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Abstract

In this thesis, two problems involving solidification have been studied. The first is the
solidification of a binary alloy pulled horizontally at a prescribed, constant rate. The
second is the solidification of a ternary alloy in the vertical directional solidification
setting.

In the binary alloy case, a configuration in which the solid, liquid and two-phase
(solid-liquid) regions are separated by the stationary two-dimensional interfaces is
considered. The self-similar solutions of the governing boundary-layer equations are
obtained, and their parametric dependence analysed asymptotically. The effect of the
boundary-layer flow on the physical characteristics is determined. It is found that the
horizontal pulling and the resulting flow in the liquid enhance the formation of the
two-phase region.

In the ternary alloy case, we identify a steady non-convecting state of during the
primary solidification of ternary alloys. A model, which includes the effects thermal
and solutal diffusion, segregation effects and finite speed of background solidification
is considered. Combinations of various types of boundary conditions have been intro-
duced, namely F-C, C—F and F-F, where C and F refer to the solute concentration and
solutal flux fixed at the top or bottom boundary of the system. In the regime of the
same Lewis numbers and segregation coefficients of solutes, explicit solution using hy-
pergeometric functions was identified. In the limit of large Lewis and the limit of near
constant concentration profile of one solute asymptotic solutions were presented. The
behaviour of the concentration profiles was analysed with respect to a static stability

scenario, i.e. distribution of a mass within liquid.

Key words: solidification of ternary alloys, solidification of binary alloys, mushy
layers, hypergeometric functions, self-similar solutions, static stability, asymptotic

approximations

AMS classification: 80A22, 76M45, 35C20






Abstrakt

V tejto praci su studované dva problémy, ktoré sa tykaju tuhnutia viaczlozkovych zmesi.
Prvym je tuhnutie binarnej zmesi posivanej horizontalnym smerom predpisanou (kons-
tantnou) rychlostou. Druhym je tuhnutie ternérnej zmesi v konfigurécii vertikalneho
smerového tuhnutia.

V binarnom pripade je uvazovana situacia, pri ktorej tuhé, kvapalna aj dvojtazova
zéna st oddelené dvojrozmernym stacionarnym interfejsom. Boli ziskané podobnostné
rieSenia rovnic pre problém s hrani¢nou vrstvou. Nasledne bola skiimané ich para-
metrickd zavislost pomocou asymptotickych metéd. Uréili sme vplyv toku v hrani¢ne;
vrstve na koncentracnu Struktiru tuhnticeho systému. Ukazalo sa, Ze horizontélny tah
a nasledne vznikajuci tok podporuji tvorbu dvojfazovej zony.

V ternarnom pripade sme Studovali primarne tuhnutie ternarneho systému v ustalenom
stave bez gravitacnej konvekcie. Sformulovany model zahfia diftziu tepla a primesi,
segregacné efekty a konecnu rychlost tuhnutia systému. Pre tento problém sme uvazo-
vali niekol'ko réznych typov okrajovych podmienok, predpisujucich diftiizny tok primesi
a koncentracie primesi na okrajoch systému. Pre pripad rovnakych Lewisovych ¢isel
a segregacnych koeficientov primesi sme ziskali explicitné rieSenia vyjadrené pomocou
hypergeometrickych funkcii. V limite velkych Lewisovych ¢isel a konstatného koncen-
tra¢ného profilu jednej z primesi sme ziskali rovnomerné asymptotické riesenia. Po-
mocou ziskanych koncentrac¢nych profilov sme analyzovali staticki stabilitu ternarneho

systému.

Krluacové slova: tuhnutie ternarneho systému, tuhnutie binarneho systému,
dendritickéd zona, hypergeometrické funkcie, samopodobné riesSenie, staticka stabilita,

asymptotické aproximécie

AMS Kklasifikacia: 80A22, 76M45, 35C20
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1 Introduction

Phase change is a phenomenon which occurs on different scales and in various fields.
In nature, the processes involving solidification are present in the Earth’s core [14], the
shelf ice formation [31] or the sediment formation from magma [3], for a recent review,
see [8]. A reverse process of solidification (melting and dissolution) can be observed as
thawing of permafrost [15]. Apart from nature, there are direct applications in industry
such as casting deformity prediction in metallurgy [12] and the modelling of cell cry-
opreservation in biology [10]. The solidification problems can be formulated within the
framework of partial differential equations with a moving boundary of infinitesimally
small thickness [13].

During solidification of a pure material, the solid—liquid interface may become ther-
mally supercooled, which enables nucleation as heat is removed from the interfacial
regions by convection or conduction (or both). In the case of solidifying a mixture of
two or more components, the solidification interface may be exposed to constitutional
supercooling, which is caused by segregation of solute into the liquid region. Rejected
solute will lower the melting point in the boundary layer of the liquid, thus widening
the freezing range of the alloy. This effect (see e. g. [30]) causes the solidifying interface
to become morphologically unstable, giving rise to the formation of dendrites. Regions
containing liquid and solid phases with dendritic structure are called mushy regions

(see [39] or [8]).

1.1 Fixed plate cooling and solidification

Experimental study [21] concerning cooling and solidification of binary alloy from
cooled plate conducted on aqueous solution of NaNOj describes a mixed phase of
solid and melt, mushy layer, where the planar interface is morphologically unstable.
results are found to be in good agreement with the observed behaviour in |21] of aque-
ous NaNOj solutions. A model [37] is in good agreement with the observed behaviour
explaining the evolution of a binary mixture from a fixed cooled boundary. The model
allows self-similar solutions with both interfaces following the square root law. The
numerical results shows that the structure of mushy layer varies considerably with the

change of physical parameters of the solidifying system, namely cooling temperature



and initial concentration of solute.

A model for diffusive solidification of a ternary alloy from a cooled boundary was
presented by [5]. The model consists of a liquid layer, a primary mushy layer and
a secondary mushy layer in accordance with the experimental study on the ternary
system mixture HoO-KNO3-NaNOj in [2]. The model includes the effects of thermal
and solutal diffusion. Throughout the primary mushy layer the thermodynamic equi-
librium is maintained by imposing a linear liquidus constraint between temperature
and concentration fields. leaving on additional degree of freedom. The experimental
study of [34] on the same ternary system investigated convective scenario in which the
secondary mushy layer was both thermally and compositionally stably stratified and
the convection originated in the primary mush and the liquid layer due to statically

unstable density stratification.

1.2 Lateral directional solidification

A setup related to experimental continuous spin casting processes was analysed in [29]
and [26]. The two-dimensional boundary layer flow and solidification of a binary alloy
over a horizontally moving plate maintained at constant temperature was analysed. A
novel feature that distinguishes this setting from the fixed-plate setups is the occurrence
of a non-planar interface between the solid and liquid regions.

The model presented in [27] (the original contribution of the author of this thesis)
includes liquid, mushy and solid layers and identifies two-dimensional steady self-similar
solutions for the system. The effects of boundary flow on the position of the interfaces
and solidification speed were quantified. An asymptotic analysis of the parametric de-
pendence of the characteristics of the solidifying system was performed. A comparison
to the case of solidification from a cooled boundary analysed in [37] showed that the
formation of a mushy layer in the present setup was more prominent. A generalized

model containing two different mushy zones, dispersed and packing, was analysed in

[33].

1.3 Vertical directional solidification

Directional solidification of binary mixtures is extensively described in [13]. A model

which enables analysis of convective instabilities was developed in [4] by separating
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mushy layer from the liquid region above and the solid beneath by fixing its thickness. It
has been proved that convective instability in the mushy layer is generally subcritically

unstable.

The study of nonlinear development of oscillatory convective instability in the two-
dimensional mushy layers was performed in [17], [18]. They found that for both travel-
ling and standing waves oscillatory mode could be supercritically stable, depending on
the sensitivity of permeability of the mushy layer. Weakly nonlinear interactions be-
tween steady and oscillatory convection were analysed by [18] revealing a rich topology

of convective transitions.

In [6] the directional solidification of ternary mixtures was studied and characterisa-
tion of convective regimes in terms of two Rayleigh numbers, corresponding to primary
and secondary mushy layers, was provided. The convection in the primary mushy layer
was found to generally induce a flow (comparable in magnitude) in the liquid layer,
but only a weak flow in the secondary layer. On the other hand, convection in the
secondary mush would induce flow in the primary mush and the liquid layer if primary

layer was not sufficiently stably stratified.

In the presence of multiple diffusive fields convection may arise even though fluid
is statically stably stratified, i.e. the fluid density decreases with height. This phe-
nomenon is called double-diffusive convection and originates due to a difference in
diffusivities of various fields and is described in [35]. This feature is not present in
binary mushy layer systems due to a coupling of thermal and solutal fields through
the liquidus constraint. However, in ternary (or multicomponent) solidifying systems

double diffusive effects may arise.

To identify the type of convective instability, a single primary mush model was
studied in [7], [20]. Under a parametric reduction, namely zero speed of macroscopic
solidification, zero Stefan number and by omitting solute segregation effects, linear
stability problem associated to base state solution was analytically solved. In this case,
even though fluid was statically stably stratified, an instability mode was present as the
result of interactions between convection, solidification and diffusion processes within
the primary mushy layer. Under the parametric reductions, described above this mode
develops only when the diffusivities of the two solutes differ. The numerical results in

[7] on the full model describe the situation when statically unexpected direct modes can
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occur even in cases when the diffusivities of the two solutes are the same. Therefore,
the exceptional direct mode found in their full numerical model must necessarily be
distinct from the one described in reduced parametric setup. A special case of this

model is a binary mixture solidification model described in [38].

In [19] the stability of a primary mushy layer during the directional solidification
of a ternary alloy is analysed. They developed a primary mush model, which contains
phase-change effects due to latent-heat release, solute rejection and background solidifi-
cation, which were not considered in the analytically solved model from [7|. The model
identifies novel convective instabilities, both direct and oscillatory, which are present
under statically stable conditions. An asymptotic analysis was carried out with respect
to small thickness of primary mush with small growth rates. A physical explanation for
these instabilities was proposed, indicating that the instability mechanisms generally
involve different rates of solute diffusion, different rates of solute rejection and different

background solute distributions induced by the initial alloy composition.

In [22] we considered a number of parametric reductions under which the base
state solution, with non-zero speed of macroscopic solidification and partial solute
segregation, can by analytically expressed. The effect of different liquid and solid
conductive properties has been observed to split mushy layer into two distinct zones
the bottom one with large representation of solid phase and top one consisting of
mainly melt. The most general case corresponded to the same diffusion properties of
solutes and also solute rejection rates. Parametric conditions for the existence of base
state solution were provided. A linear character of the static stability curves in the

parametric space spanned by initial compositions was established.

In chapter §4, which is an extension of [23] (the original contribution of the author
of this theses) we consider directional solidification of ternary mixtures, incorporating
thermal and solutal diffusion, segregation effects and finite speed of the background
solidification. Apart from the boundary conditions prescribing constant concentrations
on the top and the bottom of the primary mush, we also consider a boundary condition
setup with fixed concentration gradients at the bottom. We present analytical solutions
for the steady non-convecting state, building on the results from [22|, which consider

the Lewis numbers and the segregation coefficients equal for both solutes.

The dissertation is organized as follows. In §2 we provide a general introduction

4



to alloy solidification and describe equations governing a mushy layer in binary alloys,
with governing equations formulated in a general frame of reference. In §3 we describe
solidification of binary alloy with horizontally moving substrate, based on [27|. In §4
we consider a model for the solidification of ternary alloys. In §5 the model is reduced
to a primary mush model, following [7], [19], [22], [20] and [23|, while considering novel
boundary conditions, and then we provide asymptotic results for the ternary base state

solution.



2 Solidification of multicomponent alloys

2.1 Phase diagram

A component is a chemically recognizable species. Each component or their combina-
tion can exhibit a number of different phases. A phase is a portion of a system that

has uniform physical and chemical characteristics.

A multicomponent alloy is a thermodynamic system consisting of n components.
For simplicity we will present conservation equations and phase diagram for the case
n = 2, i.e. a binary alloy. We will refer to the components of binary system A and B,
as solvent and solute respectively. A binary phase diagram represents the linkage be-
tween temperature and concentration of solute, which indicates the equilibrium phases
present at a given pressure, temperature and concentration. All states, which system
in thermodynamic equilibrium can exhibit are in the phase diagram. A typical binary
system, as one sketched in figure 1, consist of phases formed by solids of component
A, B and mixture of solid solutions of components A and B denoted «, $ and o + 3
respectively; of phases where liquid and solid, composed either from A or B component,

are both present denoted o + L and [ + L respectively; and of liquid phase L.

Curves depicted in a binary phase diagrams represent boundaries between different
states which system can exhibit. Most important features of a phase diagram are:
Liquidus - The line separating liquid-phase field from the liquid-plus-solid phase
Solidus - The line separating the solid-phase field from liquid-plus-crystals phase field.
Solvus - The line separating the single-solid phase field from mixture of solid solutions
phase field.

Futectic point -The point on a phase diagram where the maximum number of allowable
phases are in equilibrium. In this point the chemical composition and temperature
corresponds to the lowest melting point of a mixture of components.

Futectic isotherm - The horizontal solidus line at eutectic temperature T%.
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2.2 Governing equations for binary mushy layers
2.2.1 Cooling from a fixed boundary

Governing equations for solidification of a binary mixture are described in [39]. These
equations are independent of the internal morphology of growing dendrites, thus being
suitable for a wide range of solidifying systems. The justification for this continuum
approach is the fact that the distance between the dendrites is small compared to the
height of the mushy layer as can be seen in figure 2. The governing equations represent
the local conservations for heat and solute. This approach assumes the homogeneous
distribution and morphology of dendrites. The physical properties of the mush are
functions of the local solid fraction ¢ (x,t). The thermal properties of the mush are

approximated by the average of properties of solid and liquid properties as

km = (1 — @) ki + ¢ks, (2.1a)
(pCp)m =(1-9) PiCp + OpsCps, (2.1b)

where the subscripts [ and s denotes the liquid and the solid phases, respectively, k
represents thermal conductivity, p density and C), specific heat.
Local conservation of heat and solute, denoting the solute concentration by C, the

temperature by 7" take the form

or 06

(POp)ma = V- (k,VT) + pSLE ; (2.2a)
ac o¢

(1—9) 5=V (D(9) VC) + (C =) i (2.2b)

where D (¢) = D (1 — ¢) is the solutal diffusivity of the two-phase mush, D is the
liquid solute diffusivity and L is the latent heat. The last term on the right-hand side
of heat equation, psL0®/0t, represents the release of latent heat. The last term on
the right-hand side of solute equation, (C' — Cj) 0¢/0t, represents the release of solute

during solidification.

2.2.2 Governing equations in a general frame of reference

In [32] the governing equations fora binary mush in the general frame of reference
are presented. The formulation involves the interface velocity w , the velocity of the

dendrites v and the fluid velocity w. The solid velocity is equal to the velocity of a
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point embedded in the dendrites. The fluid velocity is an average over the fluid portion
of a representative region. The total flux vector is defined as ¢ = yu + ¢v, where ¢
and y = 1 — ¢ are the local solid and liquid volume fractions in the mush.

The material derivatives with respect to velocities v, w and q are denoted as D?,
D!, D, respectively. In the general frame of reference, the governing equations take the

form

DT D%

(pcp)mﬁ =V. (kaT) + psLﬁa (233‘)
DC  DC D¢

o " = V(D@ VO +(C=C) 5 (2.3b)

T =Ty +TC, (2.3¢)

—v= —%@ (Vp + pglAc) , (2.3d)

V.q=0, (2.3¢)

where II (¢) is the permeability of the mush, which is a prescribed function of ¢, p is
the dynamic viscosity, p is pressure, Ty, is the melting temperature of component A
and T is liquidus slope for component B. Equation (2.3c) represents a linear approx-
imation of liquidus. This approximation is appropriate for many systems, including
aquaeous solutions Equation (2.3d) governs velocity field, its name is Darcy equation,
and describes the flow of a fluid through a porous medium.

When v = 0 equations (2.3a, 2.3b) reduce to (2.2a, 2.2b) representing the case of
cooling from a fixed boundary.

When v = —Vk the case of directional solidification with the pulling speed V is
obtained.

When v = —Uoi, the case of the solidification over the horizontally moving substrate
is obtained, related to the continuous spin casting processes studied for example in [29]

and [26]. §3, which builds on [27], considers this setup.
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Figure 1: Binary phase diagram. This plot represents a binary phase diagram, where the
vertical axis represents temperature and the horizontal axis represents the concentration of
B component starting at zero in the left corner (phase A) and ending in the right corner (
phase B). Regions separated by The liquidus, solidus, solvus and eutectic isotherm curves are
denoted as L (liquid region), a ( region containing A component rich solid « ), a+L ( region
containing A component rich solid « and liquid ), a4+ 8 (region containing solid formed from

mixture of components A and B); and analogous regions for B component.




Figure 2: A binary mushy layer. This photograph, taken from [39], depicts the individual
dendrites growing from the aqueous solution of NH4Cl. The typical spacing between the

dendrites shown is about 0.5 mm, while the depth of the mushy layer is a few centimeters.
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3 Solidification and flow of a binary alloy over a mov-

ing substrate

This chapter is based on our paper [27].

3.1 Model formulation

The region x* > 0, z* > 0 is filled with a binary alloy with the temperature and solute
concentration 77 and C% as z* — oo, respectively. The solidification occurs from
the cooled substrate z* = 0, which moves horizontally at a constant speed U; > 0.
The substrate is maintained the temperature 77 (Cf), which by liquidus constraint
corresponds to a concentration Cf. We assume that 77 (Cf) is above the eutectic tem-
perature T, and below T} (C%). We consider a situation where the binary-alloy mushy
region forms between solid and liquid regions. We denote positions of the solid-mush
and the mush-liquid interfaces as z* = a*(z*) and z* = b*(z*), respectively. We denote
the local volume fraction of solid phase as ¢. Note that even though interfaces are
stationary, the solid phase moves together with the substrate. The situation described

above is illustrated in figure 3.

N Liquid
* *
N - a*(z*)

*‘r

U — z

Figure 3: A sketch for the geometry of the solidification of a binary alloy over a horizontally

moving substrate.

11



The governing equations for temperature, concentration and solid fraction fields in
mushy layer are based on local conservation laws of heat and solute derived in [32].
In general, the velocity of solid dendrites, interstitial fluid and propagation rate of
interfaces are distinct. The pressure in mushy layer is purely hydrostatic and there is
no flow of interstitial fluid relative to the solid dendrites. We denote the flow velocity
as u* = (u*,w*) in the liquid and mushy regions, and the velocity of the solid phase as
v* = Uj %, where 7 is unit vector in horizontal direction. In the mush, the velocity field
is u* = v*. A simple binary phase diagram used, is depicted in figure 4. We assume
that there is no mass diffusion in the solid and that the solid is free of solute. Then

the liquidus constraint in the takes the form

Ty (C7) =T (Cp) = I (C7 = Gp) - (3.1)

AT

'J_":‘ ] |
\ | \
y1(e) BEEES e SRR R

.

c, cy. c. ¢ cr

- .

Figure 4: Idealized binary phase diagram for a system with a mushy region, used in this

chapter. A typical solidification path (solid line with arrows) is depicted in C* vs. T* plane.

