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SOLVABILITY OF A NONLINEAR BOUNDARY
VALUE PROBLEM

S. PERES

ABSTRACT. We study the existence and multiplicity of positive solutions of a nonlin-
ear second order ordinary differential equation with symmetric nonlinear boundary
conditions where both of the nonlinearities are of power type.

1. INTRODUCTION

We deal with the existence and number of positive solutions of the following class
of boundary value problems:

v’ (x) = auP (), z € (—1,1),

) o' (£l) = +u?(+l)

where p,q € R a a,l > 0 are parameters.
Our principal reference is [5] where M. Chipot, M. Fila and P. Quittner studied
also the N-dimensional version of (1):
Au(z) = auP(z), €,
ou
371(»’5)
where © C RY is a bounded domain, n is the unit outer normal vector to 9%,

N € N. First of all, they were interested in global existence and boundedness or
blow-up of positive solutions of the corresponding parabolic problem

=ul(x), x € 0N

up = Au — au® in  x (0, 00),
(2) % =uf in 99 x (0, c0),
u(+,0) = uo in Q

where up : Q — [0,00) but they restricted their investigation to p,q > 1. The
same problem was independently studied in [12] for N = 1.
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The results from [5] have been generalised in many directions. In [14], the
behaviour of positive solutions of (2) was examined for all p,q > 1 while sign
changing solutions were considered in [6] for p,q > 1—in that case, u? and u?
are replaced by |u|P~!u and |u|?"1u, respectively. Positive solutions of the elliptic
problem with —Au + uP on the right-hand side of the equation were dealt with in
[13] for A € R, p,q > 1 and later in [10] for A € R, p,q > 0, (p,q) ¢ (0,1)%. In
[11] and [15], positive and sign changing solutions of the parabolic problem with
more general nonlinearities f(u), g(u) instead of auP, u? have been studied while
f(z,u), g(x,u) were considered in [2]. Further extensions of results from [5] can
be found in [1, 3, 4, 7, 8, 9]. Finally we mention [16], which was devoted to
elliptic problems with nonlinear boundary conditions.

In this paper, we focus only on (1) and we extend the results known for p,q > 1
to a larger set of parameters, namely to p > —1, ¢ > 0 and p = —1, ¢ = 0. The
main results are included in Theorems 2.6 (a nonexistence result), 4.1 (p = —1,
q=0),54(p>-1,¢=0),66(p>-1,0<qg<2H) 71 (p>-1,q="2")
and 8.9 (p > —1, ¢ > pTH) However, in case of p > —1, ¢ > % only symmetric
solutions are concerned and some small questions are left open (see the text above
Theorem 8.9). Our aim is to answer these questions in the future as well as to
examine the number of nonsymmetric solutions for p > —1, ¢ > p—gl and the
solvability of (1) for the values of p and ¢ not considered in this paper.

We use the method included in Section 3 (dealing with the case N = 1) of [5]:
After considering an appropriate initial value problem, we introduce a function
L or functions L; and Lo, the so-called time maps, the graphs of which directly
determine the number of solutions of (1), so we will need only the tools of real
analysis. On the other hand, it is not so easy to examine the properties of L, L,
and Lo because they are given by a formula that contains an improper integral,
with an upper limit, which is given only implicitly.

2. THE INITIAL VALUE PROBLEM AND THE TIME MAPS

If w is a positive solution of (1), then u/(—1) < 0 < (), therefore u has a
stationary point zg € (—I,1). So the function u(- + z¢) solves

(3) u(0) = m,
u'(0) =0

for some m > 0. In the following theorem we summarise the facts known about
the solvability of this problem. The proof for p,¢ > 1 can be found in [5], for other
p, q it is done analogously.

Theorem 2.1 (for p,q > 1 see [5, pp. 53-54]). Suppose m,a >0, p € R. Then
(3) has a unique mazimal solution. We will denote it by U, p o and its domain by
(—Ampar Mmp.a)- Function wpy, pq is even, strictly convez, unbounded from above



SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 71

and fulfils
&l (2)
m Um,p,a\T
() ol = gy (2225} (A )

where I, : [1,00) — [0,00) is given as

Yy
p+1 )
B [\/md‘/ if p# -1,
N voqv

Ip(y)
ifp=-—1
| v &
and
mT < 00 ifp>1,
(5) Anpa= VT ylgglo I,(y) { — ifp < 1.

Finally, for x € (=M p.a, Amp.a) we have:

I R R
)| =

¢2a(lnum7p7a(x) —Inm) if p=—1.

Definition 2.2. For given p,q € R, a,l > 0 denote the set of all positive
symmetric (i. e. even) and positive nonsymmetric solutions of (1) by S(I) =
S(;p,q,a) and N(1) = N(I; p, q,a), respectively.

Remark 2.3 ([5, pp. 53-54]). Assume p,q € R, a,l > 0. Obviously, S(I)
consists of all such functions um palj—1y that 0 < I < Ay, . and uy, , (1) =
ud, » o(1). On the other hand, if I; # lo are such numbers that 0 < I; < Ay p.a,
Uy, oo (li) = ud, o (1) for i = 1,2 and Iy +1p = 21, then U, p o (- — (1 —12)/2)|[—1y €

N(1).

Lemma 2.4 (for p,q > 1 see [5, pp. 54-55]). Let p,q € R, a > 0. Then the
following statements are equivalent for arbitrary m,l > 0:

(1) l < Am7p7a and ulm,p,a(l) = ugn,p,a(l)f

(ii) the equation

(6) |t p,a

x2q xp+1 merl

L 4 if p# —1,
2a +1 +1

(7) 0=F(m,z) :=Fpgalm,) = 224 g g
— —Inxz+1nm pr:_l
2a

with the unknown x > 0 has some solution R > m and

-2

Proof. In order to derive (ii) from (i), it suffices to use (6), denote upm, p o(l) =:
R > m and realise (4) for = [. The reversed implication is proved essentially in
the same way. O
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Function F(m,-) has obviously different behaviour for p > —1, p = —1 and
p < —1 as well as for ¢ > 0, ¢ = 0 and ¢ < 0. It also matters which of the
exponents 2q, p + 1 is greater. So we have to distinguish thirteen cases shown in
Figure 1.

a1
VI ¢="

VII

III

|

VIII I

IX

X XIII

XI XII

Figure 1. Cases I to XIII.

Lemma 2.5 (for p,q > 1 see [5, proofs of Lemma 3.1 and 3.2 with pp. 57-58]).
Let p,q € R, a,m > 0. Function F(m,-) has at most two zeros and both lie

in (m,00). We denote them Rpq4q(m) =: R(m) if there is only one zero and
Rip.q.a(m) = Ri(m) and Ra,p q.a(m) =: Ro(m) if there are two while Ri(m) <
Rg(m)

Let us also introduce

1

_1 1
2 —p—1\ P71 (a\T T ifpt—1, >0, ¢> 2R
2q q (V; VII)7
a \ 24
M = Mpg.a:= <eq) ifp=-1, ¢ >0 (VI),
1
1\ 77
(—p;a ) ifp<—1, ¢=0 (VIII).

The following holds for the number of zeros:

(i) Ifg< 0 org< p%l orp=—1,q=0 (cases I-III, IX-XIII), then F(m,

)
has exactly one zero for arbitrary m > 0. Moreover, forp > —1, 0 < g <
% (case III) we have
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(i) If p > -1, ¢ = p%l (case IV), then F(m,-) has one zero for ¢ < a and
none for q > a.

(i) If p < =1, ¢ = 0 (case VIII), then F(m,-) has one zero for m < M and

none for m > M.

(iv) If¢>0andq > p—;l (cases V-VII), then F(m,-) has two zeros for m < M,
one for m = M and none for m > M. Meanwhile,

)\ T=r=1
(9) Ry (m) < 6 < Rg(m)
—_———
=R(M)
Moreover,
e7em ifp=-1, ¢=0 (I),
_1
mp+1+p+1 pHL ifp>—-1, ¢q=0 (1)
R(m) = 2a orp<—1, =0, m <M (VIII),

i .
< a >2‘1m ifp>—1, q:pTT1<a (1v)
a—q orp<—1, ¢= 2= (X).

