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Abstract

This thesis focuses on the study of singular solutions of nonlinear diffusion equations,
specifically the fast diffusion and porous medium equations. It consists of three papers
and two additional chapters that provide context, summarize results, and clarify the cur-
rent state of the topic. Chapter 1 formulates and describes the problem and provides
an overview of the literature on singular solutions of nonlinear diffusion equations. This
chapter also summarizes the research on asymptotically radially symmetric solutions with
a moving singularity. Chapter 2 provides a summary of the papers included in this the-
sis. Building on work on asymptotically radially symmetric solutions in space dimensions
higher than two, we study the existence of such solutions in two space dimensions. We
also explore a different type of singularity that we call an anisotropic singularity and
discuss the existence of solutions with such a singularity, as well as open problems and
possibilities for further analysis. Finally, we extend the knowledge of the properties of
asymptotically radially symmetric solutions in space dimensions higher than two, focus-
ing on their uniqueness and the equation they satisfy in the sense of distributions. This
equation involves a moving Dirac source term, which is also found in parabolic systems

used in various biological applications.

Keywords: nonlinear diffusion, porous medium equation, fast diffusion, singular so-

lution, moving singularity






Abstrakt

Tato dizertacna praca sa zameriava na studium singularnych rieseni nelinearnych difiznych
rovnic, konkrétne rovnice rychlej diftzie a diftzie v pdérovitom médiu. Praca sa sklada
z troch ¢lankov a dvoch dalich kapitol, ktoré poskytuju kontext, zhitaju vysledky a
objasnuju sucasny stav témy. Kapitola 1 formuluje a popisuje problém a poskytuje pre-
hlad literatiry o singulédrnych rieSeniach nelinedrnych diftznych rovnic. Tato kapitola tiez
sumarizuje vyskum asymptoticky radialne symetrickych rieseni s pohybujicou sa singu-
laritou. V Kapitole 2 sa nachadza stihrn ¢lankov obsiahnutych v tejto dizertacnej praci.
Na zéaklade prace na asymptoticky radialne symetrickych rieseniach v priestorovych di-
menziach vyssich ako dva skiimame existenciu takychto rieseni v priestorovej dimenzii
rovnej dvom. Dalej skiimame iny typ singularity znamy ako anizotropna singularita a
diskutujeme o existencii rieSeni s takouto singularitou, ako aj o otvorenych problémoch
a moznostiach pre dalsi vyskum. Nakoniec rozSirujeme znalosti o vlastnostiach asymp-
toticky radialne symetrickych rieseni v priestorovych dimenziach vyssich ako dva, zameri-
avajic sa na ich jednoznac¢nost a rovnicu, ktort spliaji v zmysle distribicii. Téato rovnica
zahfnia pohybujici sa Diracov zdrojovy ¢len, ktory sa taktiez da néajst v parabolickych

systémoch pouzivanych v réznych biologickych aplikaciach.

Klcéové slova: nelinearna diftizia, rovnica v pérovitom médiu, rychla diftzia, sin-

gularne riesenie, pohybujica sa singularita






Contents

Introduction 1
1 Singular solutions of nonlinear diffusion equations: overview 3
1.1 Explicit solutions . . . . . . . . . .. ... 4
1.2 Related results: existence and behavior of solutions . . . .. ... .. ... 5)
1.3 Related results: uniqueness. . . . . . . . . . ... ... 7
1.4 Asymptotically radially symmetric solutions . . . . . . ... .. ... ... 9
2 Summary of the main results, discussion and open problems 11

2.1 Moving singularities for nonlinear diffusion equations in two space dimensions 11

2.2 Solutions with anisotropic standing singularities . . . . . . . . . .. .. .. 13
2.3 Asymptotically radially symmetric solutions in space dimensions n >3 . . 15
Conclusion 19
Bibliography 21

Appendix - Publications 24






Introduction

This thesis is concerned with the study of singular solutions of a nonlinear diffusion
equation. Depending on the value of a parameter m, this equation describes either the
diffusion in a porous medium, fast diffusion, or in the simplest case, it is reduced to the
linear heat equation. We specifically focus on solutions that maintain their singularity at
all times and examine various aspects of their behavior.

This work consists of two published papers [8,9] and a paper to be submitted for
publication [7], which delve into the topic of the dissertation thesis. All three papers
are included in the Appendix. Additionally, the thesis is supplemented by two chapters
that provide context for the research problem, clarify the current state of the topic, and
summarize the results of this thesis.

The problem we study is formulated and described in Chapter 1. We give a brief
overview of the literature on singular solutions of nonlinear diffusion equations and re-
lated problems in Sections 1.1-1.3. In Section 1.4, we discuss the existence of a class
of asymptotically radially symmetric solutions for the porous medium and fast diffusion
equations with a singularity that moves in time along a prescribed curve, as proven in [10].

In Chapter 2, we provide a summary of the results from papers [7-9]. Our findings
build upon the work on asymptotically radially symmetric solutions from [10]. Since the
authors of [10] focused on spatial dimensions greater than two, in [8] we study the case
where the spatial dimension is equal to two. Using similar methods to [10], we prove
the existence of solutions with a moving singularity and compare our results to [10],
see Section 2.1. In Section 2.2, we explore a different type of singularity known as the
anisotropic singularity. We discuss the existence of solutions with such a singularity, open
problems in this area of research, and possibilities for further analysis, see also [9]. Finally,
in Section 2.3, we further extend the knowledge of properties of solutions from [10]. We put
the emphasis on uniqueness and what equation they satisfy in the sense of distributions.
As it turns out, they satisfy the corresponding problem with a moving Dirac source term.
Interestingly, source terms of this form also appear in parabolic systems used in various

biological applications, such as axon growth or angiogenesis.






Singular solutions of nonlinear

diffusion equations: overview

We study singular solutions of nonlinear diffusion equations, specifically those that arise
in the fast diffusion and porous medium equations. Let m > 0, n > 2, and £ : R — R”

be a given curve in R™. We consider the initial value problem

u = Au™, reR"\{£®)}, te(0,00), (1.1)
u(z,0) = up(x), z e R™"\ {£(0)}. (1.2)

When m = 1, equation (1.1) reduces to the linear heat equation. For m > 1, it is known
as the porous medium equation, and for 0 < m < 1, it is called the fast diffusion equation.

This is a consequence of the fact that (1.1) can be written in the form
u =V - (D(u)Vu), D(u) == mu™ !,

where the diffusion coefficient D(u) approaches infinity as u approaches zero if m < 1,
and D(u) — 0 asu — 0if m > 1.
Our main interest lies in positive solutions of (1.1)-(1.2) that maintain a time-dependent

singularity, i.e. they are singular along a curve &:
u(z,t) > 00 as x —E(t) foreach t > 0.

If ¢ € CY([0,00);R™), we can use the transformation y = x — £(t), which simplifies (1.1)-
(1.2) to a problem with a singularity fixed at 0. For v(y,t) = u(z,t) we obtain

vy = Av" +E'(t) - Vo, y € R"\ {0}, te€(0,00), (1.3)
v(y,0) = vo(y), y € R*\ {0}. (1.4)

There are known results in the literature related to the existence, uniqueness, and regu-
larity of solutions to problems of the form (1.1)-(1.2) and (1.3)-(1.4). In the rest of this
chapter, we provide a brief overview of these results and literature focusing on singular

solutions.



1.1 Explicit solutions

Explicit solutions to the nonlinear problem (1.1)-(1.2) play an important role in the lit-
erature. To introduce some known examples, we begin with some notation. For x5 € R”
let Br(zg) := {z € R": |z — x| < R} denote the open ball in R with radius R > 0,
centered in xg. Let S"!:= {z € R" : |z| = 1} denote the unit (n — 1)-sphere and |S"!|

the surface area of S™~!. Moreover, defining a critical exponent

”T’Q ifn > 2
0 ifn=1,

we distinguish three different cases for the fast diffusion equation, namely subcritical
(0 < m < m,), critical (m = m,), and supercritical (m. < m < 1). The exponent m, is
of great significance, see, for example Vazquez [34].

Assume that the singularity £ is standing, i.e. let £(t) = & for some & in R™. Then for
dimensions n > 3, problem (1.1)-(1.2) has a family of radially symmetric positive steady
states

W(x) = kKlr — &, K> 0. (1.5)
It is well known that these solutions satisfy the corresponding problem with a weighted

Dirac measure on R" giving unit mass to the point & € R", i.e.
0=Ad+k"(n—2)[S" o (r) in  D'(R™). (1.6)

We remark that if m = 1 and x = ((n — 2)|S"7!|)7}, @ is the fundamental solution of the
Laplace equation. For n = 2 and m = 1, the steady states have a logarithmic singularity

at the point &y, and they are given by the formula

a(z) := klog |z — &Y, k> 0. (1.7)

The fundamental solution of the Laplace equation is obtained by choosing x = (27)~'.
In the case n = 2 and m # 1, raising @ from (1.7) to the power of 1/m creates a family
of positive singular steady states that exist in the domain B (&) \ {&o}-

Provided that m. < m < 1, another explicit solution of (1.1)-(1.2) with a standing
singularity at & is given by

Rt >11m _ 2mn(m —m,)
) R=——""""

&P ’ -

i(w,t) = (

1—m

see [3] and references therein. Function # is a classical solution for = # &, but it is not a

distributional solution, since it is never locally integrable near x = &, i.e.

/ u(x,t) de = +oo, t>0, R>0.
Br(0)
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Let m* = 0if n = 2 and m* = (n —3)/(n — 1) if n > 3. In reference [6], Fila,
King, Takahashi, and Yanagida study a positive entire-in-time solution for n > 2 and
m* < m < 1, which is referred to as a traveling wave solution. This solution is singular on
the set I'(t) = {sw; —o0 < s < ct}, where w € S is a unit vector and ¢ > 0 is a constant

that determines the speed of propagation. The traveling wave solution is expressed as

(e, t) = & (|al|z — ta| +a- (z — ta)) =7, &= <m(" _11)_“:1_ m*)) ()

where a = cw represents the direction of the wave.

1.2 Related results: existence and behavior of solu-

tions

In [15], Kan and Takahashi constructed singular solutions with time-dependent singular-

ities for the heat equation
uy = Au, zeR"\ {&(t)}, te(0,7), (1.10)

assuming that n > 2, T' € (0,00] and £ € C([0,T]; R™). More specifically, they considered
the equation
uy = Au+w(t)dgp(x) in  D'(R™x(0,7)),

where w € L'((0,t)) for each t € (0,7). The solutions presented in [15] do not always
behave like the fundamental solution of the Laplace equation near the singularity, and the
profile loses asymptotic radial symmetry. The removability of time-dependent singularities
for solutions of (1.10) with 2\ {£(¢)} instead of R™ \ {{(¢)}, where Q C R™, was studied
in [30]. We say that the singularity of u at the point = £(¢) is removable if there exists
a solution v which satisfies the heat equation in Q2 x (0,7") in the classical sense and u = v
in Q\ {£()} x (0,T). Imposing some additional regularity conditions on ¢, it was shown
that a singularity is removable if it is weaker than the order of the fundamental solution of
the Laplace equation. Further results concerning the heat equation can be found in [16].
Here, Kan and Takahashi showed that for every non-negative solution w of (1.10) there is

a non-negative Radon measure M on (0,7 such that
up = Au+ ¢y () @ M(t) in D'(R"x (0,7)),

where 0¢y(x) @ M(t) is a product measure of M (t) and d¢)(x). Moreover, u behaves like
the fundamental solution of the Laplace equation as = — £(t).

Article [3] presents a classification of non-negative solutions of (1.1)-(1.2) for 0 <
m < 1, n > 2, and with a fixed singularity at £(¢) = 0. These solutions are continuous
in R” x [0,00), unbounded at x = 0, and satisfy the initial condition u(z,0) = 0 for

z € R™\ {0}. In the supercritical exponent range, that is if m. < m < 1, these solutions



either have a singularity of the same type as u defined in (1.8), or there is 7 € (0, oo such
that they satisfy

W= A 8@ © M) i DR x (0,7)),

for some positive Radon measure M, while they have a singularity of the same type as @
for ¢ > 7. For M(t) = t° with some o € [0,m/(1 —m)], the solution is of the self-similar
form

204+2—n m —o(l —m)

u(z,t) =t f(xt™?), a:= n(m—1)+2’ f = nm—1)+2

Here, f is a solution to an elliptic equation, see [3] for further details. The author of [3]
also considered a more general filtration equation.
If m. < m < 1, the authors of [11] proved that all solutions of

uy=Au" in  D'(R" x (0,00)),

with ug € L}, .(R") become bounded and continuous, i.e. u € C([0,00); L, .(R™)).

On the other hand, in the same range m. < m < 1, the authors of [4] concluded the
monotonicity of strongly singular sets of extended continuous solutions, i.e. that it cannot
shrink in time. Hence, the singularity of such solutions persists at all times. Here, an
extended continuous solution satisfies the equation pointwise (it is a classical solution)
in the regular set {(z,t) € R" x (0,00); u(x,t) < oo}, and is continuous with values in
(0,00]. If u is an extended solution, then the strongly singular set S(t) at a time t is
defined as the set of points © € R™ at which u(-,¢) is not locally integrable. The existence
of extended continuous solutions with expanding strongly singular sets is also established
in [4].

For n > 3 and 0 < m < m,, the evolution of initial standing singularities of proper
solutions of u; = Au™ on a smoothly bounded domain 2 C R™ was studied in [35]. Proper
solutions are constructed as limits of increasing bounded approximations, and they play
the role of the minimal solutions that appear in other elliptic and parabolic theories. It
follows from [35] that if &, € €2 and the singularity of u(z) satisfies

arlr —&|™" S ug(x) < aglr — &l 77, z € Q\{&},
for some & € R", a;,as > 0 and 7, > 7 > 0, then the following situations may occur:

(a) if 11 <2 < 2/(1 —m), then u becomes smooth instantaneously,

(b) if 74 = 79 = 2/(1 — m), then finite-time blow-down occurs. That is, there is 7" > 0
such that u(-,t) ¢ L>(Q2) for t < T but u(-,t) € L>(Q) for t > T,

(c)if 2/(1 —m) < 11 < 72 < (n—2)/m, then v maintains its singularity at the
point &, for all times but each member of the w-limit set of the solution is bounded

(infinite-time blow-down),



(d) if v1 = 79 = (n — 2)/m, then u(&y,t) = oo for all £ > 0 and the singularity persists
even up to t = 0o, i.e. each element in the w-limit set of v has an isolated singularity

at the point &, (singular stabilization),

(e) if (n —2)/m < 71 < 79, then the singularity persists at all times and u(z,t) — oo
as t — oo for all x € Q (infinite-time blow-up).

