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1 INTRODUCTION

1.1 Formulation and motivation

This thesis solves several uniqueness questions for nonnegative solutions of
the following parabolic problems on the halfspace ]Rﬂ\r] = {(:L'l o) e RVTL,
x1 > 0}, N > 1. The first problem is to find u;, i =1,2,...,n, n > 1 such that

Gt. = Auy, :L'ERN, t>0,
ou; ,
(P) _82 =ulty, z1 =0, t>0, Un+1 = U1,
1
N
ui(x,0) = v;(x), r e Ry,

where p; are positive numbers and v; are nonnegative, smooth, and bounded
functions satisfying the compatibility condition. The second problem is a non-

symmetric semilinear system with two equations

ur = Au + P, vy = Awv, xeRf, t >0,
ou ov
FL) ——=0 —— = =0 t>0
( ) (95131 ) (95131 u-, x1 ) ’
u(zx,0) =ug(z), v(z,0) = vo(x), T € Rf,

where p, g are positive numbers, and ug, vy are nonnegative, smooth, and
bounded functions satisfying the compatibility condition.
In order to motivate the results of this thesis, we briefly discuss the unique-

ness of the following system’s nonnegative solutions

u =P, v =uf for t > 0,

where p, q are positive numbers. The system may be transformed into an or-
dinary differential equation for u as follows. We differentiate the first equation
and substitute for both v and v’

/ p—1

u” = poP~ ' = p(u)) T ul.

An elementary algebra yields



6 MATEJ KORDOS

We integrate the last equation using the initial conditions for u,u’ and arrive

_p_
UI = (lﬂ) o ul’lqup .
1+gq

It is known that the equation u’ = cu” with the zero initial condition has only

at

the trivial solution if v > 1, while there exists a set of nontrivial solutions
if v € (0,1). See Figure 1 for an example. Adapting this result to the system
under discussion, we see that its solution is unique if and only if pg > 1. The
question is whether a similar claim is true for some parabolic systems having

this kind of nonlinearity as well.

+ u(t) = £ u(t) = (t —43)%r
s 4
.|
4 u(t) = (t _46)1
|

Figure 1. Some solutions of v/ = u?, u(0) = 0; here (r)3 = max*{r, 0}.
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1.2 Some blow-up results

Let us first look at some results concerning the nonlinear evolution equa-
tions, especially with polynomial nonlinearities. Naturally, the results solve
the questions of existence and uniqueness of the classical solutions. The first
type of results specifies the conditions for the global (in time) existence, since
the local one can be established with standard arguments. However, a solution
does not have to exist globally in the classical sense. A situation, when a solu-
tion becomes unbounded in a finite time, is called ”blow-up”. Deeper results
of this type discuss either the large time behaviour of a global solution or the
blow-up rate of a nonglobal solution. The authors also study so called weak
continuation of a nonglobal solution beyond the blow-up time, when it exists,
as well as the blow-up set (single point, whole domain). The second type of
the results answers the questions of uniqueness of the classical solutions. The
main results of this thesis belong to the second type.

At the beginning of our brief and by far not complete results review, we

recall a classical result of Fujita [F] for the problem

ur = Au + uP, reRY, t>0,

u(z,0) = ug(z), zeRY,

(F)

with nonnegative initial data ug. He showed that (i) if 1 < p < 1+ 2/N,
then (F) possesses no global nonnegative solutions while (ii) if p > 1 + 2/N,
both global and nonglobal nonnegative solutions exist. The number 1+2/N is
called the critical exponent which turns out to belong to the case (i). See [W]
for an elegant proof by Weissler as well as references to earlier proofs of this
result. Over the past years there have been many extensions of Fujita’s result
in various directions.

In 1991, Escobedo and Herrero investigated the initial value problem for a

weakly coupled system

ur = Au + P, nw=~Av+u?l, zeRN, >0,

EH1
( ) u(z,0) =wug(x) =0, v(z,0) =vo(x) =0, z€RY.

Set, when pq # 1,

p+1 qg+1
= —, /61 — .

pq—1 pq—1
The results of [EH2] for (EH1) take the following form. If max(aq,3;) > N/2
then all nontrivial solutions are nonglobal. If 0 < max(aj,3;) < N/2 then

a1
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there are global and nonglobal solutions. When max(a1, 3;) is negative or not
defined, all solutions with L°° initial values are global.

Galaktionov and Levine considered in [GL] the boundary value problem
Up = Uy, x>0, t>0,
—Uuy = uP, rx=0, t>0,
u(x,0) =wug(z) >0, x >0,
—up(0) = uB(0).

(GL)

They showed that if 1 < p <2, then u(x,t) blows up in a finite time for all
nontrivial ug; whereas if p > 2, then wu(x,t) becomes unbounded in a finite
time for large ug and u(z,t) exists globally for small initial data.

Deng, Fila, and Levine extended later their result to the problem

uy = Au, vy = Av, xeRf, t >0,
ou ov
DFL) —— =2? —— =uf =0 t >0,
( ) 6.1']_ v Y axl U Y CB]_ Y
U(ZL',O):U()(ZL') 20, U((L‘,O):Uo(iﬂ) >0, ‘”ISGR_’]\_],

where Rﬂ\f = {(xl,x’) sl e RN 2y > 0} ,N > 1, p,q are positive numbers,
and ug, vy are nonnegative, smooth, and bounded functions satisfying the com-
patibility condition. It was shown in [DFL] that the result for (DFL) takes the
form as in [EH2] for (EH1) if we replace aq, 5, by as = a1/2, 85 = (/2.
Fila and Levine studied the problem (FL) which is ”intermediate” between
the problems (EH1) and (DFL). They proved in [FL] the same result for

”intermediate” powers

O et M bt
2(pg — 1) 2(pg — 1)
Obviously,
a1 > a3 > ag, B1 > B3 > By

Chlebik and Fila derived estimates of blow-up rates for the systems (EH1),
(DFL), and (FL) in [ChF]. They showed that there is a constant C' > 0 such
that

(ChF) u(z,t) <C(T —1t)~%, v(z,t)<C(T —t)~"

hold true in Q x (0,7") for every positive solution (u,v) of (EH1), (DFL)
if pg > 1 and max{a, 3} > N/2, where T < oo is the blow-up time and
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(i) a=aq, B=061, Q=RY for (EH1), (ii) o = aa, = 35, @ =RY for (DFL).
The estimates (ChF) with a= a3, 8= 03, Q:Rﬂ\r] hold true also for ev-
ery positive solution (u,v) of (FL) satisfying u,,, v,, <0, if pg > 1 and ei-
ther max{«a, 8} > N/2 or max{«a, 3} = N/2, p, ¢ > 1.

Renclawowicz [R] extended some results of [EH2] to the parabolic system of

three equations
uy — Au =P,

(R) vy — Av=w9, zeRN, t>0,
wy — ANw=u",

with p, g, r positive numbers, N > 1, and nonnegative, bounded, continuous

initial values. Set, when pqr > 1,

a_1+p+pq 1+ q+aqr _l4+r+mrp
pqr —1 ' pgr —1 v pgr —1 °

The results of [R] take the following form. If pgr <1 then every solution is
global. If pgr > 1 and max(«, 3,7) = N/2 then (R) never has nontrivial global

solutions.