Proof. Investigating the behaviour of F(m, ), we obtain the facts collected in
Table 1. They are sufficient to determine the number of zeros of F(m,-) in cases
I-TV and VIII-XIIT as well as to verify (8).

In cases V-VII, F(m,-) has exactly one relative minimum, the value of which
can be easily calculated. So there exist two zeros if and only if this minimum is
negative, what happens just for m < M. Further, for m = M there is only one
zero and for m > M there is none. The validity of (9) is apparent.

Now let us prove that each zero of F(m,-) is greater than m. In cases I-IV
and VIII-XIII it is guaranteed by the simple fact that F(m,m) = m2?/2a > 0 for
p,q € R, a,m > 0. In cases V and VII for m < M, we need to consider

1
a\ =T
m<M< ()
q
too, similarly in case VI.

Finally, equation (7) is linear in Inz and xP*! in cases I and II, VIII, IV, X
respectively, so explicit solutions can be found. O

Let us notice that the set of parameters p,q > 1, which was investigated in
[5], forms only part of cases III-V and we will see that more complicated and
interesting things happen outside it.

Although there is no difference in the properties of F(m,-) summarised in Ta-
ble 1 between cases IX, X and XI, it is not clear whether or not different results
hold for (1) in these cases. For this reason we have not merged them into one case.

Now, as a simple consequence of Lemma 2.5, we formulate a nonexistence result
related to (1), and afterwards we introduce the notion of the time map.
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H lim F(m,x) monotonicity on (0,00) | lim F(m,z)
z—0 T— 00
ILp=-1,q=0 o)
T =TT decreases
J— me
II.p>—-1,¢g=0 sa+ T >0
increases on —00
41 0, (a/q)'/(2a=p=1],
Hl.p>-1,0<q< pT c(lecreases on ]
[(a/q)l/@qufl)’ )
mP+1
>0 -
pt+l decreases if ¢ < a, _Oillf q<a,
IV.p>-1,¢q= % is constant if ¢ = a, T’;il >0if ¢g=a,
increases if ¢ > a cifg>a
V.p>-1,¢> pTH decreases on
VLp=-1,¢>0 (0. (a/q)!/Ea=e=D],
increases on
VI. p<—-1,¢>0 [(tz/q)l/(Qq_p_l)7 o)
1 p+1
2a + n;+1
VIII.p< —-1,¢g=0 >0if m > M,
=0if m=M,
<0ifm< M
0o
IX.p<—1, 2l <g<o0
T decreases o1
Xp<—1,q:pT ";H-l <0
P+l
XI. p< *1, q < N
XILp=-1,¢<0
—00
XIIL.p > —1,g<0

Table 1. The properties of F(m, ).

Theorem 2.6. Letp € R, a > 0.

(i) If g < 0 or ¢ < 25 (cases I-IV and VIII-XIII), then N'(I) = @ for all
1>0.

(i) Ifp> -1, ¢= pzil > a (case IV), then S(I) =0 for all 1 > 0.
Definition 2.7. Let p,q € R, a > 0 and

L(m) i= Ly ga(m) = "\l@ Iy (Rp’q/;(m)>

for all such m that Ry, q(m) is defined. We introduce L1, 4,4(m) =: L1(m) and
Lo.pp q.a(m) =: Ly(m) analogously. We call functions L, Ly and Lo time maps.

Using Lemmata 2.4 and 2.5, we can reformulate the statement of Remark 2.3
in the following way:
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Lemma 2.8. For allp,q € R, a,l > 0:

S() = {umvpva’[—l,l] : L(m) =1 or Li(m) =1 or Ly(m) = l},
ifg>0

La(m)—Li(m) . _ p+1

Umpal| - E25E ’ : Ll(m)+L2(m)—2l} and q > B~
N() = { ( ) (=40 (V-VII),
1] otherwise.

Thus, to determine the number of positive symmetric solutions of (1) for given
p,q € R, a,l > 0, we need to calculate the limits of functions L, Li, Lo at the
endpoints of their domains, to find the intervals where the functions are monotone
and finally to estimate their possible relative extrema. For nonsymmetric solutions
we execute the same with Ly + Ls if ¢ > 0 a g > p%l (cases V-VII). Therefore,
we now derive formulae for the derivatives of the time map and other functions
we will need in the rest of this article.

Lemma 2.9 (for p,q > 1 see [5, proofs of Theorem 3.1 and Lemma 3.5]).
Assume p,q € R, a > 0. Let R be one of the functions R, Ry, Re and suppose that
its domain is an interval, denote it by I. Let L € {L, L1, L2} be the corresponding
time map. Then R, L € C°°(I) and the following formulae hold for m € I:

(10)  R'(m) = (R?:,l))p 1— g7z2;—p—1(m>’

R(m)\' 2 2 /
(11) <7(n)) —gam%?z (m)R’ (m),
R(m / 2¢g—p—1 bt RQ7p(m)
<Ip< m >) \/ﬁ mn 1-%732‘1*1’*1(771)’
(13) L' 275( m) + %R%m)ﬁ,l(m)’

(14)
- (<q - 1>5R2qufl<m> +q—p) RII () (R (m)°.

Proof. The C*°-smoothness of R and the formula for its derivative follows from
the implicit function theorem due to Lemma 2.5. If R € {Ry, Ry} (cases V-VII),
then (9) is used as well. The other formulae can be derived from (10) in such a
way as it is done in [5] for p > 1. O

Now we introduce some further functions, the relation of which to the time
maps will be seen from the subsequent lemma. They will be used in the proofs of
Lemmata 6.5 and 8.6.

Definition 2.10. Let p,¢g ¢ R, p# 1, a > 0 and
29—p—1  RJ5.(m)

p.q,a

(p—Da 1- %Rg?q@i (m)

K(m) =K, q4q(m) =
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for all such m that R, 4 q(m) is defined. We introduce K7i,p 4.4(m) =: K1(m) and
Ko.p g,a(m) =: Ka(m) analogously.

Lemma 2.11. Assumep,q € R, p#1,a > 0. Let R be one of functions R, Ry,
Ry and suppose that its domain is an interval, denote it by I. Let L € {L, Ly, Lo}
and K € {K, K1, Ks} be the corresponding functions. Then K € C*(I) and the
following holds for all m € 1:

L'(m)=0 < L(m)=K(m),

K1) = s (= IR ) 4 = p) RPH () (R/(m)"

Proof. Both of the assertions can be proved using Lemma 2.9. O

Remark 2.12. Let p,g € R, a > 0 and let R, £ and [ have the same meaning
as in Lemma 2.11. It follows from (10) that R has no stationary point. So it can
be seen from (13) that if p = 1 (the case not dealt with in Lemma 2.11), then
either £ =0 (for ¢ = 1) or £ has no stationary point (for ¢ # 1).

In the subsequent sections we will look for extrema of £, among other things.
So assume now only p # 1. If m € I is a stationary point of £, then £”(m) =0
(the case when it is more difficult to determine whether there is an extremum) if
and only if

p+1 pe
(15) ¢="5— or (¢-1gR* " (m)=(p—ga.
Let us notice that it is also anecessary and sufficient condition under that K'(m)=0

holds. Thus:

(i) Ifq:inlorp:q:(),thenlC’EO.

(ii) f ¢ =0, p#0,—1 or ¢ = 1, then K has no stationary point.
(iii) If ¢ # 0,1, p—;l, then (15) is equivalent to

2q—p—1 _ (p B Q)a
" ) (¢—1)g’
which can hold for at most one m € I due to the strict monotonicity of
R. Therefore, if (p,q) does not belong to cases V-VII, then £ = K has
at most one stationary point, which will be denoted by M = T 4.0 (see
Lemma 6.5). On the other hand, if ¢ > 0, % (cases V-VII), then Ry and
Ry have disjoint ranges (due to (9)), so at most one of K; and K» can
have a stationary point, which will be denoted by M = T, 4., as well (see
Definition 8.2 and Lemmata 8.3 (ii), 8.6, 8.7).

