second part of Theorem 2.2.2, it suffices to show A = A .
Indeed, then Lemma 2.4.5 (ii), (iv) and Lemma 2.4.6 (ii), (iv) imply that all
functions z € w(u) are symmetric with respect to Hy_ and decreasing in x; for

T1 > Aoo-
Lemma 2.4.7. If (G2) holds, then Ao = M.

The basic idea of the proof, already introduced in [49], is to move a hyperplane
H, beyond the natural limit H,_, that is, to consider A < A, and investigate
the behavior of sign-changing functions w?*. One of the crucial steps is to estimate
(w*)™ from below. This is done by the comparison of w* with a subsolution,
similar to one constructed in [49, Lemma 3.8]. Its properties are listed in the

following lemma.

Lemma 2.4.8. Given any domain Dy CC Ri\; and any 6 > 0, there exist Ay <
Msos to > 0, a domain D, and a function ¢ : D X [tg,00) — R with the following

properties:
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(i) Dy cC D CcC RY

(ii) ¢ € C*1(D x [tg,00)),

(iii) e’ ¢(z,t) > Cy > 0 for any (z,t) € Dy x (tg,00) and some Cy independent
of to and t,

(iv) ¢ <0 in D X (tg,00),

(v) one has

167 ()|l o< (D) (i
> Ce =9 (1> 5> 1t), (2.59)
[0+ (5 8)l| ()

for some constant C' > 0 independent of t and s,

(vi) for each A € (Ao, Ao|, ¢ satisfies

Or < @i (1, 1) Pae; + 0 (2, 1), + A, 1) + Ce ™| (1)),
(x,t) € D x (tg,00),

where £ > Ay, 1s a fixzed number close to Ay, and C' depends on the L™
bound of u and .

Sketch of the proof of Lemma 2.4.8. Since the proof closely follows the proof of

[49, Lemma 3.8], we only outline differences. We define
o(x,t) = e "v*(2,1) + s(—e % (x; — 0)°) = wy + swy, (2.60)

where v = w’, £ > )\ is sufficiently close to Ao, and o > 1 > 3 with «, 3
sufficiently close to 1. We remark that [49, Lemma 3.8] uses p instead of ¢. Then

by calculations similar to those in [49, Lemma 3.8] one obtains for any A < Ay
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sufficiently close to \:
ot A A 0 «a a—1 pl
(Btn = g () (1 g, + B, ) (00)g, A, ) < — 0+ f
0
< ——v 4+ COf°
8
The rest of the proof remains unchanged. Notice that (iii) immediately follows
from [49, (3.31)]. O

Proof of Lemma 2.4.7. We proceed by contradiction, that is, we assume Ao > A .
Since (G2) holds, f* satisfies (2.30) (and in particular (2.29)) for each A\ € R.
Then, by Lemma 2.4.5 and Lemma 2.4.6, there exist 2 and Z € w(u) monotone in

RY_ and RY respectively, with V32 =V,_ 2 = 0. Hence,

i) <0 (zeRY,Ae (AL, ),

(2.61)
ViZ(x) >0 (2 eRY, A€ (AL, ).

Fix sequences (f,)nen and (£, )nen such that £, < t, < t,4; for all n € N and

~ ~

u(tn, ) — 2, u(t,, ) — # with the convergence in C*(RY).

Let & = d(N, g, Bo,7) > 0 be such that Lemma 2.3.7 is satisfied with (©,¢) =

s
(g—g +1, ﬁ) Fix a domain Dy CC Ri\; with B;fj:;ﬁ\ | € Do. Consequently,
o o0
B D e |\ J \ 2.62
pyay & H0 T (2:62)

Let Ay < Ay and D be such that Lemma 2.4.8 holds with Dy and

1
0 .= Zmin {%,ag,u} , (2.63)
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where p and ~y are defined in (G2) and (N4) respectively. Fix any A with

)
max{ g, A\oo — 5} <A< Ao -

Then by (2.61), there is ¢ > 0 such that

Viz(z —q reD),
() (z € D) -
Vai(z) > q (z € D),
and therefore for large n € N we have
N, . _
w(z,t, —q reD),
( ~ ) 7) (2.65)
w(x, ) > q z € D)
Then, there exists T}, € (f,,t,) with
N _ -
w(z,t) >0 x,t) e D x (t,,13,)),
@0>0 (1) €Dx (i T) 0

w*(z0,T,) =0  for some zy € D.

We claim that the following three statements are true.
(C1) limy, oo T}, — £, = 00.