1.3 Known uniqueness results

Before introducing the uniqueness results for systems with polynomial cou-

pling, we recall a result by Fujita and Watanabe [FW] for the Cauchy-Dirichlet

problem
Uy — Au = uP, reQ, t>0,
(FW) uw(z,0) =ug(z), x €9,
u(x,t) =0, red, t=0,

where p > 0, ug is a continuous, nonnegative and bounded real function, and €2
is a bounded domain in RY (N > 1) with smooth boundary 9. They showed
that uniqueness fails when p < 1.

All known results for systems with polynomial coupling follow the same
pattern. It is not necessary for each of the exponents from the coupling to be
at least 1, i.e., Lipschitz continuous, to secure the uniqueness of a solution.
The uniqueness holds in the case of nonzero initial data, whereas it depends
on the product of the exponents from the coupling in the case of zero initial
data.
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First of all we mention a paper by Escobedo and Herrero. In [EH1]| they
proved a uniqueness result of the above mentioned type for an initial value
problem on the whole space. The original formulation follows.

Let us consider the problem (EH1) with N > 1, p > 0, ¢ > 0, and
where ug and vy are nonnegative, continuous, and bounded real

functions.

[EH1, Theorem|. Assume that p and q are different from zero and
p<lorg<1. Then

(a) If 0 < pg < 1 and (ug,vo) #Z (0,0), problem (EH1) has a
unique solution.
(b) If 0 < pg < 1 and (ug,vg) = (0,0), the set of nontrivial

nonnegative solutions of (EH1) is given by
u(m,t;s):cl(t—s)‘j‘_, U(IE,t;S):CQ@—S)f_,

where (r) = max{r, 0}, s is any nonnegative real constant,

and
p+1 _ _ _
a= : e P =(1-pg)* T (p+1)" g+ 1)7P,
1—pq
+1
p=— caff =cf.
—pg

(¢) If pg > 1, there is a unique solution of (EH1).

The results formulated and proven later in this thesis are inspired by the pa-
per [EH1] and the proofs richly use the ideas and tricks from there.
The bounded domain version of the result for the problem (EH1) was pre-

sented in [EH3]. It was formulated as follows.

We shall consider the following Cauchy-Dirichlet problem

(EH2.1a) uy — Au=2" when z€Q, t>0,
(EH2. 1b) — Av=u? when z€Q, t>0,
(EH2.2) u=v=0 if 2€dQ, t>0,

(EH2.3)  wu(x,0) =wug(z), v(z,0)=wv(x) if z € Q,
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where

p >0, ¢ >0 and up(x), vo(z) are continuous, non-

(EH2.4) i _
negative and bounded real functions.

[EH3, Theorem 1]. Assume that (EH2.4) holds. We then have
a) If one of the initial values ug(z), vo(x) is different from zero,
or if pq > 1, there exists a unique solution of (EH2.1)-(EH2.3)
which is defined in some time interval (0,T") with T' < + oo.
b) If pq < 1 and ug(xz) = vo(z) = 0, the set of solutions of (EH2.1)-
(EH2.3) consists of
bl) The trivial solution u(z,t) =v(xz,t) =0,
b2) A solution U(z,t),V(x,t) such that U(x,t) > 0 and
V(x,t) >0 for any x € Q and t > 0,
b3) A monoparametric family U, (x,t),V,(x,t) where p is any
positive number, U, (z,t) =U(z, (t — p)+),
Viu(z,t) =V (x, (t — p)4+) and &4 = max{¢, 0}.

A nonuniqueness result is obtained by Deng, Fila, and Levine in the work

[DFL] where they studied the system (DFL), i.e., (P) with n = 2. Their results
solve the questions of global existence mainly, nevertheless in the dimension

N =1 they constructed a nontrivial solution with zero initial data if pg < 1.
Their formulation is the following.

Let us consider the one dimensional problem

Ut = Ugz, Vp = Vga, x>0, >0,
(DFL1) —u, =7, —v, = uf, x=0, t>0,
u(z,0)=up >0, v(x,0)=v920, x>0.

[DFL, Theorem 3.5]. If pg < 1 then problem (DFL1) with ug =

vo = 0 has a nontrivial, nonnegative solution.

The one dimensional solution was explicitly constructed in the proof and it

can be easily generalized for higher-dimension and more-equation problems.
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The bounded domain version of the problem (DFL) was discussed in a work

by Cortazar, Elgueta, and Rossi. The result of their paper [CER]| reads as

follows.

Let © be a bounded domain in RY with smooth boundary and let

p and g be two positive real numbers. Consider the system

uy = Au, vy = Av in Q x (0,7),
ou ov
TP i
(CER) 5, = 5 = U on 00 x (0,7,
u(x,0) =up(z), v(z,0) = vo(x) in

with smooth initial data ug > 0 and vy > 0, and v being the outer

normal to 0.

[CER, Theorem 1]. Assume (ug,vg) = (0,0). Then

a) If pg > 1, then the unique solution of problem (CER) is
(u,v) = (0,0).

b) If pg < 1, then there exists exactly one solution (u,?) of
problem (CER) such that both @ and © are strictly positive
for every positive time. Moreover, any other nonnegative

nontrivial solution of (CER) is of the form

(@((t = 7)), 0((t = 7))
for some fixed T > 0. Here r; = max(r,0).

[CER, Theorem 2|. If (ug,vo) # (0,0), then the solution of (CER)

is unique.

Wang, Xie, and Wang showed in [WXW] besides the blow-up estimates also
the uniqueness for (DFL) with zero initial data in the case pg > 1. The result

was formulated in the following way.

[WXW, Theorem 3|. Assume that pq > 1. Then the only solution
of the problem (DFL) with (ug,vo) = (0,0) is the trivial one, i.e.,
(u,v) = (0,0).
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The corresponding result has been recently proven for the problem (P) by
Lin.

[L, Theorem 4.1]. Assume that Z p; = 1. Then the only solution
i=1
of the problem (P) with vanishing initial values is the trivial one,

re,u;=0,1=1,...,n.

Later on we present also its proof, since it concerns the uniqueness of one of

the problems under discussion.

1.4 Notation, solution formulae, and preliminaries

Similarly as in [FL], we denote

N 2

HN(xa:% ) GN( G )
)= L -3 |21 —yl|2 |y + y1)?
Hl(xl7y17t>—§(ﬂ't> (eXp <_T + exp _T 7
1 2
Rle1,0) = Hi(er,0:0) = () exp (21

fort >0, 2,y € RY, 21, y1 € R, 2/, v € RV and z = (z1,2), y = (y1, 7).
)

We use these functions to define several operators for w € L}, . (Rﬂ\r] , namely

Sn(Hw(x) = | Gn(x,y;t)w(y)dy,

RN

Sn-1(t)yw(zy,2’) = / Gr-1(@,y's)w(zy, y)dy',
RN-1

T(tw(z) = Hy(z1,y1;t)w(ys, ')dys,
Ry

R(t)w(x) = R(x1,t)Sn_1(t)w(0, z").

These integral operators allow us to write the variation of constants formulae

for solutions of both systems. For (P) we have

(11) e, t) = T(0)Sya / R(t — n)ub', (z, n)dn,
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and for (FL)

u(er, t) = T(H)Sy—1 (t)uo / T(t —m)Sn—1(t — m)o?(x, )d,
(1.2)

v(x,t) =T (t)Sn-1( /Rt— Jul(z,n)dn.