Here, we define the w-limit set as the set w(u) := {w : Q@ — R; Ity — oo : u™ (-, 1) —
w a.e. in Q}. Note that finite-time blow-down, as in (b), was previously shown in [34]
when Q2 =R", n >3, and 0 < m < m,.
For m > 1,n > 2 and C' > 0, a singular self-similar radial function which is a solution
to the problem
u = Au™ 4+ Co(y) in  D'(R" x (0,00))

with zero initial data was constructed in [25]. Near x = 0, this solution behaves like the
singular stationary solution (1.5) or (1.7) and it is compactly supported in x for all ¢ > 0.
Later, Lukkari studied solutions of the porous medium and supercritical fast diffusion
equation (m. < m < 1), respectively. Assuming that the forcing term f is a non-negative
Radon measure on R™™! such that f(2x (0,7)) < oo, he proved the existence of a specific
class of weak solutions of
u = Au™ + f(z,t),

on finite or infinite cylinders 2 x (0,7), 0 < T' < oo, where 2 C R" is a bounded domain.
These solutions satisfy u € L(0,T : W,(Q2)), where ¢ is any number such that 1 < ¢ <
1+ 1/(1 4+ mn) in the case of the porous medium equation, and 1 < g < 1+ 1/(1+ mn)
in the case of the fast diffusion equation.

In [6], the authors investigated the fast diffusion equation when m* < m < 1 and
n > 2, and constructed positive entire-in-time solutions with snaking singularities. We
recall that m* = (n — 3)/(n — 1) when n > 3 and m* = 0 when n = 2. For each t € R,
these solutions have a singularity on the set I'(t) := {£(s); —00 < s < ¢t} where ¢ > 0
and £ : R — R” satisfies Condition 1.1 in [6]. The authors based their construction on
the existence of the explicit singular traveling wave solution (1.9) which has a cylindrical
symmetry.

For more literature regarding similar investigations for semilinear heat equations, see
for instance [12,13,16,17,26-28,31]. For the Navier-Stokes equations, see [18,19].

1.3 Related results: uniqueness

We begin this section by recalling standard uniqueness results for the porous medium
equation. The classical result by Pierre from 1982 [24] guarantees the uniqueness of

solutions u satisfying

(a) ur = A(u™) in D'(R™ x (0,7)) for m > 1,



(b) we LY((R" x [0,T)),
(¢) ue L*((R™ x (7,T)) for each 7 € (0,T).

A similar result can also be found in [2] by Daskalopoulos and Kenig, where they assume

that sup,.q [(u1(z,t) + uz(x,t)) dz < oo instead of condition (b). The proof relies on

choosing a smooth, compactly supported test function that solves a backward problem.
Vazquez’s book [33] contains additional techniques to prove uniqueness of solutions of

the nonlinear equation
ug = Au™ + f(z,t), in D'(R"x(0,7T)),

where 0 < T' < oo and f € L}, .(R" x (0,00)). Assuming that u;» € L} (R" x (0,T)) and

loc loc

uly € Lj, (0,75 Hj(R™)), one can use a test function ¢ of the form

ftT (u(z,s) — ug'(z,s))ds f0<t<T,
0 ift>T,

p(z,t) =

which was introduced by Oleinik [22]. If we relax the assumption on the gradient of u™
and assume that both u,u™ € L? (R™ x (0,T)), a similar method to that in [2] can be
used to prove uniqueness. This involves choosing a compactly supported test function
that solves a backward problem. For a more detailed explanation, we refer to [33]. Since
Lukkari’s weak solutions with a non-negative Radon measure mentioned at the end of
Section 1.2 lack the L2-integrability assumed by Vazquez in [33] or L™ by Pierre in [24],
their uniqueness was left as an open problem.

Regarding uniqueness results for the fast diffusion equation, the study [11] by Herrero

and Pierre dates back to 1985. They proved that if u satisfies the following conditions:

(a) u € C([0,00); Ly, (R")),

(b) u; = Aulul™ 1) in D'(R™ x (0, 00)),
(c) uy € L (R™ x (0,00)),

loc
then u;(-,0) = ua(-,0) implies that u; = us.
Recently, there have been new findings on the uniqueness of subcritical fast diffusion.
In their study presented in [32], Takahashi and Yamamoto focused on the scenario when
n > 3 and 0 < m < m,. They established the uniqueness of signed solutions of the initial

value problem

uy = Alufu|™ ), reR"\{&}, te€(0,7T), (1.11)
u(z,0) = up(x), z e R™"\ {&}, (1.12)

with 0 < T < oo and & € R". More specifically, the authors of [32] showed that if two
functions wuy, uy satisfy (1.11)-(1.12) pointwise and u;(-,0) = ug(-,0) on R™\ &, where
u, up belong to C*H({(R™\ {&}) x (0,7)}) N C({(R™\ {&}) x [0,7)}), then u; = uy on
(R™\ &) x (0,T).



Moreover, Hui’s work [14] established that for n > 3, 0 < m < m,, and under suitable
conditions on initial data, solutions that have a finite number of standing singularities
are also uniquely determined. By solutions with finitely many standing singularities, we
mean that these solutions satisfy equations (1.11)-(1.12) with R™\ {&, &1, ..., &} instead
of R"\ {&}. Here, i € N and &,&1,...,& € R™.

1.4 Asymptotically radially symmetric solutions

In their study [10] of supercritical fast diffusion, Fila, Takahashi, and Yanagida investi-
gated the existence of positive, asymptotically radially symmetric solutions with a moving
singularity for the initial value problem (1.1)-(1.2). Along the given curve £ with suitable
properties, these solutions keep a singularity at all times, i.e. u(z,t) — 0o as x — £(t)
for each ¢ > 0. We will describe these solutions in detail since many of the results in this
thesis build on this research. Let m, := (n —2)/(n — 1). Assume that n > 3, m > m,,

and

(A1) € € C'([0,00);R™), ¢ is locally Holder continuous, and there exist positive con-
stants =, 8 such that
E(t)| < Ze P for t>0, (1.13)

(A2) k€ CY([0,00)) satisfies s+ < k(t) < k and |K/(t)| < &’ for t > 0 and some positive
constants x and «/,

(A3) wug(x) € C(R™\ {£(0)}) is positive and there exist A, u and v satisfying
max{(n —2)/m—1,0} < A<pu<n—-2<v

such that ug(z)™ = k()™ |z —£(0)] "2+ O(Jz — £(0)| ) as * — £(0), and C ]z —
€(0)]7" < wup(x)™ < Clo —&(0)|# for |z — £(0)| > 1 with some constant C' > 1.

Under these assumptions, [10] implies the existence of a function u > 0 satisfying:

(i) we C*'({(z,t) e R 1z #£L(t), t € (0,00)}) NC({(z,t) € Rz #£ £(t), t €
[0,00)}) and u satisfies (1.1)-(1.2) pointwise,
(i) u € C([0,00); Lpe(R™)),

loc

(iii) for each ¢t > 0, u has the asymptotic behavior

u(z, )" = k()" e =T+ O(lz =€) as @ = ().

Moreover, the authors of [10] showed that m. is a critical exponent for the existence of
such solutions and there are no such solutions if m < m,. See also Theorem 1 in [§] in
Appendix. The main idea behind constructing these solutions was to investigate whether
there exist solutions with a moving singularity that have the same type of singularity as

stationary solutions (1.5) in the sense of (iii).
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Summary of the main results,

discussion and open problems

The chapter is divided into three sections, each one summarizing the results of our pa-
pers [7-9], which focus on the topic of this dissertation. These papers are included in the

Appendix for reference.

2.1 Moving singularities for nonlinear diffusion

equations in two space dimensions

At the end of the previous chapter, we discussed research conducted in [10], which con-
structed solutions for nonlinear diffusion equations in dimensions n > 3. These solutions
behave as the steady state (1.5) near the moving singularity in the sense of (iii). In
our article [8], we aimed to extend this work to two dimensions and answer the question
of whether we could construct solutions as in Section 1.4 but now with a logarithmic

singularity as the steady state (1.7) for n = 2.

2.1.1 Existence of solutions and their properties

We addressed the question above in article [8] and successfully constructed solutions with
the desired properties, with some differences depending on whether m, =0 < m < 1 and
m > 1. Here, we give a brief overview of this result. Assuming that n =2and 0 <m < 1,

we imposed the following assumptions:

(B1) ¢ is as in (Al) but instead of (1.13) there exists a constant ¢ > 0 such that
()| <e(1+t)~! for t >0,

(B2) k is a given positive constant,

(B3) wp € C(R™\ {£(0)}) is positive and is close to the singular steady state @(z) in the
following sense. There exists 0 < A < 1 such that

ug'(x) = K™ log(|z — £(0)| ") + Olog™(Jx — £(0)| ™))

11



as r — £(0), and
O = £(0)] 77 < w'(x) < Cla — £(0) = (2.1)
for |z — £(0)| > 1 with a constant C' > 1,
and proved the existence of a positive function u satisfying properties (i) and

(iii’) for each t > 0, u has the asymptotic behavior
u(z, )" = k" log(|lz — £()| ™) + O(log™(Jla = €()[71))  as  z — £(1).

See also Theorem 2 in [8] in Appendix. When n = 2 and m > 1, we assumed that:

(B1’) ¢ is as in (Al) but instead of (1.13) there exists a constant = > 0 such that
1€'(t)] < Efort >0,
(B2’) kisasin (B2),
(B3’) g is as in (B3) but instead of 0 < A < 1 assume that 0 < A < 1/m and instead
of (2.1) let
C'<ug(z) < C (2.2)

for |z —£(0)| > 1 and some constant C' > 1.

Theorem 3 in [8] implies the existence of a function v > 0 satisfying properties (i), (iii’)

when n = 2 and m > 1. For more details, see [8] in Appendix.

2.1.2 Discussion and open problems

When comparing the results from [10] for n > 3, m > m, described in Section 1.4 to the
case where n = 2 in [8], there are natural differences due to the different behavior near
the singularity. The method of sub- and supersolutions used for the existence proofs relies
on comparison functions, which differ substantially in the three cases: n > 3, m > m,,
n=20<m<1, and n =2,m > 1. Because of this, the initial datum wug behaves
differently far from the singularity x = £(0).

Moreover, in (A2), we assume that k is a positive and bounded function of time, but
for n = 2, we impose conditions (B2) and (B2’) that require k£ to be a positive constant.
This difference leads to weaker conditions on the growth of £’ when n = 2 compared to
n > 3, where exponential decay (1.13) of ¢ is required. Additionally, the condition on ¢’
is much weaker in (B1’) than in (B1). As noted in article [8], this suggests that it may be
easier for the singularity to follow a given curve £ if the diffusion coefficient is large near
the curve. On the other hand, local Holder continuity of £ is assumed in all three cases:
n>3m>m,n=20<m<1,and n =2, m > 1, as it is a technical requirement in
the existence proofs.

In future work, it is possible to study the optimality of conditions (A1)-(A3), (B1)-
(B3), and (B1’)-(B3’), under which the existence of solutions was proved. The differences
between them suggest that they could be further improved.
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2.2 Solutions with anisotropic standing singularities

Sections 1.4 and 2.1 discuss the asymptotically radially symmetric behavior of solutions
near a moving singularity. This raises the question of whether there exist non-negative
singular solutions of the fast diffusion and porous medium equation that exhibit a different
behavior as they approach the singularity and are not radially symmetric. Focusing on
standing singularities, we addressed this question in article [9]. The following subsections

provide a summary and discussion of this topic.

2.2.1 Existence of solutions and their properties

Let { € R, 1= |z — &, w = (x — &)/|r — &, A > 0, and a € C*1(S"! x [0, 00))
be positive. In [9], we were interested in the construction of positive solutions with the
singular behavior of the form

u(z,t) = a(w, t)r > +o(r™) as r—0, (2.3)

for w € S"1 and t > 0. We say that if a(w,t) depends non-trivially on the space variable
w, the corresponding solution u of problem (1.1)-(1.2) has an anisotropic singularity at
&o, otherwise it is asymptotically radially symmetric. The main result in [9] regarding the
existence of such solutions is presented in Theorem 1.1 (see Appendix). In order to prove
the existence of such solutions, we assume that n > 2, 0 < m < 1, and the following

conditions are satisfied:

(C1) &(t) = & for some & € R™,
(C2) « e C*(S™ 1) is positive,

(C3) wp € C(R™\ {&}) is positive and there exist A\, v satisfying A > 2/(1 — m),
(I=m)A—=2—m(A—vr)>0,and A > v > 0 such that

up'(z) = o™ (W)|r — &[T+ O(Jo — &™) as oz = &,

for each w € S™°!, and

C™t <u(z) <C

for |x — &| > 1 and some constant C' > 1.

Under these assumptions, Theorem 1.1 in [9] guarantees the existence of functions
that satisfy (i) and have the asymptotic behavior given by:

(iii”) for each t > 0 and w € S™™!, u has the asymptotic behavior
u(z, )™ = a™ W)z — &[T+ O(lz — &7™)  as x — &,

13



The uniqueness of these solutions follows from [32] (see Section 1.3 for more details).
When A < n, 0 < m < me, and n > 2, Theorem 1.2 in [9] shows that a solution u that

meets conditions (i), (iii”) and also (ii) is a distributional solution of the original problem
uy=Au™ in  D'(R" x (0,00)). (2.4)

However, if A > n, the function u that satisfies (i) and (iii”) is not locally integrable
in space-time. It is worth mentioning that in [7], we showed a more general result for
solutions of the subcritical fast diffusion equation. Corollary 1.1 in [7] demonstrates that
ifn>3,0<m<m.and ¢ € C([0,00); R"), then for every function u that satisfies (i)
with ug € L},.(R"), it holds that u € L .(R™ x (0,00)). Moreover, such a function is a

distributional solution of equation (2.4).