(C2)

lim  sup e =]|(w) 7 (-, 1)]| gy = 0.
=00 te(tn, T A

(C3) For any sufficiently large n and any ¢, < t; < t, < T}, one has

supw(z,t) > Coe 0 inf w(z,t,)
z€D zeD

— C’leﬁo(t_tl)e_”tl (t - [tl, tg]) s

where Cj is independent of ¢y, to and n, C; depends on t, — ¢y, but it is

independent of ¢; and n.
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Let us first prove (C1). Fix M > 0 and for each n € N we define

wh(z,t) == w(x,t) — w(x,t,) ((x,t) € RY x (£,,00)).
Then, w? is a classical bounded solution of

n

(wk)t = L’\(x, t)wﬁ + ck(x,t)wé + hf‘l(x,t), (z,t) € Rﬁ\v X (t,00),
w’\(x,t) =0, (x,t) € 8P(Rf\v X (tn, 00)),

where L c E(Oéo,ﬁo,RN X (En,OO)), ||C>\HL°°(RN><(fn,oo)) < ﬁo and

hg(x, t) == fMx,t) + LNz, )w(x, 1) + A (z, Hw (z, £,)
((z,t) € RY x (£,,00)).

Consequently, by Corollary 2.3.6 a) and the boundedness of coefficients of L*, one

has
sup  (w))” < Clhallxr
Rﬁ\v X (tn,tn+9) (En,tn+9)
1 -
= C(HfAHX?fnvfwm + ﬁNHﬁO”wA('atn)HCQ(RiV) (W €0,1]),

(2.67)
where C' depends on N, o and y. Now, choosing 9 sufficiently small (independent
of n) and n sufficiently large, we can by (2.15) and (2.30) achieve (w))~ < £ in
RY x [t,, %, + 49]. Then, by the definition of w} and (2.65) one has

WMz, 1) > g ((z,t) € D X [En, in + 49]) . (2.68)

Next, an application of Corollary 2.3.10 with constants (D, 7,0, 7,7, 73, 74) =
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(D, tn, 0, t, + 20, t, + 30, t, + 49, t, + M) yields

w(z,t) > K[[(W) | Lo (D (tn-+20t0430)) — € Sujg(wk)_('atn)
R}\

— fa [ M x ((z,t) € D x (i + 49,1, + M)),

(tn,tn+M)

where k and k1 depend on N, ag, (B, diam D, 9 and M. By (2.61) and (2.30),
the last two terms in the previous inequality converge to 0 as n — oo, whereas
the first one is bounded from below by kq/2. Therefore w(z,t) > k& for all
(z,t) € D x [t, + 49,1, + M] and sufficiently large n. This and (2.68) yields the
desired result, since M was arbitrary.

To prove (C2) it is enough to show that for any &’ > 0, there is ng such that

sup vp(x,t) <& (n > nyg), (2.69)
(2, t) ERY X[n,Tn]

where

vz, t) == 629(t_£")% ((x,t) € RY X [t T0))

and g is as in Lemma 2.3.7 with (©,¢) = (22 +1,3). Since w* > 0'in D x [£,, T,),
U™ = {(x,t) s vp(2,t) > 0,t € [£,, Tn)} € (RY \ D) x [tn, T0,) - (2.70)
Observe that (w*)~™ = —w* on U™ for each n € N. Thus Remark 2.3.8 yields

(Un)y — L (2, ), = &Nz, t)v, + [ (2,1), (x,t) e U™,
v (2, t) =0, (z,t) € 0pU™ \ (U");, ,
_ (w/\)i(xvfn)
glxr = A)
lim sup |v(z,t)] =0

|z[—00 ¢ (0,00)

(2.71)

v (2, tn) z € (U")g,,
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where L € E(a, 560, U"),

~ _ A t)
A= 4+20 and  f(x,t) = —Xt) [z, ‘
e g(z1 —A)

By Remark 2.3.8 we have [|é*|| zoun) < 50y, and therefore

18| oo oy < 7P -
Moreover, by (2.42) and (2.63)
Na,t) < Ma,t) + 20 < —% 1< 0 (meMALIES0),  (272)
and by (2.33) one has

Ma,t) < —v+20< -0 (|z| > pL+20t>0).

Since By iop C D and (2.70) holds true, ¢* < —v for any (z,t) € U", n > 0.
Also, ;> 260 and (2.30) implies, that there exists t. such that

= 1—e?
A !
1Py, < &5

where C' = C(N, ap, 7f3p) is the constant from Corollary 2.3.6 b). Then Corollary
2.3.6 b) yields

p— —~ 1 7.
sup v, < e ) sup v, + Cl o ||fAHX(At )
4 Uz —¢€ =%
/

gsupvn+% (t € [tn, T, tn > t.).
Ur,

Since [|v, (-, fn)HLoo(Utp y — 0 as n — oo, we obtain that (2.69) holds for sufficiently
large ny.
Let us prove (C3). Recall that D was fixed such that Lemma 2.4.8 holds with
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Dy and 6. Let ¢ be the corresponding subsolution. Denote

inf,.pw(z,t)
0=

= >0 and vi=wt —no.
197 (5 t0) [l o= ()

Lemma 2.4.8 (iii) and (2.15) imply that e~%n is bounded by a constant indepen-

dent of ¢;.
Then
v > L’\(a:,t)v + CA(I’,t)U + (f’\ — C"e‘é}t?7|f€|)7 (z,t) € D X (t1,t2),
0 < v(x,t), (x,t) € D X (t1,tq),
0 <w(zx,ty), reD.