It is possible to prove the local existence of the solution in time using (1.1)

r (1.2), and the contraction mapping principle (cf. proof of Theorem 1.1).
Since in some cases the solutions do not have to exist globally in the classical
sense, we define a strip St :Rﬂ\r] x (0,T) for any 0 < T'<oo. See [DFL]

and [FL] for more detailed results on the global existence.

We use the following notation for : =1, 2, ..., n when dealing with the prob-
lem (P)
DPit+n = Di; Ujn = Uj fori=1,2,...,n,
p= H Di, (u;) = (u1, u2, ..., up), (v;)=(v1,v2,...,0,), etc.
i=1

We also set fort=1,2,...,nand k=0,1,...,n

(z) sz—H 1 =PiPi+1 " Pitk—1, ie., my =1, 7T7(:‘):}7,

j=1

o; = Z T Qi = O for p <1,
k—O

1 -4 L I(5
B(y) = /0 <1—t>—atv—adt:ﬁ@ﬂ,%) IESACE L)

for convenience. Observe that % +pici1 =a; fori=1,2,... n.
We point out several useful relationships. One can easily check that for
w € L}, (RY), s,t > 0, the equalities

Tt)Sn_1(t)w=Sn_1(t)7T (t)w,
Sn-1(t)Sn_1(8)w=8n_1(t + s)w

hold. We use them later without referring to them. We also often use Jensen’s

inequality without referring, mainly in two following forms:

t r t
if r>1 th ds) <t™! "(s)d
if r then (/0 f(s) s) <t /Of(s)s
t t r
if r<1 th "(s)ds < 1—’“( d)
if <1 then /Of(s)s t /Of(s)s
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1.5 Main results and methods

The thesis shows the conjectured results for both problems (P) and (FL).
The solutions of the systems are unique if the product of the exponents in the
nonlinearities is at least 1. On the other hand, there are nontrivial solutions
of the systems with trivial initial data if the product is less than 1.

For the problem (P), we answer several finer uniqueness questions as well.
The class of nontrivial solutions for zero initial data and p < 1 is fully clas-
sified. The solution is unique for the nonzero initial data even if all of the
exponents are less than 1. The uniqueness questions are fully solved for the
problem (DFL), i.e., (P) with n =2.

We prove the following results. Theorems 1.1 through 1.4 deal with the
problem (P) and they are proved in Chapters 2 through 5. Chapter 2 also
contains the proof of [L, Theorem 4.1]. Theorems 1.5 and 1.6 deal with the
system (FL) and they are proved in Chapters 6 and 7. Theorem 1.7 completes
the result for the system (DFL) and it is proved in Chapter 8. The main tool in
the proofs are fine estimates of the solutions gained by iterating their integral

representations.
Theorem 1.1. If (u;) and (u;) are solutions of the problem (P) with p; > 1,
i=1,2,...,n, in some strip St, then (u;) = (u;) in St.

We look for the solution of the problem (P) with p < 1 and trivial initial
data in the selfsimilar form

wil,t) =t fi(y)  fory= "%

%7

The problem (P) transforms into following ordinary initial value problem for f;,

t>0, 1=1,2,...,n.

1=1,2,...,n
1 100N — o () —

(1.3) fiy) + 5 fily) — aifily) =0, y >0,

—fi(0) = f7i1(0),  fay1 =11,

where (f;) — 0 as y — oo.
Theorem 1.2. Let s > 0. The functions
x1

(1.4) Yi(z,t;8)=(t—s)¢ fily) fory= ¢ Vi—$

0 otherwise,

when t > s,

i=1,2,...,n, solve the problem (P) with p < 1 and trivial initial data (v;) = 0.

Here ry = max{r,0} and f; solve ordinary boundary value problem (1.3).
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Theorem 1.3. For every nontrivial nonnegative solution (u;) of the prob-
lem (P) with p < 1 and trivial initial data (v;) =0 there exists s >0 such
that (u;(z,t)) = (Yi(x,t;s)), where Y; are given in (1.4).

Theorem 1.4. If (u;) and (u;) are solutions of the problem (P) with p; < 1,

i=1,2,...,n and nontrivial initial condition (v;) # 0, then (u;) = (4;).

Theorem 1.5. If (u,v) and (u,v) are solutions of the problem (FL) with

pq = 1 in some strip St, then (u,v) = (u,v) in St.

Theorem 1.6. There exists a nontrivial nonnegative solution (u,v) of the

problem (FL) with pqg < 1 and trivial initial data.

Theorem 1.7. If (u,v) and (u,v) solve the problem (DFL) with nontrivial
initial data (ug,vo) # 0, then (u,v) = (u, ).

The uniqueness results for the problem (DFL), i.e., Theorems 1.2, 1.3 for
n =2, and Theorem 1.7, are presented in [K1]. There remain open uniqueness
questions for both problems (P) with n > 2 and (FL), although we expect that
the corresponding results are true for them as well.

In the problem (P), the difficulties lie in the need to discuss different pos-
sibilities of ordering the exponents p; and the number 1. In each of them,
different estimates for the solutions obtained from their integral representa-
tions (1.1) and mean value theorems may lead to the desired result (cf. proof
of Theorem 1.7).

In the problem (FL), the main complications lie in the nonsymmetry of the
system and also of the integral representation (1.2), and in the dependence of
the solution formulae not only on the initial condition and values on the bound-
ary, but also on the values in the whole domain. The results of Theorems 1.5

and 1.6 are presented in [K2].
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2 UNIQUENESS IN THE CASE p > 1 FOR (P)

We start this chapter with the elegant proof of [L, Theorem 4.1] (see the
Section 1.3) by Zhigui Lin presented in [L]. However, the trivial initial condition

is necessary in the argument.

Proof of [L, Theorem 4.1]. The representation formula (1.1) gives

t
sup ui(x,t)éw‘%/ (t—m)7% sup ubi,(0,y';m)dn
0

zeRY y €ERN -1
2Vt i
< —= max sup u;i(z,7), 1=1,2,....,n
T OSNStyery

Setting F;(t) = o ax  sup u;(x,m) we get

2VE 1,

Fl(t) ﬁ z—l—l

t), t=0, i=1,2,...,n.

Therefore

2V
Nz

< (20) m

Fi(t) < —=F;" (1)

4 (1-p)az
< (_) t(l_p)alFlp(t).

7r
Since F1(0) =0 and p > 1, we have Fy(t) = 0, i.e., ui(x,t) = 0. Similarly we
get u;(x,t)=0for1=2,3,...,n. O

The following proof of Theorem 1.1 uses the standard argument to show the

uniqueness of the solution (as well as the existence) - the fixed point theorem.

Proof of Theorem 1.1. Consider the integral system associated to the solution
formulae (1.1)

UZ'(.’L‘, t) = ‘I)Z(Uz+1)($ t)

2.1
2 =T ()Sn-( /Rt— )i (,m) [P

Ui+1($a n)dn.
For arbitrary fixed 0 < 7 < T we set

By = { () € (£ (RY x [0,7]))" + [ (w)l| < o0},
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where

lu)lle=sup > Jui(-t)]loo-
0 -1

<t<7_i_

Clearly, E; is a Banach space, and P, = {(u;) € E; 1 u; >0,i=1,2,...,n} is
its closed subset. Further let Br = {(u;) € P; : [[(u;)||g < R}. We can easily
see that U((u;)) = ((®;(u;41))) is a strict contraction of Bp into itself if R > 0

is large enough and 7 > 0 is sufficiently small, which gives the result. [J
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3 NONUNIQUENESS IN THE CASE p < 1 FOR (P) WITH ZERO INITIAL DATA

In this chapter we consider the problem (P) with p < 1 and trivial initial
condition. We find a class of nontrivial solutions and extend so the result
of [DFL, Theorem 3.5].