2.2.2 Formal computations, discussion and open problems

The assumption A > 2/(1 —m) in (C3) was made after conducting formal computations,
which we introduce here, as they provide additional results and raise further questions.

If we assume that u is given by (2.3), for u(x,t) = w(r,w,t) we can formally compute

w; = ayr ™+ o(r™),

2.5
Aw™ = (Aya™ — mA(n — 2 —mA)a™)r™ ™72 4 o(r 7™ 7?). (2:5)

Here, A, denotes the Laplace-Beltrami operator on S"~!. The leading term is different
in each of the three cases: A > 2/(1—m), A =2/(1—m), and A < 2/(1—m). In this sub-
section, we will focus mainly on the first two cases that lead to solutions with anisotropic
singularities. The last case leads to asymptotically radially symmetric solutions and will
be dealt with in more detail in the following section.

First, taking A > 2/(1 —m) implies that the leading term is w;. This has led us to the
assumption o = a(w) in the previous subsection.

In the critical case A = 2/(1 —m), the terms w; and Aw™ are balanced, leading us to

an initial value problem

a(w,t) = A,a™(w, t) + Aa™(w, 1), weS" 0<t<T, (2.6)
a(w,0) = ap(w) > 0, we S (2.7)

where T € (0, 00] and A = 2mn(m —m,)/(1—m)?. By proving the existence of a positive
classical solution « of (2.6)-(2.7) for some T" > 0, we obtain a positive classical solution
of (1.1)-(1.2) of the form

u(z,t) = a(w, t)|x — §0|_ﬁ, reR"\{&}, O0<t<T. (2.8)
An example of a function that solves (2.6)-(2.7) classically is
1
at) = (1 —=m)At+to) =,
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where ¢, is an arbitrary positive constant. Note that taking & in (2.8) produces the radially
symmetric function @(z,t) mentioned in (1.8) in Chapter 1. In order to obtain solutions
of (1.1)-(1.2) with an anisotropic singularity, we are interested in solutions of (2.6)-(2.7)
that, unlike &, depend non-trivially on the space variable w. In [8] we provide an example
of such a function in a separated form if 0 < m < m.. The existence of a more general class
of solutions of the form (2.8) with an anisotropic singularity is left as an open problem.
For more details, see Section 2 in [9]. Another open problem is the extension of these
results for moving singularities.

Finally, in the case A < 2/(1 —m), the leading term in (2.5) is Aw™, which implies

that o must be a solution of
—Aya™ = —mA(n — 2 —mA)a™.

Eigenvalues of —A, are non-negative and start with zero (the constant 1 is the corre-
sponding eigenfunction), other eigenfunctions change sign, see [29]. Since we are looking

for positive solutions, the only choice is

)\:n—Q

m>m. n>3, and a=at). (2.9)
m

We will derive a conclusion based on this observation in what follows.

2.3 Asymptotically radially symmetric solutions in

space dimensions n > 3

In this section, we expand on the analysis of asymptotically radially symmetric solutions

with a moving singularity, previously discussed in Section 1.4.

2.3.1 Existence up to m > m, for a standing singularity

The existence of asymptotically radially symmetric solutions of problem (1.1)-(1.2) with
a moving singularity, which correspond to (2.9), was discussed in Section 1.4. Here, it was
assumed that n > 3 and m > m,.. The authors of [10] showed that m, is a critical exponent
for the existence of such solutions and there are no such solutions if m < m,. However,
it appears from (2.9) that the case of a standing singularity (i.e., using condition (C1)
instead of (Al)) allows for the existence of such solutions for m > m.. Indeed, this can
be verified by an inspection of the proof of Theorem 1.1 in [10], as we pointed out in

paper [9], see the Appendix.

2.3.2 Distributional solutions with a weighted Dirac measure

In their paper [10], the authors investigated the existence of solutions with a moving

singularity that have the same type of singularity as the stationary solutions (1.5) in the

15



sense of (iii). It is known that stationary solutions satisfy problem (1.6) with a weighted

Dirac measure. This raises an interesting question. Do asymptotically radially symmetric

solutions from [10] also satisfy a corresponding problem with a moving Dirac measure?
In our paper [9], we attempted to answer this question and found that solutions

from [10] indeed satisfy the equation
w = Au™ + (n — 2)k™(t)0¢y(z) in D'(R™ x (0,00)), (2.10)

where £ is a weight function satisfying (A2), and d¢(;) is a moving Dirac measure. This is
analogous to equation (1.6) for stationary solutions (1.5).

A moving Dirac measure on the right-hand side of parabolic systems also appears in
several biological applications, such as the growth of axons or angiogenesis. References [5]
and [1] provide more detailed insights on these applications, respectively. In [23], the
Cattaneo telegraph equation with a moving time-harmonic source is studied in the context

of the Doppler effect, where a moving Dirac measure is also used.

2.3.3 Uniqueness for the fast diffusion

In this study, we also established the uniqueness of solutions from [10] in the case of the
fast diffusion equation, i.e. when m < 1. The corresponding Theorem 1.1 can be found in
article [7], we refer to the Appendix for details. Moreover, we extended a uniqueness result
from [32] (see Section 1.3) from standing to moving singularities, although the existence

of such solutions remains an open problem.

2.3.4 Discussion and open problems

Having established the uniqueness of distributional solutions of the fast diffusion equa-
tion with a moving Dirac measure, it raises the question of whether the same can be
achieved for solutions with more general source terms. A possible direction for future
research would be to investigate the open problem of the uniqueness of Lukkari’s weak
solutions [21], which involve a Radon measure as a source term, as discussed in Section 1.2.

Another natural question concerns the uniqueness of distributional solutions of the
porous medium equation with a measure source term. While the existence of solutions
in [10] was established also in the case m > 1, the uniqueness was so far only shown for
m < 1. In [20], Lukkari also considered the case of the porous medium equation. He
left the question of uniqueness open, as his solutions lack the L2-integrability, and the
uniqueness proofs for m > 1 from [2,33] rely on this condition, see Section 1.3. This
is also a problem for asymptotically radially symmetric solutions from [10] due to their

behavior near the singularity. It holds that

ez 2 ! e 2(n —2
/ (\x — f(t)]’Tz> dx = / PR e < 00 i omo> Hn=2) = 2m,,
Bi(&()) 0 n
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but 2m. < 1 only if n < 4. In order to establish the uniqueness of such solutions for all

m > 1, a new strategy is needed.
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Conclusion

This thesis is concerned with the study of singular solutions of nonlinear diffusion equa-
tions with a parameter m, which can describe diffusion in a porous medium, fast diffusion,
or reduce to the linear heat equation. We investigate solutions that maintain their sin-
gularity at all times and examine various aspects of their behavior. The work includes
two published papers [8,9] and a paper submitted for publication [7], all included in
the Appendix. Moreover, two chapters providing context, summarizing the results, and
discussing open problems are included.

Chapter 1 introduces the problem, provides an overview of the literature on singu-
lar solutions of nonlinear diffusion equations and related problems in Sections 1.1-1.3,
and discusses the existence of asymptotically radially symmetric solutions with a moving
singularity from [10] in Section 1.4.

Chapter 2 summarizes the results of the papers included in the Appendix and extends
the results from [10]. In our article [8], we extended this work to two space dimensions
and answered the question of whether we could construct solutions as in Section 1.4 but
now with a logarithmic moving singularity as the steady state (1.7) for n = 2. For more
details concerning the existence and properties of such solutions, we refer to Section 2.1. In
Section 2.2, we explored a different type of singularity known as the anisotropic singularity.
In [9], we examined the existence of solutions with such singularity with a fixed position in
space. We also performed a formal analysis, leading to new questions and open problems.
Lastly, in Section 2.3, we extended the knowledge of the properties of solutions from [10].
More specifically, in [9], we established that solutions with a moving singularity from [10]
satisfy the corresponding problem with a moving Dirac source term. Interestingly, source
terms of this form also appear in parabolic systems used in various biological applications.
Moreover, in [7], we investigated the uniqueness of these solutions and established it in
the case of the fast diffusion equation, leaving the case of the porous medium equation as
an open problem.

Overall, our work provides new insights into the behavior of singular solutions of non-
linear diffusion equations with moving singularities and opens up possibilities for further

research.
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1 Introduction

Consider the equation
v, =4p", yeR"\ {0}, >0, (D)
where m > 0 and ¢ € C!([0, o);R") with the initial condition
v, 0) =vy(»), y € R\ {£(0)]. )
We are interested in positive solutions that are singular at &(), that is,

v(iy,t) > 00 asy— &(1), t>0.

For example, when & = 0 and n > 3, then (1) has a singular steady state

W(y) =Ky "% . yeR"\ {0},

where K is an arbitrary positive constant. Using the variable x = y — &(¢) and setting
u(x,t) = v(y,1), Eq. (1) is transformed into

U= A"+ @0 Vu, x€R"\ {0}, 1>0. 3)

The main aim of [1] was to construct solutions of (1) which for a given function k
behave near y = &(f) as k(¢)|y — £(£)|~"~2/™. To recall the result from [1] we first
introduce the assumptions from there:

(A1) k € C'([0,))is a given positive function of ¢.

(A2) & e C!([0, 00);R") and the derivative & is locally Holder continuous.

(A3) The initial value v(y) is positive and is close to the singular steady state V(y)
in the following sense: There exist constants 4, y and v with

max{n;z—l,O}</1</4<n—2<v
m

such that
Vo)™ = k(0)" |y — E0)| 7 + O(ly — E(0)| ™)
as y — £(0), and
CHy =€) < vy < Cly — £0)| 7

for |y — £(0)| > 1 with a constant C > 1.
To construct global-in-time solutions, the following conditions on the velocity of the
singular point &', the weight of the leading term k and its derivative k' were imposed:

(B1) There exist positive constants = and f such that

IE'(H)| < B, t>0.
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(B2) There exist positive constants x and x’ such that
k' <k() <k, |K@®|<k', t>0.

Now we are ready to state the following:

Theorem 1 [1] Letn >3 and m > m, := (n—2)/(n—1). Assume (Al), (A2), (A3),
(B1) and (B2). Then there exists a positive constant f, such that the following holds:
If B > Py in (B1), then there exists a function

ve CH' () eR™ 1 y# &), 1€ (0,00)))
NCH,H ER™ 1 y# &), 1 €[0,00)}) N C(0, 00):L, (R™)

which satisfies (1), (2) pointwise and

vy, " = k(D" |y = @O + Oy — E0)| ™) “4)

foreacht > 0asy — &(¢).

It was also shown in [1] that there is no solution with a behavior as in (4) if
m<m,.

The main aim of this paper is to construct solutions which for n =2 and a
given constant k > 0 behave near y = £(¢) as ky'/"(|y — &(f)|) where y is the fun-
damental solution of the Laplace equation, i.e. w(r) = —logr, r =|y| > 0. We
distinguish two cases: 0 < m < 1and m > 1. Our results read as follows.

Theorem 2 Let n=2 and 0<m< 1. Assume that (A2) holds. Let
vo € C(R" \ {&£(0)}) be positive and such that

vo () = K"y (ly — €0)]) + O’ (ly —E0)])) asy — &(0),
for some k > 0and0 < A < 1, and
Cly = EO) 775 < )" < Cly — EO)| T 5)

for|y — &(0)| > 1 and some constant C > 1. Then there is a constant € > 0 such that
if|E'(#)| < e(1 + 1)~ fort > O then there is a function

veCH({(y,H) eR™! 1 y#E®), t € (0,00)})
NCU (.0 €R™ & y# &), 1 €[0,00)}) N C(I0, )L} (R™)

which satisfies (1), (2) pointwise and

vy, 1" = K"y (ly = D) + 0w’ (ly = £)D)

foreacht > 0asy — &(¢).
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Theorem 3 Let n=2, m>1and 0 < A < 1/m. Assume that (A2) holds and &' is
bounded. Let v, be as in Theorem 2 but instead of (5) assume that C™!' < vy(y) < C
for |y —&Q©)| > 1 and some constant C > 1. Then there is a function v as in
Theorem 2.

The condition on &' is much weaker in Theorem 3 than in Theorem 2. It seems
to indicate that it might be easier for the singularity to follow a given curve ¢ if the
diffusion coefficient 1"~ ! is large near the curve. The weight k is a function in Theo-
rem 1 while it is a constant in Theorems 2 and 3. On the other hand, exponential
decay of |&’|is required in Theorem 1.

The method of proof of Theorems 1-3 is the same. It uses suitable sub- and
supersolutions, but if n = 2 these comparison functions differ substantially from
those from [1].

For various results on solutions with moving singularities for the heat equation
(m = 1) we refer to [4, 5, 14], for semilinear heat equations, see [2, 3, 5, 6, 9—13, 15]
and also [7, 8] for the Navier—Stokes system.

This paper is organized as follows. Sub- and supersolutions which will be used in
the proofs of Theorems 2 and 3 are constructed in Sects. 3 and 2, respectively. The
proofs are then completed in Sect. 4.

2 Comparison functionsin casem > 1

This section is devoted to construction of comparison functions for the proof of The-
orem 3. For positive constants B, b, > 1 we define

b(t) :=bye®, >0,
and
o) :=loge+rY), r>0.

Letk> 0,4 € (0,1)and u € (4, 1). We construct supersolutions and subsolutions of
the following form:

ut (x, 1) 1= [B() + k" [p(r) + b(qqsﬂ(r)]] ﬁ,
ul (x, 1) = ["(t) + k"c(t)p* ()], r=|x[>0,t>0,

and

{ uz (x, 1) 1= k|p(r) — bo‘f)j(’")]é’ (6)

W (nt) i=kdn, r=|x|>0,t>0.
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For u > A we choose

{ c(t) 1= ¢~ (ry) + BOG A (ry), 1> 0, ,
d := P(r,) — by (r,), )

so that the functions u; and u? intersect at the point r = r,, whereas u; and u_  at
. in out n out
the point r = r;.
We claim that the following two lemmata hold true.

Lemma 1 Ler n = 2. Assume that (A2) holds and let £ > 0 be such that |E'| < Z.
Then there exist constants B, by > 1 and r, > 0 such that

+
+ [ uin(-x’ Z) for |x| € (O’ r()]’
W) = { ut (x,1) for |x| € [ry, ),

out

is a supersolution for|x| > 0 and t > 0.