3. PROPERTIES OF FUNCTION I,

The first lemma introduces the first two terms of the asymptotic expansion of I, (y)
(see Theorem 2.1) for y — 1. In the next theorem we show explicit formulae of
I, for special values of p. However, the most important statement of this section
is Lemma 3.4, which gives the asymptotic expansion of I,(y) for y — oo, p > —1.
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It is essential for investigating the behaviour of the time maps in many cases but
was not needed in [5] for p,q > 1. Afterwards we also derive the corresponding
asymptotic expansion for p = —1.

We will use standard asymptotic notations: If f, g are functions defined in some
punctured neighbourhood of a point a € R U {+o00}, then

f(x) ~g(x),  — a means }13}1 o)~ 1,
f(z) =o(g(x)), © — a means 7%12((11 ;Ei)) =0,

f(@)=0(g9(z)), * > a means limsup

Lemma 3.1. For arbitrary p € R we have

_2ﬁ(1—7 —1)+o(y—1)), y— 1.

Proof. Suppose p # —1. Then

y—1
L= [ s
where
p+1 _ 1 1
(1+x)1)+1—1_\/5\/1+12317+0(x) f 4

(We used the Maclaurin polynomial of y — (1 +y)® fora =p+1 and o = —%)
So it suffices to integrate the obtained asymptotic expansion from 0 to y — 1.
The case p = —1 is analogous. U

\f—i—o(\f) z — 0.

fo(z) =

Definition 3.2. For all s > 0 set

Thus,
(oo}
e R R D!
1 2 _3
2

{pn-‘,-%}nzo = (Oa T2y 3y 4o )
The integral I, can be explicitly calculated for these values.

Theorem 3.3. Let n € NU{0}. Then
(16) Ipn+1/2 (y) = 2 V1 + ]‘ :fn (yﬁ - 1)) Yy Z ]‘

where

and

(7) L, (y) = V22 + DLy ), y>1
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fn(z):(( )”) <1n(\f—|—\/z— +14/1 %Z ;::i k), z>1.

1
(We set (-1)!:=1.)
Proof. Using the substitution
A VP12 — 1 =/ VA — 1 =1u
and denoting
vz " _
/ (u® +1)" du =: I,(z),
0

we obtain (16). The integral I,,(z) can be calculated by the binomial theorem.
By the substitutions

2
VPt — Y =

P v E [0, g), sinv =: u

~ 1-2 du
I = B ——————
n(2) /0 (1— u2)n+1

Integrating IAn(z) by parts, we can derive the recurrent relation

~ n—1/,~ 1 / 1

from which the formula in the theorem follows.

we obtain (17) with

We will also use the following special cases of (17) and (16):
L(y) = V2 (y + Vy? - 1),

(18) Io(y) =2y — 1,

Lajal) = 22 /T =T(/5 +2).

Lemma 3.4. For k e NU{0} and p € (—1,00) \ {px} put
P C V] 2 2k -1 1
PP T @kt Do) @R B k(p+1)

> bilp) eR

keNU{0}
PL#D

Then the following holds for y — oo:
(i) If p > 1, then

and for p > —1 set
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(ii) If pny1 < p < ppn for some n € NU {0}, then

Lr_g
e =S ) F O B ot
>0 >0

(iii) If p = pp for some n € NU {0}, then

\/er Z \—v—“+ (2n)!! ny+ By +o(l).
>0 >0
Furthermore, the function p — B, belongs to C* on each of intervals (pg, o),
(p1,p0), (P2,01), ... and decreases on each of them while

lim B, =00, lim B,=0
p—po+ p—00

and for all n € N we have:

lim B,=0c0, B =0 lim B, = -
n ) .
P— D1t P Pn41/2 PP — P

Proof. 1t consists of
1. expressing I,(y) as the sum of a series (see (19)),
2. proving the finiteness of B, and verifying statements (i), (ii), (iii)
3. and examining the properties of the function p — B,,.
1. Let p > —1 and y > 1. The substitution V := 2~/ @+1) gives:

I(y) 1! 1 .
= — €xr 2
vp+1l p+1Ji i VI—x

Using the Maclaurin series of the function = +— 1/4/1 — z, we get that

1 o
p(y) 1 kDN 11
- P dz.
p+1 p—|—1 1/yp+1 (];) (2]{3)” * r

Levi’s monotone convergence theorem allows us to exchange the order of
integration and summation, resulting in

1
1 dx.

\/ﬁ Z ke p(Y

where

bk(p)<1 — yl;f"“p“)) if p # pr,
arp(y) =4 (2% — 1)1 | "
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2. It is obvious that for all k € NU{0} and p > —1, ag, is increasing, positive

on (1,00) and

. (y) = be(p)  ifp > p,
yingoak,py ] o0 if p < pp.

Now let m € NU {0} and p > p,,. Stirling’s formula (n! ~ v/27n(n/e)™
for n — oo) implies that
1
b ~————  k ,
k(p) ﬁ(p i 1)/{33/2 - >
which guarantees the convergence of > p- by (p) (and also the finiteness of
B),). We are going to prove that

(o) (o)
Jim D arp) = bilp)
k=m k=m
because statement (i) follows from (19) and (21) with m = 0 while state-
ments (ii), (iii) from (19) and (21) with m =n + 1.
The inequality “<” in (21) is clear from (20) and the increase of ay p.
In order to prove the opposite inequality, let us choose any € > 0. We have

that
no oo
€
Z br(p) > Z br(p) — >
k=m k=m

for some ny > m. The positivity of aj , on (1,00) together with (20) yields
that there exists a number K > 1 such that

o] ) o
> ara) > Y aesy) > Y bilp) - 5
k=m k=m k=m

for all y > K. Joining the last two inequalities, we obtain (21).

. The decrease of p — B, on intervals (pg, 00), (p1,p0), (P2,p1), ... follows

immediately from the decrease of functions by on these intervals.

Let us now prove that (p — Bp,) € C°((—1,00) ~ U, _o{pn}). We will
use the C'°°-smoothness of functions bg. If we choose arbitrary m,n €
NU {0} and [a, 8] C (pn,0), then applying the Weierstral criterion, we
can verify that > 7o (by,)(™ converges uniformly on [a, 3], therefore we can
differentiate it term by term. So the sum of Y~ b, belongs to C*([e, 8]),
thus also to C°°((pp,00)), from which the C*°-smoothness of the function
p+— B, on (—1,00) \ U>—,{pn} follows.

The one-sided limits of p — B, in pg, p1, ... are found easily. They—
together with its continuity and decrease on (p,+1,pn)—guarantee the ex-
istence of a unique point p}, € (pn41,pn) such that B, = 0. Statement (ii)
gives the expansion

" 1 (k=)' . \ztn—k By .,
I P Wy ( - ) TPnt1/2 1
by W) = 2Vt ;;)Qn—%—i—l Qo W T arT oW
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for y — 0o. On the other hand, from (16), using the binomial theorem and
the Maclaurin polynomial of x +— /1 + x of degree n, we obtain that

I~ 1 (n ;
Ipn,+;<y>=\/z.z\ﬁn+1,/1—szﬂ(i)(z_l)
=0
S Tin—k 1
:ch,k22 +0 ﬁ

k=0

for z = y/( 1) — o0 and some constants Cnk, B =0,1,...n. Conse-
quently, pj, = ppy1/2-

Finally, in order to find lim,_. ., B,, we employ the uniform convergence
of 312 o bk on (a, 00) for @ > 1, and so we exchange the order of the limit
and the sum. (]

The following assertions will be needed only in the proofs of Lemmata 8.7 and
8.8.

Theorem 3.5. The mapping (y,p) — I,(y) is continuous on [1,00) x R. Fur-
thermore, p — Ip(y) is decreasing on R for any y > 1.

Proof. Let us express I,(y) as

L= [ " fvip)av

where

_p+l

Vr+l — 1

! if 1, V>1
— ifp=— .
vVinV ’
Function f is continuous in both variables and is decreasing in V', consequently it
is continuous (on (1,00) x R). Similarly, if we prove the continuity of p — I,(y)
for all y > 1 (for y = 1 it is evident), then using the continuity and increase of I,
for any p € R, we will have that (y,p) — I,(y) is continuous.