Before we find the solution of (1.3), we introduce following notation. We
define

1 o
(3.1) Ula,b,r) = / e (L4 1)
I'(a) Jo
and
/TG a0\ ™ T (T + o) P
D —r? (27) 11 (2—)
Pl+a))  AATO+ais)
(3.2) 1 -
=72 *T(1+aq) [[ BT7(aisn), i=12,....n,
k=0
Dn+1:D1'

Lemma 3.1. The function U fulfills the following relations.

(i) Uq(a,b,r)= —aU(a+1,b+1,7)
1 T3
ii U -0 ==——
i U (n50) =5
3 TF 1
(iii) U (a, 5,7’) = mr + O(1) forr — 0
(iv) Ua,b,r)=r"*(1+0(r1h) for r — o0

(3.3)

Proof. The relations (i), (iii), and (iv) can be found in [AS 13.4.21, 13.5.8,
13.1.8] respectively, (ii) can be obtained directly from (3.1). O

Lemma 3.2. The constants D; fulfill the recurrent relation

TP+ ais)

3.4 DPi. =
( ) i+1 T F(% +az>

Di, 2':172,...,71.
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Proof. We verify the relation (3.4) using the definition of D; in (3.2) directly.

Recalling the simple facts pm,(jﬂ) = ﬂ-](ﬂi-i)-l and 1+ pja41 = % + oy, we write
) n—1 piﬂl(cwrl)
DPy ) =a P )T (] 4 a4 H BT (k1)
k=0
1 n=2 Wl(ci—})—l
= PO ITP (1 4 ap0) BT () BT7 (i) [ [ BT (@igng)
k=0
1—p; TP (14 ) ol
—_ —(1+Pz(11+1) 7'+1 . — .
=7 2 — T (1 + oy BT-7 (¢
. TPi .
_ W% rPi(1+ al+1)Di.
F(% + C)é@')
O
Lemma 3.3. The functions
y? 1 1 y?
(35) fl(y):DZe_TU(§+ala§7yZ)7 7':17257/”

where U is given in (3.1) and D; are given in (3.2), solve the problem (1.3).

Proof. We show that the functions f; defined in (3.5) solve the equations
from (1.3) arguing similarly as in the proof of [FQ, Lemma 3.1] (see also [DFL,
Lemma 3.2]). Each of the equations from (1.3) is a generalized Whittaker’s
equation and can be written in the form (see [AS, 13.1.35] for A =0)

/ 1
3.6) w” + 2f’+%—h’—h— w’
(3.6) . ¥

bh/ / " / " / a(h,)Q _

with a 2% + i, b= %, fly)=h(y) = %. The equation (3.6) can be solved
explicitly. One part of its general solution is given by (cf. [AS, 13.1.37])

(3.7) wi(y) = e 1 U(a,b, h(y)).

Obviously, the functions f; defined in (3.5) solve the equations from (1.3).
Now we use the relations from Lemma 3.1 and Lemma 3.2 to verify the

boundary condition from (1.3)

o — p Yoy 1, 1y L. 3, 3y
fi(O)—Dz2e4 <U(2+az,2,4 +lgte|Ulg+ans:

1 7y i+1\Y)-
L(3+a) 7201+ ai1)

y—0
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The fact (f;) — 0 as y — oo follows directly from the definition (3.5) and the
relation (3.3.iv). O

Proof of Theorem 1.2. Obviously, the functions Y; fulfill (P) when ¢ # s. We

need only to show

. aTz N
(3.8) tl_l)rgﬁ(x,t; s)=0 for zeRy, s>0
to claim that (T;) converges uniformly to 0 as ¢ — sT. We use the relations

from Lemma 3.1 to write

oY, it 1 1 x?
—(x,t;8) = Diage o (t —5)* U | = + i, 5, ——
gi (@ 1i8) = Diase (t=s) <2+O‘ 2 4(t—s))
x3 it 1 1 a3
Dz_l —IE=s (+ — a;—2 - = 1
+ 1 ¢ (t—s) U(2+a’2’4(t—s))
1 zi oA 3 3 af
D; | = i) FeT TR (t—8)* U | = i 1
- (2+O‘)4e (t=9) <2+a’2’4(t—s)
i 1 —a;—1
= Diage T (- d (D) (14 0(t - 9))
_i 3 /X1 12
4Dy e T (- )2 d (?) (1+O0(t—s))
1 2 a3 —1-2cy
#0; (5 +a) emaa- st ()7 a o)

22

= e T (L — 5)2% 72 (p,(w1) + O(t — 5)).

Thus (3.8) holds and the proof is finished. [
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4 UNIQUENESS OF THE NONTRIVIAL SOLUTION IN
THE CASE p < 1 FOR (P) WITH ZERO INITIAL DATA

As in the previous chapter, we consider the problem (P) with p < 1 and
trivial initial condition. We prove that the class of functions given in (1.4) con-
tains all nontrivial nonnegative solutions of problem (P) with p < 1 and trivial
initial data. Every nontrivial nonnegative solution is then uniquely determined
by time s > 0 when it branches off the trivial zero solution (s= inf{t > 0 :
ui(z,t) >0, zeRY}).

Let us introduce further notation for i =1,2,...,n

(i)

"k

(e <F(% + ai+k)) v

Ci == W%F_l(l —+ Oél)Dl = H

o\ + i)
n—1 ﬂ'l(ci)
(4.1) =7 % [ B (i),
k=0
61 = 2(1 - p)aia

Pi= Zﬂ-}(j) (pnzlnon—l:1+pn—17"'7101:61)
k=0

Lemma 4.1. Let pp >0, k=1,2,...,n, H Pr=p <1, pirn =p;, and let

E=1
1
0 _ =
ay, X
o 1 i
(4.2) a,(g):ﬁ—{—pka,({_)kl, k=1,2,....,n—1,
. 1 ;
O‘S—’_l) =35 "J’_pnag )
2
piPk

Then a,(f) = ai(l—p') + for alli € No,k=1,2,---,n. The constants p,

are given in (4.1).

M ‘

Proof. The verification is simpler in terms of s. Set ﬂ,(f) =2(1— p)oz,gi). The

recurrent relations corresponding to (4.2) are then
ﬁ%o) =1- b,
=1 % k=1,2 —1
/Bk — p+pkﬂk+17 =1,4...,M ’
BU =1 p+pay)

and it can be easily checked that ﬁ,(f) =B, (1—p)+ (1 —ppip,. O
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Remark 4.2. Notice that agj) increases to ay asi — oo forallk=1,2,...,n.
Namely
i 20 —
a,g):ak—pl Xk — Pg
2

and

2a > By = py,
hold.