Lemma 2 Let n=2 and 0 < A < 1/m. Assume that (A2) holds and let = > 0 be
such that|&'| < E. Then there exist constants B,by > 1,r; > 0,and 0 < d < 1 of the
form (7) such that

(1) = u, (x,1)  for [x| € (0,r],
winn .= u, (x,1) for |x| € (r}, ),

is a subsolution for|x| > 0andt > 0.

2.1 Inner part of a supersolution

Computing the time derivative of u}” we obtain

1
(1), = - [+ k(¢ + by )| b1 + k']
- %[b’" + k(¢ +bp*)| 7 [mb™ + kbp?]
> 0.
By b,¢ > 1and A < 1 we have

—AW )" = —K"(Ad + bAG")

km -2 4 A-2
_ ﬁ [Ab((1 = 2) = erdy) — erd®™]
m,.—2
> % [A(1 = H@?*=2 = (1 + Aer]
r—2¢/1—2b

= Grerp TP
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where ¢, =k™A(1 — 1) and ¢, = k™(1 + A)e are positive constants. Denoting
® .= x/|x| we have

& Vuf =~ ) [b’"+km(¢+b¢*)] N1+ Abg 1) ¢!

k"r m m Nl -1
—m(er+1)|§|[b +K"(p+ bt (14 bp™™")
14 A)(1 + 2kmyn~Lgmp=1
m(er + 1)
- er+1|§|b

where c¢; = (1 + A)(1+ 2](’””)"1k”’m‘1 >0. Thus, for |£| <EZ and some
ry = ro(m, A, k, Z') we obtain
), — AG Y" = & - Vu!
F22b
= (er+1)?
>0

¢, — czrqbz_’1 — 5 |E |r(er + >~

forall0 < r < .

2.2 Matching condition for a supersolution

Denoting ¢, = ¢(r) and ¢y = ¢'(ry) we have

o(ur )"
n = k"(1 A-1 ’
— K*(1+ Abg™ ") ¢/,
ot )" ] _ ) e
S = ke = k(g 4+ by )

Hence, atr = r for u > 4 and b, large enough it holds that

a(u;)’" o, )" m _
= = 1B IK" (4 = Db+ u—1) 2 0.

2.3 Outer part of a supersolution

Note that since r € [ry, ) it follows that 1 < ¢(r) < ¢,. Using the notation
¢y = ¢(ry) and assuming that r > r,;, we compute

@ Springer



Moving singularities for nonlinear diffusion equations in...

1
—EVut = (& o) b+ ket ke
m
/,lkml”_l(f)”_l

m(er + 1)
X <¢6M+1 + b¢6u+/l>

cr!

er+1
cr!
er+1

> —|&| [b’" + km<¢8/4+1 + b‘ﬁg””)dﬂ‘] 21

1E'|(6" + b)n b

, l
2 - &7 1D,

where ¢, is a positive constant depending on m, u, A, k, r, and =. Moreover, we have

— At )" = K" AP
B ykmr‘qu”‘z
B (er + 1)2
-1
Z _Lba
(er + 1)2

(5" + by ) erp = (1 = )

and

1

m
B !

= 2ok (g by )| (b 4 kg g
m

> e,B(b™ + b)n

> c;Bb,

(b7 + ket ] = (b + K )

+ —
(uout)l -

where ¢, and c; are positive constants depending on m, u, A, k, and r,,. Provided that
|€'| < = and B is large enough, for r € [r,, o) we have
+ + ’ +
(uout)f - A(uout)m - é: ’ Vuout
>
(er + 1)2
> 0.

c3Brier + 1)%b — cob — ¢, (er + 1)|E |bn

2.4 Inner part of a subsolution

We define

1
0= 1— (8)

We see that u; > 0 when ¢(r) > bg. Thus we choose
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b -
rlg(ef)—e> .

Note that the right-hand side of this inequality can be made arbitrarily small choos-
ing b, large. Now we estimate the following expressions. We have (u; ), = 0. Since
¢ — 190(,1>’1 >0,by> land 4 € (0, 1), we obtain

—AGu; )" = —K" (Ap — byAd”)
k"2 _ _
el [A(1 = Dby + er(1 — Abyd* ™)
L _Ad- Ak byr2 g2
= (er + 1)
_ Clbor—2¢i—2

(er + 1)?

where ¢, = A(1 = A)K™. For m>1 we have % —1<0. Let 6« 1. For
¢ > (1 —6)~%D) it holds that

¢ — byd* 2 5¢.

Hence, we choose

B -1
ry o= <e(1_5) " — e)

We take 6 = 5Ob‘9, so that the outer part of the subsolution u defined in (6) is
equal to i, = k[8y(1 — 6,b;%)=°]'/™, which can be made arbitrarily small choosing
0, small and independent of b,. We have

_ kr~! 1y _
8 Vi = € o) (0= b))
14 ¢ ,1_
DL L)
m(er + 1)
1 1
_T
er+ 1 ’

where ¢, = k/m. For A < 1/m,|&'| < E,r € (0, r,] and b, large enough we obtain
(u;), — A )" — & - Vu,
r2pi2
~ (er+1)
0,

14 e(1-1
[clb0 — 6] b()( m>|§’|r(er+ 1)(]5”%_’1
<
since 9(% - 1) <L
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3 Comparison functionsincaseme (0, 1)

In this section we construct comparison functions for the proof of Theorem 3. For
a positive constant p, > 1 we define

p() 1=py(l+ D, >0,
and for K > 0 we set
o) :=log(e+Kr "), r>0.

With £ > 0 and A € (0, 1) we construct supersolutions and subsolutions of the fol-
lowing form:

ut (x,t) :=Kp(t)r ==, r=|x|>0,t>0,

out

{ w0 = Ko + 06 0],

and
ui_n(x’ 1= k[(p(l") —pgl(pﬂ(r)]i", r=|x| >0, o)
w (1) = (g + 071+ Aty + =12 T > 0.
Here t, > 1and
I —m 4mA
A > BV > .
a2 T 1-m (10)

Notice that u_ = is a modified Barenblatt solution for the fast diffusion equation.
Choosing £, large, we can make u_ = and its derivative with respect to r arbitrarily
small for any » > 0 and ¢ > 0. Thus, there is a unique intersection point r = p, () of
the functions «;. and u; , and the matching condition is satisfied, i.e.

() (1 (D, 1) > (), (p, (1), 1).

The following lemma concerns the first intersection point of the functions u; and

+
uout'

Lemma 3 There exists a constant K, = K;(m,A,k) >0 such that for any
K > K, the first intersection point r = py(t) of the functions ul’; and u? = satisfies
1 < py() <R := (K/k)I=m/2,

Proof By the definitions of u and u* we have

ut (1,1) < 20kp(t) logi (e + K),
ut (1,1) = Kp(1).

out
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Then there exists a constant K, ; = K, ;(m, k) > 0 such that u;(l, 1< u:m(l, t) for
any K > K, ;. On the other hand, simple computations show that

m 14+m

41 (R0 = klog (e + KT KT )+ "0 log’ (e + k7K )|
> kp(t) = u’ (R, 1)

out

when K > K| ,, where K|, = K| ,(m, 4,k) is a sufficiently large positive constant.
Moreover, we have

ou’

= Elo) + pm @0t 0] [14 700" 0] 00,
out 2
= = - lz_Kmp(t)r"W_l,

and for » € [0, 1] it holds that

iy, Uy Kp(t)yr™
or or er+ K

2
1—m

r_ﬁ(er + K)

—%bﬂmmw+¢%mﬁ”k%m+ﬂw*vﬂ

Ko | 2k 2 2nT'a+ Ak 1

<- P = TR )
er+K |1—-m m

<0,

for K> K,; where K,;=K,5(m, A,k)>0 1is sufficiently large. We set
K, = max{K, ;, K ,, K, 3} so that the first intersection point of the functions «; and
u = satisfies the desired inequality. O

In the subsequent subsections we prove the following two lemmata.

Lemma 4 Let n = 2 and assume that (A2) holds. Then there exist constants K > 0
and 0 < € < 1such that if|&'| < e(1 + 1)~} then

_ [t for x| € O, g0,
ur 1) 1= { wh (x,1) for |x| € (p (1), 00),

is a supersolution for|x| > 0 andt > 0.

Lemma 5 Ler n = 2. Assume that (A2) holds and let £ > 0 be such that |E'| < Z.
Then there exist constants p,t, > 1such that

_ _ Ju, (x,0) for x| € (0, p (D],
WD = { i (5.1) for [x] € (o) (1), 00)

out

is a subsolution for|x| > 0 andt > 0.
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3.1 Inner part of a supersolution

Computing the time derivative of u:; we obtain (u;)z >0.Forre[0,Rland A < 1

we have

—AGY" = —k"(Ap + p" Ag™)

KMKr2pit ~

= m [/lp (1 — VK — erg) — erg? ’1]
kK"K, -2 _A-2_m

> (e’; +("K)2 [A(1 = DK — (1 + Aerg™™*|
K"K -2 A=2_m

> (err +(pK)2 [A(1 — DK — 2erq?).

For r € [0, R), the function r ~ rlog® (¢ + Kr~') is monotone increasing, provided

that we choose K sufficiently large depending on m and k. Thus,

2

A1 = DK —2erg? > A1 — DK — 2K k5 log? (e + Klele)

for r € [0, R]. Since (1 —m)/2 < 1, for K > K, = K,(m, k, A) we have

/1(1 _ /1)ka27'_2§0/1_2 m B ClK2r—2(p/1—2pm
2(er + K)?  (er+K)?

—A@)" >

where ¢; = 27! A(1 — A)k™. Furthermore, it holds that

k m 1 .
¢ Vip == o)~ (o +p"¢")" (14 2p"0* )¢

5 _ kKt
— m(er +K)

1 11
> _2" (1 + D)kKr="gmn
- m(er + K)

CzKr_lwi_l

_ /
- er+K Ié |p,

1€ (@ +p"0") " (1 + ap" ™)

1€ |p

where ¢, = Zi_l(l + A)km~!. Thus, we obtain
ul), — A " = & - Vu

Kr2¢'2p — 1o
> m ¢, Kp 1_Cz|";:/|’”(€”‘|‘K)(P"’+1 g

>0

for 0<r <R and |&| < e(1 +1)7!, where € = e(m, 4,k,K,p,) > 0 is sufficiently

small.

@ Springer



M. Fila et al.

3.2 Outer part of a supersolution

Assuming that r € [1, co) we compute

—E Vi, = € ) T > e

and the time derivative
2 2
(y)e = Kp' (O™ = 1Lp(t)(1 0T,
—m

Since p, > 1 we have

m m,.m — 2 msz ()m_1 R
—A(I/tom) =-K P (t)Ar 1—m Z_O——m)zp(l)(l-'-t) r 1-m
4m2Km -1 -2
> — H(l +t l-m ,
> (0 + 17

Assuming that |&'| < e(1 +#)~'and K > K; = K;(m) we obtain
(u:ut)f - A(uoul)m é Vuout
2 pm—1
> S por |07 = Bt g
1—m 1-
> 0.

3.3 Inner part of a subsolution

As in Sect. 2.4 we have ;. > 0 when ¢(r) > pg’" which is equivalent to
o -1
r<?:=K<e”0 —e) , 1)

where 6 is defined in (8). Throughout the rest of this subsection we assume that the
above inequality (11) holds. We have («; ), = 0, and for 4 € (0, 1) we obtain

—Au; )" = —k" (A — pi Ap?)

L Gl

(er + K)?

m g2 pmy—2 o j—2
_ﬂ(l—/l)k K-pgr—=¢

(er + K)?

Cle r g2

(er + K)?

[KA(L = Dpie* ™ + er(1 — Apfe*™h)]

2

where ¢; = A(1 — k™. For m € (0, 1] the inequality% — 1 > Oyields
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kKr~! L
—E VuT = o) —=— (o =p" " (1 = Ap" !
g Vu, = (& w)m(er+K)((p et (1= Aphe*™)
kKr=' 1y,
< — on .
_m(er-i-K)(p <]

We denote ¢, = k/m and assume that |¢’| < = for some = > 0. Then for any K > 0
there exists p, > 1 sufficiently large such that

(”i_n)t — A(ul._n)m -£. Vu,
3 _Kr‘z(p’l_z
(er + K)?

<0

1_
e1Kpy = o€/ Irter + Ky 7|

forallr <7.

3.4 Outer part of a subsolution

By choosing ¢, large, the intersection point r = p,(¢) satisfies 7#/2 < p,(f) < 7 for any
t > 0, where 7 is given by (11). We fix such a 7, and set

D(r,t) ;= 1+A(t,+0)7Pr, pi=al-m)+1

Direct computations show that

A
W) = 1 / (1o + NPT - a(ty + e
-m
— 4mA? o L
A(uou,) = (l——m)z(to +1) 22!
B 14%1“0 + 1y
& Vu,, =-¢" ) 7 2Am(to + 0ol

By f = a(1 —m) + 1, we have
(WUoy)e = A, )" = & Ve,

out t

1
= (ty + )" o~ (Fy + Fyr + Fyr?),
where

F, := <—a + ﬂ)(t0 + 1),

1—m
2A
F, = (- th+ 1),
1 (& O))I_m(o )
242
F, = A dm-A

l—m_(l—m)z'
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The assumption |£(¢)] < (1 + £)~! implies that

2Ae(ty + 1)

|Fi| £ —r——.
(1 —m)(1+1)

Hence |F||is bounded for each #,. Then there exist large constants A and « satisfying
(10) such that F, + F,r + F,r* < 0 for r > 7/2. This shows that

() — Alu,

out

y'—&-Vu <0

t =

forr > 7/2.

4 Completion of the proofs of Theorems 2 and 3
Proposition 1 Let n = 2 and k > 0. Assume that (A2) holds and 0 < A < 1.

(i) When m € (0, 1) then there is a constant € > 0 such that if |E'(t)| < (1 + 1)~}
fort > 0 then there exist a supersolution u™ and a subsolution u™ of (3) satisfy-

ing
wt O, 0" = KMy (X)) + O (X)), w0 = K"w(lx]) + O’ (|x]))
foreacht>0asx — 0, and
u (x,t) <ut(x,t) for|x| >0andz > 0.
Moreover, if v, is as in Theorem 2 then
u=(x,0) < vy(x + &(0)) < u*(x,0) for |x| > 0.
(i)) Whenm > lassume that0 < A < 1/mand|&'| < E for some = > 0. If v is as

in Theorem 3 then there are functions u™,u* as in (i).