In the far boundary

T"=T,,C"=C,,u" =U, as 2" = o0, (3.2)
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where T, C% and U} are the prescribed constants. In the liquid, the dimensional

governing equations are

(w* V) u" = —V*p" — p*g'k + " V*2u*, (3.3a)
w VT = 5 V2T (3.3b)
u* -V*C* = D*V*C, (3.3c)

V*u* =0, (3.3d)

where (3.3a,3.3d) are incompressible Navier—Stokes equations, and (3.3b) and (3.3¢c) are
advection—diffusion equations governing temperature and concentration, respectively.

At the mush-liquid interface at z* = b* (z*)

av* - or* orr
YL — - = k* -k — 4
UO vd.ﬁl?* ¢b (gb) az* . l 82’* b*+7 (3 a)
ab* oC oC*
* *— — l)>‘< - 1 - *— 4
UO dl‘* ¢b az* ot ( ¢b ) 82* . ) (3 b)
or*  db* oT* oc*  db* 0C*
=T 4
{8%" * dx* 82*} bt {(’91’* - dx* 8z*1 o (3-4c)
T =17 (Cy) —=I'"(C* =), u* =U;, w* =0, (3.4d)

where (3.4a), (3.4b) and (3.4c) represents heat conservation, solute conservation and
marginal equilibrium condition, respectively. The marginal equilibrium condition was
introduced by [37], stating that liquid ahead of the mush-liquid interface is not con-
stitutionally supercooled.

Governing equations in the mushy region a* (z*) < 2* < b* (z*) are

oT* . 09

OS5~ = V@V T + Ui Lo (3.50)
0

U [6C"] = V7 (D" (1= 6) V°C), (3.5b)

T* =T} () ~T" (C" ~ Cy) (3.50)

where (3.5a), (3.5b) are advection—diffusion equations for temperature and concen-
tration respectively and (3.5¢) represents liquidus constraint. The solid fraction ¢
throughout mushy layer is unknown. The state of thermodynamic equilibrium is main-
tained by liquidus constraint (3.5¢). Note that governing equations for velocity profile

are not presented, because solution of form u* = v* is expected.
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At the mush-solid interface positioned at z* = a* (z*) are satisfied

L da” ) \ oC*
UO dl'* (1 - ¢a*+) C |a*+ - D (1 - ¢a**) W 9 (36&)
_— , o1 — 0T
a*~ a*t
T* =T} (C) —T* (C*,.. — C2). (3.6¢)

These equations as at the liquid—-mush interface, represent local conservation laws and
liquidus constraint.
In solid phase 0 < 2* < a* (z*)

oT*
ox*

Uy = kXV*T, (3.7)

the temperature field is governed by diffusion only, while substrate temperature is fixed

at

T* = T:(C). (3.8)

3.2 Non-dimensionalisation

In this chapter we consider scaling in which lengths will be scaled by a factor x*/Uf,

and velocities by Uj;. The dimensionless temperature and concentration are defined as

T -TG) 4 oGO

I'=—Z37 AC*

(3.9)

respectively, where AT* = T% — T/(C§) and AC* = Cf — C%. We define non-
dimensional positions of interfaces as

_ a” (w"2/Ug)

_ b (a/Up)
() = I _ Blwra/lG)

and b(z) PR
0

(3.10)

The dimensionless numbers characterizing process of solidification are the Lewis num-
ber Le, the Stefan number S, the concentration ratio C and the dimensionless liquidus
slope I' defined respectively, by

e g L ,_ G _T'AC

D+’ cAT T ACT AT

(3.11)

Note that range of C is (1, 00) and range of I' is (0,1). It is good to keep in mind, that
limit case I' = 1 corresponds to situation when far field values (C% and TZ) satisfy

the liquidus constraint.
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The dimensionless numbers in liquid are the Prandtl Pr number and the velocity

ratio U
* U*
pr="1 and U= —2. (3.12)
K* U
We consider the limit
€= 2\2/5 =0(1) as 1 — oo. (3.13)

The effects, of this limit can be accounted for by applying the transformation (x, z) —
(la?:, 1\ 22) considering the leading order balance, and then neglecting the pressure gra-
dient in the casting direction. Note that by (3.3a), the pressure is hydrostatic. After
resolving the limit, we return to the original coordinates (x, z). The resulting system

of boundary-layer equations is as follows. In the far boundary:
I'=1,C=1Lu=U as Z — 00. (3.14)

In the liquid phase (z > b):

ou ou 9%*u

oT _ OT T

oC oC 1 0*°C
ou Ow
5t =0 (3.15d)
At mush-liquid interface (z = b):
db T
S%¢lf = |:5:| o s (316&)
db 1 ac
GC-0n - |u-0%] . (3.16b)
oTr  db 0T oc db oC
|:a—x + % E:| o =T |:% % S§:| o s (316C)
T=TC,u=1,w=0. (3.16d)
In the mush (a < z < b):
or  o? 0]
%—ﬁﬁ-S%, (3.17&)
1 0 oC
sla-ac-ol= 2 la-0 5], (3.171)
T =TC. (3.17¢)



At mush-solid Interface (z = a):

da or1*
S (1= ¢a+) = {&} " (3.18a)
da 1 oC
“Cwe-o)a- —(1-¢) = 18b
B0 =100 G| (3.18b)
T|a+ — F C|a+ . (318C)
In the solid phase (0 < z < a):
or  o°T
or o 1
Or 022 (3.19)
At the bottom,
T=0 at z = 0. (3.20)

3.3 Self-similar reduction

The following assumptions allows us to make a self-similar transformation, as in [29]:

e All material properties are the same for liquid and solid phases: ¢} = ¢, kI = kJ,

¥ Lok [k 1ok [ ok * ok ok
K*=kX/ct =k /cf and ¢* = ¢ = ¢f.

e No pressure gradient in the casting direction (Op*/0dz* = 0). This is valid for
film flows with the free stream velocity UZ > (g*l*)l/ ?. where ¢* is the gravity

acceleration and [* is the height of free surface.

e The ratio between the velocities of substrate and free stream U = UZ /U] satisfies
Pr < U < Pr~!. This assumption is easily satisfied by the materials such as
metals, where Pr typically has values from 0.1 to 0.01.

Under these conditions equation (3.15a) in the liquid defines a viscous boundary
layer problem for fluid velocity in the liquid phase as in [29] and [26]. Noting, that the
velocity field in the liquid is decoupled from other fields, we can express w in term of
asymptotic expansion for small Pr. The asymptotic form can be found by the method
of matched asymptotic expansions. Velocity field can be described using the stream
function 1 defined by

_ o
0z o Ox

u (3.21)
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We seek a self-similar solution of the form:

Y(x, 2) = 2212 f(€), where € = =0(1) as Pr—0, (3.22)

NG

with the positions of dimensionless interfaces given as
a(z) = 2\, z/? and b(x) = 2022, (3.23)

where A\, and A\, are constants yet to be determined and f satisfies the boundary value

problem described in [29] and [26]:

Prf"+2ff"=0 (3.24a)
f=xN at {=X\ (3.24b)
ff=U as  £— oo, (3.24c)

where f’ =df/d¢. Uniformly asymptotic solution of the boundary layer problem (3.24)

1S:

1-U £— N\
~ 11— P 1-— —2 . 2
f~X(1=-U)+UE+ Pr o [ exp( b Br )] (3.25)
Asymptotic formula (3.25) holds, while the following condition is satisfied

— L N\ (326)

U Liquid

U>1UL>Ul) - —>~

&I

Figure 5: Sketch of representative streamlines for qualitatively different values of . In the
mushy region, the velocity field is equal to the velocity of the solid dendrites embedded within
the substrate.

17



u~1+(1=U) {exp (—2)\55 ;TA’)) - 1] : (3.27a)

1-U Pr Pr E— N
~— 7 i i —92) . 27h
w 12 |:/\b+2/\b (§+2)\b> eXp( b Pr )} (3 7 )

as Pr — 0. In figure 5 are depicted situations with w > 0 (w < 0) when U/ > 1 (U < 1).

The results when the mushy layer is absent are described in [26]. Note that for U = 1,
there is no flow relative to the solid phase, and therefore when space variable x is
replaced by the time variable, the problem is formally equivalent to the solidification
of a binary alloy with planar solid-mush and mush-liquid interfaces analysed in [37].
A boundary layer problem for temperature distribution in the liquid phase can be

obtained as in [26] after applying self-similar transform (3.22) for (3.15b)

T = —2fT, (3.28a)
T=TM)=T, at E=DN, (3.28h)
T—1 as £ — 0. (3.28c¢)

The solution of (3.28) takes the form:
erfe [UM2 (& — X)) + U2 (W)

T(€) ~ 1+ (Ty—1) TR for £ M, (3.29)
where
erfc— 1 —erf(€), erf () = % /0 s (3.30)
and
AQy) = A+ Pri=Y (3.31)

2\,
Note that A (Ay) ~ Ay + O (Pr) as Pr — 0. Temperature distribution in solid phase

follows differential equation

T" = —2£T". (3.32)
Twice integrating we obtain
et (£)
T=T, , 3.33
erf (A\y) (3:33)

where T}, is constant, which will be determined by condition on temperature gradient
at solid—mush interface. Using relation (3.33) temperature gradient on the solid-mush

interface can be evaluated as

(3.34)



where G (\) = /mAeMerf ()). Concentration in the liquid phase after applying self-

similar transform follows a differential equation

C" = —=2LefC", (3.35a)
C = Cb at f = )\b, (335b)
C—1 as £ — 0. (3.35¢)

Solution of (3.35) is

exfe [(ULe) " (€ = )+ @U/Te) " A (V)]

C)~14+(C,—1) ,for € > Ny, (3.36)

erfec [(M/Le)_m A (/\b)]
In the mush region after self-similar transformation equations are cast into the form

& 2Le€C" + C"

_ — 3.37
1—¢ 2Le(C—C)—C" ( )
S
C" +2C" = 2f§gb'. (3.38)
Equation (3.37) can be integrated as in [16]:
M 2LesC! + C”

=1—(1— ¢y — . 3.39
¢ ( ¢b )exp( /E 2L€S(C—C)—C/) ds ( )

Conservation of heat and solute at the mush—solid interface is expressed
25X, (1 — ¢+ ) + TCLL]) G (Na) = 2T N, C, (3.40a)
[2Aa (C — Cot)] (1 — g+ ) = 0. (3.40b)

The conservation of heat and solute at the liquid-mush interface is expressed as

2S\ydy- =L (Cl — Cl,), (3.41a)
2L€)\b (C - Cb) ¢b— = C{,Jr — (1 — (bb'*‘) Cllr (341b)

Condition (3.41a) was derived using self-similar version of the marginal equilibrium

condition
Integrating (3.37), and using (3.40b) gives

/£(C—C)<1—¢)ds:1 M (C—C) e | (1= 6) A< E<hy  (3.43)
Aa 2 Le
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Evaluation of integral in the mushy layer gives

/: €~ 0)(1—)ds =1 [0 (€~ C) — =-Ch | (1= ), (3.44)
where the value of the integral represent dimensionless amount of solute contained in
mushy layer.

For general value of S can be shown that concentration gradient is continuous across

interface C;, = C;_ and that ¢,- = 0. To prove that, we manipulate (3.41b) to
(bb— = Le( I§+ — Cl/r) / [2)\bL€ (C - Cb) + Cllr] s (345)

denominator is positive due to (3.44), and nominator is negative because of (3.41a),
under these conditions ¢,- = 0 is only viable option. We also use (3.41b) and (3.37)
integrated from A, to A, to show that 2Le), (C — Cy+) — Cpy = 0.

3.4 Asymptotic results with latent heat rejection neglected

When Stefan number is set zero, the solution for the temperature, and the concentration

in the mushy region is analogous to the solution of the temperature in the solid phase

B erf (§)

T =T iy (3.46a)
B erf (

C = Co on (3.46b)

Equations (3.41a, 3.41b) represent system of linear equations, when solved we obtain

 LeCG (M)
Cot = T LG () (347a)
2LeCA
= —T—rrre 4
Cas 1+ LeG (\,) (3.47D)

Evaluating (3.46b) at £ = Ay, and using (3.47a) we gain algebraic equation exhibiting

only solidification rates constants A, and A, as unknowns

erf (>\b)
erf (A,)

LeG (M) {ob —C ] +Cy = 0. (3.48)

Using the condition of marginal equilibrium (3.42) and the continuity of concentra-
tion gradient, we establish continuity of temperature gradient across the liquid-mush
interface T;, = T, . Equation for growth constant A, can be obtained by substitut-

ing 7" and C" evaluated at £ = X\, from (3.29) and (3.36) respectively into continuity
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T,Cu ¢
Figure 6: Profiles of temperature (blue), concentration (red), solid fraction (yellow) and z
component of the velocity (green) in both liquid and mushy region. Black line that separates
liquid region at the top and mushy region at the bottom is position of A, liquid—mush interface.
For computation in liquid region equations: (3.29), (3.36), (3.27a) were used, position of
the liquid-mush interface was computed from (3.48) and (3.49) and for temperature and
concentration profiles in the mushy region (3.46), (3.46b) were used. Solid fraction profile
was obtained by numerical integration of (3.54). Parameters were set to C' = 2, Le = 100,

I'=0.5, Pr =0.01 and & = 1/10, while values on vertical axis satisfy £ = O(1).

constraints:
b A () A (M) B
Te \/ﬁ — T\ F [ T } +(1-=T)A (M) G(Ny) =0, (3.49)
where
F(\) = vraeMerfc (). (3.50)

Values of temperature and concentration on the mush—liquid interface

ME [A ) V]

Ty=1-— —— , (3.51a)
MF (A (%) /m] T A G ()
A F [A (M) /\/L{/Le}
Cp=1-——— . (3.51b)
MF [A () /3 /u/Le} 4 LeA (M) G (M)
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Figure 7: The concentration Cj at the mush-liquid interface, and the position of the mush—
liquid interface A, as functions of U, I', Pr and Le. The plotted values of Cj, (red) were
computed using (3.51b) and A (green) were calculated from (3.49). Note that for Le Z 100,
Cy and )\, are almost independent of Le. Parameters used were U = 0.5, Le = 100, I' = 0.5
and Pr = 1073,

On figure 7 is depicted dependence of both A, and C} on the important non-dimensional
parameters evaluated using (3.51b) and (3.49) respectively. Notable is the indepen-
dence of concentration and mushy layer thickness on Pr, the near linear dependence of
mushy layer thickness versus I' and transition to the small diffusivity limit as Le — oo.

We present numerical solutions of (3.49) on figure 8. Solutions corresponding to
the root A (\,) = 0 are not presented, because they does not satisfy condition (3.26)
i.e. are not asymptotic. Note, that number if solutions of (3.49) depends on values of
U. The three intervals U € (0;1), U € (1;Urnaz) and U € (Upnaz; 00) corresponds to one
solution, two solutions and no solution scenario respectively. This can be compared to
the results obtained in [28], where A, existed for all values of 4. On figure (9) we observe
two branches of )\, and corresponding values of A, are computed for each branch using

equation [3.48|. Dashed pair of A\, and A, is for all values of U physically admissible
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Figure 8: The position of the mush-liquid interface Ay, as function of the velocity ratio U
computed from (3.49). The red curve correspods to Pr = 1072 and the blue curve corresponds
to Pr = 1072. The black portions correspond to the case when criterion Pr/ )\g > 0.5. The

values of other parameters used are Le = 100 and I" = 0.5.

scenario i.e. A\, < \p. Pair drawn with solid line is physically admissible only for values
of U > Upnin, > 1, where U, depends on the condition (3.26) and in the plotted case

On figure 10 dependence of U,,,, and associated values of A\, on Prandtl number
is observed. Considering the first order approximation Aynaz ~ Ao Pr'/? and Upes ~

Uy Pr—, where Uy = O(1) and Ay = O(1) into (3.49) we gain

g 1/2 _u1/2
F 0 — Lel'F 0 = Le (1 —T)Uy. 52
(2[/6)\0) © ( 2)\0 ) €< )Z/{O 0 (3 g )

Dependence of leading order terms A\g and U, on parameters I' and Le can be assessed by

considering equation (3.49) as implicit function of U () and calculating él_/\u Solution
b

for A\g and Uy then can be obtained numerically from

_aq1/2 _u1/2
F <2L60AO> = Le!’T'F (2—;’0> : (3.53)
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Figure 9: Red colour depicts two branches of A, blue colour is used for A\, computed
numerically from (3.49) and (3.48) respectively. Corresponding branches shares line type.
The values of used parameters are Pr = 1072, Le = 100, I = 0.5 and C = 2. Note that for

y-axis logarithmic scale is used.

The solid fraction integral (3.39) takes the form

Ab 2s(Le—1
#(§) =1—exp <—/E Lem'/2s e5* [(LeG (\g) + 1) ; (LeG ()/\a)) erf (\,) — erf (s)] — 1ds).
(3.54)
3.4.1 Small solutal diffusivity limit
The results in this section were obtained using
erf(z) ~ 27120~ [z 4+ O(2%)] for z < 1, (3.55)
erf(z) ~ T 2e [1/z +O(1/2°)] for x> 1. (3.56)

In the limit Le — oo a concentration boundary layer of thickness O(Le™'/2) forms
ahead of the mush-liquid interface. Since F (s) ~ 1 and G(s) ~ se®” as s — oo, the
only admissible solution of (3.49) is of the order of unity. Furthermore from (3.51b) we
can deduce C, — 1 as Le — oo. From (3.48) we have A\, — 0 as Le — oo, otherwise
Ao > Ap, which is not admissible. The solution of (3.48) is

B 1/Le 5
Ao = T2Cert () + 0 (Le™?) as Le — oc. (3.57)
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Figure 10: The top plots show Upma: and Apmas as function of Pr. The bottom plots
shows the same dependence shown in logarithmic scale. The slopes at the bottom show
Momaz ~ Mo Pr/2 and Uppas ~ UgPr—t, where Uy = O(1) and A\g = O(1). Other parameters
were set to Le = 100 and I' = 0.5.

Observe that A, in (3.49), does not depend on the concentration ratio C, so that the
thickness of the solid decreases with C. Using (3.57) we can derive concentration and

its gradient at the bottom of mushy layer

2C
Cy ~ 3.58
nC2erf? (\y) Le + 2 (3.58)
and
, 2r1/2C%erf (\y) (3.50)

@™ rCerf? (\) Le +2

As the limit of Pr — 0 is regular we consider behaviour of (3.49), when Pr = 0 so that

b Ab B
Considering a limit & — 0 for (3.60) a solution can be approximated using:
r
= —. .61
G (\y) T (3.61)
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Figure 11: Leading order solution (3.60) computed numerically using (3.61). Note the

singularity in A\, as I' — 17.

We note that the dimensionless parameter I', which is proportional to the ratio of the
compositional and thermal differences across the system satisty I' = [T} (C%) — T} (C§)] /AT
and that the right-hand side of (3.61) can be expressed as a ratio of the driving temper-
ature differences, i.e. [T} (C%) =T (Cy)] /) [TL — T; (CL)]. The range of G is (0, 00),
and since G is increasing there exists a unique solution for every I' € (0,1). Depen-
dence of )\, on I' is depicted on figure 11, presented values are numerically computed

from (3.61).