Lemma 4.3. Ift > 0 and (u;) is a solution of the system (P) with an initial
condition fulfilling v; # 0, then we can find v, o > 0 such that

(4.3) wi(z,t) =ve W’ zeRY,

Proof. Since v; # 0, we can find Q@ C RY such that § = inf{v;(z) : z € Q} > 0.
Now
wi(x,t) =T (t)Sn-1(t)vi(z)

ey —yq |2 z 2
_ l(m)_% (e_ 1 +e_| =Tl )

_ 2! —qyl 2
></ (4:7r15)_N21 o= vi(y1,y')dy'dy,
RN-1

12 2
8_2_L / e_‘y2_|t dy,
Q
which proves the desired estimate with

N y|? 1
7(t)z5(47rt)_?/e_lT dy and o(t)=—.
o 2

|z
<
NP2

e A dy > 6(4mt)”

O
Lemma 4.4. Fort >0, 0 >0, x € RM, M €N,
Su(t)e 1 = (1 4 40t)~ % o~ et 2I°
holds.

Proof. The verification is not very difficult. We write

Joe—y]?
(47rt)_% /M e~ a el dy
R

oy g2l o v
= (47'('t) 2 e at e 4t dy
RM

M 2
2 e 1+Zat |=| .

o'z2 o
= (47Tt)_% o~ THive / e~ o lyl® dy = (14 4ot)™
RM
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Remark 4.5. For 0 <n <t, we have

(4.4) Sn_1(t—mn) e ol l® > (1+ 4015)_% e ol

/|2

Proposition 4.6. If (u;) is a solution of the system (P) with nontrivial initial
condition (v;) Z0 and p < 1, then

(4.5) u; (0,2;t) > Cit™, i=1,2,...,n,
where C; are given in (4.1).

Proof. We use the ideas from the proof of [EH1, Lemma 2]. We first prove
the result assuming that vq(x) > ve=olzl* for some v, > 0. Lemma 4.4 then

yields
w (0,2'3) = T(1)Sn_1(H)v1(0,2)) = v(1 + dot) "7 el

and from (4.4) follows
(4.6.n.0)

¢
un(0,2;t) > / R(t — n)ul™ (x,n)dn
0

t
> W_%,ypn<1 + 4015)—%% / (t — U)_%SN—1(75 —n) o= Pnl’|? i
0

¢
> 3P (14 4at)_¥1’n(1 + 4apnt)_¥ e~ oPnle'l? / (t —n)"2dn
0

N

=21~ P (14 dat) T P (14 dop,t) T F e Pnlel g

as an initial inequality for an iterating argument. Namely, using (4.4) we can

derive the following implication

m
if  ui1(0,25t) >c H (1 + a;t)% eole' P
j=1
where v,0>0, meN, a; >0, b; <0,
t
then  u;(0,2';t) > / R(t —n)uts(z,m)dn
0

m

b; <0 271'_%0171‘ 1—|—a~tpibj
(4.7) (b; ) jl;[l( it)
t ) N
X / (t=m Syt =) (e ) an
0
48 > ete [0+ a0 o2
j=1

X e_pi0'|:v’|2 B (% +pl/y) t%-l—pﬁ’
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for i=1,2,...,n (setting u,4+1 =wu1). Now it is only a matter of a patient
calculation to prove that for any k € Ny
(4.6.1.k)

(1
uy (0,25 t) = 2™ 1P T AP

—1 k—i _
P T 2

@
I
=
3
I
—

n—1 k
% H H Bﬂfillpk—i <a7(77:L)> e—Upk+l|xl|2 tagk)
m=1¢=0
holds.
€y
Now let us see what happens when k — oo. Clearly, 9Pt 1,
k—o0
vpkﬂ —_ 1, e~ et 1, (1 +4at)pk+l —— 1. Moreover,

k—o0 k—o0 k—o0

(k)

since oy’ increases to a,, and B is decreasing in 7y, we have

H Bt < <z>> H H Bl (oz%?) > mf_[ B (Ctm)-

i=1 m=11=0

. n N . 1 n—m
And finally setting a,, = 40t H p; > 0 and b, = — — H p; <0,

j=n—m-+1 j=1

k n .
H H 1+amp N |

1=0m=1

we may write

since for m=1,2,...,n
k—

, k
=b,, Z pF (1 + ampi)

k
0>1In H (1 +ampi)bmp
i=0 i=0

k—o0
holds. Letting k¥ — oo in (4.6.1.k) therefore gives
ur (0,25 t) > Crt™

which is (4.5) for i = 1.
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Considering the implication (u,4+1 = u1, Cpq1 = Ch, %—kpiozi“ = = Qjtn)

if UZ+1(O .’L’ t) Z+1ta1+1

then  u;(0,2';t) / R(t —n)uts (z,n)dn
=7 20 / (t _ 77) npzaz-u
(4.8) 0
n—1 ﬂ_%)
=7 [T B™ (airm) - BT (ai) B ()t
m=1
n—1 (@)
=g % B 7 (OéH_m) Y = Citai
m =0
fori=1,2,...,n, we obtain (4.5) under current assumption on the initial data.

Now we generalize the estimate for any nontrivial initial data v, # 0 using
Lemma 4.3. We take arbitrary positive ¢ and set @;(-,t;¢) = u;(-,t + ). The

autonomous nature of the system (P) implies

i (-, t;e) =T (t)Sn—1(t)u;(+, 05 ) + /0 R(t —m)agyq (-, m5€)dn,

where 41 (0,2';0;¢) > 'ye_"m/'2 for some positive numbers v and o. There-

fore 1;(0,2;t;¢) = C;t™, and accordingly
u;(0,2;t) > Ci(t — )™

Thus (4.5) holds for any vy #Z 0, since ¢ is arbitrary. Obviously, the assump-

tion v1 # 0 is made without loss of generality. [J

Proof of Theorem 1.3. We apply the idea from the proof of [EH1, Lemma 4].
Let (u;) be a nontrivial nonnegative solution of the problem (P) with p < 1
and trivial initial data (v;) =0. Without loss of generality, we assume that
there are z € RY and ¢ > 0 such that u,(z,t) fo ul™ (z,m)dn > 0.
Set

7= inf{t > 0:uy(0,2;t) > 0,2’ € RV},

By standard results, u;(z,t) > 0 for any z € RY and ¢ > 7, i=1,2,...,n
Now we take ¢ > 7 and set u;(z,t) = u;(x,t + t). Obviously, (@;) solves (P)
and v; = u;(-,0) > 0,i=1,2,...,n, and according to Proposition 4.6

w; (0,25t +t) > Cit™



UNIQUENESS RESULTS FOR SOME PARABOLIC SYSTEMS 27
for any 2/ € RN~1 and ¢ > 0. This implies
(4.9)  w(0,2'3t) = Ci(t — 1), ZeRNTL t>0, i=1,2,...,n.

We use another slight modification of the often used iteration argument to
obtain the corresponding upper estimate for u;(0, z’;t). Let T > 0 be arbitrary
and M > 0 such that

[u1(0, M)l < Mlur (0,5 )]oo for 0<n<E<T.

