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Spurt phenomenon

SECTION 1.

Introduction

A surprising feature of the flow of polymers is associated with a sudden increase in the
volumetric flow rate when the pressure gradient is gradually increased beyond a critical
value. This striking phenomenon, called ”spurt”, was apparently first observed by Vino-
gradov et al. [48] in rheological experiments involving the flow through thin capillaries of
highly elastic and very viscous non-Newtonian fluids like some synthesized polybutadienes
and polyisoprenes. The interested reader is referred to [48, Table 1] for more detailed
information about microstructure characteristics of samples. The spurt phenomenon is a
kind of a flow instability in pressure driven shear flows of viscoelastic fluids.

Much effort is being spent to explain spurt and related phenomena mathematically.
Several authors have considered mathematical models based on differential constitutive
equations due to Johnson, Sagelman and Oldroyd exhibiting local extrema of the steady
shear stress as a function of steady strain rate (see [25], [26], [27], [29], [30], [37] and
[36] ). These papers show that the spurt phenomenon is dynamic, and hence cannot be
explained in a satisfactory manner by only studying the steady state equations. Dynamical
theory can explain phenomena observed in experiments and in numerical simulations, and
it can also predict phenomena like latency, shape memory and hysteresis which should be
observable in future experiments.

In Part I we modify the models of [25], [37] by adding a diffusion term to the con-
stitutive equation. The resulting system of equations (in dimensionless units) governing
planar shear flow has the form

AUy = Vgg + 05 + f

(1.1)

oy = —0+g(vy) + V2040

Results of Part I are contained in the joint paper with P.Brunovsky [13]
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where v(t, x) is the velocity of the planar flow, o(¢,z) is the polymer contribution to the
shear stress, g : R — R is a given smooth function, and f > 0 is the pressure gradient
driving the flow.

Unlike the models investigated in [37], [25], and in the other models in [29], [30],
[36], system (1.1) contains the spatial diffusion term v?0,,. Spatial diffusion is usually
neglected in non-Newtonian models because of the spatial homogeneity of the structure.
In the model of [18] (also see [6]), Brownian motion prevents polymer molecules (treated
as dumb-bells) from being completely independent of each other giving rise to a diffusion
term in constitutive equations. Typical values of v? will be described in Section 6. The
structure of steady states of (1.1) is determined by treating v? > 0 as a small parameter,
and by applying the singular perturbation theory of [28]. This theory enables us to select
steady states that appear to be appropriate for capturing the spurt phenomenon.

System (1.1) with ©? = 0 exhibits the same behavior in steady shear as the more
realistic models studied in [29], [30] and [36], where the differential constitutive equations
also involve normal stresses (in particular, the first normal stress difference) giving rise
to a governing system of three quasilinear parabolic-hyperbolic PDE’s in place of the two
in (1.1). The dimensionless parameter « representing the ratio of Reynolds number to
Deborah number is very small. The analytical study in [37], [30] and [36] is based on
treating the respective governing equations as singular perturbation problems with o as a
singular parameter. Their approach is to determine the complete dynamics when o« = 0 and
then to show that the dynamics of the full system is similar for a > 0 sufficiently small. By
contrast, our quasilinear system (1.1) with v? > 0 is parabolic, and the theory of parabolic
systems can be exploited to determine the global dynamics for a > 0 sufficiently small.
In particular, the existence of a global compact attractor and an inertial manifold can be
established. It should be noted that the feature of mathematical models studied in [37],
[30], [36] that makes their qualitative analysis (asymptotic behavior as t — oo, stability
properties, etc.) particularly difficult is that the governing equations posses uncountable
many isolated steady states. From this fact one can deduce that these governing equations
can admit neither a compact global attractor nor a finite dimensional inertial manifold.

Part I is organized as follows. In Section 2, we use general ideas from [25] to derive a
non-Newtonian model of shearing motions incorporating spatial diffusion. Basic properties
of the model ( existence and long-time behavior of solutions, qualitative properties of
steady states) are established in Section 3. It is shown that in case of a generic g, the
asymptotic behavior of solutions is very simple - each solution tends to some steady state
and the number of steady states is finite. We also prove exponential stability of two
particular steady states playing a crucial role in the explanation of spurt. In Sections
4 and 5, spurt and hysteresis phenomena in our mathematical model are established.
The phenomenon of spurt is associated with extinction of a stable steady state when the
pressure gradient increases beyond a critical (bifurcation) value. The results of numerical
simulations for small values of «,v > 0 are presented in Section 6. We have performed
numerical simulations of spurt and hysteresis phenomena for the sample PI-3 (see [48]).
Numerical results match the data observed experimentally by Vinogradov et al.
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SECTION 2.

A Non-Newtonian model
of shearing motions including diffusion

In this section, we derive a mathematical model for shearing motion of a fluid leading
to a system of governing equations including a diffusion term in the constitutive equation.

We consider the planar shear flow of a viscoelastic fluid in an infinite narrow strip:
x € [=h,h] and y € (—o0,00), with the flow directed along the y-axis. We suppose the
fluid to be non-Newtonian, incompressible and the motion to take place under isothermal
conditions. We restrict ourselves to motions which are symmetric with respect to the
centerline. Under our assumptions the flow variables will depend only the transversal
variable z. Hence, the velocity vector ¢ has the form ¢ = (0, v(¢, x)) with v(t, z) = v(t, —x).
It is easy to verify that the mass balance is then automatically satisfied. The equation
governing the motion of the fluid is the balance of linear momentum

0 (g—: + (7, V)U) =vSs (2.1)

where ¢ is the constant fluid density and S is the total stress which can be decomposed as
S=pld+eD+3. (2.2)

Here p is the isotropic pressure of the form p = po(t,z) + f.y where f is the pressure
gradient driving the flow, ¢ is the Newtonian viscosity and D is the stretching tensor (or
rate of deformation), i.e. D = (V& + (V?)") /2. According to [25, Section 2] the extra

= ot Lo" .
stress X = ( satisfies

oY :gyy
o™ = oY% = 8y 2 [At(s)]
o — ¥ = 8152 [Ae(s)] (2.3)

o™ + 0% =0

where Sy, S1 are generally nonlinear operators acting on the relative shearing history



2. Non-Newtonian model 4

Ag(s) = — /t | lna)dr (2.4)

Since we assume the flow to be planar, equation (2.1) reduces to
QVt = EVgq + 04 + f (25)

where o := o™Y.

We specify the operator Sy in such a way that it takes into account long-range molec-
ular forces. According to [18], the latter provide the constitutive equations by a diffusion
term v20,, *. The first normal stress difference determined by the operator S; plays no
role in our model.

Let A denote the self-adjoint closure in L (0, k) of the operator defined on C%(0, k) by
Au = —uy, for any u € C%(0,h) := {u € C?(0,h); u(0) = u,(h) = 0}, its domain D(A) is
the Sobolev space WE’Q(O, h) = {u € W22(0,h); u(0) = u,(h) = 0}. Let \,v > 0 be fixed.
Then the operator — ()\ + VQA) generates an analytic semigroup exp (— ()\ + VQA) t),
t > 0; (see [23, Chapter 1]) T.

Assume that g : R — R is a bounded Lipschitz continuous function. As usual, we
identify g with the Nemitsky operator g : WH2(0,h) — L2(0,h) defined by g(u)(z) =
g(u(x)) for a.e. x € [0,h]. Due to the assumptions on g the nonlinear operator g is well
defined and Lipchitz continuous.

Let f € Ly(0, h) be defined as

Fixes fa, foranyx e [0,h] (2.6)
We define
So (Ay) = /Ooo exp (= (A+024)s). lg (—d%At(s)) + A.f] ds— f
for any v e C(R:W"?(0,h)), and t>0 (2.7)

where A;(s) is defined by (2.4), i.e. Ay(s) = — ftt_s v (T, ) dT.
Clearly,

So (Ay) :/Oooexp (= (A +124) 3) [g (vx(t—s,.))—i—)\f] ds — f (2.8)

 According to the Noll concept of a simple material viscoelastic fluids having spatially
nonlocal constitutive equations are sometimes referred to as non-simple fluids

t Some of the properties of sectorial operators and analytic semigroups will be recalled
in Section 9.
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In case v = 0, the definition of the functional Sy coincides with that of [25], formula
(5). However, since the operator A + v2A, v > 0, is a diffusion operator generating an

analytic semigroup, the operator exp (—(A + v?4)s), s > 0, smoothes out solutions, i.e.
exp (—(A+1v2A)s)w € D(A) for any w € L2(0,h) and s > 0 (see [23, Chapter 1]).

Differentiating (2.8) with respect to ¢ and substituting u := o + f = So (A¢) + f, we
obtain the following constitutive equation of rate type

up+ (A + v*A)u = g(v,) + bYi (2.9a)
with boundary conditions
u(t,0) = uy(t,h) =0, (2.90)
or equivalently,
0r+ Ao — V20pp = g(vy) (2.10a)
with boundary conditions
o(t,0)=0,  ou(t,h)=~f, (2.100)

respectively.

We note that o,(t,h) = —f implies v, (t,h) = 0 which is the boundary condition
appearing in the theory of multipolar fluids (see, [5, Section 3]). The boundary condition
u(t,0) = 0 (o(t,0) = 0) implies that the function u(t,.) (o(t,.)) can be extended as an
odd function to the interval [—h, h] for all ¢. It insures the symmetry of the flow about the
centerline.

Summarizing, our model leads to the initial-boundary value problem

OV = EVzy + 0z + f
0y = 12045 + g(vy) — Ao
v(0,2) = vo(x); 0(0,2) = op(x) for a.e. x€]0,h]
v.(t,0) =v(t,h) =0; o(t,0)=0; o,(t,h)=—f fort>D0.

(2.11)

To facilitate the discussion, we scale the space variable = by h, time ¢ by A™%, v by h)\, ¢
by e\, f by e\/h, v* by h*X and replace g(£) by &g()\é). The resulting system is

Uy = Vg + 05+ f
0y =1V20u0 +g(vg) — 0 (2.12)
for (t,z) €[0,00] x [0,1]

T Note that the boundary condition o,(.,h) = —f has no physical justification based
on the theory of Johnson-Sagelman-Oldroyd fluids. Nevertheless, the boundary conditions
for the extra stress o can be justified in a satisfactory manner by means of the kinetic
theory of fluids (see [6], [18])
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6
with boundary conditions
«(t,0) =v(t,1) = 0;
0 (,0) =v(t,1) -
o(t,0)=0; o.(t,1)=—f
and initial data
v(0,x) = vo(z); c(0,z) = op(x) for a.e. x €10,1] (2.14)

There are two dimensionless parameters oo = @ and v > 0. According to [1§]
and [48], the typical values of o and v are

a=0(10"% and v?=0(107%).

Hence, we may treat a and v as small parameters.
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SECTION 3.

Existence of solutions,
asymptotic behavior,
steady state solutions and their stability

In this section, we study the problem of existence of solutions, their long time behavior,
as well as some qualitative properties of steady states of the system (2.12). Using the
abstract theory developed in [23] we establish local and global solvability. For g real
analytic we furthermore prove that the asymptotic behavior of the solutions is simple -
each trajectory approaches some steady state and the number of steady state solutions
is finite. To single out the appropriate stationary solutions, we apply the results of the
theory of singularly perturbed boundary value problems of [28].