Proof For m > 1 we choose ut and u~ as in Lemmata 1 and 2, and for m € (0, 1)
as in Lemmata 4 and 5, respectively. It is not difficult to see that one can change
the constants by, d if m > 1 or py,t,1f 0 < m < 1 so that vy(x + £(0)) is squeezed in
between 1~ (x,0) and u™ (x, 0). O

The rest of the proofs of Theorems 2 and 3 is the same as in Section 5 in [1]. It was
proved there that the existence of global-in-time comparison functions, i.e. super-
and subsolution of (3) which are positive and bounded on each compact subset of
(R™\ {0}) x (0, 00), implies the existence of a global-in-time solution. Here, the
local Holder continuity of & is needed.
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Abstract. The aim of this paper is to study a class of positive solutions
of the fast diffusion equation with specific persistent singular behavior.
First, we construct new types of solutions with anisotropic singulari-
ties. Depending on parameters, either these solutions solve the original
equation in the distributional sense, or they are not locally integrable in
space-time. We show that the latter also holds for solutions with snaking
singularities, whose existence has been proved recently by M. Fila, J.R.
King, J. Takahashi, and E. Yanagida. Moreover, we establish that in
the distributional sense, isotropic solutions whose existence was proved
by M. Fila, J. Takahashi, and E. Yanagida in 2019, actually solve the
corresponding problem with a moving Dirac source term. Last, we dis-
cuss the existence of solutions with anisotropic singularities in a critical
case.

1. INTRODUCTION

Let n > 2 and m € (0,1). We study positive singular solutions of the fast
diffusion equation

up = Au"™, x e R"\ {&}, t>0, (1.1)
AMS Subject Classifications: 35K67, 35A21, 35B40.

Accepted for publication: May 2022.
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with an initial condition
u(z,0) = up(x), x e R"\ {&}. (1.2)
Here, £ € R" is a given point at which solutions are singular, i.e.,
u(z,t) > 00 as = —&, t>0.
Let S"~!:={z € R": |z| = 1} denote the unit (n — 1)-sphere and set
r:=lr—¢&| and w:=(x—E&)/|lx— &l (1.3)
Let A > 0 and o € C%1(S"~! x [0, 00)) be positive. The aim of this paper is
to study positive solutions with the persistent singular behavior of the form
u(z,t) = a(w,t)r > +o(r™) as r—0, (1.4)

for w € S ! and t > 0. We say that if a(w,t) depends non-trivially on the
space variable w, the corresponding solution u has an anisotropic singularity,
otherwise it is asymptotically radially symmetric.

Our main result formulated in Theorem 1.1 concerns the existence of
solutions of (1.1)-(1.2) with anisotropic singularities. In order to prove the
existence of such solutions, we introduce the following assumptions.

(A1) Let o € C?(S™1) be positive.

(A2) Let 0 <m < 1 and let \, v satisfy

2
)\>1 , (I—=mA—2—mA—v)>0, A>v>0.
-m
(A3) Let ug € C(R™\{&}) be positive and such that it has the asymptotic
behavior

uf'(z) = o™ (W)l — &+ Olz — &™) as oz &,
for each w € S"~!, and
cl< up(z) < C
for |z — &| > 1 and some constant C' > 1.
Note that condition (A2) implies that v is sufficiently close to A.

Theorem 1.1. Let n > 2 and assume (Al), (A2), and (A3). Then there is
a function

ue C*({(,t) € R"\{&}) x (0,00)}) NC({(2,t) € (R™\ {&}) x [0,00)}),
which satisfies (1.1)-(1.2) pointwise and

w(z, )™ = a™(w)|z — &7 + O(jx — &™) as oz — &,
for each w € S™ 1 and t > 0.
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A subclass of solutions from Theorem 1.1 has been also studied in [14].
The authors of [14] focused on radially symmetric solutions of (1.1)-(1.2)
with n > 3, 0 < m < m. := (n — 2)/n and with the initial condition
up(x) = (P|lz — &l =™ + 5™, where 2/(1—m) < XA < (n—2)/m, ¢; > 0,
and c2 > 0. In addition to the existence, several interesting properties of
these solutions have been proved, among them their uniqueness.

In our next result, we show that, depending on parameters, solutions
constructed in Theorem 1.1 either solve the original fast diffusion equation
in the distributional sense, i.e.,

u=Au™ in D' (R" x (0,00)), (1.5)
or they are not locally integrable in space-time.

Theorem 1.2. Let the conditions from Theorem 1.1 be satisfied.

(i) If A <n, 0 <m < me, and n > 2, then for the solution u from The-
orem 1.1 it holds that u € C([0,00); L}, .(R™)), and it satisfies (1.5)
in the distributional sense, i.e.,

/ / (u(pt + umAgo) dydt =0
0 n

for all ¢ € C3°(R™ x (0,00)).
(ii) If X > n, then the solution u from Theorem 1.1 satisfies u ¢ L} (R™x
[0,00)) for anyp > 1.

We note that in the supercritical exponent range m. < m < 1, the authors
of [7] proved that all solutions of (1.5) with uy € L;,.(R™) become locally
bounded and continuous for all ¢t > 0.

A further related result concerning anisotropic singularities can be found
in [4]. Here, the authors constructed positive entire-in-time solutions with
snaking singularities for the fast diffusion equation (in the range m* < m < 1
and n > 2, where m* := (n — 3)/(n — 1) when n > 3 and m* := 0 when
n = 2). In particular, these solutions have a singularity on a set I'(¢) :=
{&(s); —00 < s < ct} for ¢ > 0 and each t € R. Here, £ : R — R™ satisfies
Condition 1.1 in [4]. Their construction was based on the existence of the
following explicit singular traveling wave solution with cylindrical symmetry

Ul(z,t) :C(|aHa:fta]+a-(:Cfta))_ﬁ, (1.6)

where a is a velocity vector, and C' is an explicitly computable constant. As
in Theorem 1.2 1.2, the solution U is also an example of a function with no
local integrability in space-time. Namely, in Section 6, we show the following.
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Remark 1.3. Let n > 2 and m* < m < 1. Then for the function U
from (1.6) it holds that U ¢ L} (R"™ x R) for any p > 1.

To extend the idea of various possibilities of distributional solutions of
the fast diffusion and porous medium equation, we present our last result
in Theorem 1.5. Here, a class of asymptotically radially symmetric singular
solutions satisfies the corresponding equation with a moving Dirac source
term in the distributional sense. The existence of such solutions of the
initial value problem

w=Au",  zeR"\{@)), te(0,00), (1.7)
u(z,0) =uo(z),  zeR"\{{0)}, (1.8)

was established in Theorem 1.1 in [6]. Assuming n > 3 and m > m, =
(n —2)/(n — 1), the authors of [6] constructed singular solutions of (1.7)-
(1.8), which for some given C! function k(t) behave as

u (@) = KOz = £ fo(lr—£@) ") as @ = £(0). (19)

It was shown in [6] that m. is a critical exponent for the existence of such
solutions, and there are no such solutions if m < m,. To construct global-in-
time solutions of this form, suitable conditions on &', k, and k' were imposed.

Remark 1.4. The existence of solutions from [6] can be extended to the
parameter range n > 3 and m. < m < m, if the singularity is not moving,
ie., if £(t) = &. This can be verified by an inspection of the proof of
Theorem 1.1 in [6], which is in this case simpler since all terms containing
£ vanish.

We also remark that the results from [6] have been extended previously in
a different way in [5]. Here, the authors treated the case n = 2, m > m, = 0.
They established the existence of solutions that, near the singularity, behave
like the fundamental solution of the Laplace equation to the power 1/m.

In Theorem 1.5, we show that solutions from [6] satisfy

u = Au™ + (n = 2)|S" K™ (D)de (x)  in D'(R™ x (0,00)).  (1.10)

Here, |5~ 1| is the surface area of the (n—1)-dimensional unit sphere and 8¢
denotes the Dirac measure on R”, giving unit mass to the point £(t) € R™.

Theorem 1.5. Letn > 3 and assume that conditions on k(t) and uo(z) from
Theorem 1.1 in [6] hold. Let either m > my and &(t) be as in Theorem 1.1
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in [6], or m¢ < m < my and £(t) = &. Then the solution u satisfies
equation (1.10) in the distributional sense, i.e.,

/ /n (ups + u™Ap) du dt = / (n—2)[S"HE™(t)p(&(t), t) dt
for all ¢ € CF°(R™ x (0,00)).

Equations (1.1) and (1.7) with n > 3 have radially symmetric stationary
solutions of the form

i(z) = Klz — &~ 2/™ 2 e R\ {&}, (1.11)
where K is an arbitrary positive constant, and these solutions satisfy
—Ad(z) = (n—2)[S" Kb, (x) in D(R™). (1.12)

Hence, the result of Theorem 1.5 can be expected. In [8], the authors con-
structed singular solutions with time-dependent singularities for the heat
equation

wheren > 2, T € (0,00], and w € L*((0,t)) for each t € (0, T). The behavior
of solutions from [8] near the singularity does not always have to be like that
of the fundamental solution of the Laplace equation, and the profile loses the
asymptotic radial symmetry. Further results concerning the heat equation

= Au+ 55@) (x)® M(t) in D,(Rn x (0,7)),

where d¢ () (2) @ M (t) is a product measure of M (t) and d¢ () (), can be found
in [9]. Solutions of the porous medium (m > 1) and fast diffusion equation
in the supercritical range (m. < m < 1) with singularities which are not
necessarily standing were analyzed in [10] and [11], respectively. If M is a
nonnegative Radon measure on R™"*!, which satisfies M (2 x (0,T)) < oo for
T > 0 and a bounded domain €2 C R”, then there exists a function u such
that
u = Au™ 4+ M(z,t) in D'(Qx(0,7)),

and u™ € LI((0,T); Wy '(Q)) with 1 < ¢ < 1+ 1/(1 4 mn).

A moving Dirac measure on the right-hand side of parabolic systems also
appears in several biological applications concerning, for example, the growth
of axons or angiogenesis. See [3] and [1], respectively. A moving Dirac mea-
sure also appears in [12], where the authors studied the Cattaneo telegraph
equation with a moving time-harmonic source in the context of the Doppler
effect.
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We also mention the following two results, which can be applied to so-
lutions with anisotropic singularities. When n > 3, 0 < m < m,, and
the singularity of the initial function satisfies a; |z — &|~2/(1=™) < ug(z) <
as|lz — &| 7= for some aj,az > 0 and for all € €, then from [15]
(for @ = R™) and [16] (for smoothly bounded domain © C R") it results
that finite-time blow-down occurs. More specifically, there is a T' > 0 such
that u(-,t) ¢ L>®(Q) for t < T but u(-,t) € L*°(Q) for t > T, i.e., that
the singularity disappears after a time 7. On the other hand, if m is in the
range m. < m < 1, the authors of [2] concluded the monotonicity of strongly
singular sets of extended solutions, i.e., that it cannot shrink in time. Hence,
the singularity of such solutions persists for all times.

This paper is organized as follows. A formal analysis of solutions with the
asymptotic behavior (1.4) is given in Section 2. The last part of this section
is devoted to a critical case that is left as an open problem. The existence
result in Theorem 1.1 is then proved in Section 3. Formal computations
in Section 2 suggest the choice of comparison functions in Subsections 3.1
and 3.2. We leave the question of extending the results from Theorem 1.1
from standing to moving singularities open. We see no problem in using
the methods employed in this text, however, different critical exponents and
technical difficulties may arise. We continue with the proof of Theorem 1.5 in
Section 4, and the proof of Theorem 1.2 in Section 5. Finally, computations
concerning Remark 1.3 are given in Section 6.

2. FORMAL COMPUTATIONS
Let u(x,t) be given by (1.4), i.e.,
u(z,t) = alw, t)r > +o(r ),

where r > 0, w € S"!, ¢t > 0, and recall notation (1.3) for » and w. For
u(z,t) = w(r,w,t), the fast diffusion equation (1.1) is transformed into

d ow™ 1
_ o ln Y n—1Y% - m
wy =1 (7“ 5 ) + T2Aww . (2.1)

Here, A, denotes the Laplace-Beltrami operator on S”~!. Simple computa-
tions show that

wy = OétT’_A + O(’I"_/\),
Aw™ = (Apa™ —mA(n—2— 'm)\)o/”)'r*m/\*2 + o(r~mA72),

The leading term is different in each of the three cases: A > mA+ 2, A <
mA+ 2, and A = mA + 2.

(2.2)
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2.1. A > 2/(1 — m). The most singular case is A > mA+2, which is equiv-
alent to A > 2/(1 —m). This implies that the leading term in (2.2) is wy,
hence, we set @ = a(w). The existence result in Theorem 1.1 is based on
this observation.

22. A< 2/(1 —m). The case A < mA+ 2 is equivalent to A < 2/(1 —m).
The leading term in (2.2) is Aw™, which implies that o must be a solution
of

—A,a™m = —mA(n —2 —m\)a™.
Eigenvalues of —A,, are non-negative and start with zero (the constant 1 is
the corresponding eigenfunction), other eigenfunctions change sign, see [13].
Since we are looking for positive solutions, we obtain conditions

n—2
A= , m>me, and n>3.
m

As we pointed out in the introduction, the existence of the corresponding
asymptotically radially symmetric solutions for n > 3 and m > m, in the
case of a moving singularity was established in Theorem 1.1 in [6]. Moreover,
in Remark 1.4, we explain that in the case of a standing singularity, the proof
of Theorem 1.1 in [6] is valid also in the parameter range n > 3, m, < m <
my. Our result extending the qualitative analysis of these solutions can be
found in Theorem 1.5.

2.3. Critical case A = 2/(1 — m), open problem. In the critical case
A =2/(1—m), the terms w; and Aw™ are balanced. Let

2mn(m — m)
(1—m)?
Balancing the leading terms in (2.2) leads us to an initial value problem
ar(w,t) = Aya™(w, t) + Aa™(w, t), wesS™l 0<t<T, (23)
a(w,0) = ag(w) >0, we s (2.4)

where T' € (0, o0]. If we prove the existence of a positive classical solution «
of (2.3)-(2.4) for some T' > 0, we obtain a positive classical solution of (1.1)-
(1.2) of the form

u(z,t) = alw )z — &, zeR"\{&}, 0<t<T.