For this purpose, it will be important to know the behaviour of f(V,-). We can
derive that for any p # —1 and V' > 1:

0 1

2~ 50 = InVPtlgp__—_
p f2(V,p) ~ " T ven

ifp£—1,V>1,
f(V.p) =

—1>0,

which can be equivalently written as Inz < z—1 for z := 1/VPT € (0,1)U(1,0).
Thus, 1/2(V,-) is increasing on R, therefore f(V,-) is decreasing and the second
assertion of the lemma holds.

Now choose arbitrary y > 1, pg € R. Since f(-,pg) is an integrable majorant
of {f(-,p)}p>p, and f(V,-) is continuous, we have the continuity of p — I,(y) on
[po, 00). O
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Lemma 3.6. For everyy > 1, n € N:

n—1
B (2k — D! Yy Y

Proof. Set
- v av
L= [

1n’n+1/2 Vv

for all N € NU {0} and y > 1. Integrating by parts, we can derive the recurrent
relation

— Y 2n+1-
In(y) = ——5——e+ Int1(y).
W)= )
Using it n times, we obtain
e n—1
- 2k — 1 y
L) =To) + [ e =3 R
k=0
where
n—1
(2k — D! (2n — 1N (2n — 1N Y
e+ I, ~
/ VInV /;) 2k on ) 2ty
for y — oo, which can be proved using I’Hopital’s rule. O

Notice that although Lemma 3.6 gives an asymptotic expansion, the corre-

sponding series
> 2k — 1 y
> 7

k=0 Yy

diverges for all y > 1.
4. Case I (p=-1, ¢=0)
This case is the simplest one since from Lemma 2.5 it directly follows that

L(m) = \/7271 I, (ei), m > 0.

Thus, the time map, which determines the relation between m = u(0) and ! for
u € S(l), is linear. So substituting into Lemma 2.8, we obtain the following
theorem:

Theorem 4.1. Assumep=—1, ¢ =0, a > 0. Then for arbitrary | > 0:
V2a
S(l) = {um71’a|[—l,l] m = ml s
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5. CAse II (p > —1, ¢ =0)

In this section we answer the question of the solvability of (1) for
(22) p>-1,¢=0,a>0

finding lim,, ¢ L(m), lim,, o, L(m) and proving the monotonicity of L. However,
let us first summarise the properties of R that will be used in the subsequent
lemmata.

Lemma 5.1. Let (22) hold. Then R’ > 0 and
1
1\ 71
lim R(m) = <p+ ) :

m—0 2a

1 1
R(m) = m(l * 2ampt1 +O(mp+1>)’ m = 0.

Proof. It suffices to use the explicit formula for R(m) given by Lemma 2.5. O

Lemma 5.2. Assume (22). Then

00 ifp=1,
lim L(m) = 2 [p+1 oy
m—Q —_— =:L,04(0)=:L(0 ' -1,1
(%) = Lea@ = 20) e (1,1,
0 if p>0,
1
lim L(m)=<¢ = ifp=0,
m— oo a

00 if pe (—1,0).

Proof. For p > 1 and p = 1, lim,,,_,o L(m) is easily found using Lemma 5.1 and
(5). In the case of p € (—1,1), it is of type :

I R(m)
lim L(m) = lim o mp7)1
m—0 m—0 \/9am =

and we calculate it by ’Hopital’s rule, (12) and Lemma 5.1.
According to Lemmata 5.1 and 3.1:

L(m)w\/gmlgyy/Rinm)l, m — 0o
) 1

while
R(m
m o 2qmert T
Connecting these two expansions, we obtain that L(m) ~ m;p for m — oo and
the second assertion follows. |

Lemma 5.3. Let (22) hold. Then:
(i) If p > 0, then L' <O0.
(ii) If p=0, then L = %
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(iii)
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If -1 <p <0, then L' > 0.

Proof.

(i)

(if)
(iii)

Firstly, let us consider p > 0. Due to (13), the case p > 1 is clear. So let
0 < p < 1. If L has a stationary point mg > 0, then L”(mg) > 0 accord-
ing to (14) and Lemma 5.1, thus it is a point of strict relative minimum.
Therefore, either L has no stationary point or it has exactly one, which is
a point of global minimum. However, the second possibility contradicts the
fact that lim,, oo L(m) =0 (Lemma 5.2).

For p = 0, Lemma 2.5 gives the formula R(m) = m + 5, so L(m) = %

according to (18).
Finally, let us have p € (—1,0) and let us proceed as for p € (0,1). Now L

attains a strict relative maximum in each of its stationary points. On the
other hand, lim,, . L(m) = co so the only possibility is that L' > 0 on

(0, 00). O
lz\ IJ
L(0)
L L
N N
0 P 0 m
0<p<l1 p=>1
l/\ lJ\
L
L(0) L
1
=
L(0)
\ \
0 m 0 m
p=0 -1<p<0

Figure 2. The relation between m = u(0) and [ for v € S(I) in case I (p > -1, ¢ =0, a > 0)

according to Lemmata 2.8, 5.2 and 5.3. See also Theorem 5.4.

From the results of the last two lemmata (which are summarised in Figure 2),
applying Lemma 2.8, we obtain the main statement of this section:

Theorem 5.4. Assume (22) and !> 0. Then N'(I) = () and the following holds
for positive symmetric solutions of (1):

If p > 1, then |S(1)| = 1 and L is decreasing. (Recall that L(u(0)) =1 for any
ueS(1).)
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Ifp=0, then (1) has a solution only for | = 1, namely

1
S():{m;_)axg-i—m’(te[—l,l] : m>0}
a 2

If p<1andp#0, then
1 if 1 is between L(0) and n}gnoo L(m),
SOI= {0 otherwise
and L is strictly monotone. (See Lemma 5.2 about L(0) and lim,, o, L(m).)
The last question we will answer in this section is whether L. ¢ ,(0) is monotone.

Lemma 5.5. Suppose that (22) holds, let p be the unique solution of the equa-
tion p> —Tp—2 =0 in (=1,0) and set

g Pl (L1
a:= 5 e 6(262,8 .
Then:

(i) If a > a, then a%Lp,o,a(O) >0 forpe (—1,1).

(ii) Ifa =a, then a%Lp’O@(O) >0 forp € (—1,1)~{p} and %LP’O,G(O)@:@ =0.
(i) If 0 < a < @, then p — L, 0,4(0) has two stationary points: p1 = pi(a) €
(—=1,p) and pa = pa(a) € (p,1) while a%Lp’oﬂ(O) >0 forp e (—1,p1) U
(p2,1) and %Lp,o,a(o) <0 forp € (p1,p2).
Furthermore, for all a > 0 we have

li£n1+ Lp0,.(0)=0, plir{l_ Lp.0,4(0) = o0.

Proof. The limits of L, ,(0) can be easily calculated. We also have that

0 p+1 (p+1)2
—Lpoa In— ——— —1=:9, .
ap o 0)>0 <= In 5 - Ya(p) <0
So we need to examine the properties of ¥,. It is not difficult to derive that
Y(p) >0 <= p*—Tp—2=w(p) >0.

Since w is decreasing on (—1, 1) and w(0) < 0 < lim,_,_; w(p), it has a unique zero
P € (—1,0). It means that 1, increases on (—1, p] and decreases on [p, 1). However,
limy,—, 14 ¥e(p) = limp_1— ¥a(p) = —o0, thus L. o4(0) has the properties from
parts (i), (ii) or (iii) if ¥4 (P) < 0, ¥4 (P) = 0 or ¥, (P) > 0, respectively.