3.1. Existence of solutions

In terms of the variables v and w the initial boundary value problem (2.12) takes the

form
QU = VUpy + Uy

Uy = V¥ Uzp — u+ g(vg) + fo (3.1.1)
v (t,0) =v(t,1) =0; wu(t,0) =wu,(t,1)=0 fort>0
v(0,2) =vo(z); w(0,x) =up(x) forxel0,1].
To facilitate the discussion, let
S:vx—f—u:vx—f—a—i—f. (3.1.2)

Obviously,
aS; = Spp + auy. (3.1.3)
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In terms of S and u, the system (3.1.1) takes the form

Sy = Spp + Uy + a(g(S —u) + fr —u)

Uy = V2 Upy —u+ g(S —u) + fx (3:-14)
with boundary conditions
u(t,0) = uy(t,1)=0; S(t,0)=S5,(¢t,1)=0
and initial data
S(0,z) = So(x) = voz(x) + up(x); w(0,z) =wug(z) for x€|0,1] (3.1.5)

Throughout Part I we will assume that o and v are small parameters. The pressure
gradient f is assumed to be positive. Denote

h(u) = u+ g(u)

The function A is assumed to be C? with a single loop as shown in Fig.1.
More precisely, we make the following hypotheses:

( () g: R — Ris an odd C? function with bounded derivatives up to
the second order satisfying g(u)u > 0 for any u € R, u # 0;

(W) < (i1)  there exist constants 0 < ¢; < ¢ such that
R (u)=1+ ¢ (u) >0 on [0,c)
h(u)=1+g(u) <0 on (c1,co)

\ h'(u)=1+g'(u) >0 on (cg,00)
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Under assumptions (W), there exists a vg > 0 such that

max h ™" (v0)
/ (h(w) — o) du = 0.

min h~1(vp)

The last integral condition is commonly known as Mazwell’s equal area rule (the area
A equals B). In Fig.1 the line u = 7y is called Mazwell’s line. We also note that the
function h(u) = u + g(u) satisfying (W) is sometimes called van der Walls type curve.

In what follows, we let X denote the real Hilbert space L2(0,1) with norm ||.|| and the
inner product (.,.). Recall that the operator A defined in the previous section is sectorial
and positive in X with domain D(A4) = {w € W?2%(0,1); w(0) = w,(1) = 0}. Hence,
fractional powers of A can be defined. Let X7,v > 0, be the Hilbert space consisting of
the domain D(A") endowed with graph norm ||wl||, = [|[AYw|| for any w € X7 = D(AY).
The operator A has a compact resolvent A= : X — X.

(3.1.6)

Now one can treat the governing equations (3.1.4)-(3.1.5) as an abstract differential

equation in the Hilbert space
X=X xX. (3.1.7)

To do so, we let & = [S,u]. The system (3.1.4) then becomes

where the linear operator L is defined by

L[S, u] i= A(éS—l—uzu),VzAu} _ ((éoA Ziﬁ) {SDT (3.1.9)

u
on its domain D(L) = D(A) x D(A). The nonlinearity F' is given by
F([S,u])=[g9(S —u) —u+ fr,g(S—u) —u+ fz]. (3.1.10)

It is routine to verify that L : D(L) C X — X is a sectorial operator generating an
analytic semigroup exp (—Lt),t > 0. Since A~! is compact it is easy to show that L has
a compact resolvent L~! : X — X. The fractional power L'/2 is then easily computed as

OU/2
pe_ [ RAVE A
0 vAY/?

and D(L'/?) = D(AY/?) x D(A'?). Hence there is an equivalent norm in X'*/? such that

X2 X125 x1/2 (3.1.11)
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and it can easily be verified that
X2 = {we Wh2(0,1); w(0) =0}. (3.1.12)

Since we have assumed that the first and second derivative of g are bounded, the nonlin-
earity F is a C'' bounded mapping from X'1/2 into X.

Now we can apply the general theory of abstract parabolic equations [23]. According
to [23, Theorems 3.3.3, 3.3.4, 3.4.1, 3.5.2], for any initial condition ®; € X1/ the abstract
equation (3.1.8) has a unique solution ®(¢) defined on [0, c0) by the property

(P € CZOC([Ov OO), XI/Q) N Clloc((()? 00)7 XI/Q)

®(t) e D(L) for t>0 and @(0) = Dy.

Hence, (3.1.8) defines a C' semidynamical system (T'(t),t > 0) in X'/2 defined by
T(t)®y = ®(t, Py) forany t >0

where ®(t, ®g) is the solution of (3.1.8) with ®(0) = &, € X1/2.

3.2. Asymptotic behavior of solutions

We now turn our attention to the asymptotic behavior of solutions of (3.1.8). First,
we will study the set of steady states, i.e. stationary solutions of (3.1.8) which we denote
by £. Clearly,

& =1{[0,u]; ue D(A) is a solution of v*Au=—u+ g(—u)+ fz}. (3.2.1)
In fact, [0,u] € & iff
u € C*0,1), V?Uy, =u+g(a) — fz u(0) =u,(1) = 0. (3.2.2)

Here we have used the assumption that ¢ is an odd C? function.
The system (3.1.8) admits a global Lyapunov function V : X'/2 — R defined by

1

V([S7u]) = 5

1
{08182 4218 = ulR 18 = ulP 4 (5 - )

where

1 (@)
J(w) =2 /O /0 (g(s) + fz) ds dz. (3.2.3)
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Indeed, a simple calculation shows that for any solution [S(¢),u(t)] the following formula
holds

%v (1S(2), u(t)]) + éHS(t)H%/z +

1+ av?
2

|S(®)||7 =0 for any ¢ > 0. (3.2.4)

Due to the assumption g(u)u > 0 for any u € R it follows that the functional V is
bounded from below. From (3.2.2), (3.2.4) it follows that the real valued function t —
V ([S(t),u(t)]), t > 0 is strictly decreasing unless [S(t), u(t)] = [0,u] € £ is a steady state
solution of (3.1.8). Then a standard invariancy argument (see, e.g. [49, Theorem 4.1])
enables us to conclude that the omega-limit set

Q(®g) := {® € X/2, there exists t,, — co such that T(t,)Py — O}

satisfies
Q(dg) C €&, (3.2.5)

for any ®; € X'/2. Since the operator L has a compact resolvent L~!, it follows from [23,
Theorems 3.3.6 and 4.3.3] and (3.2.5) that

1tlim dist(T'(¢t)®o, &) =0, (3.2.6)
where dist(®, &) = inf (||® — V|| y1/2, ¥ € E). In the following simple proposition, we
obtain bounds on steady states, and we show for g real analytic that the number of possible
steady states is finite.

PROPOSITION 3.2.1. Let ug > co be such that h(ug) > f. Then, 0 < u(x) < ug, for any
solution u(x) of (3.2.2). Moreover, there exists a constant M = M (g, f) > 0 such that

v osup |ug(x)| + sup |u(z)] <M
z€[0,1] x€0,1]

If g is real analytic then the number of solutions of (3.2.2) is finite.

Proof. Let u be an arbitrary solution of (3.2.2). Since h(u) := u+g(u) is nondecreasing
on [ug,00) and h(ug) > f it follows that u(z) > ug implies v2ug,(z) = h(u(z)) — foz >
h(ug) — fx > f(1 — x). Thus the function u(x) is strictly convex whenever u(z) > uyp.
Since u(0) = 0, if u(xg) > up for some xy € (0,1] then there exists z; € (0,1) such
that u(x1) = ug, u(z) > up and u,(xr) > 0 on (x1,1). This means that u cannot satisfy
uz(1) = 0. Hence u(z) < ug for every z € [0,1] and v > 0. The inequality 0 < u(z)
can be obtained in a similar way. The estimate for vu,(z) follows from the well known
interpolation inequality

1
—v sup |ug(z)| < sup |u(z)|+v? sup |uge(x)| for any u € C%([0,1]) and v > 0.
2 2ef01) 2€[0,1] 2€[0,1]

Now we assume that g is real analytic. We fix an v > 0 and define the map p +— ¢(u)
as ¢(p) = u (1) where u#(z) is the solution of the initial-value problem v2u,, = u+g(u)—
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fx, u"(0) =0, u#(0) = p. Since g is Lipschitz continuous and analytic the function ¢(u)
is well defined and analytic on R. Furthermore, ¢(u) = 0 if and only if u#(x) is a solution
of the BVP (3.2.2). Suppose to the contrary the existence of infinitely many solutions of
BVP (3.2.2). Then the set {u € [-M/v, M/v]; ¢(u) = 0} must have an accumulation
point. Because of analyticity of ¢ we have ¢ = 0 on R. Hence, there is a solution u*(x) of
BVP (3.2.2) for p > M /v which is inconsistent with u#(0) = p. &

The omega-limit set (®Pg) is non-empty and connected ([23, Theorem 4.3.3]). Thus,
by (3.2.5), Q(®y) is a singleton whenever £ is finite. We have thus established the following

THEOREM 3.2.2. Assume the hypotheses (W). Then, for any initial condition ®; € X1/,
the evolution problem (3.1.8) has the unique solution ® = ®(t, ®g),t > 0, its omega-limit
set 2(®g) being contained in the set of steady state solutions £. If, in addition, g is real
analytic then each trajectory tends to a single steady state.

3.3. Steady state solutions

We now examine steady state solutions of (3.1.8). Recall that [S ) ﬂ] is a steady state
if and only if S =0 and @ € C%(0,1) is a solution of the BVP

Vg, = u + g(u) — fx

u(0) = u, (1) = 0. (3.3.1)

The steady state velocity profile v is then calculated as v(x) = fxl u(&)d§. Since v is
assumed to be small, the problem (3.3.1) can be viewed as a singular perturbation of the
reduced problem

0=u+g(u)— fx. (3.3.2)

From now on, we assume

f € [fmwm fmam]a

where 0 < fiin < Ym and Yy < finae < 00. From Fig.1 it is clear that the problem
(3.3.2) has a unique C' solution u = ¢1(x),z € [0,1], whenever f € [fmin,Vm). When
f € (Y1, fmaz) there exist C! functions ¢;(x) defined on two overlapping intervals I;
contained in [0, 1], where 0 € I;, 1 € I5, i = 1,2, and such that h(¢;(x)) — fx =0, x € I;,
and ¢o(x) > ¢1(z) on Iy N Is. Hence there also exist discontinuous solutions of (3.3.2).
Indeed, any function v = u(z) where u = ¢1(x), on [0,1]\I2, u(x) € {p1(x), P2(x)} on
IiNIs and u = ¢o(x), on [0, 1]\ 7 is the solution of (3.3.2); the number of discontinuities of u
is unlimited. Inevitably, each solution of (3.3.2) is discontinuous whenever f € (yas, fimaz)-
In case f € (70, finaz) and v small we expect the existence of a solution of (3.3.1) having
an abrupt transition at some interior point xg € (0,1). When ¢ is defined on the whole
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interval [0, 1] we also expect that (3.3.1) has a solution which is close to ¢; on [0, 1] for v
small.