At the end of this section, we present some examples of solutions of (2.3)-
(2.4). A well-known explicit solution is

A:=mA(mA—n+2) =

a(t) = (1 — m)At + to) T,



736 MAREK F1LA, PETRA MACKOVA, JIN TAKAHASHI, AND E1LJI YANAGIDA

where ty is an arbitrary positive constant. In order to obtain solutions
of (1.1)-(1.2) with an anisotropic singularity, we are interested in solutions
of (2.3)-(2.4) that, unlike &, depend non-trivially on the space variable w.
Such solutions can be obtained by looking for solutions of the form a(w,t) =
7(t)8/™(w), where § is non-constant. Using the method of separation of
variables, we have 7(t) = ((1 — m)Ct + to)ﬁ, where tg > 0 and C'is a
constant from the separation of variables. For f(w), we obtain a semilinear
elliptic equation on a sphere

AuB(w) + AB(w) = CBY™(w),  we S (2.5)

We briefly examine the existence of a class of solutions of (2.5) depending
only on an angle 6 € [0,27). In this case, equation (2.5) becomes

B(6) + AB(8) = CBY/™ ().

It represents a Hamiltonian system

B=v,
b = —B(A— OB,

with a relevant critical point P = ((A/C)ﬁ,O) it ¢ # 0 has the same
sign as A # 0. Notice that this condition guarantees the same asymptotic
behavior of 7 as that of &, which is consistent with the results from [15, 2]
described in the introduction. Finally, the existence of periodic trajectories
results from a standard ODE theory: the critical point P is a center, i.e., all
trajectories close to it are closed orbits if A < 0.

The existence of a more general class of classical positive solutions of (2.3)-
(2.4), which depend non-trivially on w, is left as an open problem.

3. PROOF OF THEOREM 1.1

3.1. Construction of supersolutions. We set a(t) := Aet, where A > 1
is a sufficiently large constant chosen later, and define a function

1
wt(r,w,t) := (am(w)rfm/\ +a(tyr™™ + A)m. (3.1)
In what follows, we prove that w™ is a supersolution of (2.1).

Lemma 3.1. Let n > 2 and assume (Al) and (A2). Then there exists
constant A > 1, such that the function w™(r,w,t) defined in (3.1) is a su-
persolution of equation (2.1) forr >0, w € S" 1, and t > 0.
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Proof. We define a bounded function

o(w) :=Aya™(w) + mA(mA —n + 2)a™(w)
and compute

1 _ _ _ 1_q
w = —Aar m”(amr ™A 4 ar ml’—|—A)m ,
m

—A(wh)™ = —or™™ 2 —mu(my —n + 2)ar ™2,

Since

(I=m)A—=2—-—m(A—v) >0,

Q> Qpip = min a(w) >0,
wesSn—1

0 < Opmax = max o(w) < 0o,
wesn—1

and A > 1, for » < 1, we obtain

wf = Aw)™ = LAa(a™ 4 armO) 4 4N L xemOoy)
m

—or ™2 _mw(my —n + 2)ar "™ 2

1

Y

Aaar ™72 opm A2 iy (mw + 2)ar ™2

1
> ((Aoarlni:ln — mu(mv + 2))a — amax) pmA2,
m
Thus, for
A > ma;lgrll_m)(o-max + myv(mv + 2)),

it holds that
w — A(w™)™ >0 forallr <1,we "' and t > 0.

Similarly, for r > 1, w € 8"~!, and t > 0 we have

1
w — Aw™)" > ~ Amar~™ — Omax” ™2 — mu(my —n + 2)ar~™ 2
m
1
> <(A —mv(mv —n + 2)>a - amax> P2,
m

This completes the proof that for any A > 1 sufficiently large, the function
w™ defined in (3.1) is a supersolution of (2.1) for ¢ > 0 in the whole space. [
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3.2. Construction of subsolutions. Let y > X satisfy
mu(mp+2—n) min o™ — max, AL (™) > 0. (3.2)
wesSn™

wesn-1
Note that (3.2) implies g > (n — 2)/m. Let 6 > 0 satisfy

A —
0<d< V,

and define
B 1 1
b(t) = bge t) p(t) := (1 — 5) mO—v) h mOA—v) (t),
where by, B > 1 are sufficiently large constants chosen later. We set
wz’_n(r’ W, t) = a(w)r_)\(l — b(t)’l“m()‘_”))%’
w;ut(ra w, t) = a(w)tsip”_/\(t)r_“.

_ 1
Note that the zero point of w;, is b ™~ (t) and that w,, intersects w,,,
at r = p(t) < 1. Now, we can construct a subsolution of the form

w(rw. 1) = w; (r,w,t)  forr < p(t), t >0, (33)
o w;ut(rvw7t) for r > p(t), t 2 0. ’

Lemma 3.2. Let n > 2 and assume (Al) and (A2). Then there exist con-
stants by, B > 1, such that the function w~ defined in (3.3) is a subsolution
of equation (2.1) forr >0, w € S" ! andt > 0.

Proof. Inner part: Let ¢ > 0. We consider the inner part r < p(t).
Straightforward computations show that

(i) = (1 = A=) (gm0

= lebar_M'm(’\_”)(l - brm(’\_”))%_1
m

and
A(wg,)™ =ma™((mA +2 — n)Ar A2 — (my 4+ 2 — n)vbrT ™ 2)
+ (rTmAT2 T A (a™).
By the definition of p, we have
(w;,)e — Aw;,)™

— _iBboﬂ,f>\+m(Afy)(1 _ brm()\fl/))%fl _ (Tfm)\72 _ bT’imV*Q)Aw(am)
m
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m —mA—2 —myv—2
—ma™((mA+2—n)Ar — (mv+2 —n)vbr )

< _iBbarf)mLm()\fu)(l o bpm()\fy))%fl + C,rfm)\72 + Cbrme72
m

= *iBbar_)“*'m()‘_”)&%—l + Cr—mA—2 + Chyr— =2
m

for r < p, where C' > 0 is a constant independent of b. By amin > 0, A > v,
b>1,and r < p < 1, we have

1
(Wit — Alwy,)™ < — = BbmLagy,r MmO L A2
m
= _bT.*)wI»m()\fl/) (ié%ilaminB _ Cr(lfm))\f2fm(/\71/)> )
m
Recall that (1 —m)A —2 —m(X\ —v) > 0. Thus,

(wi,

1
)t - A(wz_n)m S _br—/\+m()\—u) (* %_1aminB - C)
m
for » < p. Hence, by choosing B > 1 large, we conclude that w;, is a
subsolution for r < p(t).
Matching condition: Since both w;,, and w,,, are of the separated form
a(w)f(r,t), it is sufficient to check that
0

E(wi_n)

o m
< E(wout)

r=p(t) r=p(t)
By the definition of p and the choice of §, we have

0 0

o (W)™ = o (wi,)™

or or r=p(t)
—mA—1

r=p(t)
—mA—1

7mu71)

= —a™mudp a™(—=mAp + mvbp
= aMmp "1 (—,u5 + A= prm()‘_”))
=a™mp " (= pud+ A — (1-68)v)
=a™mp " (A —v — (u—v)d) > 0.

Outer part: Note that

P0) =~y Bolt) <0

From this, it follows that
(Woue)t = 045%(” — ,\)pu—k—lplr_# <0.
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By direct computations, we have
Awy, )™ = a™6p™ W Nmp(mp + 2 — n)r =
+ 6pm(“7)‘)r7m“72Aw(am).
Then (3.2) implies
(wo_ut)t - A(wo_ut)m
< —a™0p™ N mp(mp + 2 — n)r T2 = T2 A (™)

= — 5N T2 (M (mp + 2 — n) + Ay (™))

IN

32 (ol g2 )~ max [Au(™)]) < 0.
wesn~
Hence, w,,, is a subsolution for r > p(t). O

3.3. Completion of the proof of Theorem 1.1.

Proposition 3.3. Let n > 2 and assume (A1), (A2), and (A3). Then there
exist a supersolution wt and a subsolution w™ of (2.1), which have for each
we S" 1 andt > 0 the asymptotic behavior

wh (r,w, )™ = a™(W)r ™ + 0(r~™),
w™ (r,w, )™ = a™(W)r ™ + O(r~™)
as r — 0. Moreover,
w(rw,t) <wh(r,w,t)
and
w™ (r,w,0) < ug(z) < wh(r,w,0)
for allr >0, w e S" 1, which are defined in (1.3), and t > 0.
Proof. We choose w™ and w™ as in Lemmata 3.1 and 3.2, respectively. Note
that
1
wh(r,w,0) = (@™ (w)r™ ™ + Ar~™ + A)m,
a(w)r (1 — bgrm(’\ﬂ’))% for r < p(0),
a(w)éip“*)‘(O)rf“ for r > p(0).

Moreover, p(0) < 1. Then by choosing A and by sufficiently large and §
sufficiently small, we see that the function ug satisfying (A3) can be always
squeezed in between comparison functions w™ (r,w,0) and wt(r,w,0). O

w(r,w,0) = {
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Proof of Theorem 1.1. In Proposition 3.3, we proved the existence of a
global-in-time sub- and supersolution of problem (2.1), which implies the
existence of sub- and supersolution of (1.1) with the desired asymptotic be-
havior. The rest of the proof of Theorem 1.1 is the same as in Section 5
in [6]. Here, it was proved that the existence of global-in-time compari-
son functions, i.e., sub- and supersolution of (1.1), which are positive and
bounded on each compact subset of (R™\{&p}) x (0, 00), implies the existence
of a global-in-time solution of (1.1)-(1.2). O

4. PROOF OF THEOREM 1.5

Proof of Theorem 1.5. For simplicity, let Br := Bg ({(t)) denote an open
ball in R™ of radius R centered at £(t). For ¢ > 0 let n. € C*(R) be a non-
negative cut-off function such that 7.(r) = 0 for r < e, n.(r) = 1 for r > 3¢,
n! >0 for r € [g,2¢], n? <0 for r € [2¢,3¢], and 0 < n’(r) < nL(2e) = !
for some & > 0 and || < e =2 for some & > 0.

Let u be from Theorem 1.1 in [6], that means that u is a classical solution
of (1.7)-(1.8) such that u € C([0,00); L{,.(R")). Let ¢ € C§°(R"™ x (0,00))
and set p:(x,t) := n(|x — £(t)|)p(x,t). Without loss of generality, we may
assume that there is a nonempty open time interval I C (0,00) such that
&(t) € suppp(-,t) for all t € I. We can fix e sufficiently small so that
Bs. C supp (-, t) for all ¢ € I. Multiplying now equation (1.7) by ¢. and
integrating it over R™ x (0, 00), we obtain

/ / Uppe dr dt = / Au . dz dt. (4.1)
0 n 0o Jre

Let us denote

I = / u™nApdr, J. = 2/ u"Vne - Vo dr,
Bsc\Be Bse\Be

Ks = / umSOATlE d!E, HE = / Une Pt dx.
ng\Bg B38\B€

Since ¢ is smooth and compactly supported in R™ x (0, 00), integrating the
right-hand side of (4.1) by parts, we have

o0 o0 o0
/ Au" o, dx dt = / / u" Ap dx dt + / (Ic + J- + K;) dt.
0o Jre 0 JR™\Bs. 0
(4.2)
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Similarly, we analyze the left-hand side of (4.1) and obtain

/ / Uppe dr dt = / / u(pe )¢ dx dt
0 n n
—/ / ugotdatdt—/ H_dt.
0 JR™\Bs. 0

Hence, equation (4.1) can be written as

/ / (upr + u™Ayp) dz dt = / (H. + I. + J. + K.) dt.
0 R™\ Bz, 0

In the following, we show that
He + I + Jo + Ko — (n = 2)|S"7HE™ (£)p(E(1), 1) (4.3)

locally uniformly for ¢ as € — 0. In order to do that, we choose ¢ sufficiently
small so that the method of sub- and supersolutions in [6] provides estimates
of the form

w"(a,t) < K7 (o - €O+ bOl - €01
u" () 2 K7 (Jo = P = bo)le — €01)

for all (z,t) € Bs. x I. Here, b(t) = boeP! for some constants B, by > 1
and A < n — 2. First, we deal with the integrals H., I., J. and show that
they converge to zero locally uniformly for ¢. In what follows, by ¢, we will
denote a large enough but otherwise arbitrary constant independent of ¢ and
e. Given that |n.| <1, for m > m, and ¢ < T for some 7" > 0 it holds that

(4.4)

|H.| = ’/ unggotda:‘ < sup ¢ wdx
B3E\BE BBE\BS BBE\BS

3e 1
< c/ (7“2_" + b(t)r_)‘)ﬁr"_l dr
1>
3e m
§c/ rom T ldr 50 as e — 0.
€

Similarly,

|I| = ’/ unApdr| < sup |Ag| u™ dx
BBE\BE B3E\BS B3E\B<€

3e
< c/ (r2_n + b(t)r_A)T”_l dr
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3e
gc/ rdr—-0 as ¢e¢—0.
=
Moreover, using 0 < nl < ¢1e !, we obtain
|Je| = ‘2/ umVng-Vgodx‘
B3E\BS

< 2¢e7! sup |w- Vo u™ dx
B3\ Be B3 \Be

3e
<ce! / (r*" + b(t)r”‘)r"il dr
€
3e
gce_l/ rdr—0 as ¢e—0.
1>

Now, we deal with the integral K.. Denoting

- / Wple — €)M de,
B3€\BE

K?.= / u™on! d,
B25\B€

P

)

we can split K. into
K.=(n-1)K!+K? - K2.

By means of the non-negativity of " and the properties . > 0, n/ > 0 on
By \ Be, and 0 <0 on Bs. \ By., we obtain

inf u™z — ()|l de < K
e [ w0 de < K!

< swp oo [ e g i de,
B3E\BE B3E\BE

inf ¢ / u™p! de < K2 < sup ¢ / u™nl da,
BQE\BE BQE\BE BQg\BE B2E\Bs

inf (p/ u™(—n.)"dr < K2 < sup ¢/ u™(—n.)" dx.
B3\ Bae Bsc\Bae B3:\Bae J B3z:\Ba:
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We only consider the case where sup ¢ and infp, \p, ¢ are non-negative.
B35\Bs

The other cases can be handled in the same way by using (4.5) below. Indeed,

a change of the sign of supp, \p. ¢ and infp, \ g, ¢ will not change the limit

value.