Using that w(p) = 0, we obtain:

wa(ﬁ)zlnﬁ—i—l 2

+——-2=0 <<= a=u
Furthermore, a — 1,(p) is decreasing, so really ¥, (D) < 0 for a > @ and ¢,(p) > 0
1

2a 3—D
for a € (0,@). It remains to check that @ € (5 . However, it can be directly

2e2

proved that ¢, < 0 for a > %, s0a < % and 1,(0) > 0 and consequently 1, (p) > 0
foragﬁ,soﬁ>ﬁ. O
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Let us mention that p ~ —0.289 and using Cardano’s formula one can also
derive that v
3v3
7 arccos =2 — 21
p= 2\/7 cos —— T
3 3
6. Case III (p> —1, 0 < ¢ < 2H)

A part of case III was already examined in [5] (see Lemma 6.2). For the rest we
will need the asymptotic expansions of R(m) for m — 0 and m — oo (Lemma 6.1)
and also Lemma 3.4. We will deal only with

1

(23) p>—L0<q<g§1a>0

Lemma 6.1. Let (23) hold. Then R’ > 0 and

R(m) mp+l

=1- Pl 0
RO) ' - o e
Rlm) 0L g1 4D oaegpo) o(m?@-p=D) M — 00
m 2a 8a? ’

where

RO) = Fygal0) = Jim, RO = (24) 77

Proof. Tt is clear from (10) and Lemma 2.5 (i) that R’ > 0, so R has a positive
and finite limit (denoted by R(0)) at 0, the value of which can be obtained from
the equality

RPTY0) (5 2a
— 1 _ -\ q—p—1 —
0= Jllglo]:(m, R(m)) = 5 <R (0) oS 1>.
Now we will look for such ¢,d > 0 that
R
R((%l))—lwcmd, m — 0.
So let us calculate the following limit using ’Hépital’s rule and (10):
R(m) 1
. R(0) p+1 . T1-d
1 = — 1 p .
me0 md (2¢ —p — 1)dRP*1(0) meo

It should be positive and finite, determining the value of ¢. Therefore, we have
d=p+ 1 and c is also given as in the lemma.

The decrease of m — R(m)/m > 1 (see (11)) guarantees the existence of its
positive and finite limit at co. So we can use 'Hopital’s rule and (10) to derive

that Rim) »
m m 1
A= lim —~2 = 1i — ] = —.
moee  m m§&<3mn) Ap
Consequently, A = 1. The asymptotic expansion of R(m)/m for m — oo can be

also found by the method of undetermined coefficients, which we used for m — 0.
However, let us show an iterative method borrowed from [5, proof of Lemma 3.3):



SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 87

Multiplying the equality F(m, R(m)) = 0 (see (7)) by (p+1)/mP*! and expressing
R(m)/m from it, we obtain:

” (1 m(<m>))

m m

The expression (R(m)/m)?? on the right-hand side can be replaced by 1+ o(1), so

_1
M =1+ Em%*p*l Jro(m?qufl) o =14+ im2qu71 +o(m2q7p71)
m 2a 2a

(We used the Maclaurin polynomial of z — (1 + z)*/(®+1 ) Now let us insert the
asymptotic expansion we have just obtained in the right-hand side of (24) again.

It yields
_1
R(m) —(1+ P+ 1m2q—p—1 i (p+ 1)qm2(2q—p—1) i O(m2(2q—p—1)) e

m 2a 2a?

)

which can be rewritten in the form from the lemma.
Let us remark that we could use this iterative method in the case of m — 0 as
well. We only would replace (24) by

mpt1 2q71p71

R(m) = R(0) (1 - RPH(”?)) )
which can be derived from the equality F(m,R(m)) = 0 multiplying it by
(p+1)/RP*(m). O
Lemma 6.2 (for p,q > 1 see [5, Theorem 3.1]). If (23) holds and p > 1, then

limOL(m) = 00, L' <0 on (0,00), lim L(m) = 0.

Proof. The proof from [5] for p,q > 1 is also valid for p > 1 and the case p =1
is similar. O

In the next two lemmata we find the limits of L—denoted by L(0) and L(co)—
for p < 1. For the proof of Lemma 6.5 it is also necessary to know the sign of
L — L(0) and L — L(o0) near 0 and oo, respectively, for certain values of p, q.

Lemma 6.3. Assume (23) and p < 1. Then

g—1
. 2 (p+1\zr?
i 2m) = 2 (BT <100 = 200)

and furthermore, L > L(0) in some neighbourhood of 0 for —% <p <0 and

L < L(0) in some neighbourhood of 0 for 0 < p < 1.

Proof. The lim,, o L(m) is found the in same way as in Lemma 5.2. So choose
any p € (—%7 1) and let us calculate the second term of the asymptotic expansion of
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L(m) for m — 0, which will allow us to determine whether L < L(0) or L > L(0)
near 0. Lemma 6.1 yields:

R(m) = RO)(1+ 0(m*1)) = 7(O)(1+ o(m5*)).
Joining it with the expansion of I,(y) from Lemma 3.4, we obtain:

p+1

2a

As we know, B, > 0 for p € (—%, 0) and B, < 0 for p € (0,1), guaranteeing the
validity of the statement of the lemma for these values of p.
It remains to examine p = 0. In that case we can use (18). So

L(m) = L(0) + BpmliTp + 0(m177p).

L(m)=L(0)\/1+ 20 (90) =5 m + o(m) = L(0) + —2% (24) =% m + o(m)

1—2¢q 1—2¢q
T
due to Lemma 6.1. O
Lemma 6.4. If (23) holds and p < 1, then
0 ifq<p,
lim L(m) =4 * if ¢ = p,
e 00 ifg>p

and furthermore, L > % in some neighbourhood of co for q = p.

Proof. The proof of the first statement does not differ from that of Lemma 5.2.
So let ¢ = p and join the expansions of Lemmata 3.1 and 6.1 for m — oco:

L(m) = Cll\/l + i—ZmP—l + o(mr—1) (1 Pty o(mp_l))

24a
1 p -1 -1
= g + @mp + O(mp )
Since p € (0,1) and hence 325 > 0, L > 1 near oo indeed. O

Lemma 6.5. Suppose that (23) holds and for q > |p| set
1 1
_ (erq)(?qp1))?““((%((11)))2““7‘1
m:=Tm = .
e ( 2¢(q —1) q(1—q)
(i) Ifp<1, ¢ <p, then L' <0 on (0,00).

(ii) If p> 0, ¢ > p, then L has a stationary point mo.p.q.o =: Mo € (0, ] while
L' <0 on (0,mg), L' >0 on (mg, c0).

(iii) Ifp <0, ¢ > —p, then L' > 0 on (0,00) \ {m}.
(iv) If ¢ < —p, then L' > 0 on (0,00).
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Proof. 1t is similar to the proof of Lemma 5.3. So suppose that mg > 0 is a
stationary point of L. From (14) it is clear that L”(mg) has the same sign as

q —p—
(L= ) 2R*77 (mo) +p — 4 = Lpgalmo) = o(imo).

Therefore, if ¢ < p, then L has at most one stationary point and if it has some,
then it attains a strict relative minimum there. However, L cannot increase near
oo (see Lemma 6.4), thus statement (i) holds.

In the rest of the proof we will deal with ¢ > p. We have

|

L"(mg) >0 < R(myg) < <ZE;I:§;> o = Rpga =

and
R>R(0) < 2q—-p—1)(p+q <0 <= ¢> —p.

Since (R(0), 00) is the range of R, each stationary point of L is a point of strict
relative maximum for ¢ < —p and statement (iv) follows due to Lemma 6.4.