To make the above discussion precise, we employ general results of singularly per-
turbed equations due to Lin [28]. To this end, let us consider (3.3.1) as the equivalent
2 X 2 system

Vigy = W
vw, = u+g(u) — fx
u(0) =w(1) =0 (3.3.3)

In case f € [fimin, YMm) the piecewise continuous function

(0,0), z€[0,0Y/?)
UL = (61(2),0), =e[p'/2,1-0v1/?) (3.3.4)
<¢1( )7 )7 (136[1—1/1/2,1]

is a formal approximation of the system (3.3.3) in the sense of [28, Theorem 2.1]. When
f € (Yo, frnaz), (70 is determined by Maxwell’s equal area rule) there is another formal
approximation of (3.3.3) given by

(0,0), z € [0,v1/?)
(¢1(x),0), x € V2, xo — /2]
0 = (2 (55) 7 (552)), wemo— M 2mtnt)  (335)
(p2(z),0), x € [xg + Y21 —11/?)
(62(1),0), vel-vt/2]

Here o € (0,1) is determined by fxg = 79 and z = z(7) is the heteroclinic solution
of the second order autonomous ODE

2" =z4+9(z) — v (3.3.6)
such that lim,,_ 2(7) = ¢1(x0), lim, o0 2(7) = ¢2(x0), 2 > 0 and 2’ > 0. The
existence of such a solution follows (by phase-plane analysis) from the fact that (due to
the hypothesis (W)) ¢1(xp) and ¢2(zo) lie on the same level curve of an integral for
the system (3.3.3). We note that ¢1(z0) = minh=1(y), ¢2(z9) = maxh~(y) for any
f € [70, fmaz) and hence the solution z does not depend on f.

It is now easy to verify that the formal approximations U,Sl) and UIEQ) satisfy the
hypotheses (H1)-(H3) of [28]. We omit this detail. Then the main result of [28] adapted
to the BVP (3.3.1) reads

THEOREM 3.3.1 ([28, Theorem 2.2]). Let U, be a formal approximation of (3.3.1) given
by (3.3.4) or (3.3.5). Then there exists vy > 0 and dy > 0 such that for 0 < v < v there
exists a unique true solution u = u, (x) of (3.3.1) with 1 := sup,.¢[o 17 |Uy(x) — U(z)| < do,
where U, (z) = (u(x), vuy(z)). The remainder r is of order O(v'/?) when v — 0.

REMARK 3.3.2. Theorem 2.2 of [28], however, does not specify the explicit dependence of
the remainder r on the coefficients of the equation (3.3.1). The decay of the remainder r
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} |
Xo | X

|

Fig. 2

the parameter f. Nevertheless, for any fixed n > 0 small enough, using the implicit function
theorem and following the lines of the proofs of [28, Theorem 2.2, 4.3 and 4.4], one can

show that the remainder r = r(v, f) for the formal approximation U\ (T?) is O(v'/2)

uniformly with respect to f € [fiin, Y — 1] and f € [y0 + 1, fimaz|, respectively, when
v—0t.

For f € [fmin,vam), Theorem 3.3.1 asserts the existence of a true solution ul(,l) of
(3.3.1) approximating the given formal approximation (751). We have

1
ulH ()42 ¢ () and oD (z) Wi / (&) dE for any x € [0,1] as v —0T. (3.3.7)

Again, by Theorem 3.3.1, for any f € (70, fmaz], there exists a solution ul? of (3.3.1)
such that

lim u®(z) = ¢1(z) for any z € [0, z)

v—0+t
liIBl+ u? (z) = ¢o(x) for any x € (z0, 1] (3.3.8)

Hence, for small v > 0 the solution ul(,2) has a graph as in Fig.2.

By the Lebesgue dominated convergence theorem we have the uniform convergence

(2) uni
Uy

v<2>:{ S} a(€) de 2 € [wo, 1]
C T [ ou©de+ [ 62(€)de x € [0, )
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when v — 0%. Hence, the family <U£2)> converges uniformly to the velocity profile ’U(()Q)
v>0

with a kink located at zy as shown in Fig.3.

F

X 1 X

Fic. 3

It is now clear that given a pressure gradient f € (vo,7va), for any v sufficiently
small there exist at least two solutions ul", ul? of (3.3.1) satisfying (3.3.7) and (3.3.8),

respectively.

Integrating the velocity v with respect to x, yields the steady state flow rate per
cross-section

Q= 2/0 v(x) dx. (3.3.9)

Denote Q,(f) the volumetric flow rate corresponding to the velocity uﬁ” given by (3.3.7)

and (3.3.8), respectively. Clearly, for any n > 0 there is d = d(g,n) > 0 such that

Ql(,z) — Ql(,l) >d forany f €[y +mn,vm)and v >0 sufficiently small. (3.3.10)

We conclude this section by discussing the stability of steady states. We first show
that linearized stability of a solution @ of (3.3.1) extends to that of the steady state solution
[0, ] of (3.1.8).

LEMMA 3.3.3. Let 0 < a < 1/sup,cpr|g'(u)|]. A steady state solution [0, ] of (3.1.8) is
exponentially asymptotically stable with respect to small perturbations of initial data in the
phase space X1/? = X1/2x X1/2 provided that the principal eigenvalue o of the linearized
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Sturm-Liouville problem Bi[u] = v?uz, — u — ¢’ (—u(x))u = pu, u(0) = u,(1) = 0 is
negative.

PROOF. Let [0, a] be an arbitrary steady state solution of (3.1.8). The linearization

of (3.1.8) at [0, u] has the form

d
pr [S,u] = B[S, u]

where the linear operator B is given by

BIS,u] = | =Sua + Ptz —ut o (<u(@)(S — ), Pz — ut g/ (~u(@)(S —u)
(3.3.11)
its domain being
D(B) ={[S,u], S,ue W22(0,1); S(0) = S,(1) = u(0) = u,(1) = O} C (L(0, 1))2
Denote By the Sturm-Liouville operator
Bi[u] = v*ug, —u— ¢'(—u(z))u (3.3.12)

on its domain D(B;) = {w € W?22(0,1); w(0) = w,(1) = 0} C Lo(0,1). T

Assume that the principal eigenvalue pg of the linear problem Bj[u] = pu, u € D(By)
is negative. Since Bj is a self-adjoint Sturm-Liouville operator we have

(Bl[u]vu)

< po <0, (3.3.13)
]2

for any uw € D(B;),u # 0. Moreover, Bj is invertible and B1_1 : Ly — Lo is compact.
Hence, the operator B is also invertible and

B~ ¢, ¢] = [aA™ (¥ — ¢), By (v —ag'(-ua(.)A™ (¥ — ¢))]

where the linear operator A was defined in Section 2. Since, by (3.1.6), A™! : Ly — Ly
is compact B~! : X — X is compact as well. Therefore the spectrum o(B) consists of
eigenvalues.

We will show that ReA < 0 for any A € o0(B) = op(B). Suppose to the contrary that
there exists an eigenvalue A € o(B) such that ReX > 0. Let [S,u] denote the eigenvector

of the linear problem
B[S, ul = A[S,u]. (3.3.14)

Subtracting the equations for S and u we obtain éSm = A(S —u). Thus,

1

Su(z) = —aX / (S — w)(€) de. (3.3.15)

T When dealing with spectrum we operate with the canonical complexification of the
real Hilbert space Ly(0, 1)
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Taking the inner product of (3.3.15) with — fIl(S — u)(&) d€ we obtain

1S —ul® — (w5 — w) = o] / (S — u)() e

Since Re) > 0 we have ||S — u|? < —Re(u, S — u) < ||ul|||S — u|| and hence,
15 = ul| < ul]. (3.3.16)

From (3.3.15) we have S(z) = —a\ [; fl(S —u)(§)dédr. Thus S = aAJ(S — u) where

J : Ly — Lo is a linear bounded operator with ||.J|| < 1. Therefore, u satisfies the equation

By[u] + aXg'(—u(.))J(S — u) = Au. (3.3.17)
Take the inner product of (3.3.17) with u to obtain
(Baful,w) = A (Jul]? — o (g/ (~a(.))1(S — ), w))
Since B is self-adjoint we have I'm (A — a (¢/(—u(.))J (S — u),u) /||ul|*) = 0 and

B ) _ (- U 00

Mo 22—
2 Jlu]?

According to (3.3.16) we have

(¢'(=u(.))J(S = u),u)

e < asupl/(s) LLEZ M g ) < 1,

SER ||U||2 SER

because ||J|| < 1. Therefore,

_ Ll (zu()J(S —u),u)
Ho > A <1 I ) >0,

a contradiction. Hence, Re\ < 0 for any A € o(B). By [23, Theorem 5.1.1], the steady
state solution [0, u] of (3.1.8) is exponentially asymptotically stable with respect to small
perturbations of initial data in the phase space X/2 = X1/2 x x1/2,

%

Using Lemma 3.3.3 we are able to prove the theorem below establishing stability of

the solutions [0, u(yz)] , 1 =1,2 as well as their uniqueness for certain parameter values.



3.3 Steady state solutions 18

THEOREM 3.3.4. Assume that 0 < a < 1/sup,cp |¢'(u)| and g satisfies the hypotheses
(W).
a) If f € [fimin,ym) and v > 0 is sufficiently small then the principal eigenvalue po of the

linearized Sturm-Liouville problem Bi[u] = pu at ult is negative. Consequently, the

steady state solution [O,u,(,l)} of (3.1.8) is exponentially asymptotically stable with

respect to small perturbations of initial data in the phase space X1/? = X1/2 x X1/2

b) If f € (70, fmaz| and v > 0 is sufficiently small then the principal eigenvalue po of the
linearized Sturm-Liouville problem Bi[u] = pu at ul(,z) is negative. Consequently, the
steady state solution [0,%@} of (3.1.8) is exponentially asymptotically stable with

respect to small perturbations of initial data in the phase space X/? = X1/2 x X1/2
c) there exists a unique steady state solution of (3.1.8) whenever f € |[fmin,Ym) Or
f € (", frmaz) and v > 0 sufficiently small.

Proof. a) For any u € D(B1),u # 0 we have

(Bﬁgﬁ]z’u) = H:HQ <—1/2 /01 u?(z) do — /01 W (ul) (z))u?(z) dm) <

L /0 W WD () () d (3.3.18)

S —
]2

We have h/(¢1(x)) > 0 for x € [0, 1]. Therefore

for any x € [0, 1] and v small. Hence the principal eigenvalue pg of By satisfies

B
o = sup Lu]z,u) < 0. (3.3.19)
weD(B1),u#0 [Je]

b) Let us now consider the solution ul? of (3.3.1) having an abrupt transition at the
point g = vo/f € (0,1).

First we prove that u? is increasing on [0,1). The curve h(u) — fx = 0 splits the

first quadrant into two parts (Fig.A-1).

The function u? is convex or concave at z depending on whether the point (z, u? (z))
belongs to the left hand or to the right hand component labeled by +, -, respectively.
According to Theorem 3.3.1 we have

sup{[uf? () — ¢1(2)|, = € [0,20 — v*/?]} = O('/?)

v

sup{[uf? () — ¢2(2)|, @ € [zo + /2, 1]} = O('/?)
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h(u) - fx=

Fic. Al
as v — 0%, Since ul” is a solution of (3.3.1) and 0 < ul? (by Proposition 3.2.1) we have

d—‘iul(?)(O) > 0. Indeed, - (2)(0) < 0 would imply

u20) = & (K 0D 0) - £) <0

d3” 2

Since u!? )(O) = % (2)(0) = 0, we have ul? )(33) < 0 for some x > 0, a contradiction.