3.4.2 Results for for 4/ =0

Even though limit &/ — 0 is regular it is interesting to further investigate the case.
Situation U4 = 0 corresponds to the case, when far field velocity UZ is being set to
zero. The growth constants for interfaces A\, and A, are independent of U and hence

we can observe that dimensional position of interfaces

a* (x%) = 2\, (k*2* JUE)Y?, (3.62a)

b (x%) = 2X, (k2™ JUL)Y? (3.62b)
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Figure 12: Plots of temperature - (a) and of concentration (b) in the liquid phase as function
of £ on the vertical axis. For &/ = 1/10 , marked with blue, the computation was carried out
using equations (3.29) and (3.36). For & = 0 , marked red, equations (3.63a) and (3.63b)

were used. Other values of parameters are Pr = 1072, Le = 100 and I" = 0.5.

is proportional to the (U;)~'/2. Asymptotic expansion (3.25) holds for &/ = 0 and
0

therefore the temperature and the concentration in liquid phase can be expressed as

1-T 2)\? + Pr
T~ 1= Le—exp [_bA—b(é_Ab)} , (3.63a)
1-T 2\? + Pr
~]l - —Le= b ——— (6= N\)|. .63b
C = 1)Fexp [ e N (& b)} (3.63b)

In figure 12 we show typical profiles of the temperature and concentration fields, given
by (3.63a,3.63b); shown are also the profiles corresponding to positive values of U.
Equation (3.48) is unchanged, while equation for the growth constant \, satisfies alge-

braic equation

Pr) _T=Vle (3.64)

1 _
G(Ab)( o -1

Positive solution of (3.64) exists only if I'Le > 1. By computing derivation of implicitly
defined function (3.64) it can be seen, that position of the mush-liquid interface A,
increases with I' and Le and is decreasing function of Pr. There are no local extremes

present in the range of asymptotically admissible values of parameters.
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Figure 13: Sequence of equally spaced contour levels of dimensional position (in m) of the
mush-liquid interface b*(z*). For x* = Im, k* =5 x 107%m2s™1 as in [26]. The range of
in the plot is 0 < U < 10, while horizontal axis corresponds to &/ = 0. Note that the non-
monotonicity of b* in the section corresponding to U ~ 10. Other parameters are Pr = 1072,

Le =100, T = 0.5.

Considering limits Pr — 0 and Le — oo equation (3.64) simplifies to (3.61), which
was obtained before.

We can use (3.63b) and (3.44) to calculate the total amount of solute within mushy
region as

Pr(1-T)

oI (Le—1) (3:65)

/Ab<0—c><1—¢>dssz<c—1>

From (3.65) we can observe that the total amount of solute in the mushy layer is
dominantly determined by A, (C — 1), while other term being of order O(Pr/Le) as
Le — oo and Pr — 0. This holds for I' not too close to 1.

In figure 13 we plot the contours of the dimensional position of the mush-liquid
interface, given in (3.62b), for general values of U , in terms of Uy and U,. An
interesting feature is the non-monotonicity of b* as a function of Uy in the region close
to the line U = 10.

In figure 14 we plot the growth constants A, and A, as functions of I'; calculated

from equations (3.48) and (3.49) together with those corresponding to the mushy region
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Figure 14: Growth constants )\, (dashed) and A, (solid) are represented as function of T'.
The red pair (case U = 0) was calculated from equations (3.48) and (3.49) and for comparison
the blue pair (case U = 1) was calculated from (3.48) and (3.64) and correspond to problem
studied by [37]. Other values of parameters are Pr = 1073, Le = 100 and I" = 0.5.

without horizontal pulling, calculated from (3.48) and (3.64), which correspond to the
problem studied by [37]. Note that there exist a value I' = T',,;;,, such that A\, = \;.
Physically realistic solutions exists only for I' > T',,,;,. As I" approaches 1 behaviour is
similar to one observed in figure 11.

In figure 15 we show I',,,;, as a function of U, the values of I',,,;,, are found to attain
their maximum values at &/ = 1. Thus, the horizontal pulling and the resulting flow
in the liquid enhance the formation of a mushy region. in another words: when the
system is pulled horizontally, the range of I' for which the mush exists is larger than

that for the system without pulling.

29



T T T T T T T T T
012 T

01

0.08

0.06

0.04

0.02

Figure 15: Minimal value of I" for which mushy region exists, I, as function of . The plot
shows two qualitatively different asymptotic regimes: blue curve corresponds to Pr < 1/Le
with values Pr = 1073 and Le = 100; red curve corresponds to Pr > 1/Le with values
Pr =10"2 and Le = 1000. Note that I',,,;, attains finite values at & = 0. In all computations

C = 2 was used.
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4 Directional solidification of ternary alloy

4.1 Ternary phase diagram

The path of an alloy element during solidification with no convection is sketched in
figure 16. The concentrations of three components 1, 2 and 3 are denoted by C}, C3
and Cj, respectively. The concentrations satisty C} + C5 + C5 = 1. T}, represents the
melting temperature of the pure component 3; E3 is a binary eutectic point for the
binary system 1-3, T43* and C}3 are the binary eutectic temperature and concentration
for the system 1-3. The cotectic curves intersect at the ternary eutectic point E, with

the eutectic temperature 7% and the concentrations C|, C55 and C55. The phase
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Figure 16: Ternary phase diagram. The base of diagram is the Gibbs triangle, corners
1, 2 and 3 correspond to the respective pure components. Shaded planes represent liquidus
surfaces. In the region, above the liquidus surfaces is the liquid phase. At the intersection of
two liquidus planes is a cotectic curve. The cotectic curves intersect at the ternary eutectic

point E. A sketch of a solidification path L. - P — S — E is shown.

diagram can be used for tracking the concentration of cooling melt in a thermodynamic
equilibrium. The solidification path depicted in figure 16 starts at point L which lies
above the liquidus surface; at this point there is only melt in the liquid phase present.

The path continues to the point P , which lies on the liquidus surface and corresponds
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to a liquid layer—primary mush interface. In equilibrium the primary solidification of
the mushy layer corresponds to the solidification path on the liquidus surface (see for

example [7], [19] and [20]).

The phase diagram for the three-component alloys is usually represented in forms
of the Gibbs triangle, in which each corner corresponds to a pure component (see e.
g. [36]). The solidification process is typically associated with a single corner of the
Gibbs triangle. The component in this corner is denoted as 3 while the solutes 1 and
2. Each side of the triangle represents a binary diagram for the respective component
pair, for example side 1-2 represents the binary diagram for the binary system with
components 1 and 2. Ternary diagrams for metal alloy can be very complex, exhibiting
many intermetallic phases. As an example we show in figure 17 the ternary diagram of
Pb-Sb—-Sn alloy from [24], [25], which includes intermetallic phases, a peritectic point

and a eutectic point.

Figure 17: The linearized liquidus surface of the lead rich-corner of Pb—Sb—Sn diagram
(taken from [24]). The ternary Pb-Sb—Sn diagram is divided into two sections by the pseu-
dobinary Pb—SbSn system, where SbSn is an intermetallic compound. The Pb—SbSn system
has a eutectic point epy,_g,gy, at 245°C. The partial system Pb-Sb-SbSn has a ternary eu-
tectic point (E) at 240°C. The partial system Pb—Sn—SbSn, has an invariant point, a ternary
peritectic (P) at 190°C.

Ternary phase diagrams for aquaeous mixtures are generally much simpler (see e.
g. [2]). First, there are no solid solutions (the solvus lines are vertical). Second, all

liquidus surfaces are planar.

The thermodynamic equilibrium constraint within the mush associated with the
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primary solidification (the primary mush) can be expressed as

Ty (CF, G3) = Ty +myCf +myCs,

where m] and mj are the liquidus slopes relating the change in temperature to the

changes in solute compositions. Concentration of the component 3 can be computed

from C; =1 - C} — C5.

A linearized ternary diagram with the liquidus surface and the solidus surface is

sketched in figure 18.

Figure 18: A schematic of ternary phase diagram for primary mush from [19]. The lig-

uidus surface and the solidus surface associated with the corner 3 are depicted. A typical

Liquidus

Mush
" bottom

(o
,-—-""’—.‘-'

solidification path and its projection onto the Gibbs triange are shown.

4.2 Primary solidification

The theoretical formulations of mathematical modelling of ternary alloy systems have

been recently reviewed in [8].

In the primary mushy layer the solidification of a single alloy component 3 occurs.

Equations describing the processes in the primary mush are valid in region H§ < z* <

H} as sketched in figure 19.
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Figure 19: Sketch of the geometry for ternary solidification occurring away from cotectic
lines. At the top is a semi-infinite liquid layer, underneath separated by a first planar interface
is the primary mushy layer, in this layer the thermodynamical equilibrium is maintained and
dendrites formed of component 3 evolve. The second interface separates the primary and
the secondary mush. In the secondary mush temperature and composition are constrained to
cotectic curve and crystals of cotectic concentration of components 3 and 1 are formed. The

bottom layer is a eutectic solid which in which no phase transition occurs.

The mushy layer is bounded by two interfaces, moving in time at a constant speed
V* and having a constant distance H*. We denote T™ as temperature, C7, C5 as
concentrations of two solutes, ¢ as a solid fraction, p* as pressure and w* as Darcy

velocity. Governing equations in this coordinate system are

¢ (¢) <8T* _y 0 u*.V*T*> =V (k (0) VT + L <8¢ oy 8¢> |

ot* Oz* ot* 0z*
(4.2a)
oC* oC* . . . [0 . 00
(1_¢)<atj —Vazj> +u* V'O =V - (D (1—¢)V*C) + (1 —k;) C; <8t* -V
for j = 1,2, (4.2b)
T =Ty +miCT +m5C5, (4.2¢)
IT* -
u* = —ﬁ (V*p* + p*g*k> ; (4.2d)
V*_u* = 0. (42@)

where ¢*(¢) = ctp + (1 — ¢) ¢ is the effective specific heat of the mushy layer with
¢t and ¢ being the constant specific heat in the solid and liquid phases; k* (¢) =
kXp + (1 — @)k is the effective thermal conductivity with & and k% being thermal

conductivity of liquid and solid phase respectively; L; is the latent heat; D is constant
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solutal diffusivity in the liquid for species j (diffusion of solute in the solid is neglected);
k; are segregation coefficients and m} are liquidus slopes; II* (¢) is the permeability of
mushy layer; T'; represents melting temperature of pure 3-rd component; p* is dynamic
viscosity; ¢g* is gravity acceleration; p* is fluid density.

During this process thermodynamic equilibrium in alloy is maintained, by the lig-
uidus constraint (4.2c). A motion of interdendritic fluid is modeled via Darcy’s porous
media equation (4.2d). Permeability of media is function only of ¢ — fraction of fluid
in particular volume, however this fraction varies across mushy layer. In work [7]
for simple model with analytical solution constant permeability I1* (¢) = 1 was con-
sidered; more generally was permeability considered in [19] as a Taylor expansion of

IT* (¢) = 115 (1 — ¢) . Equations governing concentration (4.2b) are reflecting effects

of solute segregation via terms (1 — k;) C} (gfi — V*%).

The fluid density is assumed to satisfy
g = P [l — a* (T" = Tiy) — aiC — a3Cy). (4.3)

where o* and aj (j = 1,2) are thermal and solutal expansion coefficients and pg is the

density of 3-rd component at its melting temperature 7};.
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5 Steady non-convecting states in ternary alloy solid-

ification

Reduction to a single primary mush requires the specification of alternative boundary

conditions. We will analyse 4 sets of boundary conditions (BCs):

C-C: O] =Chypd=00atz" =H" C;=Ch, at 2" =0,
F-C: O =Cjp 0= o at 2" = HY 50r —Gjbotatz =0,
80* * * * * * *
CF: 5o L= Gpy @ = o at 2" = H*; O = O, at 2" =0,
F-F: oo Gliop @ = Qo at 2" = H*;  C; = Cjy, 82* ot at 27 =0,
for j =1,2.

5.1 Non-dimensionalisation

For all boundary condition types (C-C, F-C, C-F, F-F) we obtain the same system of
dimensionless governing equations. The mentiond cases differ by definitions of dimen-
sionless parameters and the boundary conditions. We will employ non-dimensionalisation
as in [7] in which lengths will be scaled by factor H* — height of mushy layer, time
scaled by H*?/k}, where ] = k}/c} is thermal diffusivity and velocity by x}/H*. We
define dimensionless pressure as:

*

0 * * * %
r (P" + Piopg™2") - (5.1)

p:

Then governing equations have the form:

c(¢) (%—f - Vg—f + u.VT) — V.- (k(¢)VT) + 5 (% _ Vgcﬁ) (5.20)
forj=1,2, (5.2D)

T =miCy + myCy, (5.2¢)

u = —I1(¢) (Vp + Apic> , (5.2d)

vV-u=0, (5.2¢)
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where ¢(9) = (¢3/cf) &+ 1 — 6, k(9) = (ki/ki) ¢ + 1 — 6, I1(9) = IT* () /IT; and Ap

connects density of fluid with temperature and concentration fields
Ap = —RaT — RalCl — RCLQCQ. (53)

Due to linear liquidus constraint we can quantify the buoyant effects through the two
effective Rayleigh numbers Ra;r = Ra + m%R&g and Rac = Ra; — %RUQ. Note a
coupling Rap + Rac = Ra + Ray, + Ras.

In the following section we will discuss the effect of type of boundary conditions on
definition of dimensionless parameters. Four different cases of concentration boundary

conditions are presented. These combine fixed concentrations and fixed solutal fluxes

denoted by C and F respectively:

5.1.1 Boundary conditions: Type C-C

Boundary conditions as in 7] and [22]:

* vk * __ vk x __ vk _ * 1. * __ IT*
T _jjtop7 Cl_ 1top» 02— ZtOp,(b—(bO’u 'k—O&tZ —H’

* * vk % v * 1. * %
T_Tbot701_ 1bot’02_ 2oty U -k=0at z"=0"

Choice of such conditions, by liquidus constraint (4.2c¢) implies two couplings:
T* *

vk * vk * * * v * vk
top TM + my 1top + my 2top? Tbot - TM + M1 Utbot + MoCopot-

We define non-dimensional temperature and concentrations as follows

™ =T} Cy
T=r—rr Ci=a—e (5.4)
TtOP - Tbot jtop — “~jbot
We can observe that Ty, = Ty, , — miCY,,, — m3C3,,, and that the liquidus slopes m7,

m; are negative. Therefore T}y, > T} and non-dimesional temperature 7" < 0.

top

A set of dimensionless parameters is

V*H* L: K]
V= , 5= : o Lej= 4
ki i (Trp — Triy) ' D;
Ra = @ Wi = Tia) S TGH" 05 (G = Copd) e TGH 15 (G ~ e
Ky Ry (T;Eop - Tbot)

Previous definitions lead to the dimensionless boundary conditions

T=T+1,Ci=Crot+1,Co=Conos+1,¢0=cp, u-k=0at z=1
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and T = Thor, Cy = Clpor, Co = Copoy, w -k =0 at z =0

* *
Cjbot C

and the coupling Tyor = M1 Crpor + M2Copot, Where Clipor = o Citop = ok A
Jbo

and Ty, =

* *
Cjtop jtop_cjbot
Tr  —T%

M

Ty —Tr

. Note that Ty € (—o00; —1).

5.1.2 Boundary conditions: Type F-C

Boundary conditions:

T =1}

top?

Cr=Ct

1top>

C; = Chppy @ = ¢o, u* - k=0at 2" = H,

oCs oCy N
1 * 2 * u*-k::()atz*zo*,

aZ* = YUilbot» az* = YUapot»

with restriction on the gradients mjG?Y,,, +m5G%,,, > 0. This choice of BC’s implies a
coupling:

*

* * vk *
T;fop - TM + my 1top + Mgy 2top*

We define dimensionless temperature and concentrations as

(M3 Gy + msGoyey) H GjbotH

where T exhibits only negative values, but C; exhibits same sign as prescribed value

of G- A set of dimensionless parameters:

v: * ) S: * * Yk - Y AL * ) LeJ: l*’ (56>
Ry ¢ (MiGly + m3Gyy) H D;
@ (MG +m5Gy) g IH ™ _ GGy G H™ _ MG
Ra = * % ) Ra’j_ * % ) mj_ * (Y * Yk :
K K MGy + MGy
(5.7)
Dimensionless boundary conditions are
T = Tyop, Ct = Cltop, Co = Copop, =0, u-k=0at z =1
oC oC. -
and—lzl,—2:1,u-k:0atz20
0z 0z
: C)'kto Tt*o _thl
and the coupling Ti,, = M1 Cliop+maCotop, Where Cjyop = =% and Ty, = P

Glpor H* (mTGTbot""m;G;bot)H* )

Note that T}, € (—o0;0).
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5.1.3 Boundary conditions: Type C-F

Boundary conditions:

801_ * aCZ * ¢:¢O,u*.’%:0&tz*:H*and

82* - 1top> 62* - 2top?
* % AT * vk * 1. * (%
" = Tbotv C(1 — Ylbot» C(2 = Uopoty U k=0at z* =07

with restriction on the gradients mjG?y,,, + m3G3,,, > 0. This choice of BC’s implies

2top

a coupling:

* vk * Yk * Yk
Tyoy = T + My Ol + M5 Cop-
We define dimensionless temperature and concentrations as

T =Ty Cr
T = — *M* , C’j = *—3*7 (5'8)
(ml 1top + my 2t0p) H* G H

Jjtop

where T exhibits only negative values, but C; exhibits same sign as prescribed value

of G%, . A set of dimensionless parameters:

Jjtop:
* * * *
o g Ly Le, = 1 5.9
o P o *( * Yk +mEGE )H*’ eJ_D*’ ()
l G M1 Gtiep ™ Mol J
* * Yk * Yk *TT* *2 * Yk *xTT* *2 * Yk
Ra — o (ml ltop T Mo 2t0p) g lgH Ra. — O‘jGthpg gH - ijjtop
a= * ok ) aj = * ok o My = * Yk +mEG :
K] K My Gop T M2batep
(5.10)
Dimensionless boundary conditions are
oC, 00, -
Ezl,azl,éngo,u-k:Oa’cz:l
and T' = Tyot, C1 = Chpot, Co2 = Copor, u -k =0at 2 =0
and the coupling Tyo; = 1M1 Clpor+m2Copor, Where Clipor = G*C; = and Thoy = —— Tgot_f&* -
jtop (mlGltop+m2GQt0p>H

Note that Ty, € (—00;0).