Fora:=n—2—-X> 0, we set
2¢e
L= b(t)/ ra ! dr,
€
3e
L= b(t)/ rett(—n.)" dr,
2¢e

3¢
L= b(t)/ oL dr.
3

Since 0 <7l < ¢re 1, for t < T with some T' > 0 it holds that

3e
|L§’| = ’b(t)/ ronl dr’ < g%,

and by || < ée~2, we have
L ) 2e 1 3e 1
_ a " a " a
= — e = .
|L;| + | L% ‘b(t)/ r¢tint dr‘ + ‘b(t)/ riT (=ne)" dr| < ce
€ 2e
Hence,
Ll =0, L}=0, L}=0 as e—0 (4.5)

locally uniformly for t. Using inequalities (4.4), we have

3¢
K! <|S"7YE™(t) sup cp/ (1 +b(t)r®)nL dr (4.6)
B35\Bg €
= [S"NKk™(t) sup ¢ (14 L2),
B3E\BS
and
3¢
K!> |S"71|km(t)Bin\f gp/ (1= b(t)r®)n. dr (4.7)
3e 5 I3

=1S""Yk™(t) inf 1-1%).
| |()B31§1\B€(p( 2)
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Integrating by parts and estimating integrals Kg and K g, we have

2e
KZ < |S”_1]k:m(t) sup go/ (7“ —}—b(t)r““)ng dr
Ba.\Be €

= |S™LE™(t) sup ¢ (2577;(25) —n=(2¢) + L;) ,

BZE\BE
and
3e
K3 > S kT inf o / (r — b(O)r™ ) (—ne)" dr
B3:\Bae 2
= |S"E™(t) inf ¢ (2enl(2e) +1—n.(2e) — L2).
B3E\B2E
Thus,
K2 = K2 < —|S"km ()1~ 1) inf ¢~ L! suwp ¢
B3E\B2E BQE\BE
— — inf 2en’(2e) — n.(2 )
(o, o= ping, ) erkee) —neae)
Analogously,
2e
K2 > |S"7 Y E™(t) inf gp/ (r = b(&)r* nl dr
BQE\BE I3
) Bgi?\fBE ¢ (2enL(2) — ne(2e) — L;) ,
and
3e
Kg’ < |S”_1|kzm(t) sup go/ (7’+b(t)r’l+1)(—775)” dr
BgE\BQE 2e
= |S" k™) sup ¢ (2enL(2e) +1—n-(2¢) + L2).
BBE\B25
Hence,

K2 = K2 > —[S"Rm ()| (1+13) swp o+ LL inf ¢
B3€\BQE BQE\BE

— ] J— / J—
<B§?\f3 Kz B:ng@) (2enL(2¢) 775(26))]

Finally, using (4.5), inequalities (4.6), (4.7), (4.8), and (4.9) yield
K. — (n—2)|S" k™ (t)p(E(t),t) as & —0

745

(4.8)

(4.9)
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locally uniformly for ¢. Thus, the assertion (4.3) is proved, which completes
the proof. O

5. PROOF OF THEOREM 1.2

Proof of Theorem 1.2 (i). The functions from Theorem 1.1 satisfy u €
([0, 00); ZOC(R”)) The proof of this statement is analogous to the proof
of Lemma 5.2 in [6], and so we omit it here.

Since in this case A < (n —2)/m by A < n, it necessarily holds that the
singularity of solutions from Theorem 1.1 is weaker than the singularity of
solutions of the type (1.11) and (1.9). It suggests that in the distributional
sense, unlike solutions of the type (1.11) and (1.9) satisfy equations (1.12)
and (1.10) with a singular source term, solutions from Theorem 1.2 (i) sat-
isfy equation (1.5) with no source term on the right-hand side. Rigorously,
the proof of this theorem can be carried out analogously to the proof of The-
orem 1.5 in Section 4 (and it is less technical due to standing versus moving
singularity). O

Proof of Theorem 1.2 (ii). To prove that u ¢ L} (R" x [0,00)) for any
p > 1if X > n, we integrate over B;(&) x [0,1], and use the comparison
function w™ to estimate the integral

1 1
I:= / / uP(x,t) dx dt > / / (w™ (r,w,t))? dzx dt.

0 JBi(f) 0 JBi()

By the definition of w™ > 0 in (3.3), p(t) < 1, and « > amin > 0, we have
1
I> / / (w™ (r,w,t))P dedt
0 J B, (&)
1 rp(t)
> afmn/ / PP (1 = ()M A)) o e .
o Jo

Substituting z = b(t)r™*~*) by b > 1, we obtain

aﬁnn L pa-n 1-6 ,1,M7:n P
I>——mn I)m<A ) (t) z 0 mB= (1 —2)m dzdt
0

“mA—v)

P 5m 1-6 pA=n_
i / | e
- m()\ —v)

This integral is infinite exactly when A > n for any p > 1, which completes
the proof. O
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6. NON-INTEGRABILITY OF THE SINGULAR TRAVELING WAVE

In this section, we show that for U from (1.6) it holds that U ¢ L} (R™ x

R) for any p > 1. Without loss of generality, we may take a = e, =
(0,...,0,1). Indeed, given any velocity vector a € R", we could transform
the coordinate system and proceed as below. Let B} := {2/ € R"};|2/| <
1}. For p > 1, we examine the integrability over [0, 1] x B} x [—1,0], i.e

1
:// UP(z,t)dxdt
B x[—1,0]
// / CP (V|22 + (zn, — 1)2 (nft))*ﬁdx’dxndt.

By the change of variables y,, = —(x,, — t) and |2’| = y,7, we obtain

1 pt 1/yn p
I=cr|sm2 / / / )2 (VIR T2 — ) T yadr(—dy)dt,

1+t 1/yn
— CPlsm 2|/ / A / r2(Vr2 £ 1 — 1) T dr dygdt,
0
1+t 1/yn
= CP|S"™ 2|/ / / i (\/T2+1+1)ﬁdrdyndt.
0

We have 1/y, > 1/2, hence

4t 2
1>cp/ / / P2 dr dy, dt,
0

which is finite if p < (1 — m)(n — 1)/2. Since we assumed that p > 1,
m > (n—3)/(n—1) = m* for n > 3 and m > 0 = m* for n = 2, this
condition for p cannot be satisfied. This implies the conclusion.
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FAST DIFFUSION EQUATION: UNIQUENESS OF SOLUTIONS WITH
A MOVING SINGULARITY

MAREK FILA { AND PETRA MACKOVA

ABSTRACT. We focus on open questions regarding the uniqueness of distributional so-
lutions of the fast diffusion equation (FDE) with a given source term. When the source
is sufficiently smooth, the uniqueness follows from standard results. Assuming that the
source term is a measure, the existence of different classes of solutions is known, but in
many cases, their uniqueness is an open problem. In our work, we focus on the supercrit-
ical FDE and prove the uniqueness of distributional solutions with a Dirac source term
that moves along a prescribed curve. Moreover, we extend a uniqueness results for the

subcritical FDE from standing to moving singularities.

1. INTRODUCTION

Let 0 <m < 1,n>3,and 0 < T < co. We study the uniqueness of distributional
solutions of the fast diffusion equation

(1) u = Au™ + f(x,t), in  D'(R"x (0,7)),

where f is a given source term. More specifically, we are interested in solutions of (1)
that satisfy u € L], (R™ x (0,7)) and the integral equality

loc

T
(2) /o /n (ucpt +u™Ap + fc,p) drdt =0

for all ¢ € C°(R™ x (0,7)). If, moreover, Vu™ € L, .(R™ x (0,T)) and u satisfies

loc

T
/ / (upy — Vu™ -V + fo)dudt =0
0 n

for all ¢ € C°(R™ x (0,7")) then we call it a weak solution of (1).
Some techniques to prove uniqueness of solutions of (1) can be found in the book [16]
by Vazquez. Focusing on weak solutions and assuming that v € L2 (R™ x (0,7)), u™ €

loc
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2
Llac

(0,T; H}(R™)), and f € L}, .(R™ x (0,T)), one can use a test function ¢ of the form
(1) = ftT (u’ln(a:, s) — ub(x, 8))ds fo<t<T,

0 ift>1T,
which was introduced by Oleinik [12].

The critical exponent m, := (n —2)/n plays an important role in the theory of the fast
diffusion equation. See, for example Vazquez [17]. In [11], Lukkari studies solutions of
the fast diffusion equation in the range m. < m < 1 with € instead of R", where € is a
bounded domain with a smooth boundary. Assuming that the forcing term f is a non-
negative Radon measure on R"*! such that f(Q2 x (0,T)) < oo, he proves the existence of
a specific class of weak solutions of (1) in cylinders of the form € x (0,7"). These solutions
satisfy u € LI((0,T); Wy?(Q)), where ¢ is any number such that 1 < ¢ < 1+ 1/(1+mn).
Since the upper bound on ¢ is always less than 2, Lukkari’s weak solutions lack the L2-
integrability conditions assumed by Vézquez in [16], hence, their uniqueness was left as
an open problem.

A standard uniqueness result for 0 < m < 1 by Herrero and Pierre can be found
in [8]. Here, the authors prove the uniqueness of distributional solutions of the signed fast
diffusion equation, i.e.

(3) uy = Aulu/™)  in D'(R™ x (0,00)),

assuming that u € C([0,00); L}, .(R™)) and the time derivative satisfies v, € L, (R™ x
(0,00)).

More recently, new results concerning uniqueness of subcritical fast diffusion have been
found. In [15], Takahashi and Yamamoto focused on the case whenn > 3 and 0 < m < m..
They showed the uniqueness of signed solutions of the initial value problem

(4) up = Aulu|™™), 2z eR"\{&) te(0,7),
(5) u(x,0) = uo(x), z € R"\ {&},

with 0 < T < oo and & € R". More precisely, the authors of [15] proved that for two
functions uy, us such that uy,us € C*((R™\ {&}) x (0,7)) N C((R™\ {&}) x [0,7))
that satisfy (4)-(5) pointwise and u(-,0) = uy(+,0) on R™\ {&o}, it holds that u; = us on
(R™\ {&0}) x (0,7). Hui demonstrated in [9] that if n > 3 and 0 < m < m,, under suitable
conditions on initial data, solutions that have a finite number of standing singularities
are also uniquely determined. By solutions with finitely many standing singularities, we
mean that these solutions satisfy equations (4)-(5) with R™ \ {&,&1,...,&} instead of
R™\ {&}. Here, i € N and &, &,...,& € R™.
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More generally, we can assume that § : [0,7) — R™ is a given curve and study the

problem
(6) w = Alulu"), z e R\ {E1)}, t€(0,T),
(7) u(z,0) = uo(z), z € R"\{(0)},

with a moving singularity £(¢) # £(0) for some ¢t € (0,7) and 0 < T < oo. In the

case m > m, and T = oo, positive asymptotically radially symmetric solutions of the

initial value problem (6)-(7) were studied in [4, 5, 6]. Along the given curve { with

suitable properties, these solutions keep a singularity at all times, i.e. u(z,t) — oo as

x — £(t) for each ¢ € [0,7"). Our main result concerns the uniqueness of these solutions

in the supercritical fast diffusion case. In order to formulate this result, we give a precise

description of solutions from [4, 6]. Let n > 3 and T' = co. Assume that either

(AO) m > m, and £(t) = & for some & € R",

or

(A1) m>m,:=(n—2)/(n—1)and £ € C'([0,00);R"), & is locally Holder continuous,
and there exist positive constants =, 3 such that [£/(t)] < Ze P! for t > 0.

Assume, moreover, that

(A2) ke CH([0,00)) satisfies k™1 < k(t) < k and |k'(t)| < &’ for t > 0 and some positive
constants x and &/,
(A3) wug(x) € C(R™\ {£(0)}) is positive and there exist A, ;1 and v satisfying

(8) max{(n—2)/m—-1,0} <A<pu<n—-2<v
such that ug(z)™ = k(t)™|z —£(0)| 7" 2+ O(|z — £(0)]™*) as x — £(0), and C 1|z —
£(0)] 7Y < wp(z)™ < Cle — &(0)|# for |z — £(0)] > 1 with some constant C' > 1.

Under these assumptions, [4] implies the existence of a function u > 0 satisfying the
following;:

i) uwe C*'({(zx,t) € R™ :a # (1), t € (0,00)}) NC({(x,t) € R™™ & #£ (1), t €
[0,00)}) and w satisfies (6)-(7) pointwise,
(i) u € C([0,00); Ly, (R)),

loc

(iii) for each t > 0, u has the asymptotic behavior
u(e, )" = k(t)"|e = £0) T+ Ol =€) as x = £(1),
(iv) for t > 0 and |z — £(t)| > 1, it holds that
C7le o — (O™ < ule, )" < Ce'la —&(t)| ™

with some constant C' > 1.

We note that [4] dealt with moving singularities, i.e. the existence was proved under
assumptions (Al), (A2), (A3). Later, in [6] it was remarked that the existence from [4]



4 M. FILA AND P. MACKOV A

is valid in the whole supercritical parameter range m > m, if the singularity is standing
(i.e. assuming (A0), (A2), (A3)).

Moreover, it was established in [6] that a function u from [4] satisfying (i)-(iii) is a
distributional solution of problem (1) with a weighted moving Dirac source term

up = Au™ + (n —2)[S"HE™ (1) dey(x)  in D'(R™ x (0,00)).
More precisely, u satisfies (2) for all ¢ € C§°(R™ x (0, 00)) with

fla,t) = (n = 2)|S" k™ (t)dg(r (@).

Here, d¢() gives unit mass to the point £(¢) € R™ for each ¢ > 0, and |S™!| denotes the
surface area of the (n—1)-dimensional unit sphere. A Dirac measure that moves with time
can be also found as a source in parabolic systems, and this phenomenon has been used
to model various biological scenarios, such as axon growth or angiogenesis, as discussed
in [2] and [1], respectively. We summarize our main result in the theorem below.

THEOREM 1.1. Let n > 3 and T = oo. Assume that either (A0) or (Al) holds.
Assume, moreover, that conditions (A2), and (A3) are satisfied, and that functions uy, us
satisfy (1)-(iii). Then the equality ui(-,0) = ua(-,0) on R™\ {£(0)} implies that u; = us
on {(x,t) € R"™ :x £ £(t), t € (0,00)}.