By an obvious indirect argument, one can show that —u,(, )( ) cannot become negative

in [0, 29 — Y2 U [xg 4+ v*/2,1]. To prove that —ul(, ) is positive in (o — VY2, 20 + 11/2)
suppose the contrary. Since u( ) convex in + and concave in - thls 1s possible only if there

exists an Z € (zg — v'/2, 29 + v1/?) such that £ P (z) < 0 and uP (z) = ¢3(z), ¢5 being
the middle branch solution of h(u) — fx = 0 as shown in Fig.A-2.

Let us introduce the ”fast-time” variable 7 = (z — ) /v for z € (xg — /2, o +v/?)
and put u(7) = u,(jz)(xo + v7). Then d%u(T) = Vdmul(, )(330 + v7). According to Theorem

3.3.1 we have

d
sup |d (u(r) — 2(7)) | = O(W'?) as v — 0%,
Te(—v—1/2p—1/2) T

2z being the heteroclinic solution of the problem (3.3.3). Since # — zo = O(v'/?) we have

|93(Z) — p3(20)| = O(v/?) as v — 0F. Therefore %u,&z)(f) = v u((Z — 20) /v) must have

L 2((z — z0)/v) for any 1? )small. Hence %u,@(i) > 0, a contradiction.

Knowing that for any f € (70, finaz] wv~ is increasing in [0, 1) for v small we return to

the same sign as

the linearized eigenvalue problem Bi[u] = pu where By[u] = v?uz, —h' (u,(jz)(as))u, u(0) =
u,(1) = 0. First we prove the following useful lemma.
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Fic. A2

LEMMA 3.3.5. Assume f € [fmin, fmaz]- Let @ be any nondecreasing solution of (3.3.1)
such that |h(u(1)) — f| < (1 —a)f and h/(u(x)) > 0 on [a, 1] for some a € (0,1). Then the
principal eigenvalue g of the linear operator Bi[w] = v*wg, — I/ (u(x))w, w € D(By), is
negative.

PROOF. Denote ¢(z) = -Lu(z). Then ¢ satisfies
V2¢ue — W (u(2))p = —f; ¢.(0) = ¢(1) =0 (3.3.20)
and ¢ > 0 on [0,1). Let w be a solution of
Bi[w] = v?wee — B ((z))w = pow; w(0) = we(1) =0 (3.3.21)

corresponding to the principal eigenvalue g of Bj. Since (3.3.21) is a Sturm-Liouville

problem there exists w satisfying (3.3.21) such that w > 0 on (0, 1) and fol w(z)de =1. If
we multiply (3.3.21) by ¢ and integrate over [0, 1] we obtain

o [ wl@)o(w)de = v w0 —woolh— 1 [ wla)de <
(because w,(0)¢(0) > 0)
< —w(1)(h(u(l) = f) = f S w(D)h(u(1) - f| - f. (3.3.22)

Now suppose to the contrary that o > 0. Since w > 0 on (0,1), w,(1) = 0 we have
V2 we, = W (u(z))w + pow > 0 on [a, 1]. Hence w(x) > w(1) on [a, 1] and, consequently,

1= /Olw(:z:) dz > /alw(:z:) dz > (1 — a)w(1).
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From (3.3.22) we obtain
1
,uo/ w(z)o(x)dr < 0.
0

Since w > 0,¢ > 0, we have ug < 0, a contradiction.

%

Now it is easy to complete the proof of part b) of Theorem 3.3.4. We fix an a >
zo. Then, by Theorem 3.3.1, sup{|ul? (z) — ¢o(z)|, =z € [a,1]} = O(W'/2) as v — 0OF.
Therefore, \h(u,(,z)(l))—ﬂ < (1—a)f and h’(u,(jz)(a:)) >0 on [a, 1] for any v > 0 sufficiently
small. Lemma 3.3.5 completes the proof.

Note that for certain singularly perturbed problems an asymptotic estimate of the
form po(v) = O(v) as v — 0T is proved in [2].

c¢) Our next goal is to prove uniqueness of solutions of (3.3.1) for f € [fmin, Ym) U
(Y, fmaz] and v small. Let us consider the case f € (Var, fmaz]|. First, we show linearized
stability of an arbitrary nondecreasing solution @ of (3.3.1). By Lemma 3.3.5 it is sufficient
to prove that |h(u(1)) — f| < (1 —a)f and h'(u(z)) > 0 on [a, 1] for some a € (0,1). To
this end, we recall first that according to Proposition 3.2.1 there exists a M > 0 such that

v sup |uz(z)|+ sup |u(z)| <M (3.3.23)
z€l0,1] xz€[0,1]

for any solution @ of (3.3.1) and v > 0.
Let u be a nondecreasing solution of (3.3.1). Let 1 > a > ~/f. Then for any
x € [a, 1] we have fx > v, so @ is concave on [a, 1]. Thus, by (3.3.23)

0 < @i, (z) < / i, (6) de. —— < M (3.3.24)

a r—a  1l—a

for any x € [a, 1] where a = (a + 1)/2. Therefore, there exists an constant M; > 0 such
that
0< for—h(u(z)) < f€—h(u(§)) + Mi(§ — ) (3.3.25)

for any &, x € [a, 1],z < £. Thus, by (3.3.24),(3.3.25)
x+u1/2
0<% (fr — h(a(x))) < / (€ — h@(€)) + My (€ — z)) de =

1/2

= / T (o) de + M

< (2M—|— %) v =: Myv.

Hence |fz — h(a(x))| < Myv'/? for any = € [a,1], v > 0 and any nondecreasing solution
@ of (3.3.1).
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For v < ((fa — va)/Ms)? we have
h(u(z)) = fo—|fx = h(u(z))| = fa—[fa—yu| = vy for any = € [a,1].

Since h(u) < ~yp for u < ¢ (see Fig.1), we have @(z) > ¢y on [a, 1], hence h'(a(x)) >
for x € [a,1]. By Lemma 3.3.5, the principal eigenvalue pg of the problem Bj[w]
V2wg, — B (i(z))w = pw, w € D(By), is negative.

Now, consider the parabolic equation

l o

Ur = V2 Uy — h(u) + fo

uw(r,0) = ux(r,1) =0; 7>0, u(0,z)=up(x), x€][0,1]

This equation generates a gradient-like semidynamical system S(7),7 > 0, in the Hilbert
space X'/2 = {u € W12(0,1), u(0) = 0} defined by S(7)ug = u(r,.), where u(0,.) = ug(.)
(see [23, Chapter 4]). The set K = {u € X'/2 u,(z) > 0, a.e. on [0,1]} is a closed convex
cone in X'/2. Moreover, K is invariant under S, i.e.

u(r,.) € K whenever u(0,.) € K for any 7 >0
xe[0,1], 7>0
xe[-1,0], >0

—Ug (7-7 :17)7

is the solution of the
—Ug (7-7 —33),

Indeed, the function w(r,z) = {

scalar parabolic equation
wy = VW — W (u(z))w — f

w(r,—1) = w(r,1) = 0.

Therefore w(7, ) < 0 whenever w(0,z) < 0 by the Maximum Principle (see [41]). Hence
S is a semidynamical system on the complete metric space K with the topology induced
by X1/2.

To complete the proof we argue similarly as in [2,Theorem 4]. Since K is invariant, it
is the union of (disjoint) attraction domains of the nondecreasing stationary solutions of
(3.3.24). Because those solutions are asymptotically stable, these attraction domains are
open in K. Since the set K is connected, it cannot be a union of two non-empty disjoint
open sets, hence ul(,z) is the unique stationary solution in /.

Now, let @ be arbitrary solution of (3.3.1) (not necessarily nondecreasing). By Propo-
sition 3.2.1, u is bounded and @ > 0 . Then there exist u~,u" € K N D(A) such that
u (z) < u(xr) <u'(z), z €[0,1]. With regard to the Maximum Principle ([41, Chapter
3, Theorem 3|) we obtain S(7)u~ (z) < @(z) < S(r)at(z) for any 7 > 0 and z € [0,1].
Since S(7)u* € K, for any 7 > 0, we have S(7)u* — u? as T — oco. Thus, @ = ul?.

Hence, the solution u,(,Q) is unique, provided v is small and f € (yas, fimaz]. The proof
of uniqueness of solutions of (3.3.1) for f € [fmin,¥m) is similar. It completes the proof of
Theorem 3.3.4.

¢
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SECTION 4.

Spurt

Having developed the mathematical background we are in a position to explain the
occurrence of spurt for a fluid governed by the system of equations (3.1.8).

Suppose that we are loading the pressure gradient quasi-statically from f,,;, to finaz
allowing the system to settle down to its equilibrium state at each step.

v }
2
pl
| -
Xy 1 x
FiGc. 4
Since vgl) = v,(,l)( f) depends continuously on f, the volumetric flow rate Ql(,l) =

b (f) of the steady state velocity oV = v,(jl)( f) for f < s forms a continuous curve. At
each step of the ”loading-stabilization” procedure, the volumetric flow rate corresponding
to the velocity v(T') is close to QM = (yl)(f) when T is large enough.

The situation changes dramatically when the pressure gradient f passes ;. For
f > 7 the solution has no other possibility than to settle down to the unique steady
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state solution [O,u,(jz)(., f)} of system (3.1.8) which is globally asymptotically stable by

Theorem 3.3.4. Hence, by (3.3.10), this small change of the pressure gradient causes a
jump of size d > 0 in the volumetric flow rate as shown in Fig.4. This jump is equal to the
area between the two equilibrium solutions vgl) and ful(,Q).

For f varying in the interval (yas, fimaz], the "loading-stabilization” can be repeated.

The corresponding volumetric flow rates are close to the continuous curve f +— Q,(,Q) (f) of
the steady state volumetric flow rates in Fig.5.

Volumetric flow rate Q

Pressure gradient Y f

FiG. 5

Let us note that earlier models that did not include the diffusion terms in their con-
stitutive relations also captured the spurt phenomenon [29], [30], [36]. For f > 7 the
principal difference between our explanation of spurt and that of papers mentioned is: the
change in volumetric flow rate as f passes through the critical value vy, on loading, is
much more drastic in our model than the earlier ones; here the ”kink” develops at the
point 0 < vo/vam < 1 very suddenly, and then moves slowly with a definite speed towards
the centerline. In [29], [30], the kink develops at the wall; for f > -/, the layer position
is 2* = 5/ f. The phenomenon of latency that occurs on loading described in [29], [30]
is not discussed here.



5. Hysteresis 25

SECTION 5.

Hysteresis

We now consider the loading - unloading cyclic process. The behavior of the volumetric
flow rate during the loading period has been described in the previous section. Recall that
the volumetric flow rate increased rapidly when the pressure gradient passed the value ~,;.
Now let us unload the pressure gradient starting from f = f,,... By convention, as long as

f stays larger than ~g, the solution still settles down on [vl(?)(., ), u,(jz)(., f)] . On the other

hand, for any f < 7, there exists the unique solution [vl(,l)(., f), ul(,l)(., f )] Therefore the

solution [1152)(., f),u(yz)(., f)} ceases to exist at some critical value near y. The figure

below shows two branches of the bifurcation diagram corresponding to the stable steady
states [v,(f)(.,f),u(f)(.,f)} ,i=1,2.

ux(f)

u‘l,(f)

L i
Ym YO YM f

Fig. 6

By (3.3.10), Qi (f) — Qi (f) = d(n) > 0 for any f € [yo +n,7ar) where n > 0 s
fixed. Hence there is a hysteresis loop as shown in Fig.7.
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Volumetric flow rate O

Pressure gradient

Fig. 7

Y
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SECTION 6.