Consequently, (2.30), Corollary 2.3.6 a), and positivity of w* in D x [t,t,] yield

CI€BO(t*t1)67Nt1 > Ceﬂo(t*tl)”f)\ — C’efetn‘fq HX(A : > sup(v(z,t))”
t1s z€D

t

> —supw)‘(x,t)—l—nsupgb(x,t) (tE [t17t2]>7
zeD zeD
where C depends on ty — ¢, but is independent of ¢;. Since by Lemma 2.4.8 (v)

and the definition of 1 one has

nsup p(z,t) = nCe " Wlo(- )| 1ep > Ce™ M inf w (1),
zeD reD

(C3) follows.

We will complete the proof of the lemma by showing that (C1)—(C3) lead to
a contradiction.

By (C1) we have T}, — t,, — 0o as n — oc. Let Cj be as in (C3), let &, k1 be
as in Corollary 2.3.11 for already fixed D and 9 = %. Denote
0
2

5 kCpe
C = 5
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Fix K > 2 such that
e < C (2.73)

and let Cy := C}(ty — t1) be as in (C3) with t; —¢t; = K. By (C2) there is ng > 0

such that

AP W) (1) ey < 5 (€l Tln2n0).  (274)

[\l

Enlarge ng if necessary, such that 7, — £, > K and

k1 + CL(K)eP ™) K g ptn < qé’ n>ng). (2.75)
I

N | —

Now, fix n > ng. We prove by the mathematical induction that for any
i€ NU{0} with i < T";?", one has

wM(x,7;) > qe K CH (x e D), (2.76)

where 7; ;= iK + t,,.

For ¢ = 0 the statement follows from (2.65). Next assume that (2.76) is true
for some i € NU {0} such that (i + 1)K < T, —t,. We show that (2.76) holds
with ¢ replaced by i+ 1. Indeed, Corollary 2.3.11 with (7,9) = (1;41 — 1, 1), (C3),
(2.74), and (2.30) yield

w)\(x’TiJrl) 2 K H(w/\)JrHLOO(DX(WH*%HH*I)) N GBOH(w/\)iHLOO(RJXVX(TZ'H*L”H))

2
A
— /ﬁ;l”f ’|X(/\Ti+1_1’7’i+1)

> ke K Che? inf w(x, 7;) — %e’%(”“’{") — (k1 + C1eP)Cpe ™ (z € D)
xzeD
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Consequently, (2.76), (2.73), and (2.75) imply

wA(x, Tip1) > QOe—equ—aiKéi _ ge—e(i—i—l)K(e—GK)i—i—l

B (Kvl + CleﬁOK)Cue*GiK(e*GK)ie*“’g"
> qeig(i‘kl)KCA”H}l (2 . 1 . (/ﬁ;l + CleﬁfK)C’ueeK eu{ﬂ)
= B qc

> qe—e(i+1)Kéi+1 (SB e D)

Thus, if iy € N is such that icK < T}, —t,, < (io + 1)K, then (2.76) holds with
© = 1g. If we replace 7,41 by T,, and 7; by 7;, in the previous calculation, we obtain

by the same reasoning

w(z,T,) > qe PTHVECH 5 (xe D),

a contradiction to the definition of 7. This finishes the proof of the lemma. [J



Summary

In this work, we studied qualitative properties of the second order parabolic partial
differential equations. We showed that blow up rated of nonnegative solutions to
semilinear indefinite equations is controlled by the explicitly calculated function.
We also stated several propositions that yield optimal blow up rate for the solution.
As a consequence, we obtained a refinement of existing results on the complete
blow up and on the a priori estimates for the nonnegative solutions of the indefinite
elliptic problems. The proofs required new nonlinear Liouville type theorems for
semilinear equations on the whole space and on half spaces. We also showed
optimality of the stated Liouville theorems.

In the second part, we employed the method of moving hyperplanes and the
maximum principle in the study of asymptotic properties of solutions to asymp-
totically symmetric equations on the whole space. We proved that if the problem
converges exponentially to a quasilinear symmetric problem, then the omega limit
set of the solution is a subset of radially symmetric functions with the common
origin. We also provided an example that showed that this conclusion does not

hold true in general, if the convergence is not exponential.
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