In this paper, we show that with a modification of the proof of Theorem 2.2 in [15],
the uniqueness result of Takahashi and Yamamoto can be extended from solutions with
standing singularities to solutions with moving singularities. More precisely, we will prove
the following.

THEOREM 1.2. Letn >3,0<m <m,., 0<T < oo, and& € C([0,T);R™). If functions
uy, up belong to the function space C*({(z,t) e R™ :x £ £(t), t € (0,T))NC({(x,t) €
R s w £ E(t),t € [0,T)}), they satisfy (6)-(7) pointwise, and ui(-,0) = ua(-,0) on
R™\ {£(0)}, then u; = ug on {(z,t) € R"™ 1z £ £(t), t € (0,T)}.

Moreover, given a particular condition on the initial function wug, an approach from [15]
leads to the following result.

COROLLARY 1.3. Letn > 3,0 <m < m,, 0 < T < oo, and § € C([0,T);R™).
Assume that function u satisfies (6)-(7) pointwise, u € C*1({(z,t) e R*™ 1z £ £(t), t €
0, 7)) NCH{(z,t) € R™™ =z #£ &), t € [0,T)}), and ug € Lj,.(R™). Then u €
L (R™ x (0,7T)).

loc

REMARK 1.4. Solutions with standing singularities that satisfy the assumptions of
both Theorem 1.2 and Corollary 1.3 have been shown to exist, such as a class of solutions
with so-called anisotropic singularities from [6]. However, the existence of solutions with
moving singularities when n > 3 and 0 < m < m, remains an open problem.
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REMARK 1.5. It is worth noting that by applying arguments from [6], Theorem 1.2,
and Corollary 1.3, it can be shown that the function v mentioned in Corollary 1.3 is a
distributional solution of equation (3), i.e.

T
/ / (upr + ulu|" ' Ap) dz dt =0
0 n
for all p € CP(R™ x (0,7)).

Uniqueness results for the porous medium equation can be found in [3, 13, 16]. For
the uniqueness of solutions of a semi-linear parabolic equation with singularity moving
along a prescribed curve, see [14], where similar conditions to (i)-(iv) were considered.
For non-uniqueness examples for a semilinear heat equation, see e.g. [7] and references
therein.

This paper is organized as follows. Section 2 contains the proof of Theorem 1.1. This
proof is based on ideas from [15], [6], and [8]. In Section 3, we present the proof of
Theorem 1.2. Finally, Section 4 consists of the proof of Corollary 1.3.

2. PROOF OF THEOREM 1.1

PRrROOF. This proof is based on ideas of Takahashi, Yamamoto, F., M., Yanagida, Her-
rero, and Pierre, see [15], [6], and [8].

Step 1. Set sign(f) = f/|f| for f # 0 and sign(f) = 0 for f = 0. We recall that
for a locally integrable function f such that Af € L} (D) in D C R", Kato proved the
distributional inequality

(9) sign(f)Af < Alf].

Let uy,us be two functions satisfying assumptions (i)-(iii) and u;(+,0) = ug(+,0) on R™\
{£(0)}. Then it holds that

Oplug — ug| = sign(ug — ug)0p(ug — ug) = sign(uy — ug) A(ul® — ud') < Aluf® — uy'|

for z € R"\{{(7)} and 7 € [0, 00). For ¢ > 0 we let . € C*°(R) be a non-negative cut-off
function such that

0 ifr<e,
(10) Ne = .
1 ifr > 2e,
and
(11) 0<n <1, [0|<coe™, [n] <coe™

for some ¢y > 0. Let ¢ € Cj°(R") be a nonnegative function and set . (z,7) 1= n.(|x —
E(T))e(x). For R > 0 and z € R", we let Bg(z) := {z € R"; |x — z| < R}. For simplicity,
by Bg := Bgr (£(7)) we will denote an open ball with radius R centered at £(7). We note
that ¢. = ¢ for z € R"\ By..
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Testing with ¢. and integrating the right-hand side by parts, we have

/Rn n587(<p|u1 — u2|) dx < /Rn lul* — u;”|A(<pn5) dx.

We now focus on the left-hand side of the equation above. Changing the variable to
y =1z —&(7), we obtain

/ 107 ((p\ul — UQD dx
R™\ B,

— /Rn\B o 1-(Jy))0: (p(y + E(T)|ua (y + (1), 7) — ua(y + E(7), 7)) dy

=0, ne(lyDe(y + () ur(y +&(7), 7) — ua(y + &(7), 7)| dy
R7\ B (0)
=0, ne(le = &) e(@)ur (2, 7) — ug(x, 7)| da.
R"\ B,
This gives us
(12) O [ welup —ug| de < |ul* — ul'| A, dx.
Rn Rn

Furthermore, from (12) we can derive a useful estimate that will be needed later. In
order to do so, we recall the reverse triangle inequality |a|a|™ " — b[b|™ 7| < 2|a — b|™
with exponent m < 1 and a,b € R. Together with the Holder inequality, we obtain

/ i — | A, dr < 2 / (lur — uslipe)™ | Agpel o™ de
n Rn

< QC[apg]l_m (/ Ye|uy — usgl d:z:) ,

where

(13) Clodi= [ 18Pl ™ ds

Equation (12) can be now written as f'(t) < 2C[p.]'™™ f™(t) with f(0) = 0, and so
(14 [ o =l < Cld 200 —mp

We fix t > 0. Since uy(+,0) = ua(-,0) on R™\ {£(0)}, integrating equation (12) with
respect to 7 from 0 to ¢ gives

t
/ ez, t)|ur(x,t) — ug(z, t)| de < / / luy (z, 7)™ — us(x, 7)™ |Ape(x, 7) dx dr.
R® 0 Jre

This can be written as

t
/ o(x)|uy(z,t) — ug(x, t)| dx §/ / |ul" — uy'|Ap dx dr
R"\BQS 0 "\BQS

t
+/ (I. +J.+ K.) dr + H.,
0
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where we use similar notation as in [6], i.e. we denote

H. = — /B . ll = EODe@un,t) = et d

I = / |ul* — ul'|n-Ap dx,

(15) BQS\BE

Je = 2/ |ul® — uy'|Vne - Vo dr,
BQE\BE

K. = / |ul" — ub'|pAn. d.
BQs\Bs
Step 2. We want to pass to the limit as ¢ — 0 and prove that
(16) H., I, J., K. —0.

As in [6], we choose ¢ sufficiently small so that the method of sub- and supersolutions
in [4] provides estimates of the form

u™(z,7) < K(T) (Jo = &P+ b(r)e — &(7)]7)

u™(x,7) > K"(7) (| = Em)P = b(n) |z = &(7)[7Y),

for all (z,7) € Ba. X [0,t]. Here, b(1) = bpeP™ for some constants B, by > 1, A < n — 2
by (8), and we recall that k is a given function satisfying (A2). In what follows, by ¢

(17)

we will denote a large enough but otherwise arbitrary constant independent of ¢, 7 and .
Inspecting the proof of Theorem 1.5 in [6], we see that for 7 € [0,¢] we have

2e
|| g/ (u{”%—ug@)ng\A@\dxgc/ rdr—0 as ¢e—0,
B25 Bs €

2e
]JJSZ/ (ui”Jrug”)]VnE-Vgo\dxgcal/ rdr—0 as ¢e—0.
BQE Bg 13
By (17) and || < coe™? for some ¢y > 0, we obtain

2e
| K| §/B . olul® — uy'||An.| dx < CBSU\% 4,05_2/ A dr -0 as e — 0.
2¢ £ 2e € 3

Finally, by (17), .| < 1, and m > m,., we have

|H.| < sup <p/ |ug — up|dz < sup go/ (uy + uy) dx
Bo:\Be B2 \B: Bae\Be Ba\B:

2e
2—n n
< c/ rm Pl < cem™Tme) 500 as e — 0.
13

Hence, for any nonnegative function ¢ € C§°(R") it holds that

t
(18) / eluy — up| dr < / |ul" — uy'|Ap dx dr.
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Step 3. The rest of the proof is the same as the latter part of the proof of Theorem 2.2
by Takahashi and Yamamoto in [15] and Theorem 2.3 by Herrero and Pierre in [8]. We
present it for completeness. Set

¢
w(zx,t) = / |ul" — ub'| dr.
0

Since u € C([0,00); L, .(R")) and ¢ € C°(R"), Fubini’s theorem gives

loc

/ olur — ug| dx < / w(z, t)Ap(z) dx.

Then, [, w(z,t)Ap(x)dez > 0 and so —Aw(z,t) < 0 in D'(R"). Hence, the following
mean value inequality for subharmonic functions holds

1
w(z,t) < —/ w(z,t)dr =: Lg,
|Bi|R™ [

where z € R™, |By] is the volume of a unit ball, and R > 0. Thus, u; = uy will be
proved once we show Lr — 0 as R — oo. For R > 1 we define ¢ € C3°(R™) such that
0<¢r <1, ¢ =0if |z — 2| > 2R, and ¢p = 1 if |z — 2| < R. Let ¢p = ¢ for
k > 2/(1 —m). We proceed by using the reverse triangle inequality, Hélder inequality,
and (14) with C[¢g], which was defined in (13). We obtain

2 t
LRS —/ / \ul—u2\mda:d7
|B1|R™ Jo JB(2)
2Rn(1—m) t m
g—n/ (/ |u1—u2]d$) dr

2R~ [ - "
< —/ ( Or|ur — us| dx) dr
|Bi| Jo \Jrn

1

(21— m) ==

~ 1
R™™C|pr|"tT=m.

Substituting  — z = R(y — z), it holds that

Clon] = / 186 e = i / I dy = Rl
BQR z B2 z

Since k > 2/(1 — m), we have

(19)  Cloil= | [klk =D Vel + ko™ Agy =7 do < o

R?’L
Thus,

2 1 - ﬁ 2m ~ 1
2 ’Bm|)) R Tm(C[¢p]"tT» — 0 as R — oc.
1

This shows that u; = wus, which completes the proof. U

Lr <
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3. PROOF OoF THEOREM 1.2

PRrROOF. Step 1. With a few modifications, the first step is almost the same as in the
proof of Theorem 1.1 in Section 2. First, we substitute |u]* — u)'| with |ug|u[™ 1 —
us|ug|™ Y. We will be also choosing a slightly different test function. Let 7., ¢ be as in
Section 2, i.e. let ¢ € C5°(R™) be a nonnegative function, and for ¢ > 0 let . € C*(R)
be a non-negative cut-off function such that (10) and (11) hold for some ¢y > 0. We
define 7. := ¥ and @ := p* where k > 1/(1 —m). Then we choose @.(x,t) := p.(x,t)* =
n-(Jz — £@#)])*o(z,t)F with k > 1/(1 — m). With these two changes, the first step is the
same as in Section 2 and we proceed directly to the second step.

Step 2. In order to pass to the limit as ¢ — 0, we need to show that |u; — ug| €
(R™ x (0,t)) for t > 0 fixed. This will be done in the same spirit as in the proof of
Theorem 2.2 in [15] by Takahashi and Yamamoto, who considered this problem with a

L}OC
standing singularity. We use estimate (13) and show that C[@.] < co. In what follows,
by ¢ we will denote a positive, large enough constant independent of £ but otherwise
arbitrary. By the definition of C[@.], . < 1, ¢ € Cg°(R"), k > 1/(1 —m), (19), and
change of variables y = x /¢, we have

Clp.) = / A PR s ™7 da
Rn

1 m

= |775A<,5 +2Vn. - Vo + @Af]5|m¢_1—m ﬁ;m dx
Rn

<CR + 282 | |V V| mmh Tant T d + ¢Cli)
(20) Rn

N 1 k=1 .
<Ol +¢ [ |Vn|Tmnp: T de + O[]
]Rn
I
= C[@] + ce™ V=) ||| Eay T T dy + "2 MOy
Rn

= C[p] + e HAmle 4 gn=2/A-m)

The condition m < m, is equivalent to n > 2/(1 — m). Letting ¢ — 0, we thus obtain
that (14) holds for all ¢ such that ¢ = @ with k > 2/(1 —m) and ¢ € C5°(R"). This
means that |u; — ug| € Li, (R" x (0,¢)) for t > 0 fixed. We further estimate

loc

. / s [ = a7 AG d < 2/ s — || AG| da
BQE\BS BQE Bg

m 1-m
< <2/ |y — us||AG|m dx) </ dz‘) < cgnmm),
B25\B6 BQE\BE
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Je = 2/ g [ug | = ug|us | VAL - V@ da
BQE\BE

m 1-m
< (4/ |U1 - UQHVSZ)l% dl‘) (/ |Vﬁ8|1lmd$) < Ca(n—ﬁ)(l_m)’
By \Be Bao\B.

K. = / | — ugluig " | AR de
B2s\Bs

m 1-m
< (2/ |U1 - U2|¢)% d{L’) </ |A’]7€|11mdx) < Cg(n—ﬁ)(l_m)’
By \Be Ba\B.

H. = —/ Ne(lz = E(@0))p(x)|ur(z, ) — ug(z, t)| do < ce™.
Ba:\Be

Letting ¢ — 0, we see that by m < m,, the asserion (16) holds. This completes the second
step.
Step 3. Finally, in the last step, we proceed as in the proof of Theorem 1.1.

4. PROOF OF COROLLARY 1.3

Proor. Corollary 1.3 follows from estimates at the end of the first step of proof of
Theorem 1.1 in Section 2. We can repeat these estimates with «™ instead of |u}* —ul'|, u
instead of |u; — us|, and @ instead of p., where @, is as in Section 3. Then we can write
equation (12) as f'(t) < 2C[g)' "™ f™(t) with f(0) = [, P<(,0)|u(z,0)| dz. Hence,
instead of (14), we now have

1

[ oo = ¢t (20 =i+ [ e 0tnolar)

1
1-m

<ctpd (20 -mye+ [

As was shown in (20), we can let ¢ — 0 and obtain

oluol dw)

n

1

/n @lu| dz < C[¢] (2(1 —m)t + / 3o dx) e

for all ¢ such that @ = ¢* with k > 2/(1 —m) and ¢ € C°(R"). The claim that
uw € L (R" x (0,T)) follows.

loc

g
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