Numerical simulations

In this section we present some numerical results exhibiting spurt and hysteresis.
Recall that our model leads to the system of governing equations

OVt = EVgz + 0z + f
Ot = VZUxx +g('U1=) — Ao (61)
for (t,x) € [0,00] X [0, reep)

with boundary conditions

vz (£,0) =v(t, reqp) = 0;
o(t,0) =0; Um(tarcap) =—f

and initial data
v(0, ) = vo(x); 0(0,z) = op(x) for a.e. x €0,7cqp) (6.2)

We will consider an analytic function g of a particular form

u
g(u) =p 1_a2

T+ 5Ee 03

where > 0 is the elastic modulus, a is the dimensionless slip parameter and A is the
relaxation time of the polymer. The particular choice of the function ¢ is taken from [30,
Section 3].
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1.50 3

1.00
0.50 -
Spurt

0.00 3

~0.50

Volumetric flow rate 0

-1.00 3

-1.50 A T T
6.00 6.10 6.20 6.30 4 5 6
Normal shear stress log T [dyne/cm?]

Fig. 8a Fig. 8b
First, we determine the magnitude of the coefficient v > 0 in (6.1). Following [18]
Y

2€

where 6 is the absolute temperature, k is the Boltzman constant, £ is the hydrodynamic
resistance of one dumbbell bead (assumed to be constant). If we take typical values of
0 ~ 10%K, ¢ ~ 107 %kg.s~! and recall that k ~ 10723J. K~! we obtain 12 ~ 10~ !?m?.s7!.
In our numerical simulations we have chosen the fixed value

v? =4.10""?m? st (6.5)

(6.4)

We next turn to the Vinogradov et al. rheological data. In all experiments, the radius

of the capillary was
Teap = 0,48.10m.

The elastic modulus p and the density o have been taken constant for all samples and

equal to
p=6.10"Pa ;o= 10%kg.m3, (6.6)

respectively.
Numerical experiments were performed for the polyisoprene PI-3 which was the first
sample for which spurt was observed ([48, Fig.3b]). According to [48] and [27, p.323] we

have
A=0,1s"!, =0, 01484.’% —=8,9.10°Pa.s™" and a=0,98 (6.7)

2
" A . . .
We see that the constants o = —mig” =2,58.107? and TQZ’ZA = 10~* introduced in Section
cap

2 can be treated as small parameters. It is easy to verify that the real analytic function

h(u):)\u—f—E 4

. _n2
1+ G
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is of van der Walls type (see the hypothesis (W)).
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As our first numerical experiment, we simulated spurt. In S.I. units, we choose

Fnin =9,3.10" kgm 2572,  fies = 51,2.10" kgm 2572, Af=1,810" kgm 2572

The startup initial condition (for f = finin) was chosen (vg,ug) = (0,0). At each loading
step, the solutions were followed for a sufficiently long time 7,,, = 10 s to allow them
to settle down. Since o > 0 was very small, we could use the Crank-Nicholson implicit
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time-space discretization scheme. The spatial mesh contained a total of 200 nodes.” The
time step was chosen as At = 0.0005 s.

Fig.8 shows the results obtained (8a) and compares them with Vinogradov et al’s
experimental data (8b, the flow curve for PI-3 is labeled by 3). Following [48] c-g-s units
are employed and axes are in the logarithmic scale. The nominal shear stress 7 is defined
by T = rcapf (see (48) [27]). Since we have considered a planar flow instead of a capillary
flow the corresponding definition of a volumetric flow rate is

3 [ree
Q= e v(z) dz

cap v 0

(see (47) [27]).

Finally, we have performed numerical simulations of a loading-unloading cycle. The
hysteresis loop under the cyclic load is displayed in Fig.9. Fig.10 shows the steady, kinked
velocity profile for the spurt value of the nominal shear stress 7 = 1.61.10° dyne.cm~2
(log 7 = 6.21).

¥ The spatial mesh should contain 200-500 nodes in order to compare the distance
between grids with a typical lenght of a polymer molecule (~ 10~7 m) [35]
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SECTION 6.

Discussion

We have proposed a modification of the mathematical model of shearing motions lead-
ing to a system of governing equations including a diffusion term v?o,, in the constitutive
equation. In addition, we have described the asymptotic behavior of solutions which is
simple in typical situations - each solution tends to some steady state and the number of
steady states is finite.

The diffusion term makes the system of governing equations parabolic. As a conse-
quence of the resulting parabolic smoothing effect the system will admit a finite dimensional
invariant manifold as well as a compact global attractor. The existence of invariant man-
ifolds and their singular limit dynamics for « — 0" will be discussed in Part II of this
thesis.
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SECTION 8.

Foreword

In this part we will treat the qualitative properties of semiflows generated by the
following system of abstract evolution equations

u/’ + Ayju = g(u, w) (8.1).

aw’ + Baw = f(u)
where o € (0, 1], {Aa}ta>0 and {Bg}a>0 are continuously depending families of sectorial
operators in the Banach spaces X and Y, respectively, g : X" xY? — X; f: X7 - Y
are nonlinear C'* functions for some v, 3 € [0,1). Hereafter X7 and Y will denote the
fractional power spaces with respect to the sectorial operators Ay and By, respectively (cf.
[23, Chapter 1]).

The goal of this part is to establish the existence of a finite dimensional invariant C!
manifold M, for the semiflow S, (t),t > 0, generated by system (8.1),. We furthermore
prove that both M, and the vector field on M, converge in the C'* topology towards the
ones corresponding to & = 0 (Theorem 10.2.7). By combining this result with the well-
known theory of Morse-Smale vector fields (cf. [39]) one can prove topological equivalence
of vector fields on M, and M, whenever the vector field on Mg is Morse-Smale.

The techniques used in the proof of Theorem 10.2.7 are similar, in spirit, to those
developed by Mora and Sola-Morales [34]. The construction of an invariant manifold
for (8.1) is based on the well-known method of integral equations due to Lyapunov and
Perron. In this method the substantial role is played by the choice of functional spaces we
will operate with. For the proof of the existence of M, we notice that the usual choice
would be the Banach space consisting of all continuous functions on (—oo, 0] with values in
X7 x YP equipped with some exponentially weighted sup or integral norm. Then one can
look for M,, as the union of all solutions of (8.1) belonging to this functional space. We

Results of Part II are contained in the paper [45]
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refer to [15], [31], [33], [34] for details. However, it turns out that such a setting does not
capture the singular limit behavior of the derivative of the vector field on M, as a@ — 07.
In order to overcome this difficulty, by contrast to the approach of [34], we will operate with
Banach spaces consisting of all Holder continuous functions which grow exponentially at
—o0. In the proof of Theorem 10.2.7 an important tool is a slightly modified version of the
two parameter contraction theorem due to Mora and Sola-Morales covering differentiability
and continuity of a family of nonlinear contractive mappings operating between a pair of
Banach spaces.

Part II is organized as follows. Section 9 is devoted to preliminaries. Perturbations
of sectorial operators are investigated in Section 9.1. The existence of solutions of (8.1) is
established in Section 9.2. In Section 9.3 we introduce functional spaces we will work with.
The core of Part II is contained in Section 10. First, we prove the existence of a family
of invariant manifolds { My, }a>0 for system (8.1). The singular limit dynamics of M,,
a — 0T, is investigated in Section 10.2. The main results are summarized in Theorem
10.2.7. Section 11 is focused on some applications of Theorem 10.2.7. In Section 11.1
we treat the non-Newtonian model of shearing motions of a fluid introduced in Section
2. The aim is twofold: 1) using the fairly standard method of a priori estimates we show
the existence of a compact global attractor A, for (3.1.1),; 2) with regard to the Morse-
Smale structure of the limiting equation (3.1.1)y we establish topological equivalence of
the semiflow on the attractor of (3.1.1)4, a > 0 small and that of (3.3.1)¢. Finally, Section
11.2 illustrates an application of obtained results to some abstract second order evolution
equations arising in the mathematical theory of elastic systems with strong dissipation.
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SECTION 9.

Preliminaries

9.1. Properties of a family of sectorial operators

The goal of this section is to establish perturbation results for a family of closed
densely defined operators. First, we recall the definition of a sectorial operator. Let X be
a Banach space, L : D(L) C X — X be a closed densely defined operator. The operator L
is called sectorial if for some M > 1,a € R and ¢ € (0,7/2) the sector

Sap:={AeC; ¢p<arg | A —a|<m\#a}
is contained in the resolvent set o(L) and
IAN=L) Y <M/ |X—al, forany A€ S, , (9.1.1)

(cf. [23, Def. 1.3.1]). It is well known (see, [23, Th. 1.3.4]) that if L is sectorial then the
operator —L generates an analytic semigroup exp (—Lt),t > 0, and

1
exp (—Lt) = %/F(‘,’At(/\ﬁ- L>_1 dx t>0 (912)

where T' is a contour in o(—L) such that arg A — £6 as | A |— oo for some 0 € (7/2, 7).

Consider a family {L,} of closed densely defined operators in a Banach space X
satisfying the following hypothesis
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(1) D(Lo) = D(La)
2) 0€9(Ly)and LoL ' — T as a — 07 in L(X, X)
(H1){3) Lg'Lg'=Li'Ly'
4) Reo(Lg)>w>0 (i.e. ReA>w >0 forany A € o(Lg)) and

Ly is a sectorial operator in X its sector being S, 4 and
\ (A= Lo) Y| <M/ | X—al, for any X\ € S,

for any a € [0, ay).
LEMMA 9.1.1. Assume that the hypothesis (H1) is satisfied. Then

a) (A — Lo)~! commutes with (i — Ly) ™"
for any o € [0, o], A € (L) and p € o(Ly)

There exists 0 < a1 < o Such that
b) LoLy' € L(X,X) for any a € [0,0;] and Lo Lyt — T as a — 0%

c) for any a € [0, ], the operator L, is sectorial in X with the sector S, 4 and
A= La) Y| <2M/ | X—a, for any A € S, 4

PROOF. The part a) is obvious because L;' commutes with Ly'. b) Take a; >
0 such that ||[I — LoL;'[| < 1 for any @ € [0,a1]. Then L L;' = (LOLgl)_l =
Sozo (I = LoLgh)". Thus, [LaLy || <1/ (1= |l = LoLg'[)) and [LaLe' = I]| < |1 =
LoL3 |/ (1= |IT = LoL3')

c) Similarly as in the proof of [23, Th. 1.3.2], for any A € S, 4 we obtain

—1

[ = LZa) = A = Lo) ™ [T+ (LaLg ' = 1) (T = A = Lo)™)] 7 | <

< M < 2M
T a—a| (1—||LQL51—IH (1+]|j4”[)) “A—al

for any o € [0, 1] provided «; is small enough.