5.1.4 Boundary conditions: Type F-F

Boundary conditions:

ocr . ecr - R
aZ::G1t0p78_Zf:G2top7¢:¢07u ck=0atz" =H

oCy oCs N
andcfz fbomcék: * 1 * 2 * u*-kantz*:O*,

2bot 92 — ~1bot» 92 = Yabot»
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with restrictions on the gradients
G’{wp + mQGEtop > 0 and miGY,,; + m5Go,e > 0. (5.11)

Note that overdetermined system will generate extra coupling. We define dimensionless

temperature and concentrations as

T=— *T*_f&* -, C; = *C; -, (5.12)
(mlGlbot + m2G2bot) H GjbotH

where 7" exhibits only negative values, but C; exhibits same sign as prescribed value

of G7,,,- A set of dimensionless parameters:

V*H* L Ky
Ve—, S=———— " , Lej=—L, (5.13)
Ky i (MiGTy + m3Gyy) H ’ D3
_ 0" (MGl +m3Gh) g TG H 5 GGpong M H™ _ MG
Ra = % ok ) Ra’] - ) mj = * Yk Yol
Ry Kyt miGlyp + m3Ghy
(5.14)
Dimensionless boundary conditions are
oC 0C: -
oG, =2 =Gy p=¢p,u-k=0at z=1
0z 0z
oC 0C. N
and C7 = Chpor, Co = Copoty — =1, —2 =1, u-k=0at 2 =0,
0z 0z
where G; = GJ—“”’ and Cjpor = Gf;b";{*. Moreover, substituting of m} into constraints
jbot jbot

(5.11) we obtain single constraint 0 < m;G; + meGa. Note that Ty, € (—o00;0).

5.2 Base state

We will denote a steady one-dimensional solution without convection as a base state

solution. A system of equations corresponding to base state of (5.2) has the form:

4T d dT d
_c(gﬁ)vE e [k; () dz} Vsd¢ (5.15a)
_, dC; 1 d _do
-V (1-9) d—ZJ TP {( qs) ] V(1—kj) de—f, for j =1,2, (5.15b)
T = mlc’l + mgég. (515C)
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The types of boundary conditions considered are:

C-C: C;(0) = Cipot, Cj (1) = Clpor + 1,6 (1) = ho;
d’ _ -
F-C: d_z] (0) = 1,Cj (1) = Cjtopa(b(l) = ¢07
_ dC; -
C-F: C5(0) = Cipor, d_z] (1) =1,¢(1) = do;
. dC; dc; -

F-F: Oj (0) :Cjbot ,E(O) = 175(1> :GJ7¢(]') :¢0‘

5.2.1 Numerical solutions

We compute solution of the system (5.15) as in [7] and [22] by shooting method. System
(5.15) is transformed to system of first-order linear equations in variables o, Cy, Cs,

Q1 and @5, where Q; = (1 — ¢) %, for j = 1,2:

d_gz@ _ V [miLeiQ1 + maLeaQs — (¢ (¢) [k () (miQ1 + maQs)]

dz V [miLey (1 — k1) Cy + maLey (1 — ko) Cs] — f ’ (5.162)

dd%l — —VLeyQy + Ve (1—ky) Olj—ﬁ, (5.16h)

dd—% = —YLeQQQ +VLey (1 — ky) 02%, (5.16¢)

% _ 1?1(2_5, (5.164)

%6;2 _ 1632)’ (5.16¢)
where

o omiQi+maQy | VS (1-9) 1 dk ~ =
[==7170 TR k@as Mm@ tm).

For shooting from bottom, z = 0, transformation z = 1 — { was used. Depending on

the boundary condition type the shooting method’s setup will be:

C—C: shoot from C; (1) = Cipo + 1, ¢ (1) = ¢, Q;j (1) = Qjtep to solve C; (0) = Clpot
for j =1,2.

F—C: shoot from C; (1) = Cjop, ¢ (1) = o, Q; (1) = Qjtep to solve 1—¢ (0)—Q; (0) = 0
for j =1,2.

For both BC types, values Q14 and Qas0p are unknown quantities. Calculations were
done using software Matlab. For integration of the system (5.16) we considered solvers

ode23s, ode45, odel113 and ode23tb. The most robust performance with respect to
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non—dimensional parameters and solver settings was achieved using ode45. Computa-
tion of Q11p and Qasp is done by function fsolve. In figure 20 numerical solution is
depicted, corresponding to the base state analysed in §5.3, with F—C type of boundary

conditions applied.

() (b)

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0 0.2 04 08 0.8 1 3.5 3 25
i T
(c) (d)
1 3
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0.6 -34
z [ Ca C
0.4 38
-38
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-4 3 2 2.8 2.6 7.4 2.2 2

Figure 20: Plot of a numerical solution of a base state with F—C type of boundary conditions
applied. Parameter values used here are m; = 0.5, Le; = Leg = 25, k1 = ko = 0.3, ks/k; =1,
cs/eg =1, S =0, V = 0.1 and the concentration boundary conditions are Ciop = —3,

02top = —2 and gbo =0.1.
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5.3 Analytical solutions

In [22] we presented a number of parametric reductions allowing analytical solution
of system (5.15). Here we will consider the case in which both statically—stably and
statically unstably stratified concentration profiles are present, allowing further study of
doubly-diffusing convection in statically—stable region presented in [7]. We will assume
the same speed of solute rejection k; = ko = k, the same Lewis number Le; = Ley = Le
for both solutes and zero Stefan number S = 0. We will also make assumption of the
same material properties of the liquid and solid phases, namely thermal conductivity
k¥ = k; and specific heat ¢; = ¢}, resulting in k (¢) = ¢(¢) = 1. The most important
features of presented solutions are finite speed of macroscopic solidification (V' # 0)

and presence of partial solute rejection effects (k # 1).
We will show the base state solution as a function of imposed boundary conditions
(BCs).

Under mentioned reductions the base state equations (5.15) take the form:

dr 4T
- d__z:@’ ) ) (5.17a)
- dC;  1d —, dC; _ do o
V(1-9) Pl e l(l 9) dz} V(1 k)C’]dZ,forj—l,Q, (5.17b)

T3::7n1CZ,+—n@2(B. (5.17C)

Without assuming the type of BCs, we have the relationship between the solid fraction
and the temperature:
1 d¢  V(1-Le)dT/dz

1—¢dz dT/dz+VLe(1—k)T (5.18)

The solution of T depends on the choice of BCs type as follows:

e CC
d—e V=
= — F-C
= 14
T(z) = .
e COF
d—e V=
=2 PR




where the parameter § = e VT(0)-T(1)

FO-T0) which depending on the type of BCs is equal to:

)
14+ T (1—e") CC
eV +VT,, FC

1+ e_VVTbot C-F

14+ TtV F-F.

In F-F case, controlling both gradients and concentrations at the bottom creates an
overdetermined system. With the additional condition manifesting as a link between

concentration gradients and solidification speed
V =-In (m1G1 + mQGg) .

Physically admissible range of values for ¢ is (—oo; 1) in all cases, except the F-C type,
when ¢ € (—oo;e™").
The solid fraction satisfies

1 dg Ve V2
1—¢dz  —Le(1—k)§/(Le —1)+ne V=’

-9 =

- (5.19)

(1—k)—1/Le

=1/ can take both signs. As Le — oo, then n — 1 — k,

where the parameter n =

which is positive. The concentrations profiles satisfy

d2C; d _ dc; d 1~
=t &m (1—9¢)+ LeV} - [VLe (1—k) &m (1-¢)|Cj=0. (5.20)

This equation can be transformed to a hypergeometric equation

d?C; dC; _
d£2j (1 —§)+d—5[c—£(1+a+b)} —abC; =0, (5.21)
where a = —1, b= —LU=h) —% and
1 (Le B 1) N _v:
§(2)=1- 755 a5 (5.22)

Note that (5.21) is a linear second-order differential equation with three regular singular

points? £ = 0, 1 and oo as defined in [1]. We consider the case when none of the numbers

2Consider equation of the form P (z)y” + Q (z)y' + R(xz)y = 0 and suppose that P, Q and R

are polynomials, and P (xo) = 0. Then z is a regular singular point if lim,_,,, (x — xo) gg;; and

limg gz, (z — ;vo)z ggg are both finite.
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¢, c—a—b, a—bis equal to the integer. Solution of equations (5.19) and (5.20), then

have the form:

3=

¢(2) =1~ (1= ¢o) (£(1) /£ (2))7, (5.23a)

Cj (2) = ajwi(y) (2) + Bjwaw (2) for j = 1,2, (5.23b)

where w;(,) refers to the i-th independent solution around §{ = z. Their form is deter-
mined by regime of £, defined by the values of V, Le, k and Tyo (or Tiop).

For £ < 0 the expansion around the regular singular point ¢ = 0 can be used?®

wi) = 2F1(a,b;6€), (5.24a)

Wo) =& 9 (a—c+1,b—c+1;2—¢€). (5.24b)
When & ~ 1 for all z, then the pair of independent solutions is defined as

winy = oF1(a,bja+b+1—¢1-¢), (5.25a)
woy = (1 =&y (c—be—ajc—a—b+1;1—£). (5.25b)

In the case of large £(z), we have

Wieo) =& % oF (a,a—c+ Lja—b+ 1,671, (5.26a)

Wiy = E 0y (B,b—c+1;b—a+1;671). (5.26b)
The main building block of independent solutions of (5.21) is the hypergeometric series

ﬂN%@aOIE:@%gﬁ%v (5.27)

n=0 n

as defined in [1, p. 563|, where (a), = a(a+1)(a+2)---(a+n—1) is the rising
factorial. The rising factorial can be expressed as a ratio of Gamma functions (a), =
I'(a+n) /T (a). The hypergeometric series is convergent for [¢| < 1. Constants «; and
B; (for j =1,2) can be expressed as the solutions to the system of algebraic equations
depending on type of BCs. Note that the choice of BCs influences the general solution

for the base state only through the parameter group 6. Applying BC of type CC, we

obtain
w2(z>(0) jbot ( jb0t+ ) ( ]bot+ ) wl(z)(o) jbot
& = Wa () (1) 23T W1 () (1) ! (5'28)
a0 1) (0) = Wi (1) wa) (1) = 5@ 2w (0)

3If ¢ < —1, the hypergeometric series is not convergent and its analytical continuation along the

negative real axis can be used.
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for 7 =1,2. In FC case, we obtain

waz)(L) o~ o ww(@)
B wé(x)(o) C]top _ C]top w’l(x)(O) 5.99
&= way(1) w (1)’ Bj - w (1) . wl(z)(l)w/ (0)’ ( ) )
wh ) (0) 1(z) 2(z) W] (0) " 2(2)

for j = 1,2. The derivatives of ws(,) can be obtained using the formula from [1, p. 557|:

digfc_lﬂﬂ (a,b;¢;€) = (¢ — 1) §2F (a,b;c — 1;€) . (5.30)

The solution for C’j (z) takes the particularly simple forms when the segregation

coeflicient k£ attains some special values.

e k = 1, the solid fraction is increasing function of z. Closed form solution is

presented in [22].

e k = (Le —1)/Le, concentration profiles take a form of the extended confluent

hypergeometric function, details are in [22].

e k = 0, qualitative characteristics of all fields remain intact, but concentration
profiles can not be expressed as hypergeometric function because ¢ = —1 is
negative integer. Concentration profiles then take form of exponential function,

details are in [22].

5.4 Asymptotic results for Le — oo

For example in binary case, the helium—water mixture has Le ~ 23, while the ethanol—

water mixture has Le ~ 170.* Expanding (5.22) in the limit of large Le, we obtain:

£(z) = (1 = 6_5 ) + 6(61__1;)&, (5.31)

where the second term cannot be omitted because the first term may became O(1/Le)

or smaller due to a combination of relatively small values of V', 1 — k and Ty,; ~ —1 in
C-C case or T}, ~ 0 in F-C case.

It is sufficient to consider only two cases £ < 0 and £ > 1, because the case 0 < £ < 1
corresponds to Ty, > —1. The values of V' and Tyy (or Tj,p,) define the regime of £
and so determine the pair of independent solutions which should be used to construct

solution. The summary is in table 1. Note that regime of £ ~ 1 is not present within

4The values of mass diffusivity and thermal diffusivity are from [11], [9], respectively.
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Table 1: Regimes of ¢ with different pairs of independent solutions and parameter constraints

in limit of large Le

) Independent
Regime of & Type CC Type FC
solutions
6 <0 W1(0); W2(0) 1< Ty < l—e%v eV < _T‘top < e_V/V
6 > 1 W1(00) ) W2(c0) ﬁ < _Tbot er/V < _irtop

limit of large Le only in limit C}p0 — —00.

At first we will consider regime £ < 0, the independent solutions are

wi0) = (1 — 5 > [1 — Le (1 — k)] s (5.32&)
2—k
(14 Le(1—k))?

wa() = T (1= )" [1+0(1/Le)]. (5.32b)

The expression (5.32a) can be obtained from (5.24a) using the relation

oFy (—m, by ;&) = Z %5"

(c), nl

(5.33)

n=0
from [1, p. 561|, where m is positive integer. Asymptotic expansion for (5.32b) can be

derived using the Euler linear transformation formula from [1, p. 559
2y (a,b;6:€) = (1= )Y 3Fy (¢ — a,¢ = b;¢;) (5.34)

and then using the fact from [1, p. 565], that a real-valued hypergeometric function for
fixed a, ¢, & (¢ #£0,—1,-2...), 0 < |¢] < 1 and large |b| satisfies

I (c)

T(c—a) (=0¢) " + (e e GO [L+o(IeI™)].  (5.35)

2 I (CL,b; C?f) = F(a)

Now we consider £ > 1, the pair of independent solutions is

-
Le(1—k)’

Waey = E1F (€ — 1) + O(1/Le). (5.36b)

Wi(oo) =& — (5.36a)

The form (5.36a) can be obtained from (5.26a) using (5.33). The asymptotic expansion
of second independent solution (5.36b) is obtained when transform (5.34) is applied to
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(5.26b). Then is used asymptotic expansion for large Le defined by relation from |1,
p. 565]:

Filaiag) =3 T4 o) (537

n=0
where a, b, £ are fixed and |c| large. In the following sections we will use pairs (5.32a),
(5.32b) and (5.36a), (5.36b) to construct asymptotic expansions for different boundary

condition types.

5.4.1 C-C case

The leading-order asymptotic expansion of (5.23) for BCs (5.28) in the regime £ < 0,
or equivalently 1 < =T}, < 1/ (1 — e*V), takes the form

¢(2) =1~ (1~ g) (%) +O(1/Le), (5.38a)
C_«j (Z) — [Cjbot (79 (1) B ;zb()t_(llg] (1;)(2_) ;‘) (_bet - Cjbot) 0 (Z) I O(I/Le), for ] _ 1, 2’
(5.38Db)
where
)\ K/ (k)
¥ (z) = (%) e VEer, (5.39)

The function ¥ (2) is positive and monotonically decreasing for z € [0; 1], and evaluates
to ¥ (0) = 1 and 9 (1) = O(e~L¢). Thus 9 (1) is exponentially small as Le — co. Note
that the importance of the term <§Eg§)k/(l_k) grows when the term (1 — 6’5‘/2) in (5.31)
is not O (1), otherwise ¥ (2) ~ e” V%, By neglecting exponentially small terms, we

obtain:
¢@:1—a—%(§%yk+mumx (5.40)
— C‘ot 1- Cj ot_Tot .
G, (2) = %T (2) + =0 (2) + O(1/ L), for j = 1.2 (5.41)

The formulae analogous to (5.41) in the regime £ > 1, or equivalently —Tp,; >
1/ (1—e7), are

—2

Ci(2) = Ojbotw + 9 (2) ( )M [Cjbot — (Cjbor + 1)

(1)

£ (2)
£(0)

oy

(2)
(1)

+ O(1/Le) for j =1, 2.
(5.42)
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The formulae (5.41) and (5.42) are asymptotically equivalent if
(1—e")(1—k)=0(1) as Le — oc.

The second term of (5.41) vanishes as |Clpot — Coper| is small, in that case the first
term dictates concentration profiles to be proportional to 7" and hence monotonic.
Therefore non-monotonicity of concentration profile can occur only when difference

|Cpot — Capor| exceeds some threshold. This will be addressed in §5.7.

In figure 21 we compare the analytical solution with the leading-order solution
(5.40). The good agreement is seen even for relatively low values of Le. Important

property of (5.40) is that when k& = 0 it reduces to exact solution [22].

(a) (b)
1 1
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0.6 0.6
0.4 0.4
0.2 0.2
o 0
02 04 08 0.8 -3.5
il T
(d)
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-
-
-
P
0.6 -1.4 i
Z o i .
’
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‘
!
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-6 -3 -2 -5 -4.8 -4.6 -4.4 -4.2

Figure 21: Comparison of the explicit solution calculated from (5.23) and (5.28) (solid)
and the leading-order asymptotic solution (5.40) (dashed) in the regime of £ < 0. Parameter
values used here are m; = mg = 0.5, Ley = Leg = 25, ky = ko = 0.3, ks/k; = 1, ¢s/cp = 1,
S =0,V =0.1. The BCs are Cipot = —2, Copot = —5 and ¢g = 0.1.

When introducing the asymetry of BCs by employing large |Clpe| while Copey is
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kept O(1), the asymptotic expansion of (5.38) correct to O(1/C%,,) takes the form
1 (I—¢gp)eV —eV?

6=+ i UM 01, (5430
Cr(2) = Cupop + 1 — e Vber 4 = [i 14 e—VLez] L Lonjer,),
° my [1—eV Olbot 1ot

(5.43D)

02 (Z) = C2bot + 1— e—VLez+

— e — )
my 1—eV m 1—k1—eV Clbot tho

(5.43c)
It can be observed, that boundary condition at z = 0 is satisfied exactly, while boundary

condition at z = 1 is satisfied only up to exponentially small terms.

5.4.2 F-C case

The leading-order asymptotic expansion of (5.23) for BCs (5.29) valid for £ < 0, or

equivalently eV < —Tj,, < %, has the form

TN @ =%
¢(z) =1—(1—¢o) 0 +0O(1/Le), (5.44)
) 9 (1) + VCuop |Le+ 25 iy | (T (2) + (Curop = Tiop) 9 (2)
Ch(z) = { fg[ e ] % o 14 O(1/Le)]
(1) + VT | Le + 5% o o5
(5.45)
for 7 = 1,2. This can be further simplified by omitting the exponentially small terms
yielding
] I =
d(z)=1—(1— ¢o) (%) + O(1/Le), (5.46a)
C;(z) = C’”OPT( )+ Citor = Tiop ! J(2) + O(Le®) for j = 1,2.

T;Sop
(5.46b)

For £ > 1 or equivalently —T3,, > ﬂ the analogue of (5.46b) is

_ £ (2) — [CtapV +e7V] —Le(zl k,z)(s —1¢(0) (5 (z)) = \ ‘
Cj (2) = Cjtop v +0 fi =1,2.
i (2) o g (1) + V=2 + Ld] Lfézl kk Lo £() (2) £(0) (Le?) for j =1,2

(5.47)

Figure 22 is a representative plot showing the validity of asymptotic expansion (5.46)

for relatively low Le = 25.
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Figure 22: Comparison of the explicit solution calculated from (5.23) and (5.29) (solid)
and the leading-order asymptotic solution (5.46) (dashed) in the regime of £ < 0. Parameter
values used here are m; = mg = 0.5, Ley = Leg = 25, ky = ko = 0.3, ks/k; = 1, ¢s/cp = 1,
S =0,V =0.1. The BCs are Cipot = —2, Copot = —5 and ¢g = 0.1.

5.5 Asymptotic results for Cjp,; — —00

In this section, we consider the limit Clppy — —00 with Copy = O(1). By swapping the

solutal indices the results for the limit Coy,y — —00 with Chpy = O(1) can be obtained.