Since the initial condition is trivial, we can write
0,250 < [ Rt Syl

_%/ Hul 7’77 ’pndn %Manul(Ovat)Hggzté

The induction implication reads as follows

if w1 (0,2°5) < et

then ui<07$/§t)</R<t_77)HUi+1<07'§77) Bidn
0
1 1 1.
g T gcsz (5 _{_pl,-y) t2+p17
fori=1,2,...,n, so that

|1 (0,5 8)]|oo < |lur (0, 52)||%, 27% 1 p—(=p)ax prp H BTr <p2k>t(1—p)a17

k=1
(1) n—1 (1) 0
vttt [T () e

Substituting this inequality into the solution formulae (1.1) we get

t
(4.10.1.1) ||u1(0,m’;t)||00</ TRt — )"
0

p1

tl tn—l Pn—1
X (/ e (/ 7'(—% (tn—l — tn)_%PpntﬁnOéldtn) N dt2> dtl
0 0



28 MATEJ KORDOS

and iterating this step yields

@101 @) < PP e T B (o e,
=1

Letting k& — oo implies

(4.10.1) lu1 (0, 2"; ) ||oo < C1t*

and as in (4.8) we obtain

(4.10) w; (0,25 t) < Jui(0, 5 1) |00 < Cit™

for 2’ € RN=1, t>0,i=1,2,...,n. When 7 > 0, we take 0 < ¢t <7 and
define w,(x,t) =wu;(x,t +t). The definition of 7 and a simple contradiction
argument imply that (u;(t)) =0, and therefore (u;) solves (P) with trivial
initial data. From (4.10) we obtain u;(0,2';t +t) < C;t* for any 2’ € RN™!
and t > 0. This implies

(4.11) w0250 <Cit -1, 2 eRVTH t>0, i=1,2,...,n,

and, by (4.10), it is valid for 7 =0 as well.
We conclude from (4.9,11) that

u; (0,2";t) = Ci(t—71)F =1;(0,2"; t; 7), eRNY t>0, i=1,2,...,n.

The maximum principle implies that (u;(z,t)) = (T;(x,t;s)) for s=7. O
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5 UNIQUENESS IN THE CASE p < 1 FOR (P) WITH NONZERO INITIAL DATA

In this chapter we consider the problem (P) with nontrivial initial condition.
We prove that the solution is unique if p; < 1, i=1,2,...,n. We use the

notation from (4.1) and the estimate from Proposition 4.6.

Lemma 5.1. The constants C; from (4.1) fulfill the equality
(5.1) [[cr—" =% [ B (aw).

Proof. First notice that p,_18,=8,_1+p—1,1=1,2,---,n, and therefore

Z _ Butp— 1—51+§:5i—1+p—1—5i:_ﬂ
> lpi 2(1-p) 2(0-p) 2
Furthermore, p;;_ 171'( ﬂ) —ngjj;f), 1=1,2,...,n,5=1,2,...,n—1. So we
can write

o 1 - _ pz 1 L)

H Clpz 1—1 _ H ai(pi—1—1) H T ai—i—j)

i=1 i=1 j=0

n n Pnti—1—1 n—l Pitj—1—1 2 9)
=z H B (ay) H B~ i=r  "n-i ()
i=1 j=1

Pptqi—1—1 (i+j—1) (i+3)
Bli—i_l pzj—l( n— j—}—l _Trn—j )(al>

@
I
_

[l

)

w3
==

P 1 1_,_ﬂ() n+ifl

B =5 (o) =7% H B~ ().

[l

)

N3
==

@
I
-
-
I
-

O

Proof of Theorem 1.4. Let us introduce the notation || f(¢)|| = sup{f+(0,2';t) :
' € RV=1} and f, = max{f,0}. We use the contradiction argument from the
proof of [EH1, Lemma 3].

Suppose that (u;) # (@;). Then we can find ¢ > 0 such that without loss of
generality we may assume |[(u1 — @1)(n)|| < ||(u1 — @1)(t)]] > 0 for 0 < n < t.

<|a — bfPi for a,b > 0. The solution formu-

Since p; < 1, we have |aPi — bP:

lae (1.1) imply

( _ul O ZL' t /R 1—1—1 1—1—1) (O ZL' n)dn
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for i=1,2,...,n. We use these facts n times to show for some positive con-
stant P that ||(u; — @1)(t)]| < Pt*. First we write

1

(i = ) 057 < [ =)~ = m) )P

<2m7 % (g — @) (t)||Prr?

for 0 < 7 <t. The inequality (u;4+1 — U;+1)+(0,2';7) < er” implies
-l / _1 . 1 l‘i‘ )
(ui = )4 (0,2, 7) <772 B 5 +piy ) 7207

fori=n—1,n—-—2,...,1. So by induction we obtain
) W
(o = 5 0] < s — )2 0w T B (8 gapi
k=1
with p, defined in (4.1), and therefore

ey
652 )@ <P, P2 T pri (%)

k=1
holds.
The mean value theorem for f(£) = &P gives
(ufi —adiq)(0,2";t) = pywli Y0, 2 ) (uigr — @agp1)(0,258), i=1,2,...,n,

for some w;+1 between w;y; and @;y+;. Now all p; are less than 1, so by

Proposition 4.6 we have
wli N0, 2 ) < oPiphiee e =12 n

By the solution formulae (1.1), inequalities

( — ul 0 x'; t / R t—n H—l - u1—|—1) (07$';77)d77

T EpCYiY / (t — )~ 2P Do | () — w;41)(n)||dn
0
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hold for i =1,2,...,n, so that we can claim
(5.3)
o —mye <5y [T ezt [ -t
=1

=

1 1 to tn—1
[ [ [
0 0 0

X t(pn—l)al H(ul — ﬂl)(t )Hdt cee dtgdthtl

—p H B~ / (t —tp) 2P

i=1

tl 1 1 t2 tn—l
0 0 0

X tPn= D (g — Gy) (b)) ||ty - - dEsditodiy

=

by Lemma 5.1. By (5.2), we see that righthand side of (5.3) is integrable.
Moreover combining with (5.2) yields

tn—l
/ (bn1 = ) "ZEF" D (ur — @) (tn) ||t
0

n—1-

tn—l
<P/' (bay — tn) 342501t = PB(ay )
0

Similarly we get
[(ur — u1) (8)|| < pPE*,

and obviously

(5.4) (w1 —a1)(@®)]| < PP,  keN,

as well. Letting k& — oo implies u;(-,t) =u1(+,t) on the boundary z; =0, and

the contradiction argument is finished. [J
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6 UNIQUENESS FOR THE NONSYMMETRIC PROBLEM (FL)
This chapter proves uniqueness for the problem (FL) with pg > 1.

Proof of Theorem 1.5. We omit the standard argument when both nonlineari-
ties are Lipschitz continuous, i.e., p,q > 1 (cf. proof of Theorem 1.1). However,
we have to discuss both cases p <1, ¢>1and p > 1, ¢ <1 (pg > 1) since the
system (FL) is not symmetric in the sense of interchanging p and q.

(a) We start with the case p < 1. Let 7 € (0,T) be an arbitrary time
and let 0 < s <1 <t <7 be always ordered this way in further discussion. We
fix (x,n) € S; and define a functional g(-)(z,n) : L*(S;) — R

g(w)(@,n) = T(m)Sy—1( / Ry — syw(z, )ds,
f&)=¢&, £>0,
so that we obtain by the mean value theorem for f o g
Vi(z,n) = (0" =) (z,n) = (g(u)(z,n)" — (9(a@)(z,n))"
(6.1) — pg (g(w)(z, )"~ / R(n—s) (w9 (u — @) (z, 5)ds

for some w between u and u. More precisely we write

w('a S) = ,0(%', 77)“(', 3) + (1 - :0(33’ 77))@('7 S)

where 0 < p(x,n) < 1. We also define F'(t) = sup{||(u—a)(-,n)||co : 0 < n < t},
and by Holder’s inequality we derive (since 1 7Sp< 1)

V(@) < paFln (/ R( —quxs)ds)p_l
« /0 R(n— syt~ (x, s)ds

< pgF(n) (2%7;% % (/ Rin— s)w(a, S)ds)p 141-1

< pg2Pr EUPIT R (n)nt

(6.2)

where U is the upper bound of w in RY x [0, 7]. Hence, applying the solution
formulae (1.2), we obtain for any z € RY, n € [0, 7]

u—al(e.n) < [T = 9)Sn-1(1— )V )lds
(6.3) 0

"
gquPW_gqu_lF(n)/ s¥ds < Kt%pF(t),
0
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where the constant K depends on p, ¢, and on the bounds of v and u in Rf X
[0,7]. The supremum property implies F(t) < K tF (t) on [0,7], and thus
F(t)=0 for t € (0, K_ﬁ). Since the system is autonomous, finite iterat-
ing of the argument yields u=u in RY x [0,7]. The equality v =10 follows
consequently from (1.2).