%

Let L be a closed densely defined operator in a Banach space X. Suppose that
o(L) = 01 Uoy where 01,09 are disjoint spectral sets and o7 is bounded in C. Recall that
the projector P : X — X associated with the operator L and the spectral set oy is defined
by

1

P:=_ A— L) tax 1.
37 ) O D) (9.1.3)
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where I'y is a closed Jordan curve such that oy C int < I'y > and 09 C ext < I'y >. Denote

Q:=1—-P, X :=PX and & :=QX

Besides (H1) we also make the following hypothesis

1) Lg 1is a compact linear operator on X

2) there are 0 < A\_ < A\; < oo such that o(Lg) = 09 U 03 where
o ={Nea(Ly); ReA<A_}and 0§ ={\ea(Ly); Re >\ }

Notice that the condition (H2); implies that ¢? is finite and dim X} o < oo where
Xi,0 := PyX, Py is the projector in X associated with Ly and 0(1).
Concerning continuity properties of projectors and spectral sets we have

LEMMA 9.1.2. Assume that the hypotheses (H1) and (H2) are satisfied. Then there is
oy > 0 sufficiently small and such that for any « € [0, aq]
a) 0(Ly) = o Uo$ where
o ={A€0d(Ly); ReA<A_}and 0§ ={A€0o(Ly,); ReX> A}

b) Py, — Py in L(X,X) as a — 0% where P, is the projector associated with L,, and .
Furthermore, PyP, = P, P,.

c) Py |x, o X1,0 = X1« is a linear isomorphism where Xy o := P,X. Moreover,
dim Xl’() = dim XLQ < 00

PROOF. Since the spectrum o(Lg) is contained in the angle {A € C; arg | A —
a |[< ¢} and L3'Lg b= Ly 'L-1 the proof of the part a) follows from the inequality
dist g (0(L3Y),0(Lg")) < IL3t — L) — 0 as a — 0F (cf. [46, Ex.3, p.287]). Here
dist g denotes the Haussdorff set distance in the complex plane. The proof of the part b)
follows from Lemma 9.1.1 a), (9.1.3) and the fact that

1A = La) ™" = (A = Lo) "'l = (LaLg " = D Lo(A = Lo) ™' (A = La) 7'l <

< ILaLg" = IlILo(A = Lo) M IlI(A = La) ™! — 0 as @ — 0F

uniformly with respect to A € I'; where I'; is a closed Jordan curve such that off C int <
I'y > and 0§ C ext < T'; > for any a € [0, aq].

c) Since Ly !is compact we have that ¢{ is finite and dim X} o < co. It is obvious
that
Py lx,o: X100 — X1 and Py lx, . Xia — X

are one-to-one linear operators, provided that ||P, — Py|| < 1. Hence P, |x, o: X1,0 — X1.a
is a linear isomorphism and dim &} g = dim X; , < oo for any a € [0, a;] where «; is small
enough. <
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REMARK. For any a > 0 small enough, we denote
PCY = (Po |as): Xia — Xig (9.1.4)

the inverse operator of P, |x, ,: X10 — &1,. Since P, — Py as a — 0% the linear

operator ch_l)Pa converges to Py in the space L(X, X).

If Ly is a sectorial operator in X with Re o(Lg) > w > 0 then the fractional powers
L,y € R, can be defined (see, [23, Def. 1.4.7]). Under the hypothesis (H1) we have shown
that —L,, generates an analytic semigroup exp (—Lut),t > 0. In the following lemma we
give some estimates on the growth of exp (—Lyt).

LEMMA 9.1.3. Assume that the hypothesis (H1) is satisfied. Then there is a C' > 0 such
that for any a € [0, a1] and v > 0, the following estimates hold

a) |lexp (—Lat)|| < Ce % >0
b) Ly (exp (—Lat) — exp (=Lot)) || < C||LoL, ' — It Ve "t >0
c) |ILyexp (—Lat)|| < Ct=7e ¥t ¢>0

Proor. Using the translation L, — wI it is sufficient to prove Lemma with w = 0.
The proof of a) immediately follows from Lemma 9.1.1 and [23, Th. 1.3.4].

To show b), we make use of the integral representation of exp (—L4t). We obtain, for
t>0

™

1
LY (exp (—Lat) — exp (—Lot)) = o / MLIAN+ Lo) Y (LoL' — I)Lo(A+ Lo) " dX =
I

= Lyt + L) (BaLy! — DLa(p/t+ L) 2
2mi Jr t
Since Re o(L,) > w > 0 one can choose a contour I' with the property: Re A < 0 for
any A € I'. By [23, Th. 1.4.4], there is a M’ > 0 such that ||[LJ(A+ Lo) || < M’ | X |71
for any A € T'. Furthermore, ||Lo(A + Lo) Y| < 14 | A | % =1+2M forany A el

Hence,
ILg (exp (—Lat) —exp (=Lot)) | < CllLoLS" = I[t™7; >0

Because of the well known estimate || Ljexp (—Lot)|| < Ct™7, t > 0 ([23, Th. 1.4.3]),
it is clear that c) follows from b).

%
Assume that a family {L,, a € [0, a1]} satisfies (H1) and (H2). For any « € [0, aq],

we denote Q. := I — P, and let
Ll,a = PyLy, = LozPoz; L2,oc = QozLoz = LaQa Xl,a = POZX) XZ,Q = QozX (915)

Then L, is a bounded linear operator, Re 0(L1,,) < A in X, and Lg , is a sectorial
operator in X', Re o(Lg2,,) > At,. Moreover, ||LY,0|| < C)\', v€10,1). Applying Lemma
9.1.3 to the operators A\_ — L , and Ly o, — Ay, respectively, one obtains
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LEMMA 9.1.4. Assume that the hypotheses (H1) and (H2) are satisfied. Then there is a
C > 0 such that, for any a € [0, a1] and v > 0 the following estimates are true

a) |Liexp (=Liat)Poll < CX e =1 £ <0

b) ILg (exp (—Liat)Pa — exp (—L1ot)Po) | < CAL||LoLgt — Ifle™?=% ¢ <0
¢) |ILgexp (—Lat)Qal < Ct™7e 1 >0

d) [|Lg (exp (=Lat)Qa — exp (—=Lot)Qo) || < Ct™7||LoL ' = Ifle™*+"; ¢ >0

In what follows, by C' we will always denote the positive constant existence of which
is ensured by Lemmas 9.1.3 and 9.1.4.

We finish this section by a useful lemma referring to Holder continuity of the expo-
nential mapping ¢ — exp (—Lt).

LEMMA 9.1.5. Assume that the hypotheses (H1) and (H2) are satisfied. Suppose that
w € (A_,A;). Then, for any v € [0,1), 0 € (0,1 — ) and o € [0, 1] the following
estimates are true

a) ||Lg [exp (1 — Li,a)r) — exp (b — L1,a)(r — h))] Paz| <
< ChAL e =207 (= Lo) L | ||
forany h >0, r<0andx € X

b) |ILg [exp (=(La — p)(r + h)) — exp (=(La — p)1)] Qaz|| <
< C’2h(1_7+9)/27“_(1+7+9)/26_O‘*_“)T1_?Y—+QH<N — L)Lyt |||l

forany h >0, r >0 and x € X

PrROOF. a) Clearly, for any » < 0 and h > 0

I = L3 exp (1 — Ly.a)r) —exp (1 — Lia)(r — b)) Pazr =

(- L)' [ Lo (0= Lia)t) P

r—h

By Lemma 9.1.4 a),
2]l < [ — La)Lg | CAI_H/ he(”_k‘)g dé||z]| < b CAZ " AT (1 — La) Lo ||

To show b) we will argue similarly as above. We have, for any » > 0 and h > 0

Iy := Lg [exp (=(La = p)(r + 1)) —exp (=(La — p)r)] Qax =

h
= (u— Lo)Lg* / LY exp (—(Lo — 1)€)Qa dé L8 2exp (—(La — 1)r) Qo
0
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Hence,
h
||12|| < ||(M— La)Lng C/ E—(1+v—9)/2e—(>\+—u)£d£ Cr—(1+v+9)/2e—(k+—u)r||xH <
0

2

< 2= +0)/2,=(1+7+0)/2 o= (At —p)r
L—y+o

(1 = L) Lo Il Il

forany r >0, h >0 and x € X.

9.2. Existence of solutions of the system of abstract equations

In this section, the aim is to show local and global solvability of a family of abstract
equations
u + Agu = g(u, w)

aw’ + Bow = f(u) a € (0,a] (9.2.1),

and
u' + Agu = g(u, By f(u)) (9.2.1)9

where the families {A,, « € [0, 1]} and {Bq, a € [0, a1]}, a; > 0, small enough, fulfill the
hypotheses (H1)-(H2) and (H1) on the Banach spaces X and Y, respectively.
Denote
X7 = [D(A3)); YP = [D(B)): 7,620 (922)

the fractional power spaces A} and Bg , respectively, with graph norms, i.e. |jul, := ||AJu||
and [[w]lg := | Bywl-

By a globally defined solution of (9.2.1), with initial data (ug,wp) € X7 x Y? we
understand a function

t (u(t),w(t)) € C([0,T); X" xYYNCH(0,T); X xY) forany T >0  (9.2.3)4

such that (u(0),w(0)) = (ug,wo); (u(t),w(t)) € D(A) x D(B) for t > 0 and (u(.),w(.))
satisfies (9.2.1), for any t > 0.

By a globally defined solution of (9.2.1)y with initial data uy € X7 we understand a
function

t—u(t) € C([0,T); X")NC*((0,T); X) forany T >0 (9.2.3)0
such that u(0) = ug;u(t) € D(A) for t > 0 and u(.) satisfies (9.2.1)( for any ¢ > 0.
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As usual, for Banach spaces E1, E5 and 7 € (0, 1] we denote C},,(E1, E2) the Banach
space consisting of the mappings F' : E; — FEs which are Fréchet differentiable and such
that F' and DF are bounded and uniformly continuous, the norm being given by || F||; :=
sup | F' | +sup | DF |. C’;L"(El,Eg) will denote the Banach space consisting of the
mappings F' € Cl,,(E1, E2) such that DF is n- Holder continuous, the norm being given

DF(x)-DF
by [ Fll1 = |[Fll +sup apy 1 ﬁm)—ynn Wl
‘rayeEl

Concerning functions g and f we will assume

(H3) g€ Cly(X7 xYB X), feC(X7Y¢)
for some v, € [0,1), B >¢ >0 —1and n € (0,1].

First, we will consider the case @ > 0. According to Lemmas 9.1.1 and 9.1.3 the
operator A, (B,) is sectorial in X (Y). In Lemma 9.1.4 we have shown the estimates

[AGexp (—Aat)z|| < Ct e ||z

reX,yeYsit>0 9.2.4
|Blexp (—Bat)yll < Ot~ -9 e BSy| 524

With help of these inequalities one can easily adapt the proofs of [23, Theorems 3.3.3 and
3.3.4 ] to establish local and global existence of solutions of (9.2.1),, a € (0, 1], for initial
data belonging to the phase-space X7 x Y?. Local and global existence of solutions of
(9.2.1)¢ with initial data from X7 follows from [23, Theorems. 3.3.3 and 3.3.4].

This way we have shown that system (9.2.1),, a € (0,1], generates a semiflow
Sa(t),t >0, on X7 x Y5 defined by S, (t)(u(0),w(0)) := (u(t),w(t)). Similarly, system
(9.2.1)¢ generates a semiflow Sy(t),t > 0, on X7.