In [19] the limit of small solidification speeds V' — 0 was considered, subject to
S =S/V?and Cjpor = Cipor/V? with S and Cjper both O(1). It has been shown that in
case when Le; = Les = Le, single—solute—diffusive regime, the ratio of Cypor/Caopor plays
a crucial role in determining the linear stability scenario which the system exhibits. In
this limit, for relatively large Le the base state concentration profiles are qualitatively
similar to our findings in this section.

The main difference is in generally smaller

parametric space exhibiting non-monotonic behaviour of concentration profiles.

For large values of Cypy, the scaled coordinate is & = 1 4+ O(1/Chpst), therefore

we will employ two independent solutions (5.25a) and (5.25b) around regular singular
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point £ = 1 of (5.21). Asymptotic expansion of (5.25a) and (5.25b) in the limit of large
|Clipot| correct to O(1/C%,) takes the form

T e L O(C32) (5.48a)
(5 - mlClbot (1 — e*V) Lbot /2 .

Le—1 k e vz 1
—V Lez —2
= - o : 5.48b
Le4+11—k1—eVmiCupo + O(Clo) ( )

where formulae (5.48a) and (5.48b) were obtained using (5.33) and series of hypergeo-
metric function around zero 2 F(a, b, ¢, z) = 1+ %= + O(2?) respectively.

For ¢ (), C; () and Cy (2) we have

- 1 (1—¢p)(Le—1)eV —e V=

_ 2
¢ (Z) - ¢0 + mlclbot (1 — k?) Le 1 — eV + O(l/Clbot)7 (5498“)
_ my 1l —e LeVz 1 1—eV*
(& (Z) = Clpot — El—e——LeV + m—lm + O(l/Clbot), (5.49b)
_ 1— e—LeVz
CQ (Z) = CQbot + W + O(l/clbot)~ (549C)

Figure 23 is a representative plot showing the validity of asymptotic expansion (5.49)
even for relatively low value of |Cyyy| and for Le = 25.
It is instructive to examine the behaviour of (5.49) when product LeV = O(1),

while V' — 0 and Le — oo. In leading-order, (5.49) reduces to:

7 1 (1—¢)

z) ~ @o + z—1), 5.50a
¢ (2) ~ ¢o 1 Cror (1 — ) ( ) ( )
— mo _LeVz z

C1(2) ~ Chpor — o (1—e™V%) + o (5.50D)
Cy (2) ~ Cgpoy + 1 — e 1eV=, (5.50c)

It can be observed that the solid fraction is constant at leading-order with the linear
correction term at O(1/Cipe). Concentration profile of solute j with smaller |Cjpy

exhibits non-monotonic behaviour.

5.6 Monotonicity of solid fraction

The base-state solid fraction does not possess any local extrema. The physically ad-
missible solution with d¢)/dz < 0 exists provided

(Le —1)n

O e =)o

(5.51)
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Figure 23: Comparison of explicit solution calculated from (5.23) with constants (5.28)
(solid) and leading-order of asymptotic expansions (5.49a) (dashed) in the regime of |Cipu|
large. Parameter values used here are mi = mg = 0.5, Ley = Leg = 25, k1 = kg = 0.3,

ks/ki=1,cs/c;=1,5 =0,V =0.1. The BCs are C1pot = —10, Copor = —2 and ¢y = 0.1.

We define point z. at which ¢ is discontinuous and switches monotonicity:

If n > 0 we have three different scenarios:
(a) If z, > 1 then ¢ is decreasing.

(b) If z. € [0; 1] then solution exhibits discontinuity at point z.

(¢) z.is not well defined or negative ¢ is increasing.

In following section we illustrate this phenomena with the C—C boundary condition

applied.
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5.6.1 C-C case

Qualitatively representative behaviour of ¢ in C-C case is depicted on the figure 24.
In C-C case monotonicity of solid fraction is established when:

14+ maz{Le (1 —k),1} (" — 1)
Le(1—k)(eV —1)

m1Clpot + MaCapor < — (5.52)

The leading order of the expansion as V' — 0 reduces expression (5.52) to:

el Le(1—k) > 1
M1 Clrpor + MaCoor < Vhei=h)
1
—m Le (1 — k‘) < 1.

The main importance of these bounds is the identification of parameter regions, in
which the base state solution is physically meaningful and the use of the model is appro-
priate. Generally the effects of single parameter on the size of appropriate parameter

region can be characterized as follows:
e Increase in Le increases the area of well defined region.
e Increase in V increases the area of well defined region.

e Decrease in k increases the area of well defined region.

Change in m; accounts for change of slope of region boundary.

5.7 Parametric dependence of region of static stability

The base state is statically stable stratified if density of fluid is decreasing function
of z, therefore non-monotonic behaviour of concentration profile can induce statically
unstable situation.

In C-C case the non-monotonic behaviour of concentration profiles is a function
of BCs: Cipor and Copy. Following calculations present extension of [22] allowing us
to evaluate effect of non-zero segregation coefficient k. When considered BCs of type
C—C in the limit Le — oo, using the asymptotic expansion formula (5.38) for the
base state solution of C; presented in §5.4.1 we have computed the boundaries of area

within which both concentration profiles are monotone. Boundaries are determined

dz

using equations 46, = 0 for j = 1,2. This approach gives us two implicit functions
z=0
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Figure 24: This plot shows three representative base state profiles of ¢, in each of the
three regions of Ciper vs. Coper plane. By X is denoted position in Ctpee-versus-Copor plane
in which they occur. The case with C-C type BCs is plotted. Parameter values used are
Ley = Leo =25, k1 = ko = 0.3, V =0.1, my = 0.5, ¢g = 0.1 with values Cipor and Copr as
shown. In the region marked by (a) base state profile is well defined and decreasing function

of z. In the regions marked by (b) and (c) base state is not defined due to negative values of

.
of concentration BCs C'po, Copoy defined by:

T’botQ —1 TbotQ -1

Cipot = ————, ot = , 5.53
o = 2 (559

where Q := (1 —e7") [Le(lli(lgf};:t/((llje]z)‘)/)+1 — Le]. By closer inspection of (5.53), we
can see that it defines quadratic expression in variables Cip,; and Copey.

In figure 25, three qualitatively different scenarios are depicted:

(a) profile of Cy is non-monotonic; (b) both concentration profiles are monotonic and

(¢) profile of C} is non-monotonic.
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Figure 25: This plot shows classification of qualitatively different compositional profiles in
dependence on concentration BC in the Copy-versus-Clpoy plane. Lines along which the profiles
change their monotonic behaviour were determined using asymptotic result (5.53). In the grey
region at the top right corner the model is not physically meaningful. Three qualitatively
different scenarios are depicted with BC as shown. Parameters used were Le = 50, k = 0.7,

V =0.1, ¢o = 0.1 and m; = 0.5.

5.7.1 Limiting case Le — oo, V — 0

We consider a limit of small pulling speeds V' and large Lewis numbers defined by
Le = % with Le = O(1) as V — 0. The assumption 1 — k = O(1) remains intact.
Under these assumptions implicit curves (5.53) in variables Cipy; and Copy, can be

transformed into the form:

1 1
oo (T (Le=1) 41— ——— ) — (T2 42Ty +———— ) =0 for j =1,2.
C]bt(bt( ¢ )+ Le(l—k)) <b0t+ bt+Le(1—k)) 0 for j

(5.54)

Case when segregation coefficients are zero i.e. (1 — k) = 1 causing curves of mono-

tonicity to be linear, was studied in [22|. Mentioned results can be obtained by setting
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k=0 in (5.54):

1 + mgL_ngbot
moLe — 1

C(lbot - ) Clbat - (555)

Due to the symmetry in Lewis numbers and segregation coefficients, we will consider

dC;

only the branch corresponding to G

root of (5.54) is

= 0. For general £ > 0 a physically valid
0

z=

1— (1— k) Le [M — maCopot (1 — LeM)| — /1 — (1 — k) LeQ (m2Cor)
2Le (1 — k)my (moLe — 1) ’
(5.56)

Cl bot =

where quadratic term is defined as

Q) =—(1—k)Le (Le —1)*2® =2 {1+ Le[(Le — 2) (1 — k) — kM]} x + 2 — Le (1 — kM?)
(5.57)

with M = my — my. By computing oblique asymptote to Clpet(Copor) in case when

Copot — —00 we have:

1 + mQE(ECQbOt k
male— 1 (1— k) (Le — 1) (maLe — 1)’

Cloot = (5.58)

where the first term represents curve of monotonicity switch obtained with &£ = 0 and
the second term represents a correction when k£ > 0. Note that, as k — 1 approaches
1, the region of monotonicity increasingly changes it’s size, but whether it is increases
or decreases depends on a sign of msLe — 1. In figure 26 can be observed the effect of
non-zero segregation coefficients on the monotonicity of concentration profiles. When
Le is relatively low, sensitivity to change in segregation coefficient is significant. As

Le — oo effects of non-zero segregation coefficients diminish.

5.7.2 Position of local extrema

When function 9(z) ~ e~V2¢* position of the local extreme of the concentration profile
can be computed using (5.40) and (5.46) for C-C and F-C boundary condition types

respectively

1 C1’1)075 jbot -V
= | J Le(l—e .59
ZCC V (Le - ].) . |: CjbOt + ]. c ( ):| ’ (5 5 )

1 In Cjtop - T;fop Le (1 - 5)
V(Le—1) Citop Le(1=0)+k/1—Fk]|

RFC =

(5.60)
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Le = 100

Figure 26: Plot depicting a shape of statically stable region for different values of Le and k.
The solid line corresponds to k = 0.1 and dashed line corresponds to £ = 0.9. Used values of

other parameters are V = 0.1, m; = 0.5, ¢g = 0.1.

When Cp0r — o0 is considered the local extreme of the concentration profile computed
from (5.49):

Zcc =

(1 — e‘V)
mln [m2L€m] ; (5.61)

is the same as the one from limit C4,,; — 00 of expression (5.59). This representation
defines parametric combination of Le, V' and ms for which both concentration profiles

are monotonic independent of the choice of BCs:

(5.62)

~ Y

moLe (1 — e_v) <1

which holds for all values of k satisfying 1 —k = O(1). Figure 27 shows parameter space
Le—V divided into grey and white region by line myLe (1 — e_V) = 1. Insets in this
figure show representative plots of boundary condition sets allowing non-monotonic
concentration profiles, analogous to figure 26. In grey region case (a) shows a bounded
set of BCs which allows non-monotonic concentration profile. Therefore when Cip0 —
—o0 monotonic behaviour of concentration profiles is expected.

In white region case (b) shows that BCs are divided by a linear relation, as was observed
only by numerical calculation in [7]. Therefore when Ci,y — —00 non-monotonic

behaviour of attributable concentration profile is expected.
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Figure 27: Plot of (5.62) in the parametric plane Le-versus-V. In the grey region both
concentration profiles are always monotonic when for both solutes Cjp,y — —o00, while in the
white region there always exists boundary condition setup with both Cj,; — —o00 in which
one of the concentration profiles is non-monotonic. Inset (a) shows case when set of BCs
allowing non-monotonic concentration profile is bounded. On the inset (b) set of BCs allowing
non-monotonic behaviour covers in both limiting cases Cipor — —00 while Copr = O(1) and

Caopot — —00 while Cpor = O(1). The results are shown for m; = mg = 0.5.
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Conclusions

Explicit and asymptotic solutions are useful for identification of key aspects defining
the process of solidification. In this thesis we introduce two problems involving solidifi-
cation and provide explicit solutions in interesting parametric regimes. The first is the
solidification of a binary alloy pulled horizontally, and the second is the solidification
of a ternary alloy in vertically moving frame of reference.

In §2 we have introduced the main concepts of solidification of multicomponent
solidification from continuous-mechanics perspective. The governing equations have
been presented in the general frame of reference, which includes situations described
in following chapters. §§3 and 5 expand the original results presented by the present
author in papers [27] and [23] respectively.

In §3 we have described the solidification of a binary alloy over a horizontally moving
substrate, with the most important parameters being the scaled far-field velocity U and
the Prandtl number Pr. The results obtained can be compared to [26], where the mushy
layer is absent, but the geometry of the problem is similar. The dimensional thickness

*1/2

of the solid phase was proportional to Uss’” /U, provided Pr < U, in contrast to the

present case where the dimensional thickness is proportional to 1/U, 2 This can be
observed by examining the dimensional position of the mush-liquid interface in terms
of Uy and UZ,, given by (3.62b) and plotted in figure 13 fora range of values of . An
interesting feature is the non-monotonicity in the mush-liquid interface position as a
function of Uj. Another difference from the problem without the mush is, that the
effect the velocity ratio on the thermal and compositional boundary layer is, to leading
order in small U negligible (see figure 12). In the problem without the mush thermal
and compositional boundary layers ahead of the solid-liquid interface have the size of
O(U~1/?). in figure 7 we show the dependence of A, and C}, on the non-dimensional
parameters Pr, U, Le and I evaluated from (3.51b) and (3.49) respectively. Notable is
the independence of concentration and the mushy layer thickness on Pr, the fact that
the mushy layer thickness is an increasing function of I' and Le, and the transition
of the interfacial concentration and interface position to the small diffusivity limit as
Le — oo. For U = 0, we have shown that A\, is an increasing function of both T’
and Le. The integral relationships (3.44) and (3.65) that quantify the total amount of

solute contained within the mushy region were presented. When Pr is small, the latter
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one is proportional to C — 1, with the correction of O(Pr/Le). The O(Pr/Le) effect
is weakened as the values of I' approach unity. The dependence of growth constants
A, and A, calculated from(3.48) and (3.49) respectively, on I' is plotted in figure
14. A comparison to [37] is done by considering the mush without horizontal pulling,
calculated from (3.48) and (3.64), where &/ = 1. Note that in both cases there is a
critical value I' = I,,,;,, for which A\, = \y. For I < T',,,;,, we have A\, > A, which is not
physically admissible. In figure 15 we show I',,;, as a function of U, the values of I',,;,,
are found to be increasing function of &/ and to attain their maximum values at U = 1.
Thus, the horizontal pulling and the resulting flow in the liquid enhance the formation
of a mushy region: when the system is pulled horizontally, the range of I" for which the
mush exists is larger than that for the system without pulling. The fact that there is
a value of I below which the mushy region does not exist can be used, together with
definition I' = T"AC*/AT™, to derive the bounds on C%, or T%. With AC* fixed, we
have an upper bound for the far-field temperature for which the mushy region exists:
T: < T7(CF) + T*AC* /T . Analogously with AT™* fixed, there is an upper bound
for far field concentration: C¥ < C§ — 'y, AT*/T'*. These bounds are found to be
higher in the case of with horizontal pulling, than in the case without pulling, studied

in [37].

The governing equations for the full model of directional solidification of ternary
alloy is given in §4. The model consists of the liquid layer, primary mush and secondary

mush in the frame of reference moving with constant vertical speed V*.

In §5 we have analysed the model of solidification of primary mushy layer described
in [7], [19] and [20], while considering a number of different types of boundary con-
ditions. In this thesis we have introduced F-C, C-F and F-F types of boundary
conditions, where C or F refer to the solute concentration or solutal flux fixes at the
boundary. In [19], the case of small macroscopic speed of solidification V' was con-
sidered. Here we have considered a finite V. We have been able to identify explicit
solutions for the base state in terms of hypergeometric functions. In §5.4 we construct
an asymptotic expansion of the base state solution in the limit of large Lewis number
Le. The leading-order asymptotic expansions plotted in figures 21 and 22 show very
good accuracy even for low values of Le. In §5.5 we considered the limit of large |C}po|

with Co kept O(1), causing the asymmetry in boundary conditions reflected in the
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non-monotonicity of C; profile. This result can be compared with the results in [19]
where a limit of jointly large |C1pe| and |Copey| was considered. A notable feature of the
obtained expansions is that they preserve non-monotonic behaviour of concentration
profiles. The non-monotonic behaviour of concentration profiles may lead to statically
unstable stratification of interstitial fluid, causing the potential onset of convection
originating in the layer. Depending on the solutal expansion coefficients, the results
from §5.7 identify the critical curves of static stability in the parameter space of Cipy
vs. Coper. We show that the critical lines are in general non-linear and that in this case
approach the oblique asymptote as Le — oo. In figure 25 our asymptotic results are
compared to the numerical results of |[7]. The grey region shows, where the model is
not physically meaningful. Figure 26 shows the effect of segregation coefficients on the
stability of the base state solution, noting that it is more pronounced at lower values
of Le. Figure 27 reveals the existence of the parametric region in the space Le vs.
V' (shown grey), in which the non-monotonic concentration profiles are allowed in a

bounded portion of the (Clpot, Canot) plane.
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Abstract We study the solidification and flow of a binary alloy over a horizontally moving
substrate. A situation in which the solid, liquid and mushy regions are separated by the sta-
tionary two-dimensional interfaces is considered. The self-similar solutions of the governing
boundary layer equations are obtained, and their parametric dependence is analysed asymp-
totically. The effect of the boundary layer flow on the physical characteristics is determined. It
is found that the horizontal pulling and the resulting flow in the liquid enhance the formation
of the mushy region.
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1 Introduction

During the solidification of multicomponent mixtures, such as water solutions or metal alloys,
a two-phase, or mushy, region often forms as a result of the morphological instability of a
planar phase interface (Worster 2000). During the growth of such an unstable interface,
the protrusions of the solid into the liquid phase grow to form a dendritic matrix, which,
when viewed from the macroscopic point of view, behaves as a reactive porous medium.
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The local porosity of the mushy region can be space and time dependent as a result of the
solidification and melting of the dendrites. Typically, the solid formed during solidification has
the composition that is different from that of the original liquid, one of the components being
released ahead of the solidifying interface. If the lighter component is released, convective
motions usually take place within the mushy region, leading eventually to the formation
of localized, narrow channels, called ‘chimneys’, through which cold, solute-enriched fluid
flows to the liquid region ahead of the mush (Schulze and Worster 1999). As a result of
chimney formation, structural defects can appear in the solidified metal alloys, an effect that is
undesirable in order to produce high-quality materials (Fowler 1985). During solidification of
sea ice, which also has the character of a mushy region, the brine channels, resulting from the
chimney formation, have an important role in the ocean dynamics in polar regions (Worster
and Jones 2015). Solidification of mushy regions is also of interest from the point of the
structure of the Earth’s inner core since it is believed that the boundary between the inner and
the outer cores is dendritic (Deguen et al. 2007). However, the precise characteristics of the
possible mushy region at the inner core boundary are still a subject of current investigation.

A model of diffusion-controlled growth of a mushy region during solidification of a binary
alloy was studied by Worster (1986). The alloy solidified from the cooled bottom boundary,
and the solid/mush and the mush/liquid interfaces were planar. The model was based on the
local conservation of heat and solute, and the growth rates of the interfaces were controlled
by the diffusive transport of solute away from the interfaces. A similar model, but with equal
thermal properties of the solid and liquid phases, along with the negligible latent-heat release,
was studied by Gewecke and Schulze (2011b). In the so-called directional solidification,
unlike the diffusion-controlled solidification, the interfaces are stationary with respect to the
laboratory frame of reference, while the solidifying system is pulled at a constant speed
through a given temperature gradient (see, for example, Davis 2001).