We will suppose ¢ > —p from now on (together with ¢ > p), thus —% <p<Ll
Consequently,

1
D+ 1—2q7p71 pti —m
2a -

L"(mg) >0 <= my < R *R) = R(l -“—R

So Lemma 6.4 guarantees that L does not attain any relative extremum in (77, 00).
Furthermore, if p < 0, then no point of relative extremum lies in (0,77) as well
(see Lemma 6.3), as it is stated in (iii). On the other hand, if p > 0, then a
similar consideration shows that L has exactly one relative extremum, which is a
global minimum attained at some point my € (0,71] and in case of mg < ™, ™
may be a stationary point of L as well. In order to complete the verification of
statement (ii), let us show that L cannot have two stationary points for 0 < p < 1,
g > p: From Lemma 2.11 we see that K'(m) has the opposite sign to o(m) for
any m > 0. Consequently K decreases on (0,71]. However, if L had a relative
minimum at some point mq € (0,7) and T were another stationary point of L, we
would have K (mg) = L(mg) < L(m) = K(m) (see Lemma 2.11), a contradiction
to K(mg) > K(m). O

The properties of L ascertained in this section are summarised in Figure 3, which
shows all the possible graphs of L with the corresponding sets of parameters in the
(p, ¢)-plane, distinguished by colours. (Note that although we have not ruled out
in Lemma 6.5 the possibility that m is a stationary point of L for p <0, ¢ > —p,
it has no influence on the number of solutions of (1).) Using Lemma 2.8 , we can
state the main result of this section. Recall that L(u(0)) = for any u € S(I) and
see also Lemmata 6.2, 6.3, 6.4 and 6.5 concerning L(0), lim,, .o, L(m) and my.

Theorem 6.6. Assume (23) and !> 0. Then N'(I) = 0 and the following holds
for the positive symmetric solutions of (1):
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If p >0 and q > p, then
2 afl e (L(mo), L(0)),
={1 ifle{L(mo)}UI[L(0),00),

0 otherwise

1S(0)

and L decreases on (0, mg] and increases on [mg, ), see Figure 3.
In all the other cases,

1 if 1 is between L(0) and lim L(m),
ISl =

m—0o0

0 otherwise

and L is strictly monotone, see Figure 3.
7. Case IV (p > —1, ¢ = &£

In this case we have from Lemma 2.5 that the time map is defined only for ¢ < a

and is given by
1 % .
L(m) = \/%Ip<(aaq) >m12, m > 0.
—_——

=iTq,a

Thus, it is a bijection of (0, 00) onto (0,00) for p # 1 and a constant function for
p = 1. Namely, we can use (18) to derive that

L, Vatl 1l(ﬁ+v2 1 Vatl
=—In = n = n .
va  Va—-1  2ya Va—1 2va  a-1
Furthermore, solving (3) for p = 1, we obtain that wu,, 1,.(z) = mch(y/ax). So
according to Lemma 2.8, we can state the following:

Li1,a(m)

Theorem 7.1. Letp > —1, q= inl, a > 0. Then for arbitrary [ > 0:

{um,p,ah_l’l] om = <)l) ifp#1, ¢<a,

Ip(rg,a
S(l) = ifp=1, a>1,
{z— mch(vaz),z € [-1,]] : m>0} lf_p 1y, Vatl
~ e Va1
0 otherwise,
NI =0

8. CASEV (p>—1, ¢> ”#), SYMMETRIC SOLUTIONS

Recall that due to Lemma 2.5, we have the following time maps in case V: Ly <
Ly defined on (0, M) and L defined on {M}. In this section we describe their
behaviour for

1
(25) p>—1,q>]%,a>o.
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Lemma 8.1 (for p > 1 see [5, p. 57 and Lemma 3.3]). Assume (25). Then
R} > 0 while

2q—p—1
fim T i Ry(m) = ROM) = (“)
m—0 m m— M q

and Ry < 0 while

, 2q \ 7 ,
%go Ry(m) = (p - 1) =: Ra.p.q,a(0) =: R2(0), mlgnM Ro(m) = R(M).
Moreover,
R pHl 2
2(m) —1_ m SE— Q+p2( = m2@+1) 0(m2(p+1)>
R2(0) (2¢—p=1)Ry"(0)  2(2¢—p—1)2R; """ (0)
form — 0.

Proof. 1t is clear from Lemma 2.5 (iv) and (10) that R} > 0 and R < 0. The
limits of Ry(m), Ri(m)/m and Ry(m) can be calculated in the same way as in [5]
for p > 1 and the derivation of the asymptotic expansion of Ry (m) for m — 0 does
not differ from that of R(m) for m — 0 and m — oo in the proof of Lemma 6.1. [

Definition 8.2. For p, ¢, a satisfying (25) and ¢ < |p| set
1 1
+@)(20—p—1)\ 7T (a(p—q)\ T T
T = T g o = <(p 9)(2q—p )> < (p q)) '
2q(¢ —1) q(q—1)

Lemma 8.3 (for p > 1 see [5, Lemmata 3.1, 3.4, 3.3, 3.2 and 3.5]). If (25)
holds, then

lim Li(m)=L(M), lin}w Li(m) = oo,

m— M
0 if ¢ > p,
lim Li(m) =14 % if ¢ = p,
m—0 )
o ifg<p

and the following holds concerning the monotonicity of Ly :
(i) If ¢ > p, then L} > 0.
(i) If g < p, then there exists such a point mo.yp q.a =: Mo € [, M) that
Ly <0 on (0,mg), Ly >0 on(mo,M).
Proof. Tt does not differ from the proof that can be found in [5] for p,¢ > 1. O
Lemma 8.4 (for p > 1 see [5, Lemmata 3.1, 3.4 and 3.3]). If (25) holds, then
li L = L(M i L/ —
Jim Ly(m) = L(M),  lim Ly(m) = —oc.
lim Ly(m) = 2 <p+1

1—-p\ 2a

) =t Lo ga(0) = Ls(0)  ifpe (~1,1).
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Proof. The limits at M can be calculated in the same way as it was done in [5]
for p,q > 1 while the proof of the second part of the lemma is essentially the same
as that of Lemma 5.2. O

Lemma 8.5. Suppose that (25) holds. Then

i) if0o<p<lorg< -—-porp> —%, q = —p, then Ly < Ly(0) in some
neighbourhood of 0

(i) and if p < 0, ¢ > —p or p < —3%, ¢ = —p, then Ly > Lo(0) in some
neighbourhood of 0.

(We recommend the reader to draw a picture about these two sets in the (p,q)-
plane.)

Proof. We use the asymptotic expansions of I,(y) and Ry (m) from Lemmata 3.4
and 8.1, respectively and our goal is to find the second term of the asymptotic
expansion of La(m) for m — 0 and to determine its sign. However, as we will see,
it has eight different forms depending on the value of p and gq.

All the asymptotic expansions in this proof will concern y — co and m — 0.

1. For = < p < 1 the expansion of Ly(m) looks like that of L(m) and is

derived in the same way as in the proof of Lemma 6.3.

2. If p = —1, then writing B,+0(1) as O(1) and Ry(m) as Rz(0)(1+0(m*?)),
we obtain:

1 /3 1 R
Lo(m) = 2\/;R§/3(m) + ﬁmWB In # +0(m??)

1 1
= Ly(0) + ——m?3In — 4+ O(m?/?).
3. Now let —1 <p < —%. In general, we have the expansion

I,(y) 2 1 1 s
= — 2 — 2 +
Jorl 1-pY 3p+17 o ()

for some function p,, which is given by different formulae depending on p
and will be specified later. It can be derived from Lemma 8.1 that

1—p 1—p 1_p
R,® (m)=R,* (0){1— mP !
2 W= ()< 2(2¢ —p — 1)R5*(0)

__(A=p)Uag43p 1) e o(m2®+1)
8(2¢ —p — 1)2R7*)(0)

and

81 3p+1

2(2¢ — p— 1)RET(0)

mp+1 + O(mp*‘rl))’
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which yield:

La(m) = Ly(0) + CpgamPt 4+ D, 4 am>®H)

(26) 4Pl e P(RQ(m)> + o(m?*" )
2a m
where
ot >0 if g > —p,
P+yq = it ¢ =
Craga = (Bp+1)(2¢—p— 1)R§;J;?q7a(0) < 8 i Z < _z:
D e 8qg+p—1 )
42 —p — 1)2jo;72521(0)

Using that 0,(y) = o(y~®PTY/2) and Re(m) = O(1), we can rewrite (26)
in the form

Lo(m) = L2(0) + C’p,q,amerl + 0(mp+1),

thus further calculation are needed for ¢ = —p.