9.3. Banach spaces with exponentially weighted norms

Let X be a Banach space and p € R. Following the notation of [15] and [34] we denote

C,(X):= {u : (—00,0] — X, u is continuous and sup e”*||u(t)||x < oo}
t<0

and
HUH(};(X) = sup e [|u(t)]| x (9.3.1)
<0

The linear space C;, (X') endowed with the norm ||'||C;( x) is a Banach space. If p < v

then embedding C; (X) — C,; (&) is continuous with an embedding constant equal to 1.
Let X,Y be Banach spaces and F' : X — Y be a bounded and Lipschitz continuous
mapping. Denote

F:C (X)—C(Y) (9.3.2)
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a mapping defined as F(u)(t) := F(u(t)) for any ¢t < 0. By [34, Lemma 5.1], for every
1 > 0, the mapping F is bounded and Lipschitzian with sup | F |< sup | F | and
Lip | F|< Lip | F|. If F: X — Y is Fréchet differentiable then F : Co(X)— C(Y)
need not be necessarily differentiable. Nevertheless, the following result holds

LEMMA 9.3.1. [47) If F : X — Y is Fréchet differentiable with DF' : X — L(X,Y)
bounded and uniformly continuous, then, for every v > u,v > 0, the mapping F :
C,(X) — C,(Y) is Fréchet differentiable, its derivative being given by DE(u)h =
DF(u(.))h(.) and DF : C,(X) — L(C,(X),C;(Y)) is bounded and uniformly con-
tinuous.

We now recall a notion of uniform equicontinuity of a subset of C; (X) (see, [34]). By
definition, a subset F C C (X) is called C,; - uniformly equicontinuous if and only if the
set of functions {f,, f € F}, where f,(t) := e f(t) is equicontinuous, i.e. for every € > 0
there is a 6 > 0 such that

sup sup e f(t) —e* f(s)|| < e (9.3.3)
ferF t,s<0
[t—s|<d

For any ¢ € (0,1], a € (0,1] and p > 0 we furthermore denote

Cripa(X) = {u € CL(X); [u]y,p,0 < 00} (9.3.4)

where t o

e u(t) — et Myt — h
(U] 0,0 i = sUP | ®) 1o ( )l (9.3.5)
<0
he(0,a]
and let

||u||0*97a()() = ”u“q;(x) + [u] 0,0 for any u € C, ,(X) (9.3.6)

The space C, ,(X) endowed with the norm ||.[|,- is a Banach space continuously
H,0,a

embedded into C; (X) with an embedding constant equal to 1. Furthermore, the space

Ci0.a(X) is continuously embedded into C, , (&) for any 0 < p < v and ¢ € (0,1].

Indeed, for any u € C,/, ,(X), t <0 and h € (0, a], we have

e ut) — e Pu(t = m)|| < || (7" = eI ety ()4

el (et — e Mt — b)) | < oy (o (v — ) + (1] .0k

Thus v € C, ,(X) and the embedding C, ,(X) —

v,0,a V 0,4
ding constant being less or equal to max{1, (v — p)a'~ 9}

(X) is continuous, its embed-

For any K > 0, the set

Fo = {u € O X lullg, <K} (9.3.7)

H,0,a
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is a C); - uniformly equicontinuous and bounded subset of C (X).

Since C , ,(X) is continuously embedded into C;; (X') we obtain the following conse-
quence of Lemma 9.3.1

LEMMA 9.3.2. Let F': X —Y be as in Lemma 9.3.1. Suppose that v > p,v > 0 and g €
(0,1]. Then the mapping F' : C,; , .(X) — C, (Y) is Fréchet differentiable, its derivative

K,0,a

DFE : Croa(X) = L(C,, . (X),Cr(Y)) being bounded and uniformly continuous.

H,0,a
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SECTION 10.

Invariant manifolds

10.1. Construction of a family of invariant manifolds

In this section, we establish the existence of a one-parameter family of invariant man-
ifolds for semiflows generated by abstract singularly perturbed equations (9.2.1),, o >0
small enough.

First, we will deal with solutions of
aw' + Bow = f (10.1.1),

existing on R and satisfying a growth condition of an exponential type when t — —oo. We
will also consider the ”limiting equation”

Henceforth, we will assume that a family {B,,a € [0, 1]} satisfies the hypothesis
(H1). From Lemma 9.1.1 we know that B, is sectorial and Re o(By) > w > 0 for any
a € [0,aq], ag small. Moreover, we choose a7 > 0 such that

w>va; >0 (10.1.2)

where v > 0 is given. Now, it is routine to verify that (10.1.1),, « € (0, @] has a unique
solution w € C;; (Y?), B € [0,1), for any f € C,(Y*), £ > 3 — 1. This solution is given
by



10.1 Construction of a family of invariant manifolds 44

w(t) == é/ exp (—Ba(t—s)/a) f(s)ds=: Cof(t); t<0 (10.1.3)

— 00

The unique solution of (10.1.1)( is determined by
w:= By'f = Cof (10.1.4)
Concerning the boundedness and limiting behavior of the linear operators
Co:C, (Y = C 7 (YP); ael0,ai] (10.1.5)

we claim

LEMMA 10.1.1. Assume that the family {B,;« € [0, 4]} fulfills the hypothesis (H1). Let
Be€l0,1),6>¢>0—1and0 < va; <w.Then

a) there is a C > 0 such that
1Callzicr veyorvey < CT( =B+ (w— vap)P=¢1 for any a € [0, o]

where I' is the Gamma function

o) := / r’~Ye=" dr for 6 > 0 (10.1.6)
0

b) Cof — Cof as @ — 0" uniformly with respect to f € F where F is a C; - uniformly
equicontinuous and bounded subset of C;; (Y¢).

¢) Co — Cy as a — 07 in the norm topology of the space L(C Y¢),C (YP))

a(
1/797
for any ¢ € (0, 1], a € (0, 1].

PROOF. Denote w := C,f for f € C;;(Y*¢). With regard to Lemma 9.1.3 we obtain,
for any ¢t <0 and « € (0, aq],

e lw(®)lls < é/ 1By Sexp (—(Ba —va)(t — s)/a)||e”| B f(s)]| ds <

— o0

t
< g/ ((t = 8) /)" Pm8emmvalt=sl/ags| || o ye) <

<CT(1-B+¢&)(w— Val)ﬁ_£_1||f||c,j(Y5)

For o« = 0 we have

v —£-1 —e—
lwt)lls < 1By~ flloy ey < Co” T fllgs (vey-
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b) Because Re o(Bj) > w > 0, we have the following integral representation of By *
1/t
By = a/ exp (—Bo(t—s)/a) ds forany ¢t <0, a>0, (10.1.7)

Let t <0 and f € F be arbitrary. Using Lemma 9.1.3 we obtain

e’ |Caf(t) = Cof(t)lls <
< 0[BT (e (Bt /00 BF0) —exp (Bt — 5)/e) BEF (1) 1 ds <

<2 [ UBECexp (<Balt - 9)/a) BE(£() - F0)e" ds+

— 00

b [ B exp (<Bat = 5)/a) — exp (~Bot = s)/a) | dslfll e, <

—0

t
<o [ (=) ey eIl () - fio)]cds+

C t
FC BB 1) [ (6= 5)f) O s ey = T+

As it is usual in integral with singular kernels (see, e.g. [34]) we decompose the first integral
into two parts I; = ff; + ftt_T =: I11+11 2 where 7 > 0 will be determined later. Clearly,

e’ |If(s) = FO)le < 26”(t_3)||fHCV_(Yg), for any —oo<s<t<0.

Then "
hoai= C [ (= 9)/a) O Oe e 1) — f()]cds <

<

< fllo e

On the other hand, for any s € [t — 7, t], we have

| f(s) = FO)le < lle* f(s) = e f(O)le + (€ =D f oy vey <

< er(t=9) ( osc(f,7) + (1 — €_VT)HJCHC;(Y5)>

where osc(f,,7):= sup |e”" f(t) —e"*f(s)|l¢. Hence,
t,s<0
[t—s|<T

hai= O [ (= s)fa) OO oeet fs) - f2)] ds <
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<CTA-pF4&)(w— 1/041)5_'5_1 < osc(fy, 7) + (1 - e_W)HfHCJ(Y&))

Finally, we have
I, <Cr(1—-p3+&8w Y ByB;t - I fller (e

Since the set F C O (Y*) is assumed to be C, - uniformly equicontinuous and bounded
we have
OSC(fu,7'> + (1 - e_w)Hch;(y&) — 0" as 7— 0"

uniformly with respect to f € F. Now, it is easy to see that C,, f — Cof in C; (Y?) when
a — 0T uniformly for f € F.

Finally, by (9.3.7), the set F; := {gb €C,,a(Y%); ||¢||C;Q < 1} is a C,; - uniformly
equicontinuous and bounded subset of C;; (Y'¢). Hence, by b), C,, — Cy as a — 0% in the
topology of the space L(C, , ,(Y*),C, (YP)).

V’Q’a

%

We now turn our attention to the construction of an invariant manifold M, for a
semiflow generated by the system

' + Agu = g(u,w)

o’ + Bow — Flu) (10.1.8)

where o € [0, a1]. From now on we will assume that the hypothesis

1) the family {A,, o € [0, 1]} satisfies (H1)-(H2) on a Banach space X
(H)< 2) the family {B,,a € [0, a1]} satisfies (H1) on a Banach space Y

3) the functions g and f satisfy (H3) for some 7,3 € [0,1) and > ¢ > (5 —1

holds.

The idea of the construction of an invariant manifold M, for (10.1.8) is fairly standard
and is based on the well-known method of integral equations due to Lyapunov and Perron.
According to this method, M, contains all solutions (u(.),w(.)) € X7 x Y” of (10.1.8)
existing on R and satisfying an exponential growth condition of the form

lu®)lly + w(®)lls = O(e™) ast — —oo (10.1.9)

where p > 0 is fixed. In our case, we will take the advantage of the particular form of
(10.1.8). With regard to Lemma 10.1.1, for a given u € C,; (X7) we have f(u) € C,; (Y*)

(f defined in (9.3.2)) and hence w := C,, f(u) is the unique solution of (10.1.1), belonging
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toC,; (Y5). Roughly speaking, the w - variable of the semiflow S,, on an invariant manifold
M, (if it exists) is governed by the u - variable. More precisely, as usual (see, e.g. [15],
[33], [22]), we will construct M, as the union of curves (u,C, f(u)) where u € C (X7)
are fixed points of the mapping

To(z,.): C (X)) = C (X7) (10.1.10)
a € [0,a1], © € Xy 9:= PoX and, for any u € C/ (X7)

To(z,u) == Koz + 70 (Ga(u)) (10.1.11)
The linear operators Ko : X100 — C (X7); 7o : Cf (X) — C (X7) are given by

Koz :=exp (—A1,at)Pax; for any x € X, (10.1.12)
'
Tug)(0)i= | exp (~Avalt—5)Pagls) dst
0

+/ exp (—Aa(t —5))Qag(s)ds for any g€ C, (X) (10.1.13)

— 00

and the nonlinearity G, : C,; (X”) — C (X) is given by
Go(u)(t) = g(u(t), Cof(u)(t)); forany u e . (X7) (10.1.14)

By means of the Banach fixed point theorem, we will show that the operator T, (z,.)
has a fixed point Y, (z) € C (X”) . To do this, we first establish estimates of norms of 7,
and I, and the Lipschitz constant of G,.