An experimental configuration related to the continuous spin casting in material engineer-
ing (see the review by Steen and Karcher 1997) is that of a cooled, horizontal plate moving
horizontally at a constant speed. The solidifying interfaces are stationary under the appropri-
ate conditions; however, unlike in the directional solidification described above, the interfaces
are not planar and there is a strong flow in the liquid phase. A steady boundary layer flow and
solidification of a binary alloy over a moving substrate with a two-dimensional solid/liquid
interface were analysed by Lofgren (2001) and later by Kyselica and Guba (2016). The sen-
sitivity of the solidifying system upon the scalar far-field velocity was analysed. Tangthieng
et al. (2002) and Tangthieng and Cheung (2003) considered the solidification over a hori-
zontally pulled substrate with a mushy region divided into a packing region consisting of
dendrites moving with the substrate and a dispersed region with dendrites free to move with
the fluid.

In the present paper, we combine the approach used by Kyselica and Guba (2016) with
that by Worster (1986) in order to formulate the problem studied by Tangthieng et al. (2002),
so that the local liquid fraction is to be governed by the local solute conservation. This is
in contrast to Tangthieng et al. (2002), who prescribed the relation between the local liquid
fraction and temperature based on the lever rule. Moreover, unlike Tangthieng et al. (2002),
we shall consider a simplified situation with the mushy region consisting only of the packing
region. The main question that is to be answered is: How do the pulling of the substrate and
the resulting flow influence the thickness of the mushy region? The present study provides
analytical self-similar solutions to a solidification problem with non-planar interfaces and
two-dimensional advection of heat and solute (see also Lofgren 2001; Kyselica and Guba
2016). We compare the results with a recent study by Kyselica and Simkanin (2017) of
the mushy region over a moving substrate based on the global solute conservation and the
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A v, — >

>
X

Uy —>

Fig. 1 A definition sketch for the problem of solidification of a binary alloy over a horizontally moving
substrate. For description, see text

simplifying assumption of no solute diffusion in the liquid phase. Generally, the situations
involving analytical solutions with the flow are rare. Another example is the study by Guba
and Worster (2006) of a two-dimensional convection in a laterally solidifying mushy region.

The structure of the paper is as follows. In Sect. 2 we formulate the mathematical problem
and derive a reduced system of governing boundary layer equations. In Sect. 3 we identify
the self-similar solutions for the temperature, concentration and velocity fields in the liquid
phase, for the temperature, concentration and local liquid fraction in the mushy region, and
for the temperature field in the solid region. The growth constants defining the self-similar
positions of the solid/mush and mush/liquid interfaces are analysed in Sect. 4 in the case when
the ratio of the far-field horizontal velocity in the liquid phase to the speed of the moving
substrate is finite, while the case when the velocity ratio is zero is discussed in Sect. 5. Finally,
in Sect. 6 we give conclusions.

2 Mathematical Formulation

The region x > 0, z > 0 is filled with a binary alloy with far-field temperature and solute
concentration T, and C, at z — 00, respectively. The solidification occurs at the cooled
substrate z = 0, which moves horizontally at constant speed U > 0, and its temperature is
maintained at a value 77 (Co), where Cy is a reference liquid concentration and 77, (Cp) is a
liquidus temperature defined below. We assume that 77, (Co) is above the eutectic temperature,
Tr and below T7(C). We consider a situation where a mushy region forms between the
solid and liquid regions, with the stationary solid/mush and mush/liquid interfaces located at
z = a(x) and z = b(x), respectively. We denote the local volume fraction of the liquid phase
in the mushy region by y. Note that while the interfaces are stationary, the solid moves with
the substrate, as do the solid dendrites in the mushy region. The situation described above is
sketched in Fig. 1.

To model the temperature, concentration and liquid fraction fields in the mushy region,
we use the governing equations based on the local conservation of heat and solute derived
by Schulze and Worster (2005) for a mushy region in which the speed of solid dendrites,
the velocity of the intersticial fluid and the rate at which interfaces propagate are, in general,
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AT

AC

Fig. 2 Approximate binary phase diagram for a system with a mushy region, used in our paper. For the
description of particular symbols, see text. Shown is also a typical trajectory (C, T') of a solidifying system
(solid lines with arrows)

distinct. However, in the present situation, the interstitial flow is trivial relative to the dendrites,
which is consistent with the Darcy equation in case the pressure field in the liquid portion
of the mushy region is purely hydrostatic. Moreover, unlike Schulze and Worster (2005), we
assume non-trivial solute diffusion in the liquid phase.

We denote u = (u, w) the flow velocity in the liquid and mushy regions, and the speed
of material points embedded in the dendrites is v = UpX, where X is the unit vector in the
horizontal direction. According to the assumptions stated in the previous paragraph, the flow
field in the mushy region is u = v so that the streamlines are parallel to the x-axis (see
Fig. 1). In the mushy region, the temperature and concentration fields are coupled by the
linear liquidus relationship

T =T.(C) = T1(Co) — ['(C — Cp), (2.1)

where I is the constant, dimensional liquidus slope. A simple binary phase diagram used is
depicted in Fig. 2. We assume that there is no mass diffusion in the solid and that the solid
is free of solute.

We denote D the solutal diffusivity, « the thermal diffusivity, L the latent heat per unit
mass, p the density and v the kinematic viscosity. The thermal properties of liquid and solid
phases are set equal. We use Uy as a velocity scale and x/Up as a length scale. Since in
the rest of the paper we will work only with the dimensionless formulation, we denote the
dimensionless quantities by the same symbols as the dimensional ones. The dimensionless
temperature and concentration are defined by

0 =T —T(Cp)l/AT and O = (Cop— C)/AC, (2.2a,b)

@ Springer

70



Solidification and Flow of a Binary Alloy Over a Moving...

respectively, with AT = T, — T1,(Cp) and AC = Cp — C. Note that 6 and © take values
from the interval [0, 1]. In the mushy region,

90 9% 9% 9
_ gL

ax - ox? a2 Tax (232)

(@—‘@”)a—x+)(a@:8|:i<xa@)+i(xa@>:|, (2.3b)
ox ox ox ax 0z 0z

0=0,(O)=I06. (2.3¢)

The dimensionless numbers are the inverse Lewis number &, the Stefan number ., the
concentration ratio ¢ and the scaled liquidus slope I”, defined, respectively, by

e=DJk, & =L/c,AT, € =Co/AC, I =AC/AT, (2.4a—d)

where ¢, is the heat capacity. Note that the range of 4" is (1, 00) and that of I" is (0, 1). To see
the latter, we first realize that = [T, —Tr(Co)]/(Co— Cp) and that [T, — T7.(Co)]/(Co —
Cx) > [T — Tr.(Cp)]/(Co — Cp), where the inequality follows directly from the phase
diagram in Fig. 2. It is instructive to realize that the limiting case I" = 1 corresponds to the
situation in which the far-field values (Cwo, Too) lie on the liquidus.

The flow field in the liquid region is given by the incompressible Navier—Stokes equations
and the temperature and concentration fields by the advection—diffusion equations. The tem-
perature field in the solid phase obeys the advection—diffusion equation with the advection
velocity being equal to v.

We seek self-similar solutions with a self-similar variable ¢, defined by

¢ =2z/22'2, (2.5)
and with the dimensionless interfaces given as
a(x) = 22gx? and b(x) = 20px'/?, (2.6a,b)

where A, and Aj, are positive constants yet undetermined. In order to derive the boundary
layer equations that allow self-similar solutions (see, for example, Lofgren 2001; Kyselica
and Guba 2016), we consider the limit

x — 00, ¢=0(), 2.7)

sothatn,, n, ~ 7toleading order, where n, and n;, are the outward unit vectors normal to the
respective interfaces and Z is the unit vector in vertical direction. The physical motivation for
this limit is that the horizontal gradients of temperature and concentration are small relative
to the gradients in vertical direction.

Below we state the resulting system of boundary layer equations along with corresponding
boundary conditions.
Mushy region:

90 3% 9
_yX

— = — —, 2.8
0x 9z2 ox (2.82)
© %)8)( n BRI 0 00 (2.8b)
[— —_— = £&— y .
ax X 0x 0z X 9z
0=106. (2.8¢)
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Liquid phase:
36 3 30 3o 30 3’0
U—+w—=—>, U—F+w_—=2¢ ,
0x 9z 972 dx 9z 9z2
ou » 3%u  u Lo g
Uu—+w—=Pr—, —+ —=0.
0x 9z2 9dx 0z
Solid phase:
900 9%
ax  9z2
Mush/liquid interface:
7 )db 090 20
X4 T ozl,e 0zl
@ — o)1 )db (8@ RIC) )
— —Xp-)— =¢ — Xp- — .
b Xb dx 0z |, Xb oz |,
Solid/mush interface:
& da 96 a6
Kax dx 9z « 0z a+’
da 060
(¢ — @a)Xa+_ =&Xat 7 .
dx 0z |4+

The dimensionless Prandtl number is defined as

Pr =v/k.

(2.9a,b)

(2.10a,b)

@2.11)

(2.12a)

(2.12b)

(2.13a)

(2.13b)

(2.14)

When deriving conditions (2.12a,b) and (2.13a,b), we used the fact that the local dimen-
sionless velocities of the solid material elements relative to the solid/mush and mush/liquid
interfaces, respectively, satisfy —1i - ny, o< dh/dx, h = a, b. The boundary conditions on the
velocity, temperature and concentration fields are

z=0:
z=a:
z=b:
Z—> 00:

where

is the scaled far-field velocity.

3 Self-Similar Reduction

6 =0,

0, =T'O,+,

u=1, w=0, 6, =IOy,
06—>1, 6 —>1, u— %,

(2.15a)
(2.15b)
(2.15¢c—e)
(2.15f—h)

(2.16)

In this section we state the self-similar formulation of the above problem. The governing
equations in the liquid phase ahead of the mushy region can be sought explicitly in the limit
of small Prandtl number, which is typical of liquid metal flows. Equations (2.10a,b), together
with conditions (2.15¢, d, h), define a viscous boundary layer problem (cf. Lofgren 2001;

Kyselica and Guba 2016).
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3.1 The Velocity Field in the Liquid Phase

We describe the velocity field via the stream function i defined by
u=09y/dz, w=—03y/ox, (3.1a,b)

and find that
Yx,z) =2x"2f(¢; Pr), (3.2)

where f is a solution of the third-order boundary layer problem studied previously (Lofgren
2001; Kyselica and Guba 2016). In the limit Pr — 0, f takes the form

f~,\b(1—02/)+02/g+13r1_%[1—exp<—2xb§_“’)}, (3.3)
2Ap Pr

provided Pr/Ap < Ap in order that (3.3) remains asymptotic. The components of the flow
field have the following asymptotic forms

& —Ap
u~1+0—-%)|exp|—2x Py -1, (3.4a)

L=, + b Lo 2ay L (3.4b)
~—— — — — Jexp | — :
v M, G, )P "pr )|

as Pr — 0. Note that w > 0 (w < 0) when % > 1 (Z < 1), see Fig. 3 (cf. Kyselica
and Guba 2016 in the absence of mushy region). For 2 = 1, there is no flow relative to the
solid phase, and, on replacing x with the time variable, the problem is formally equivalent to
the solidification of binary alloy with planar solid/mush and mush/liquid interfaces (Worster
1986).

3.2 The Temperature Fields in the Liquid and Solid Phases

Using (3.3), we can approximate the solution of (2.9a) in the following way (cf. Kyselica
and Guba 2016)

erfc [%V2(¢ — M) + %712 AOW) ]

)~ 1+ —1 , Ab, 35
©) O ) erfc [%_1/2A(Xb)] £ G-
where
2 ¢ 5
erfc(¢) =1 —erf(¢), erf(¢) = 1—/2/ e ds
T 0
. Liquid
AN
\\\@/<1(Uw<Uo) b(x)

Fig. 3 Sketch of representative streamlines for qualitatively different values of % . In the mushy region, the
velocity field is equal to the velocity of the solid dendrites moving with the substrate
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and
Ap) =rp+ Pr(l —U)/20p. (3.6)

Note that A(Ap) ~ Ap + O(Pr) as Pr — 0.
In the solid phase, Eq. (2.11) can be solved to obtain the temperature field in the following

form
_ e
T erf (h)’
with 6, yet to be determined from the conditions at the solid/mush interface. Hence, the
temperature gradient on the solid side of the interface is
0 2404
“ GO

3.7

(3.8)
with

GO =70 e erf(h). (3.9)
3.3 Concentration Field in the Liquid Phase

The solution of (2.9b) can be approximated analogously as that of (2.9a). For Pr — 0 we
obtain

erfc [(% /)2 (L — ) + (% &)™ V2A(N)]

OC)~14+ (O, —1) erfe [(% )12 A(h) ]

. > (3.10)

3.4 Liquid Fraction in the Mushy Region and the Interface Conditions

In the mushy region, the temperature and concentration fields are coupled via the liquidus
relationship (2.8c). Hence, Eq. (2.8b) determines the liquid fraction and after the self-similar
transformation it takes the following form

X / 2 é. @/ + e @//

X 2@ —-0)—e0" GAD

or, equivalently (cf. Gewecke and Schulze 2011b),

/Ab 250" + 0" q 3.12)
= - €X — S]. .
X=X OPAT | 2@ — @) —e0

The equation for the temperature field in the mushy region can be combined with the liquidus
relationship to yield

7
0" +20" = —27¢x. (3.13)

The conservation of heat and solute at the solid/mush interface, given by (2.13a,b), respec-
tively, can be expressed as

QS haxa+ + TO! )G (hg) =2 14O, (3.14a)
[204(F — Opt) — O/ ] xa+ =0, (3.14b)

where we have used (2.8c), to obtain (3.14b). The conservation of heat and solute at the
mush/liquid interface, given by (2.12a,b), respectively, can be expressed as

291 = xp-)hp =T (0,- — 0,,), (3.15a)
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26 — Op)(1 = xp-)hp = € (Ops — Xxp-O,-) . (3.15b)

To derive (3.15a), we have taken into account the condition of marginal equilibrium, intro-
duced by Worster (1986), ensuring that none of the liquid ahead of the mush/liquid interface
is constitutionally supercooled. In the self-similar terms, the marginal equilibrium reads

é+ - F@[/)+. (316)

Though the differential equation (3.11) can be readily integrated to obtain (3.12), it is
instructive, however, to cast it into the following integral form

¢
(€ —O)xds=1[2¢(€ - 0)—eO|x, ra<( <hp, (3.17)
Ag
which turns out to be useful in further analysis. To derive (3.17), we used (3.14b). Evaluating
(3.17) at the mush/liquid interface, we obtain
Ab
(€ — O)xds = 1 [20(% — Op) — €0, _] xp- (3.18)
Aq
where the integral represents the total dimensionless amount of solute contained within the
mushy region and takes only positive values.
Using (3.18), we can show that
xp- =1 (3.19)

holds for general values of Stefan number so that the concentration gradient is continuous
across the interface, i.e. @I/’, = @l;+‘ To prove (3.19), we manipulate condition (3.15b) to
show that x,- = 1 +&(0,_ —6,,)/[24 (¢ — Op) — 6, _]. The denominator of the second
term in this expression is positive by (3.18), while the numerator is non-negative by (3.15a).
However, since 0 < x;,- < 1, it follows that the numerator must be zero.

From condition (3.14b) we know that at least one of the quantities 24,(¢ — O +) —® "l 4
or x,+ must vanish. However, in what follows, we neglect the effects of latent heat by setting
the Stefan number to zero, noting that the limit is regular. In that case, (3.12) and (3.17) can
be used to show that

204(€ — Opr) — €O, =0 (3.20)

and that the liquid fraction is continuous across the solid/mush interface.

4 Results for Finite

The present problem involves several dimensionless numbers, which can be divided into
two groups. In the first group are the numbers characterizing the boundary layer flow in the
liquid phase: Prandtl number Pr and the velocity ratio 7. To the second group belong the
numbers characterizing the solidification process without flow: Stefan number .77, inverse
Lewis number &, concentration ratio ¢ and the dimensionless liquidus slope I". As stated at
the end of the previous section, we will assume that the Stefan number is negligible and set
. = 0 in the rest of our investigation. In this regular limit, the coupling between Eqgs. (3.11)
and (3.13) vanishes.

To simplify our computations, it is instructive to consider the limit ¢ — 0. Before doing
that, however, we will consider the solutions for finite values of . The main goal of our
analysis is to study the effect of varying the velocity ratio on the mushy region dimensionless
thickness, proportional to A, — A,. We will consider both finite and small values of % .
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4.1 Solutions with e = 0 (1)

With Stefan number neglected, the temperature field in both the solid phase and the mushy
region is given by (3.7) and the concentration field in the mushy region is

erf(¢)
O=0,,+——. 4.1
" etf(ha) “-1
Equations (3.14a,b) yield
cG( 20,C
= 660a) and O, = _—"——. (4.2a,b)
G(hg) + ¢ G(ha) + ¢

Evaluating (4.1) at ¢ = Xp, we obtain @,+/erf(X,) = Op/erf(Ap), which, together with
(4.2a), results in the algebraic equation for the growth constant A, as

erf(Ap)
[O” et )

] G(Ag) +660p =0. (4.3)

The condition of marginal equilibrium, (3.16), can be combined with the continuity of
the concentration gradient across the mush/liquid interface to obtain the continuity of the
temperature gradient, i.e. 01’7_ = 9;+. From (3.5), (3.10) and the continuity conditions, the
growth constant A;, is governed by

eapF | 200 | b [ AGD 4G GGy = 0 (4.4)
P e Y g1 b b)="5 :
where
FOO =720 e? erfe(n). (4.5)

The temperature and concentration at the mush/liquid interface are

1/2
op=1- — eFlAGH/ "] (4.60)
M F [AGp) /%12 + AGp) G (hp)

12
O =1— ehF [ACy)/ ) ] . (4.6b)
ey F [Ap) /(€)' ] + AGp) G (Ap)

Note that Aj, is independent of & since the concentration ratio enters the mush/liquid interface
conditions only through the left-hand side of (3.15b), which is, however, equal to zero in the
present case. In Fig. 4 we plot the growth constant A, as a function of %, calculated from
(4.4). Note that a second branch of solutions emerges at 7 = 1 and that there is a special
value Zmax at which the two branches merge together. No solutions exist for % > Zmax.
Note that Zmax — 00 as Pr — 0. The present results can be compared with Fig. 4 by
Kyselica and Simkanin (2017), where finite solutions for A; existed for all values of 7.