(a) Let us consider —q = p € (=2, —1). Since 0,(y) = B, + o(1) and

O(m2(p+1)) - O(m(lfp)/2)’ we have

p+1

La(m) = L2(0) + 2

BpmliTp + O(mliTp>

from (26). According to Lemma 3.4, B, < 0 for p € (—%,—%) and
B, >0 for p € (—2,—1). In the case p = —3 the expansion from
Lemma 3.4 does not suffice for us but we can use (18) together with

V/ Ra(m) = 4a — /m — m + o(m)

4qa
to derive that

Lg(m):m\/1—m— m +o(m)(1+‘/a— - +o(m)>

3 2a 16a2 4a 16a2
= L(0) — % +o(m).

(b) If —qg =p = —2, then inserting 0,(y) = 2Iny + O(1) and Ry(m) =
) in (26), we obtain that

—

3
8v/5a

(¢c) Finally, for —q =p € (—1,—2) we have

Lo (m) = Lo (0) +

m4/51nl + O(m4/5).
m

W) = ey oy )
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which together with Ry(m) = R2(0) + o(1) and (26) yields

2p(p +1) 2(p+1 2(p+1
Lo(m) = Lo(0) + m2@tD) 4 o(m2Et),
2(m) 2(0) (5p+3)(3p+ 1)2R} 1(0) ( )

>0

O

The next three lemmata deal with the monotonicity and the stationary points
of LQ.

Lemma 8.6. Assume (25). The following holds:
(i) Ifp>0o0rp>—3, q=—p, then
Ly <0 on (0,M).

(ii) Ifp<0,9>—porp< —%; q = —p, then Lo has a unique stationary point
Mo;p,q,0 = Mo € (0, M) while

Ly >0 on (0,mg), L5<0 on (mg, M).
(i) If ¢ < —p, then one of the following holds:
A: Ly <0 on (0, M),
B: Ly <0 on (0,m), Ly(m) =0 and Ly <0 on (M, M),

C: Ly <0 on (0,mq), Ly > 0 on (my,me) and Ly < 0 on (me, M) for
some M1 = Ma,p.q.a € (0,M), My = Mapga € [, M).

Proof. The case p > 1 is trivial, so let p < 1 and suppose that mo € (0, M) is
a stationary point of Ls. Recall that L, < 0 near M due to Lemma 8.4.

Firstly, let us consider ¢ > 1. Then Lj(mg) < 0, so there are only two possi-
bilities: Either L) < 0 on (0, M) or Lo has a unique stationary point, which is a
point of strict relative maximum. Lemma 8.5 guarantees that the first one holds
for p > 0 and the second one for p < 0.

Now let ¢ < 1. Consequently:

1
” a(g —p)\ ¥ e) )

(27) L5(mg) <0 <= Ra(myg) < (q(l—q)) =: Ro,p g0 =t Ro.
Recall that (R(M), R2(0)) is the range of Ry. The inequality Ry > R(M) holds
always while Ry < R2(0) only for ¢ < —p. (In the latter case, we have Ry(m) =
Rs.) So if ¢ > —p, then each stationary point of Lo is a point of strict relative
maximum and by means of Lemma 8.5 we have again that L, < 0 for p > 0 and
for —g=p € [—%, —%) and Lo has a unique stationary point for p < 0, ¢ > —p
and for p < f%, q= —D.

From now on we will consider only ¢ < —p (thus, —1 < p < —% and ¢ < 1). So
we have

LY(mg) <0 <= mo > Ry (Ry) =m.

It means that Lo has at most one stationary point (a point of strict relative mini-
mum) in (0,77), at most one (a point of strict relative maximum) in (7, M) and m
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may be a stationary point as well. Suppose that m and some mo > T are both sta-
tionary points of Lo, thus L increases on [, ms]. Since Ks decreases on [, M),
we have Ly(m) = Ka(m) > Ka(mg) = La(ma) (see Lemma 2.11), a contradiction.
Therefore, Lo has at most one stationary point in [, M). Furthermore, due to
Lemma 8.5 only A, B or C can hold. O

Lemma 8.7. Assume (25) and ¢ < —p. There exists a continuous function ¢* :
1

(=1,—3) — R such that 22 < ¢*(p) < —p forp € (=1,-3), lim, . _1/2¢*(p) = %
and the following holds:
(i) Ifp>—5,a<-porp<—3,q<q(p), then
Ly <0 on (0,M).
(i) Ifp < —% and g = q*(p), then T is a stationary point of Lo while
Ly <0 on (0,m), L5<0 on(mM).

(iii) Ifp < —3% and ¢*(p) < ¢ < —p, then Ly has two stationary points mip. . =:
M1, Map g0 =: M2 while my <M < mg and

Ly <0 on (0,m1), L5>0on(mi,msz), Lj<O0 on(ma, M).
For all p € (—1, —%), q = q*(p) is the only solution of the equation

1 [2(g—p)(1—q)

1-p p 97 (p,q) = f(p,g) =0

I,(9(p,q)) —

=:G(p,q)

in (B3, —p) where

9(p,q) = <( 29(q —1) )),;1.

2¢—p—1)(p+q

Proof. From Lemma 8.6 we already know that only A, B or C can hold for
g < —p. Let us notice the crucial role of the sign of L5(7): If it is +, then C
holds, if 0, then B or C occurs and if —, then A holds. So we derive the following
condition:

(1-q)R, * i
a(l—p)

(see (27) for the definition of Ry) and in the sequel we

Ly 0.a(Mpga) >0 <= Lo(m) —

1. find limg_, (p41)/2 f(P, )
2. and lim, ., f(p,q)
3. and investigate the monotonicity of f(p,-).

Afterwards we will be able to describe the sets where f (or equivalently L} (m)) is
positive, zero and negative, resp.
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1. Since limg_, (p41)/2 9(p, q) = o0, using the first term of the asymptotic ex-

pansion of I,(y) for y — oo (see Lemma 3.4), we obtain:

i @@ 3p+1
o~z g3 (pg)  (L=p)VPFI

<0,

thus
lim f(pa ) — Q.

1
qp+

2. We are going to find lim,—,_, f(p, ¢), so we denote —g—p =: r for the sake of
simplicity. All the asymptotic expansions in this step will concern r — 0+
or y — 00. We will see that the first two terms of the asymptotic expansions
of I,(9(p,q)) and G(p,q) are identical, therefore we need to calculate the
first three. We have:

3p+1 1 9
2\/p+ Lt 5" + 2™ 12
G(p,q) = p(p+1)+ ) g5 (p, q)

r2+0(r%) g 7 (p,q)

QW\/ 1

+
2p p+1 2p2(p+1)

2\/F< p—1 p>—10p—7 , 3> -
B L+ +0 220 0).
1= 4p(p+ D 32p2(p+1)2 (") )g = (p.a)

It will be useful to write the asymptotic expansion of I,(y) in the form

Ly _ 2 p-1 1\ i
= 1 2
T 1-p\ T agpry )Y +op(y)
where function g, will be specified later. Joining the last formula with
2
1 _ 3p+1 , L+ 3757
+1 B 2p+1
g pg)  2p(p+1) 14 s+ ool
1 4 1
- 3p+r<1 W3l i 0(72))7
2p(p+1) plp+1)Bp+1)
we obtain that
2¢/p+1 p—1 1—p)(4p*+3p+1
Ip(g(pvQ)) = (1+ r ( 2 )( 2 )7”2+O(7”3)
1-p dp(p+1)  4p*(p+1)%(3p+1)
q) +v/p+1oy(9(p.q))
consequently

(VP + 129 +21p* +15p— 1) , ip
fteg) = ( 16p2(p+ 1)?Bp+ D(p— 1) +O(T3)>g #:9)

+vp+1op(9(p,q))
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(a) Let —2 < p < —3, thus g,(y) = B, + o(1). Since

1-p _p-1 1
gz (p,q):O<T2(P+1)>:O ﬁ ,

we have
f(p,a) = /p+1By+o(l).
So limy—,—, f(p, q) is negative for p € (f%, f%), zero for p = f% and

positive for p € (=2, —1) due to Lemma 3.4.