(b) The case ¢ < 1 is dealt with in a slightly different manner. We set

Pt) = sup{llv— D) m)lleo O H<H], 30,
) =TSyauo(o) + [T - 9Sy-aly - )7 (2. 5)ds
for z € L*°(S;),

fO=g, £,
so that we arrive by the mean value theorem and Hélder’s inequality (since
L<g<1)at

Ul = (9w} m)* = (9(0)(,m)"

60 <o @) ([ T0- 9850 92 @i )

< pgVPI F (),
where 2(-,8) = p(a, v+ 8) + (1 — p(z,7))B(-, 8), 0 < p(z,m) < 1 and V is its

upper bound on RY x [0, 7]. Thus the difference of solutions in the v component

is bounded above by

7
ol < [ R 9)UG.5)lds
0
(6.5) . 1
<pqVPI 1 F(n) / R(n — 5)s%ds < Lt2T1F(t)
0
for all z € Rﬂ\f , m € [0,7]. We complete the proof by the same final argument

as earlier. [
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7 NONUNIQUENESS FOR THE NONSYMMETRIC PROBLEM (FL)

Let us first study the one dimensional problem:

Up = Ugy + VP, UVt = Vg x>0, t >0,
(FL1) —u, =0, —vy = uf, x =0, t>0,
u(z,0) =wug =0, v(z,0) =vy = 0, x > 0.

We want to find a nonnegative nontrivial solution starting from the zero initial

condition if pg < 1. In this chapter, we set

2+p 1+2¢q 1
R f= o>
2(1 —pq) 2(1—pq) = 2

and as in [DFL], we look for a self-similar solution of the form
u(z, ) =tf(y), ol ) =t’g(y)  fory= % t>0,

where (f, g) is a positive solution of the problem

F'(y)+ 57'(y) — af(y) + 9" () =0,

1) 9" () + 59'(4) = Boly) =
g'(0)= = f7(0),

and where (tf(y),t’g(y)) converges to (0,0) as t — 0%, i.e. y — oo. This

transformation can be easily verified.

Remark 7.1. In order to prove that the blow-up rate estimates (ChF) for (FL)
are optimal (see Section 1.2), backward self-similar solutions of (FL1) are con-
structed in [ChF]. They are of the form

fb(x,t): (T—t)af(y)7 f}(:l,‘,t) = (T_t)ﬂg(y)a Y=

where positive bounded ( 1, g) satisfies

T/ () = 5 F' ) + af () + 3 (y) = 0,
3" (y) = 53'() + Baly) =0 fory >0,
(0) =0,
g'(0) = — f(0).
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Recall that in this case pg > 1, i.e., a, § < 0, and T' < oo is the blow-up time.

As in the proof of Lemma 3.3, the linear equations

')+ 51 ) = afy) =

g <y>+§g'( )= Bg(y) =0 fory >0,

are generalized Whittaker’s equations (see (3.6)). Their solutions are given by
the formulae (cf. [AS, 13.1.36,37])

w2 1 1 y? 2 1 1 42
fl(y) e 4 U<2+ 2 4)7 f2(y) e 14 <2 +Oé,2, A P
y2 1 9?2 _u? 1 1 y?
g _ — — -
gi(y)=e" ( +8, 5 4), g2(y)=e 3 M(2+/3,2, T

1)... -1
where M(a,b,r):1+2r—|—...+a<a+ ). (atn )r”+... and U is given

b bb+1)...(b+n—1)
n (3.1).

Lemma 7.2. The functions M, U fulfill the following relations.

() M(a,b,r)=SM(a+1,b+1,7)

b
(ii) M(a,b,r) — 1 forr —0, b¢N
(7.2) (iii) U (a, %, 7’) T (fi 2 +0(r?) for r — 0
(iv) M(a,b,r)= (b)) Tt (1 O(rTh) for r — oo

['(a
Proof. The relations (i), (iii), and (iv) can be found in [AS 13.4.8, 13.5.10,
13.1.4] respectively, (ii) can be obtained directly from the definition of M. O

Remark 7.3. We will need also the properties of U given in (3.3) from

Lemma 3.1.

We look for the solution of (7.1) which fulfills the simplified initial conditions

with two positive parameters F' and G

The solution of the ordinary initial value problem

J"W)+ S9() ~ Bgly) =0 fory >0, g(0)=G,  g(0)= ~F"
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is obviously given by

(i (i
9(y) = F‘I%gl(y) + <G - F"%) 92(y)-
Now we need to solve the problem
') +590) —af(y) = —g" () fory >0, fO)=F  f(0)=0.

We look for the solution of the equation in the form

fly) =d(y) f1(y),

which transforms it into

AW @)+ (27 W)+ 5A0) dW) = "W, y>0

or

o (o= 8.y

for ¢(y) = d’'(y). This equation can be solved explicitly. The solution is given
by
52
_Ci— [y e fi(s)gP(s)ds
= —
e’ f7(y)

o(y)

and we have

fly)= (/ p(s)ds + 02) fi(y).
0
Since f(0) = Cyf1(0) = Com2I' (1 + a), we have to set
Cy=FI(1+a)r 2

in order to satisfy f(0) = F. Similarly

y—0

ﬁm=w@ﬁ@+(£¢@w+@)ﬁ@ﬁ@
_Gil(l+a) FI(1+a)

7'('% F(%"}‘Oé) ’

SO we set
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Thus we found the following solution of (7.1)

1) = ([ etots + c2) fiw),

7.3
e P D) 4 (a- pr 0 ),
where ,
s = R e B s
T f7(y)
Cr= i =~ FHO)
Cy = il ta) Ffi1(0).

LS
Now we need to choose F' and G so that the solution from (7.3) is positive and
has the required growth for y — oc.

Lemma 7.2 (iv) implies that go(y) grows as y%?, i.e., t?g2(y) does not con-

verge to 0 for t = z2y~2? — 01. We have to set

LG +0)

“=Frav s

in order to cancel the go component of the solution g. For convenience we de-
note 1 (s) = e f1(s)gP(s). Obviously, <C’1 — /y ¢(s)ds) must stay positive
so that f is positive as well. Furthermore, it haos to converge to 0 for y — oo
so that f has the desired growth. The integral

| wtis
(L +8) [~ _ 2 1 1 s2 1 1 s?
= [Pri_2 P U | = —,— | UP | = —,— |d
NC /O ¢ (2+O"2’4) (2+5’2’4) i
is convergent and we can choose F' so that C; = fo s)ds. Now since

Y 2 2
e - [ usas=ot) e 2) = “Lu (2+a,§,yz)—>o,

eT

we have
o(y) 0
e% y2+4a Yy—00
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and obviously also

e(y)

0.
o'F (JyPHe o+ (Lt dajyte) v

We apply L’Hospital’s rule to get

foy p(s)ds
e% y1+4a Yy—00

0,

which finally implies

f(y) 0.
y2a y—00

The functions f and g defined in (7.3) with chosen F' and G solve (7.1)
and (t*f(y),t%g(y)) converges to (0,0) as ¢ — 0F. Finally, the functions
u(x,t) =t*f(y), v(z,t) = t?g(y) solve the problem (FL1) with pg < 1 and zero

initial condition.