In Fig. 5 we plot the growth constants A,, calculated from (4.3), for each branch of X;,.
Note that for the upper branch of A, all the values of A, are physically realistic,i.e. A, < Ap.
For the lower branch, however, there is a special value %uyin > 1 such that the values of A,
are physically realistic only for % > %min. The solutions for 1 < % < %in are not shown.
The lower portion of the Aj, branch is technically valid only for %7 2 2 since our asymptotic
results require A, > Prl/2.
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Fig. 4 Growth constant A, as a function of %, calculated from (4.4) for Pr = 1072 (solid line) and
Pr = 1073 (dashed line). Note that a second branch of solutions emerges at %/ = 1 and that the two
branches merge together at a finite value of %/, denoted as %max. No solutions exist for % > Zmax- Note
that Zmax — 0o as Pr — 0. The values of the other parameters are set to ¢ = 10_2, I'=05and ¥ =2

10°

10—1/2k
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10-3/2
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0 Ynin 2 4 6 8 10 12 14

Fig. 5 Growth constants A, (the lower pair) and Aj, (the upper pair) as functions of %/, calculated from (4.3)
and (4.4). A logarithmic scale was used on the vertical axis. The values of 1, corresponding to both branches
of Ap (cf. Fig. 4) are shown—each branch of A, uses the same line type as the corresponding branch of Aj.
The values of the other parameters are set to Pr = 10_3, &= 10_2, I'=05and ¢ =2

4.2 Solutions in the Limit e — 0

The inverse Lewis number, ¢, is typically small owing to the fact that the solute diffusivity is
usually negligible when compared to the heat diffusivity. Since the growth rate of the mushy
region is determined by the heat balances at the interfaces, the mushy region exists even when
the diffusion of solute away from the mush/liquid interface is negligible (cf. Worster 2000),
i.e. when ¢ = 0. In such a case, no solid region forms between the cooled substrate and the
mushy region (cf. Gewecke and Schulze 2011a for the case of a mushy region with planar
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A, 10}

0.5

r

Fig. 6 Leading-order solution of (4.9), calculated from (4.10), as a function of I". Note that I measures
the drop of the melting temperature across the system relative to that of the temperature, cf. (2.4d). Note the
singularity in Ay as I' — 1~

interfaces). In the limit ¢ — 0, a concentration boundary layer of thickness 0(¢'/?) forms
ahead of the mush/liquid interface.

Since F(s) ~ 1 as s — oo, Eq. (4.4) implies that A, = O(1) as ¢ — 0 and therefore
®p — 1 as e — 0, see (4.6b). From (4.3) we have that A, — 0 as ¢ — 0; otherwise, we
would obtain that A, > Ap, which is not a physical solution. An approximate solution of
(4.3) can be found as

&

P A—
T 7126 erf (Ap)

+0(?) as & — 0. 4.7

We see from (4.7) that the thickness of the solid phase decreases with 4. Note that increasing
¢ is equivalent to decreasing AC, with Cy fixed.

We can combine (4.7) with (4.2a,b) to obtain the concentration and its gradient at the
mush bottom

2% ) 211262 erf ()
762 erf2(hp) + 2¢ 762 erf2(hp) + 26

O+ (4.8a,b)

O,
As the limit Pr — 0 is regular for A, in order to simplify (4.4), we set Pr = 0 so that

Ab Ab

The solution of (4.9) can be approximated by the solution of the following equation

r
Gp) = -1 (4.10)

to leading order in ¢ and % . Since the range of G is (0, 00), there exists a unique solution
of (4.10) for every I € (0, 1). Note that ®, — 1 and 6, — I" as ¢ — 0. The numerical
solution of (4.10) is shown in Fig. 6. Note the singularity in Ay as I — 1.
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Fig. 7 Temperature (a) and concentration (b) fields in the liquid phase as functions of ¢, given by (3.5) and
(3.10) for % = 101 (solid lines), compared with the asymptotic forms (5.2a,b) for 7 = 0 (dashed lines).
The values of the other parameters are set to Pr = 1072, e =10"2and I" = 0.5

5 Results for ZZ =0

Though the limit # — 0 is regular, it is instructive to look separately at the case when
% = 0. Such a situation corresponds to setting the far-field velocity, U, to zero. In this
parametric regime, we are able to determine the exact scalings of the dimensional positions
of the interfaces with the substrate speed Uy, since the dimensional forms for these interfaces
are
a(x) =2, (kx/Up)'/? and  b(x) = 2x, (kx/Up)'/?, (5.1a,b)

with both A, and A; independent of Uy when % = 0 since Uy enters the governing equa-
tions only through % . Therefore, with growing Uy, the positions of both interfaces decrease
proportionally to Uy, 12

The function f has the same asymptotic expansion as that given in (3.3), with %7 = 0.
The temperature and concentration fields in the liquid phase can be expressed as

1-rI 2024+ P
O ~1-— exp[—”—r(g—xb)] (5.2a)
1—e¢ Ab
e(1—=1) 212 + Pr
O~1—— "7 — Tt - 5.2b
F(l—e)eXp|: et (5.2b)

as Pr — 0. Note that factor ¢ ~! is present in the exponent of (5.2b), which is in contrast to the
factor e ~1/% in (3.10). In Fig. 7 we show typical profiles of the temperature and concentration
fields, given by (5.2a,b); shown are also the profiles corresponding to positive values of 7.
The growth constant Aj is a root of the algebraic equation

G 1+Pr _F—e
b 2)12 - ’

(5.3)
b

which has positive solutions only if I" > . It is straightforward to show that A, = O(1) as
Pr — 0; hence, the condition Pr/A, < Ap is satisfied and (3.3) retains its asymptoticity.
For Pr — 0 and ¢ — 0 Eq. (5.3) reduces to (4.10).
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Fig. 8 Contours of equally spaced levels of the dimensional position (in m) of the mush/liquid interface,
givenin (5.1b), forx = Imandk = 5 x 1070 m2 5! (cf. Kyselica and Guba 2016). The values of the other
parameters are setto Pr = 10_2, e=10"2and I = 0.5. The range of %/ shown in the plotis 0 < % < 10.
The horizontal axis corresponds to % = 0. Note the non-monotonicity of b as a function of Uy in the region
close to the line %7 = 10

We can use (5.2b) together with (3.18) to obtain, in dimensionless terms, the total amount
of solute within the mushy region as

b ePr(1—=1)

ra
Recall that ¥ — ® = C/AC. The integral in (5.4) measures the redistribution of the solute
in the system. Note that the total amount of solute within the mushy region is determined
dominantly by %, with the other effects being of order O (e Pr) as €, Pr — 0. The average
bulk composition in the mushy region is, to the leading order in small ¢, equal to € — 1.

6 Conclusions

In the present study, we have studied the effect of the scaled far-field velocity, %, and the
Prandtl number, Pr, on the mushy region characteristics. The analysis can be compared with
the one given by Kyselica and Guba (2016) of a similar problem without a mushy region: the
dimensionless thickness of the solid phase was O (% '/?), provided Pr < % . Such a scaling
corresponds to the dimensional thickness being proportional to U, ;o/ 2 / Up. In the present case,
however, the dimensionless thickness of both the solid and mushy regions is finite as 7 — 0,
which corresponds to the dimensional thickness proportional to 1/ U(; /2 In Fig. 8 we plot the
contours of the dimensional position of the mush/liquid interface, given in (5.1b), for general
values of %, in terms of Uy and Us. An interesting feature is the non-monotonicity of b as
a function of Uy in the region close to the line 7 = 10.

In the problem without the mush, the small values of the velocity ratio force the thermal
and compositional boundary layers ahead of the solid/liquid interface to grow as O (% ~'/?).
In the system with a mushy region the effect of small velocity ratio on the thermal and
compositional boundary layers is, to leading order, negligible, as shown in Fig. 7.

From our findings, we highlight the integral relationships (3.18) and (5.4) that quantify
the total amount of solute contained within the mushy region. As can be seen from (5.4),
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Fig. 9 Growth constants A, (dashed) and X, as functions of I", calculated from (4.3) and (5.3) (left pair),
compared with the growth constants corresponding to the mushy region studied by Worster (1986), calculated
from (4.3) and (4.4), with %7 = 1. Note that there is a value I" = Iy, such that 1, = Aj. Physically realistic
solutions exist only for I > Iyi,. The behaviour of Aj, for higher values of I” is qualitatively similar to Fig. 6.
The values of the other parameters are set to Pr = 10_3, e=10"2and % =2

when the Prandtl number is small, the total amount of solute is proportional to ¢ — 1, with
the correction of O (e Pr). The O (e Pr) effect is weakened when the values of I" are close
to unity: the resulting small temperature and compositional gradients in the liquid make the
effect of the boundary layer flow less important.

The dimensionless parameter /", which is proportional to the ratio of the compositional
and thermal differences across the system, deserves a special comment. It is straightforward
to show that I' = [T (Cso) — T1(Cp)]/AT and that the right-hand side of (4.10) can be
expressed as a ratio of the driving temperature differences, i.e. [77(Coo) — T2.(C0)1/[Too —
T (Coo)l.

In Fig. 9 we plot the growth constants A, and A;, as functions of I, calculated from (4.3)
and (5.3), together with those corresponding to the mushy region without horizontal pulling,
calculated from (4.3) and (4.4) with %7 = 1 (cf. Worster 1986; see also the comment at the
end of Sect. 3.1). Note that in both cases there is a critical value I" = Iy, for which A, = Ap.
For I' < I'yin we have A, > Ap, which is not physically realistic. In Fig. 10 we show [,in
as a function of % —the values of I, are found to attain their maximum values at %7 = 1.
Thus, the horizontal pulling and the resulting flow in the liquid enhance the formation of a
mushy region: when the system is pulled horizontally, the range of I" for which the mush
exists is larger than that for the system without pulling.

The fact that there is a value of I" below which the mushy region does not exist can be
used, together with (2.4d), to derive the bounds on Cx or Ti. With AC fixed, we have
an upper bound for the far-field temperature for which the mushy region exists: T, <
T7.(Co) + I'AC /Tmin- Similarly, with AT fixed, there is an upper bound for the far-field
concentration: Coo < Co— I'min AT/ I In the situation with horizontal pulling, these bounds
are found to be higher than those in the case without pulling, studied by Worster (1986).

It may be of some interest to extend the present calculation to include the effects of
buoyancy-driven flow in the system. In the present case, we assumed constant density and
hydrostatic pressure; therefore, the flow field relative to the solid portion of the mushy region
was zero. Within the framework of self-similarity, determination of the interacting fields
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Fig. 10 Minimum value of I" for which the mushy region exists, I'yin, as a function of 7% . Two qualitatively
different asymptotic regimes are shown: the solid curve corresponds to Pr < &, with Pr = 10~3 and
& = 1072; the dashed curve corresponds to Pr > ¢, with Pr = 10~2 and ¢ = 10~3. Note that Iin attains
finite values at %7 = 0. In all computations we set ¢ = 2

would require a suitable choice of the conditions at the mush/liquid interface since the fluid
velocity can be distinct from the velocity of the solid phase dictated by the substrate pulling
and the fluid can eventually flow across the solidifying interface (see Schulze and Worster
2005).
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STEADY NON-CONVECTION STATES IN TERNARY ALLOY
SOLIDIFICATION

M. HURBAN

ABSTRACT. We consider a steady non-convecting state of a mushy layer during
the primary solidification of a ternary alloy. A model, which includes the effects
thermal and solutal diffusion, segregation effects and finite speed of background
solidification is considered. Two types of boundary conditions are applied, either
fixing solute flux or concentration at the bottom of the mush. In the regime of
the same Lewis numbers and segregation coefficients of solutes, explicit solution
using hypergeometric functions was identified. In the limit of large Lewis and the
limit of near constant concentration profile of one solute asymptotic solutions were
presented. The behaviour of the concentration profiles was analysed with respect
to a static stability scenario, i.e. distribution of a mass within liquid.

1. INTRODUCTION

The solidification of multicomponent mixtures includes complex phenomena oc-
curring both in natural and industrial processes. Phase change in a solidifying
system proceeds on a solidification interface, which is often morphologically un-
stable. For dilute binary alloys criterion for predicting instability of solidification
interface was presented in [11]. Such instability leads to formation of dendrites —
treelike structures of solid crystal. A zone where liquid mixture and solid crystals
coexist is called a mushy layer. In the work [13] the mushy layer is considered
a continuum with local solid fraction as a function of distance from the cooled
boundary.

We consider setup of directional solidification characterized by a liquid being
forced downward with average speed V* and temperature gradient constant in
the laboratory frame of reference (e.g. [14], [12], [3]). For an aqueous ternary
alloy, a solidifying system is composed of a liquid layer, a primary mush and a
secondary mush, with mushy layers separated by planar interfaces. The primary
mush is characterized by crystals composed of one solute species and presence of
two independent diffusive fields. In the secondary mush crystals are composed of
two solute species and only one independent diffusive field is present.
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When thermal equilibrium is maintained throughout the mushy layer, liquidus
constraint will cause secondary mush to behave like effectively a binary mixture.
The processes ongoing in binary mixtures has been widely described in [15], [7].
To explain most distinctive behaviour of the full ternary model we will analyse
only the processes within the primary mush. This approach was used in [4], [8],
[9], with the aim was to investigate an occurrence of a direct mode of instability
present in a statically stably stratified scenario i.e. when the density of fluid
decreases with height.

The same setup as in [4] was considered in [8], with aim to analyse the joint
limit of small speed of background solidification, small variation concentration
across the primary mush and large Stefan number, with effects of solute rejection
incorporated.

We consider the model from [4], [8], [9] for directional solidification of ternary
mixtures, incorporating thermal and solutal diffusion, segregation effects and finite
speed of the background solidification. Apart from the boundary conditions (BC)
prescribing constant concentrations on the top and the bottom of the primary
mush, we also consider a BC setup with fixed concentration gradients at the bot-
tom. We present analytical solutions for the steady non-convecting state, building
on the results from [10], which consider the Lewis numbers and the segregation
coefficients for both solutes equal.

2. PROBLEM FORMULATION

We consider directional solidification of ternary mixture, which develops two dis-
tinct mushy zones as in [3]. To understand the most complex part of the system
we will adopt the reduction from [4] and [8] to consider only a single primary
mushy layer. The mushy layer is bounded by two planar interfaces, which move
in time at a constant speed V* and having a distance H* apart. We will restrict
our inquiry in a steady one dimensional solution without convection, denoted as a
base state of the system of equations described in [4].

Equations governing the base state in coordinate system moving in z* direction
with speed V*, where which 7%, Cf, C3 and ¢ denotes temperature, concentrations
of two solutes and solid fraction respectively.

* =k dT* _ d 7% dT* _ * T % d¢
(1) Ve = g [0 | v
(1b)
dC* d dcs do
_U* _ J - * _ J _ * .. * -
V*(1-9) P P [DJ 1-9) dz*} V(1 k])Cj dz,for] 1,2,
(1c) T =miCy +m5C5,

where ¢*(¢) = ci¢ + (1 — ¢) ¢ is the effective specific heat of the mushy layer
with ¢} and ¢ being the constant specific heat in the solid and liquid phases;
E*(¢) = k¢ + (1 — ¢) ki is the effective thermal conductivity with &} and k*
being thermal conductivity of liquid and solid phase respectively; L* is the latent
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heat; D7 is constant solutal diffusivity in the liquid for species j (diffusion of solute
in the solid is neglected); k; are segregation coefficients and m are liquidus slopes.

The system (1) consists of conservation of energy (la), conservation of so-
lutes (1b) and liquidus constraint (1c) maintaining thermodynamical equilibrium
throughout the mushy layer.

We consider two types of BC, the first one is the same as used in [4] and [10],
where concentrations of solutes are fixed both at the top and the bottom of the
mushy layer. The second one has fixed concentrations of solutes at the bottom,
and fixed solutal flux at the top. We denote the cases of fixed concentrations and
fixed fluxes CC and FC respectively.

CC: CF=Ch,pd=0¢oat 2" =H" C;=Ch, at 2" =0,
dCy

dz*
for j = 1,2, where C;‘bot and C7,,, are prescribed values of solute concentrations
and G7,,, are values at which solutal fluxes fixed.

It is useful to introduce the quantities Ty, Ty, and Gy, which by liquidus
constraint satisfy

FC: CF = Cjppyd = o at 2" = H; = Gpor at 2" =0,

(2a) Tyor = Thy +m1Clpor + M50,
(2b) Tiop = Tar +miCliop +1m5C5,,,
(2¢) Ghrot = M1 G oot + M3 G301
where T, is melting temperature of pure solvent.

2.1. Non-dimensionalisation

For all BC types (CC, FC) we obtain the same system of dimensionless governing
equations. Difference is within definitions of dimensionless quantities. We will em-
ploy non-dimensionalisation as in [4] in which, lengths will be scaled by factor H*
- height of mushy layer, time by H*?/x}, where s} = ki /cf is thermal diffusivity
and velocity by x;/H*. We introduce dimensionless parameters valid for all BC
types:

(3) V =V*H"/xj, Le;=r[/Dj.

Dimensionless quantities for both BC types are summarized in table 1. Dimen-
sionless version of BC is

CC: Ci (0) = Cy'boh Cj (1) = Cjbot + 17 ¢(1) = ¢0;

9GS 0) = 1,05 (1) = Cprops 6 (1) = 6.

FC:
© dz

3. REDUCED PARAMETRIC CASES: ANALYTICAL SOLUTIONS

In [10] we presented a number of parametric reductions allowing analytical solution
of system (1). Here we will consider the case in which both statically-stably and
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Table 1. Definitions of dimensionless quantities.

Dimensionless
quantity Type CC Type FC
T (T* = Tp) | (Top — T (T =1T3) / (G H™)
Cj CJ*/ (Cjtap - O;bot) C]*/ (G;bOtH*)
S L*/ (Czk (Tt*op - Tlfot)) L*/ (C;‘Giat‘H*)
my 5 (Chop = Civr) / Ty =Tt (3G5001) / (i)
OjbOt C;bot/ (C;top - ;bot)
Cjtop ;top/ (C;top - C;bot) C;top/( ;botH*)
Thot (Tyor — Thr) / (Tt*op - Tb*ot)
TtOP (Tf*ap - TJ*VI) / (GZotH*)

statically unstably stratified concentration profiles are present, allowing further
study of doubly—diffusing convection in statically-stable region presented in [4].
We will assume the same speed of solute rejection k1 = ko = k, the same Lewis
number Le; = Les = Le for both solutes and zero Stefan number S = 0. We
will also make assumption of the same material properties of the liquid and solid
phases, namely thermal conductivity k} = k; and specific heat ¢} = ¢;.The most
important features of this reduction are finite speed of macroscopic solidification
(V #0) and presence of solute rejection effects (k # 1).

Under mentioned reductions the dimensionless base state equations (1) take the
form:

AT
dz = dz?’
dc; 1 d dc, d
fV(lfgzﬁ)@—Ledz {(1 ®) dz} Vv k:)CJdZ,for]—l,Q7

T= m1€1 + TTLQCQ.

The solution of T depends on the choice of BC type as follows:

J@=eVA)/(1-eY) CC
T() = { (6-eV2) )V FC,

where the parameter § = (e=V7T(0) — T'(1)) /(T (1) — T (0)), which depending on
the type of BC is equal to:

P 1+ Tt (1—e”) CC
|l e V4V,  FC.
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Physically admissible range of values for § is (—oo;1) and (—oo; e*V) for CC and
FC type of BC respectively. The solid fraction satisfies

d 1 do Ve V=
Cm—g)=—— %0
() dz n(1-9¢) 1—¢dz —Le(l—k)§/(Le—1)+ne V=’
_ (1=k)-1/Le

where the parameter 7 T—1/Lc  Can take both signs. Note that, as Le — oo,
then n — 1 — k, which is positive.
The concentration profiles satisfy
d2C; d dC; d
6 L+ —In(1- LeV| —L + |VLe(1—k) —In(1—¢)| C; =0.
(6) d22+dzn( 9)+ e}dz+[ e )dzn( 9)| €

This equation can be transformed to a hypergeometric equation

207, .
(7 ddgf (lf§)+dd7(2][cf§(l+a+b)]fab0j=0,
where a = -1, b= —Le (1 — k) /n, c = —1/n and
_ (Le*l)n —Vz
®) B =1- o0 e®

Note that (7) is a linear second-order differential equation with three regular sin-
gular points' &€ = 0, 1 and oo as defined in [1]. We consider the case when none
of the numbers ¢, ¢ —a — b, a — b is equal to the integer. Solution of equations (5)
and (6), then have the form:

(9a) $(2) =1—(1— o) (€(1) /£ (2))7 ,
(9b) Cj (2) = ajwi(e) (2) + Bjwa(e (2) for j =1,2,

where wj(,) refers to the i-th independent solution around § = x. Their form is
determined by regime of ¢, defined by the values of V', Le, k and Tyt (or Tiop).
For ¢ < 0 the expansion around the regular singular point £ = 0 can be used?