)

(b) If p = f%, then inserting o,(y) = %lny + O(1) and ngp(p, q) =
O(%) in (29), we obtain that

f(p,q) = ﬂ1n% +0(1) — .

53

(c) For p € (—=1,—2) we have

_ 3 1 1 1p
@p(y) - - 4(5p+3) y2(p+1) +o y2(p+1) Y 5

hence (29) yields

_ Ap+ 1) e
10:0= (s Bt gy o)) 0 — o

(See (28).)

So we have derived that

<0 if —i<p<—3,
Jm fpg){ =0 ifp=—3,
>0 if —l<p<-—3.

3. The increase of f(p,-) can be proved using

0 (. 0) = ( p+l \/(2qp1)(pQ)(p+Q)>5g(p7 2

dq gPt(p,q)—1 2q

N *—p 1

(1-p)av/2¢(¢—p)(1—q) /9**1(p, q)

_ 1 [(2¢—p—1)(ptq) ( ¢’—p
q(

9(p,q)

)g(p, q) + (p+q)%g(p, Q)>

2q p—q 1—q)(1-p

and
@(p q) =— ¢ —2patp 9(p,q)
g q1-q¢)2¢—p—-1)(p+q)~ """
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which yield

O () gy = P *4 P+a)p—4q)
dg -1\ 2¢-p-1

From 1., 2. and 3. we can see that if p € [-3,-1), ¢ € (%,f ), then
f(p,q) < 0,1 e. L, < 0. Moreover, f(p,-) has a unique zero—denote it by
q*(p)—for all p € (—=1,—3) and

o if ZH1 < g < ¢*(p), then Lj(m) < 0, so A holds,
e if ¢*(p) < ¢ < —p, then L5(m) > 0, so C holds with my > m

e and if ¢ = ¢*(p), then Lj () = 0, so either B holds or C with my = 7. Nev-
ertheless, we prove that only B can hold for ¢ = ¢*(p): So suppose that C
holds for some p = py € (—1,—3) and ¢ = ¢*(po), thus L, posq* (po),a (1) >0
for some m € (0, M). From the definition of Ry and the implicit func-
tion theorem it follows that Ra.p,...(m) is continuous, which together with
(13), (10) and Theorem 3.5 guarantees the continuity of L5, ,(m). Hence,

! o(m) >0 if € > 0 is small enough, giving a contradiction.

g(p,q) > 0.

2;p0,q* (po)—¢
At this moment, assertions (i)—(iii) have been proved. Since f is continuous
due to Theorem 3.5, from the implicit function theorem we have the continu-

ity of ¢* as Well. So there only remains to find its limit at f%. Recall that

limg 12 f(—3, q) 0 and choose arbitrary e € (0, 3). From the increase of f(—%,-)
we have ]"(—57 5= E) < 0, therefore f(p,% —e)<O0forallpe (—% -0, — %) and
some suitable § € (0,3) and the increase of f(p,-) yields that 3+ —e < ¢*(p) < —p
forpe(—5—6,-3). So we conclude that lim,_, 1/ ¢*(p) = 3. O

Lemma 8.8. There exists

lim ¢"(p) =: ¢"(~1) € (0,1).

p——1

Proof. An easy calculation yields that

g+1

limlg(p, q) = e -0 =:1(q)
p——

and

i f(0.0) = 1 (00) — | 25 L 0l0) = olo)

for all ¢ € (0,1). In the sequel we examine the behaviour of ¢.
Since limg—0%(q) = 00 and I_;1(y) = o(y) for y — oo (see Lemma 3.6),

(1 + 0(1))w(q) — —00, q—0.

1
©(q) = ~ %
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Set r := 1 — g and consider » — 0+4. Using Lemma 3.6 with n = 4 and the
formulae

L (it 5 B o
1n¢(q)_\/7:(1 1 % s tOU )>’
1 roor? 3
1n¢<q)—7“<1—2—4+0(7“ )>’
1
W o)
1
=0,
we obtain that
r 7 89
I _ 147 L2, 9 3 4 .
0l0) = V7 (145 + s SR 0(r) )ula
On the other hand,
1—¢* /2 -1/2 _ roT a2 5 4
% _\/?«(1—5) Q=)= (14 L4 g5r® + er® + 00 ).

hence
7"7/2 1,1
5 ert7(14+0(r)) — oo.

F7/2
v(q) = Tw(l —r)(14+0(r)) =
It is not hard to derive that

’ _q2+2q_1
and
oy L J1-4*) 29 ¢°+1
w(q)< n¢(q) 2 >w<q)+ & g ¥(q)

1—q [1—¢?
= 0-
o \/ % Y(q) >

So we conclude that ¢ has a unique zero gy € (0,1). Since ¢ increases and
lim, ,_1 f(p,q) = ¢(q), we have that for arbitrary ¢ € (0, min{qo,1 — qo}) there
exists such § > 0 that

Vpe (—1,-146): f(p,qo—¢) <0< f(p,qo+e),

hence
Vpe (—=1,-1+0): go—e<q"(p)<qo+e
and therefore lim,_,_1 ¢*(p) = qo. O
Numerical calculations indicate that ¢* is probably decreasing, concave, its

graph touches the graph of ¢ = —p in —%7 and ¢*(—1) ~ 0.730. We would like to
prove some of these observations analytically in the future.
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We append Figure 4 with all the possible graphs of L; and L, and the corre-
sponding sets of (p,q), based on the lemmata of this section. These results are
sufficient to determine the number of the symmetric solutions of (1) in case V
depending on p, g, a, | (see Lemma 2.8) except for —1 <p < —%, ¢*(p) < g < —p
because it is required to investigate, for which p, ¢ is L2(0) > La(me). In view
of Lemmata 8.6 (ii) and 8.7 (ii), it can be expected that this domain is divided
by a continuous curve into three sets where Ly(0) = Lao(mg) for (p,q) lying on
the curve, Ls(0) < Lo(ms) above it and Ly(0) > La(ms) under it. This hypothe-
sis is also consistent with numerical calculations and will be an object of further
research.

So let us state the main result of this section.

Theorem 8.9. Suppose (25).
(a) If ¢ < p, then
{Is@)| : 1>0}={0,1,2}.
(b) If g = p, then
{IS(] : 1>0} ={0,1}.
(¢) Ifp>1 and q > p, then
S| =1 forl>D0.
(d) fO<p<lorp>—3,q<—porp<—3,q<q(p), then
{Ism] : 1>0} ={0,1}.
(e) Ifp<0,g>—p 07"p<—%, q = —p, then
{Is] : >0} ={0,1,2}.
(f) If p< —% and q*(p) < q¢ < —p, then
{IsSM] : 1>0}={0,1,2,3}.

The exact dependence of |S(I)| on | as well as the monotonicity properties of L
are indicated in Figure 4. (Recall that L(u(0)) =1 for any u € S(1).)

In this paper, we have not dealt with the monotonicity of L; 4+ Lo, which is
related to the number of nonsymmetric solutions of (1). It was proved in [5] that
(L1 + Ly) < 0for 1 <p<4andforp>4,q zpflfp%. Our future goal
is to examine the behaviour of Ly + Lo for the rest of case V and to study cases

VI-XIII.
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l/\ l/\ ll
L(0)
L(0)
L
ir--—----——-— L L
> > >
0 m 0 m 0 m
q=p p<1l,g<p p>1
l‘\ l/\
L
77
L(0)
A L(0)
|
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0] mo n 0 n
p>0,g>p p<0

a > 0) according to Lemmata 2.8, 6.2, 6.3, 6.4 and 6.5. See also Theorem 6.6.
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Figure 3. The relation between m = u(0) and ! for u € S(I) in case III (p > —1,0 < ¢ < %il,
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l/\ ld\ l/\
L5(0)
Ly(0)
or
L(3) L(3)
}
I
> ! >
0 0| my me M m 0] mi mg M m

() p<-3,¢® <qg<-p

Figure 4. The relation between m = u(0) and [ for u € S(I) in case V (p > —1, ¢ > %, a>0)
according to Lemmata 2.8, 8.3, 8.4, 8.6, 8.7 and 8.8. See also Theorem 8.9.
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