Proof of Theorem 1.6. The generalization of the one-space dimensional solution
for N > 1 is simple. The nontrivial solution of the problem (FL) with pg < 1
and trivial initial data is, as in the Theorem 1.2, spatially homogenous except

in the x; direction:

u(z, t) =t"f <%), v(z, t)=1t’g <%), x=(z1,2") € RY, t>0,

where f and g are given in (7.3). O
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8 UNIQUENESS FOR (DFL) wiTH NONZERO INITIAL DATA

The uniqueness result is complete for the system (DFL), i.e., (P) with two
equations. In addition to the u, v, p, g-notation, we also set C'=C1, D = (5,

o = a1, 0 = as in this chapter.

Proof of Theorem 1.7. We start with the case pg > 1, in which the assumption
on initial condition is not necessary (L, Theorem 4.1], [WXW, Theorem 3] deal
with zero initial data only). Theorem 1.1 proves uniqueness when both p, ¢ > 1.
Since the system (DFL) is symmetric in the sense of interchanging p and ¢, it

is sufficient to prove the result for p < 1, ¢ > 1.
We obtain (6.1,2) as in the proof of Theorem 1.5. The solution formulae (1.1)

and (1.2) differ in the u component, thus we derive

n
o — al(z,7) < / R(n— 8)|V(z, 5)|ds
0
n
(8.1) <pq2p7r_§qu_1F(?7)/ R(n— s)s%ds
0

<Ky = F(n) <Kt = F(t)

for all z € Rf and 0 <7 <t<7 instead of (6.3). However, the same final
argument as in the proof of Theorem 1.5 is applicable. The constant K de-
pends only on p, ¢, and the bounds of u and @ in Rﬂ\f x [0,7] again. We
have F(t) < Kt 2" F(t) on [0, 7], i.e., F(t)=0 for t € (O,K_ﬁ). Finite it-
erating of the argument yields u=1u in Rf x [0,7], and from the solution

formulae (1.1) we get v =10 as well.

Now we discuss the case pg < 1. The symmetric case p,q < 1 is shown
in Theorem 1.4. In the nonsymmetric case we can assume p < 1, ¢>1
without loss of generality. We introduce following notations fy = max{f,0}
and || f(t)|| = sup{|fy(0,2';t)| : 2’ € R¥N=1} and we use the contradiction ar-
gument from the proof of Theorem 1.4 again. We assume ||(u—u)(t)|| > 0 and
[(w — @) ()| < || (w—a)(#)] for 0 <n <L

We apply the ideas from the proof of [EHI1, Lemma 3] to get the esti-
mate (5.4) in this case as well. For arbitrary § € (0, 1), using the inequali-

ties u <@+ (u— 1)+ and u? <@ + (u—a)f, we obtain
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v(z,t) =T (t)Sn—_1(t)vo(x)

t a—0
4 / / (R(rn,t = )G (24t — 1) T w9 (r, o5 m)
0 JRy-—1

YR

(R(x1,t —n)Gn_1(2',y'st —n) 7 W (z1,ysn)dy'dn

<T (t)Sn—1(t)vo(w)

t a-6
+/ / (R(z1,t —n)Gn_1(2 95t —n) © uwi™%(21,9'sn)
0 JRy—1

Q|

=G (2, Yyt —n) e @l (v1,y'sm)dy dn

$1
q—6
// R(z1t — )G (@ g5t — )T ui™ (21, y/5m)
Ry—1

Q|

(R(z1,t —n)Gno1 (2,5t =) (u—a)% (21,9 m)dy dn.

We apply Holder’s inequality twice to get
v(z,t) <T(H)Sn-1(t)vo(x)

n / (R(t — (. ) 7" (R(t — n)as (z, 1)) dn

+ /0 (R(t = m)ui(z,n) = (R(E—n)(u—a)i(z,mn))
<T (t)Sn—1(t)vo(z)

N (/Ot Rt —n)uq($777)d77)qT (/Ot Rt —n)aq(x,n)dn) q

qg—06 )
q

N </Ot - _n)uq@,n)dn)T </Ot R(t —n)(u—m‘i(x,n)dn)

The last inequality yields

q—6

v(z,t) <v e (x,t)v

YR

£ (2,1) ( / R~ ) u>i<w,n>dn)§

using a + b'77¢7 < (a + b)177(a + ¢)? for any nonnegative a, b, c, and any

€ (0,1). Setting 0 = pg we obtain

(8.2) (09 = 57) (2,1) < (/ Rt — n)(u— 1) (z, n)dn)p,

that we use to get (5.2) in the same way as in the symmetric case. Using the
solution formulae (1.1) and recalling the assumption |[(u—a)(n)|| < ||(u—a)(t)||

for 0 < n <t, we write
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(u— )4 (0.5 1) /Rt— )@ — 5) 4 (0,2 )

/ R(t — ) (R(n — )| (u — @)(s) | ds)” di

1 »
<or'¥p (%) £ - ) (D)

i.e.,

p 1 1
|- <Pt",  P=2mz BT (%) ,

which is exactly (5.2).

Now we need an inequality like (5.3), such that its combining with (5.2)
implies (5.4). We set g(w)(x,t) =T (t)Sn_1vo(z) + fo (t — n)wi(x,n)dn,
f(&) =&P, and by the mean value theorem for f o g we write (using the as-

sumption p < 1 as well)

(u —a)(z,t) < pq /Ot R(t — 1) (/0" Rin - s, S)ds)p—l

< ([ R 9w = ) ) a

for some w(z,t) = (1 — p(t))u(x,t) + p(t)u(z,t), 0 < p(t) < 1. We also have by
Holder’s inequality

(8.4) / R(n —s)(wi™ (u—u))(z, s)ds

</ Ry — s)uw(z, s)d S)T(/OnR(n—s)|u—u|q(x,s)ds)%,

and since w?(0,2’;s) > C%s*, pqg — 1 < 0, we derive from inequalities (8.3,4)

that
(/ R(n—s)C%s “qu)

(8.5) % (/OH(W(U — )72 | (u— ﬂ)(S)quS)% dn

1+gq

—pB~ () B (8) / (t— )ty 5

(8.3)

pq—1

t\JI»—t

Iu — @) (1)) < pg / (m(t
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It takes the role of (5.3) in the iterating, because combining (5.2,8.5) yields

_ _1 1 t _ 1 _14q 1+4gq
w00l <paB~" (@) B+ (B PB(8) [ (=)o~ F gy
0
= pqPt%,

hence (5.4) does hold in this case as well.

The final steps are the same as in the proof of Theorem 1.4. Letting £ — oo
in (5.4) we have u(-,t) =u(-,t) on the boundary x; = 0 which contradicts the
assumption ||(u — u)(t)|| > 0. O
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