(10a) wio) = 2F1 (a,b;¢€),

(10b) Wooy =& R (a—c+1,b—c+1;2 - ¢€).

When £ ~ 1 for all z, then the pair of independent solutions is defined as
(11a) wiy = 21 (a5 +b+1—¢1-8),

(11b) wa1) = (1 — O R (c—bc—a;c—a—b+1;1—£).

LConsider equation of the form P (z)y” + Q (z)y’ + R (z)y = 0 and suppose that P, @ and

R are polynomials, and P (zg) = 0. Then ¢ is a regular singular point if limgz ¢, (z — o) g((;;

and limg sz, (x — :EO)2 ggi; are both finite.

21f § < —1, the hypergeometric series is not convergent and its analytical continuation along
the negative real axis can be used.

88



6 M. HURBAN

In the case of large £(z), we have
(12a) Wise) = & " 2k (a,a—c—i—l;a—b—o—l;ﬁ*l),
(12b) Wa (o) =R (b,b—c+1;b—a+1;£_1).

The main building block of independent solutions of (7) is the hypergeometric
series
o N (@), (), €

(13) 2Fl (a7 b7 C §) - nz:% (C)n n! )
as defined in [1, p. 563], where (a),, = a(a+1)(a+2)---(a+n — 1) is the rising
factorial. The rising factorial can be expressed as a ratio of Gamma functions
(a),, =T (a+n) /T (a). The hypergeometric series is convergent for |¢| < 1.

Constants o, 8; (for j = 1,2) can be expressed as solutions to the system of
algebraic equations depending on type of BC. Note that the choice of BC influences
the general solution of base state only through the parameter group . Applying
BC of type CC, we obtain

Wa(a) (1) w1 () (1)
(14) o — wzzrj(o) Cjbot - (Ojbat + 1) o (Cjbot + 1) - wlzw;(o) Ojbat
J Wa(z) (1) 0) — 1 v My (1 o w1 (o) (1) 0)’
wa(z) (0) Wi(e) ( ) Wi(z) ( ) Wa(z) ) w1 (x)(0) W2 (x) (
for j = 1,2. In FC case, we obtain
wagz) (1)~ . _ wie)(1)
(15) @ ©) Citen B; = Clten W) (0)
aj = wary (1) (1)’ 7 (1) - Wi (1) (0)’
Wy (0) W1(z) W2 (x) w;m(o)%(z)

for j = 1,2. The derivatives of wy(y) can be obtained using the formula from [1,
p. 557):

d
(16) difgklel (a,b5¢;€) = (¢ = 1) €% Fy (a,b;¢ — 15€) .
[10] lists the solutions when the segregation coefficient k attains some special val-
ues. Namely if £ = 0 the solution for C; (z) takes the form of exponential function;
if k = (Le — 1) /Le the solution for C; (z) takes the form of extended confluent hy-
pergeometric function and when k£ = 1 the solid fraction is an increasing function
of z (physically non-admissible setup).

3.1. Limiting case: Le — oo

Typically, the Lewis number is much larger than unity. For example in binary
case, the helium—water mixture has Le ~ 23, while the ethanol-water mixture has
Le ~ 1703

Expanding (8) in the limit of large Le, we obtain:

erz erz
(7) 5<z>:(1— ; )ﬂm_m%

3The values of mass diffusivity and thermal diffusivity are from [6], [5], respectively.
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where the second term cannot be omitted because the first term may became
O(1/Le) or smaller due to a combination of relatively small values of V', 1 —k and
Tyot ~ —1 in CC case or Tiop ~ 0 in FC case.

It is sufficient to consider only two cases & < 0 and £ > 1, because the case
0 < & < 1 corresponds to Ty > —1. The values of V and Tpo (or Tj,p) define the
regime of £ and so determine the pair of independent solutions which should be
used to construct solution. The summary is in table 2. Note that regime of £ ~ 1

Table 2. Regimes of £ with different pairs of independent solutions and parameter constraints
in limit of large Le.

Regime Independent

of £ solutions Type CC Type FC

{ <0 w1(0)7w2(0) 1< —Tbmg < ]./ (1 - e*V) 67V < —ﬂ(]p < e*V/V
5 >1 W1(00)s W2(c0) 1/ (1 - e_V) < —Thot e—V/V < _Ttop

is not present within limit of large Le, only apearing in the limit Cjpor — —00.
At first we will consider regime £ < 0, the appropriate independent solutions
are

erz
(18a) W) = (1 B ) [1—Le(l-k),
2—k
(1+Le(1—k))*
The expression (18a) can be obtained from (10a) using the relation

(=m),, (b),, "

©, n

(18b) Wa(0) = era=h (1 — 3% [1+0(1/Le)].

m

(19) FACUNTIIEDY

n=0
from [1, p. 561], where m is positive integer. Asymptotic expansion for (18b) can
be derived using the Euler linear transformation formula from [1, p. 559]:

(20) o Fi (a,b;66) = (1= )Y oF (e — a,e — by ¢;€)

and then using the fact from [1, p. 565], that a real-valued hypergeometric function
for fixed a, ¢, &, (¢ #0,-1,-2,...), 0 < |¢] < 1 and large |b| satisfies

(1) o @b €) = | (0 + e 00" | 140 (el )]
Now we comsider £ > 1, the pair of independent solutions is

(222) Wiy = €~ 1/Le/ (1 - k).

(22b) Wa(ee) = ETF (€ = 1) 1 O(1/Le).

The form (22a) can be obtained from (12a) using (19). The asymptotic expansion
of second independent solution (22b) is obtained, when transform (20) is applied to
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(12b), and then is used the asymptotic expansion for large Le defined by relation
from [1, p. 565]

(23) 2F1 (a,b; C, 5) = Z Ciﬁ + O(‘c|7m—1)7

where a, b, £ are fixed and |c| large.
In the following sections we will use the pairs (18a), (18b) and (22a), (22b) to
construct asymptotic expansions for different BC types.

3.1.1. CC type of BC. The leading-order asymptotic expansion of (9) for BC
(14) in the regime £ < 0, or equivalently 1 < =Ty < 1/ (1 —e~"), takes the form

(24a) 6(2) =1 (1- 6o) (£(=)/€(1))” % + O(1/Le),

(24b) C; (2) = St Ty () 4 Cabor = Thoot 0y 01/ ),
Tbot +1

Tbot +1

for j = 1,2, where

9(2) = (£(2) /€ (0))’@/(1%) e~ Vilez

The function 9 (z) is positive and monotonically decreasing for z € [0;1], and
evaluates to ¥ (0) = 1 and 9 (1) = O(e™¢). Thus 9 (1) is exponentially small as

Le — oo. Note that the importance of the term (£ (z) /€ (0))k/(1_k) grows when
the term (1 — e~V#/§) in (17) is not O (1), otherwise 9 (z) ~ e~V£¢*. The formulae

analogous to (24b) in the regime £ > 1, or equivalently —Tpot > 1/ (1 — e*V), are

(25)

Cj (Z) = Clbot§ (Z) 5 (Z) ) o |:Cjbot - (Cjbot + 1) g (Z) + O(l/Le)

£(1) £(0) £(1)

for j = 1,2. The formulae (24b) and (25) are asymptotically equivalent if

+19(z)(

(1—eV)(1—k)=0(1) as Le — oo.

The second term of (24b) vanishes as |Cpot —Capot | is small, in that case the first
term dictates concentration profiles to be proportional to T" and hence monotonic.
Therefore non-monotonicity of concentration profile can occur only when difference
|C1bot — Capot| €xceeds some threshold, this will be addressed in §3.4.

In figure 1 we compare the analytical solution with the leading-order solution
(24), showing solid fraction, composition and temperature profiles on insets (a),
(b), (c) respectively. Figure 1(d) shows solution in Cs-versus-Cy plane. The good
agreement is seen even for relatively low values of Le. Important property of (24)
is that when k£ = 0 it reduces to exact solution [10].
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(a)

08

08
0.6
0.4

02

(b)

Figure 1. Comparison of the explicit solution calculated from (9) and (14) (solid) and the

leading-order asymptotic solution (24) (dashed) with CC type of BC applied in the regime of

£ < 0. Parameter values used here are mi; = mgo = 0.5, Ley = Leax = 25, k1 = kg = 0.3,
ks/ki=1,¢cs/c;=1,5 =0,V =0.1. The BC are C1pot = —2, Copor = —5 and ¢9 = 0.1.

3.1.2. FC type of BC. The leading-order asymptotic expansion of (9) for BC
(15) valid for £ < 0, or equivalently e=V < —T},, < e~V /V, has the form

(260) wazl—u—%mgg)Ti+mum»
(26b) € () = %ZPT(Z) - Cj”pT;thop s 9(2) + O(Le®)

E__1
4 (Le 1w 17(;)
for j =1,2. For £ > 1 or equivalently —T;,, > e~V /V, the analogue of (26b) is

O@:@Lqu@ﬂ%wkwmA%M@
’ J(1)(1-£(0) —€()q
for j = 1,2, where ¢ = (% (1-¢(0)) — Leg (O)) /€ (0) and 15(2) =
9(2) (€ (2) /€ (0) TF.

3.2. Limiting case: Cipor — —0

+O(Le?)

In this section, we consider the limit C1pot — —00 with Caper = O(1). By swapping
the solutal indices the results for the limit Capor — —00 with Cper = O(1) can be
obtained.
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In [8], the limit of small solidification speeds V' — 0 was considered, subject
to S = 5/V? and Cjpor = Cjpor/V? with S and Cjper both O(1). It has been
shown that in case when Le; = Ley = Le, single-solute-diffusive regime, the
ratio of Clpor/Capor Plays a crucial role in determining the linear stability scenario
which the system exhibits. In this limit, for relatively large Le the base state
concentration profiles are qualitatively similar to our findings in this section. The
main difference is in generally smaller parametric space exhibiting non-monotonic
behaviour of concentration profiles.

For large values of C1pet, the scaled coordinate is £ = 1+ O(1/C1pot), therefore
we will employ two independent solutions (11a) and (11b) around regular singular
point £ = 1 of (7). The asymptotic expansions of (11a) and (11b) in the limit of
large |Clpot| correct to O(1/C%, ) take the form

(27a) ()=1- et +0(C2)
Ui &)= 5 m1Crpor (1 —e7V) 1ot
—Vies |, Le—1 k eV 1

(27b)  wy) (2) =e +0(C2)

Le+11—k1—eVmiCipor

where formulae (27a) and (27b) were obtained using (19) and series of hypergeo-
metric function around zero o F(a,b,c,z) = 1 + abz/c + O(2?) respectively. For
¢ (z), C1 (z) and Cs (z) we have

1 (1—¢o)(Le—1)eV —e V2
m1Clpot (1—k)Le 1—eV
—LeVz 11— e—Vz

(28a) ¢ (2) = ¢o+ +0(1/Chyr),

(28b) Oy (2) = Cpppy — T2 120

- — 1
etV Ty 1—eV +O(1/C1pot),

1— C—LeVz

(286) Co (Z) = Copot + + O(l/Clbot).

1 — e Lev

It is instructive to examine the behaviour of (28) when product LeV = O(1), while
V — 0 and Le — oo. The leading-order reduces to

1 (1—¢o)
~ -1
6()~ o+ e =W o),
Cl (Z) ~ Clbot - @ (1 - eiLSVZ) + i7
my my

Cy (Z) ~ Copor +1 — O_LEVZ.

It can be observed that the solid fraction is constant at leading-order with the
linear correction term at O(1/C1po). Concentration profile of solute j with smaller
|Cjbot| exhibits non-monotonic behaviour.
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3.3. Monotonicity of solid fraction

The base-state solid fraction does not possess any local extrema. The physically
admissible solution with d¢/dz < 0 exists provided

_(Le=1)n

Le (1 —k)eV='

With CC type of BC applied, the monotonicity of the solid fraction is established
when

0 <

1+ max{Le (1 —k),1} (¥ = 1)
Le(1—k)(eV —1)

Note that, the first two terms of expansion as V' — 0 reduce expression (30) to

(30) mlclbot + mQCZbot < =

Le(1-k)>1

IR T
m1Cipot + MaC2ot < { T Le(1-k)<1

1
T VLe(1—k)
3.4. Monotonicity of concentration profiles

The base state is statically stable stratified if density of fluid is decreasing func-
tion of z, therefore non-monotonic behaviour of concentration profile can induce
statically unstable situation.

In CC case non-monotonic behaviour depends on the values Cipor and Copey.
Following calculations present extension of [10] allowing us to evaluate effect of
non-zero segregation coefficient k. In the limit Le — oo, using asymptotic ex-
pansion formula (24) for base state solution of Cy presented in §3.1.1 we have
computed the boundaries of an area within which, both concentration profiles re-

mains monotone. Boundaries are determined using equations ddc;j = 0 for
z=0

j = 1,2. This approach gives us two implicit functions of Cipet, Copor defined by

T’botQ -1 TbotQ -1

(31) Clbot = 1t Q B CQbot = Wa
where Q = (1 — e*V) [Le(lk—(lf)eT_bolz/((ll—_e@z’)+1 — Le]. By closer inspection of (31)

and by noting that Tyor = M1Clpor + M2Copot, it can be seen that it defines
quadratic expression in variables Cipor and Copey-

In figure 2, three qualitatively different scenarios are depicted: (a) profile of Cy
is non-monotonic; (b) — both concentration profiles are monotonic and (¢) profile
of C; is non-monotonic.

3.4.1. Limiting case Le — oo, V — 0. We consider a limit of small pulling
speeds V and large Lewis numbers defined by Le = Le/V with Le = O(1) as
V — 0. The assumption 1 — k& = O(1) remains intact. Under these assumptions
oblique asymptote to implicit curves (31) as Capor — —00 we have

1 4+ maLeCopor k
moLe — 1 (1-k) (Ee - 1) (mgL_e — 1) ’

Clbot =

94



12 M. HURBAN

Figure 2. This plot shows classification of qualitatively different compositional profiles in de-

pendence on concentration BC in the Copoi-versus-Chpor plane. Lines along which the profiles

change their monotonic behaviour were determined using asymptotic result (31). In the grey re-

gion at the top right corner the model is not physically meaningful. Three qualitatively different

scenarios are depicted with BC as shown. Parameters used were Le = 50, k = 0.7, V = 0.1,
¢o = 0.1 and m1 = 0.5.

where the first term is correspond to results from [10], where £ = 0 and the second
term represents a correction when k > 0. Note that, as k — 1, the region of
monotonicity increasingly changes it’s size. The sign of myLe — 1 defines, whether
it increases or decreases. The effect of non-zero segregation coefficients on the
monotonicity of concentration profiles can be observed in figure 3. When Le is
relatively low, sensitivity to change in segregation coefficient is significant. As
Le — o effects of non-zero segregation coefficients diminish.

3.4.2. Parametric dependence of the region of static stability. When den-
sity of the liquid is depends on density of solutes, the position of local extreme of
the concentration profile corresponds to a height at which the stratum of liquid
with statically unexpected density is located. In the limit Le — oo, the position
can be computed using (24) and (26) for CC and FC types of BC respectively

1 C'bot - Tbot —
32 = ! Le(1—eV
(32) =ce V(Le—1) n{ Cipor + 1 e(l-e )}7
1 C'iO' - Tto Le (1 - 5)
_ 1 Jjtop P .
(33) O e ™ { Corop Le(1—0) + B/1I—k
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Le = 100

Figure 3. Plot depicting a shape of statically stable region in the Capo¢-versus-Clpoy plane for
different values of Le and k. The solid line corresponds to k& = 0.1 and dashed line corresponds
to k = 0.9. Other parameters are fixed at V = 0.1, m1 = 0.5, ¢9 = 0.1.

(a)

04 F

(b)

(a) (B)

01 R\ x

Le

Figure 4. Plot of (35) in the plane Le-versus-V. In the grey region both concentration profiles

are always monotonic, while in the white region there always exist BC set-up in which one

of the concentration profiles is non—monotonic. Inset (a) shows case when set of BC allowing

non—monotonic concentration profile is bounded. In inset (b) set of BC allowing non—-monotonic

behaviour covers alse limiting cases Cipoy — oo while Copoy = O(1) and Capor — oo while
C1pot = O(1). The results are shown for m; = mo = 0.5.

When Cippr — —o0 is considered the local extreme of the concentration profile
computed from (28):

(1-c)

(34) zZoc = 1 —eLevy|”

- L
V(Le—1) |

is the same as the one from limit C'pot — —00 of expression (32). This representa-
tion defines parametric combination of Le, V' and ms for which both concentration
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profiles are monotonic independent of the choice of BC
(35) moLe(1—e") <1,

which holds for all values of k satisfying 1 — k = O(1). Figure 4 shows grey and
white region in the Le-versus-V plane divided by the line mqyLe (1 . e*V) = 1.
Insets in this figure show representative shapes of BC sets allowing non-monotonic
concentration profiles. In the grey region the case (a) shows a bounded set of BC
which allows non-monotonic concentration profile. Therefore when Cpor — —00
monotonic behaviour of concentration profiles is expected.

In the white region the case (b) shows that BC are divided by a linear relation,
as was observed by numerical resuts in [4]. Therefore when Cipr — —00 non-
monotonic behaviour of attributable concentration profile is expected.

4. CONCLUSION

We analysed the model of solidification of primary mushy layer described in [4],
while considering two different types of BC. The CC type was used in [4] and FC
type introduced to expand range of possible scenarios.

We considered finite macroscopic speed of solidification V. Explicit solution
using hypergeometric function was obtained. In §3.1 we construct the asymp-
totic expansion in the limit of large Lewis number Le. Presented leading-order
asymptotic expansions show very good accuracy even for a low values of Le.

In §3.2 we considered the limit of large |C1pot| causing asymmetry in BC result-
ing in non-monotonic C; profile. This result can be compared with [8] where limit
of jointly large |Cipot| and |Caopet| is considered. Notable feature of obtained ex-
pansions is that they preserve non-monotonic behaviour of concentration profiles.
Non-monotonic behaviour of concentration profiles may lead to statically unstable
stratification of fluid, therefore play important role in onset of convection originat-
ing in mushy layer. When appropriate solutal expansion coefficients considered,
the results from §3.4 identify the critical lines of static stability. We show that the
critical lines are in general non-linear and that in this case approach the oblique
asymptote as Le — oo.
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