LEMMA 10.1.2. Assume that p € (A_, A\;+). Then, for any o € [0, a1]
a) Ka € L(X1,07CM_(XFY>)§ ||ICoz||L(X1’O,C;(Xw)) <OXL

IKa = Kollp(x, .05 (xvy) < CALIA0AZ! — |
0,Cp (X7)

b) T € L(Cy (X0, G (X)) W Tallgiey o067 (xy < CEO= A7)

m
17e = Toll oy (x).07 (xy) < CllA0ALT = T (A=, Ay 11, 7)

where K
L 2 —
i Y
p—A-  1—vy

K()‘—v/\-l—?,uv’)/) = (>‘+ _:u)’y_l (10115)

In addition, if p € (0,1 —+) then there is a constant a = a(A_, Ay, p,y, 0, C) > 0 such

that
C) Ica € L<X1’0’C;;g,a<X’y)); ||ICO‘||L(X1VQ,C;,Q7G(X7)) S 20)\’1
1o € L(C;(X), C;:,g,a(X7>)§ ”Toz||L(C;(X),c;79’a(xw)) < 20K (A, A4, p,7)
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d) Ko — Ko and 7, — Ty as o — 0" in L(X,10,C,, , ,(X")) and L(C,, (X),C,; , .(X7)),

\ 1,0,a 1,0,a
respectively.

PROOF. Using the estimates from Lemma 9.1.4 the proof of a) is obvious. Again, with
help of Lemma 9.1.4, the proof of b) is an immediate adaptation of that of [15, Lemma
10.1].

In order to prove c¢), we make use of Lemma 9.1.5. Applying Lemma 9.1.5, part a),
we obtain

Katluga < a'~2CNF (1 — Au)Ag 2] for any @ € X1

Further, by definition (10.1.13),

PTL(0)0) = [ exp (Ara(t = 5) Pag(s) ds

t

QuTa(9)(t) = / exp (~Aa(t — 5))Qag(s) ds

— 00

for any g € C; (X). Hence

I = PaTo(g) ()" — PaTa(g)(t — Byt =
- / fexp (1 — Ava)(t — )) — exp (1 — Ava)(t — b — 5))] Pach®g(s) ds+

i / exp (11— Ava)(t —h — 5)) Pact*g(s) ds

By taking norms and using Lemmas 9.1.4 and 9.1.5 a), we obtain

t
1AG I < { Cll(n - Aa)Aalllkl_”/ WA= sy

0
t —1
AV (—h—s (1 — Aa)Ag ~|IA=
+CO\Y /t_h p(B=A=)(t=h )ds}HgHC;(X) < h CX {1 + = )\_0 Hchg(x)
thus (s — Aa)A5"
_ w— Aq)Ag | A=
[PoTa(9)lnpa < a'"°CNY {1 + o — . } lalle; ()

Acting similarly as above, we deduce that

I = QaTa(9) ()" — QaTa(g)(t — e~ =

— [ e (e = (= )~ exp (~(Aa = )t~ b = )] Quetg(s) dit

— 00
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t
[ exp (<40 =)t = ) Que gl ds
t_
Again, by Lemmas 9.1.4 and 9.1.5 b),

202p(1=7+0) /2| (1 — A,
I—v+o

y A " C(1rte)/2,— (g —p)(t—h—s)
|AJ L] < { (t—h—ys) e\ ds+

t
LC / (t - 5)77e=O+=0=)ds gl ) <
t—h

21102021 — Ag) A Car-e
0 a)Ag o Ca"77¢ )
(T ot om0 == + S il

This way we have shown that there exists a constant k& = k(A_, A+, u,7,0,C) > 0
such that

[Katlpoa <a'%k|z| and [Tagluee < a(l—v—g)/2k||g||C;(X) for any 0 < a <1

Hence, by taking a = a(A_, Ay, u,7, 0, C') > 0 sufficiently small and using the statements
a) and b) it follows that

||IC05||L(X1’0,C;7Q,G(X'V)) <2C\T  and ”Toz||L(C;(X),C;,gya(x'y)) <20K(A-, A4, p,7)
Finally, we will prove that
Koz — Kozlpoa — 0 and [7og9 — T0glupa — 0 asa— 0"

uniformly with respect to ||z|| < 1 and ||g|| cr(x) < 1, respectively.
Denote

Ua(t) :=exp ((p — A1,0)t) Py —exp ((p — A1,0)t) Py
Va(t) :=exp (—(Aa — )t)Qa — exp (—(Ao — p)1)Qo

We have the following integral representation of U, (t)

for any r <0,h >0, Ua(r)—Ua(r—h):/rha%Ua({)df:

= /ih (e — Ay a)exp (1 — A1,0)8)Po — (0 — A1 0)exp (1 — A1,0)&)Po] d§ =

T T

exp (i — A1 )€)Padé + (1 — Ay o) / Ua(€) de

r—h

Using the above expression and Lemma 9.1.4 one can proceed similarly as in the proof of
Lemma 9.1.5 a). One obtains

= (A1,0 — Al,a)/

r—h

143 (Ua(r) = Ua(r = W) z|| < Crhe " A" |11 = A A [z]l; 7+ <0, h>0
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where C7 > 0 is a constant. Analogously, one also deduces that for any » > 0, h > 0
143 (Va(r + h) = Va(r) 2| < Crh #0205 2o =ir| 1 — AL A |||

With help of these estimates, the statement d) can be readily proved by repeating the lines
of the proof of ¢) but now operating with U, (t) and V,(¢) instead of exp ((1t — A1.0)t)Pa
and exp (—(As — p)t)Qq, respectively.

O

Since g: X7 xY” — X and f:Y” — Y¢ are bounded and Lipschitzian we have that
Ga : O (X7) = € (X)

is bounded uniformly with respect to « € [0, a4] (10.1.16)

and, moreover,

1Ga(u1) = Galu2)lle-(x) < Lip(g) (1 +[|Call Lip(f)) [ur — uallc- (x+)
Hence, by Lemma 10.1.1, we obtain

Lip(Ga) < Lip(g) (14 CT(1 = B4 &)(w — par)? ¢~ Lip(f)) (10.1.17)

With this we have establish the following

LEMMA 10.1.3. Let p € (A_,Ay). Assume that the hypothesis (H) holds. Then the
operator Ty, (x,.) : C, (X7) — C(X7) is a uniform contraction with respect to o € [0, 1]
and x € X, o, provided that the following inequality is satisfied

0 := CK(A_, Ay, pt,7) Lip(g) (14 CT(1 = B+ &)(w — pay)’ 7" Lip(f)) <1 (10.1.18)

According to the previous lemma, if (10.1.18) is satisfied then, by the Banach fixed
point theorem, there is a family Y, (z),a € [0,a4],x € X, of fixed points of T, (z,.).
Because

1 Ta (21, u) = Ta(z2, u)|| = [[Ka(z1 — 22)|| < CAL[|lz1 — 22|

we furthermore have
|Ya(z1) — Yo(zo)|| < CAT(1 — 9)_1||a:1 — || (10.1.19)

i.e Y, (.) are Lipschitz continuous uniformly with respect to a € [0, a4].

Now, we can define a set M, as follows

M, = {(Ya(a:)(o), Caf(Ya(aj))(O)) — XLO} . ae(0,a] (10.1.20)
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In order to show invariancy of M, under the semiflow S, (t),t > 0, generated by
(10.1.8) it suffices to prove that

Mg = {(u(r),w(r)) € X" xYP 7 €R, (u,w)€ C,(X7) x C;(Yﬂ) solves (10.1.8) }

(10.1.21)

Indeed, let us consider an arbitrary solution (u(.),w(.)), belonging to the right hand side
of (10.1.21). Take a 7 € R and put u(t) := u(t + 7),w(t) :== w(t + 7). Then (u,w) is a
solution of (10.1.8) as well and (u(.),w(.)) € C, (X7) x C’;(Yﬂ). By Lemma 10.1.1, we

have @ = C, f(#) and @ is therefore a solution of
@' (t) + Aati(t) = g(a(t), Caf (@)(1)) = Ga(@)(2)
According to [15, Lemma 4.2] @ is a solution of
u(t) = exp (—A1 at)Pat(0) + To(Go(0))(t), t<0

By Lemma 9.1.2 and 9.1.4 , P, |X1)0: X1,0 — X1, is a linear isomorphism. Therefore
there exists x € X; ¢ such that Pyx = P,u(0). Thus, @ solves the operator equation
T, (x,u) = u. By uniqueness of a fixed point of T, (z,.) we have u = Y, (z) and hence

(u(7), w(r)) = (u(0), w(0)) = (Ya(w)(o),Caf(Ya(w))(0)> € M,

On the other hand, take an arbitrary x € X; . Then (Ya(x)(.),Caf(Ya(x))(.)) €
C,(X7) xC; (Y5) is a solution of (10.1.8) which can be extended to a solution exist-
ing globally on R. Hence (Ya(x)(O),Ca f (Ya(x))(0)> belongs to the right hand side of
(10.1.21). This way we have shown (10.1.21).

For o = 0, we put ~
Mg = {Yo(QZ)(O), x € Xl,()} (10.1.22)

With regard to [15, Th. 4.4], My C X7 is an invariant manifold for the semiflow So
generated by (9.2.1)g. This manifold can be naturally embedded into a manifold Mgy C
X7 x YP defined as

Mo = { (u, By fw) 5 ue Mo} (10.1.23)

We note that the manifolds M, a € [0, a;], are Lipschitz continuous submanifolds of
X7 xYP (see (10.1.19) ) and dim M, = dim X; ¢ < oo for any « € [0, a1].
Denote B
b, :=Y,(z)(0) and V¥, :=C,f(Ya(x))(0)

for any «a € [0, o] (10.1.24)

The mapping X103 7 +— (®4(z), ¥o(x)) € X7 x Y7 is Lipschitz continuous, its Lipschitz
constant being independent of « € [0, ay].
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In terms of ®, and ¥, the manifold M, is given by
My ={(Pu(z),¥Yu(x)), z € X100} a€|0,aq] (10.1.25)

and the semiflow S, (S,) on M, (M) is determined by solutions of its inertial form. By
definition (see [22, Chapter 2.1]), an inertial form for (10.1.8) is an ordinary differential
equation in a finite dimensional space X o given by

p +PU VA W Pop =P YP,g(94(p), ¥alp)) (10.1.26)4

where the linear operator PS ") was defined in (9.1.4). Indeed, any solution (u,w) of
(10.1.8), a € [0, 1], belonging to M, can be written as

where p(.) is a solution of (10.1.26) and vice versa.

By definition, a compact subset A of a Banach space X is called a compact global
attractor for a semiflow S(t),¢ > 0 on X, if it is invariant under S(¢) and

lim dist (S(¢)B,.A) =0 for any bounded subset B C X (10.1.29)

t—o0

where dist (B,.A) := supycginfeca [|b— al|.

REMARK 10.1.4. Suppose that system (10.1.8), admits a compact global attractor A,.
Since A, consists of all globally defined trajectories which are bounded in X7 x Y? we

have A, C M,.

REMARK 10.1.5. Assume that § < 1 is sufficiently small. Then, following the lines of
the proof of [15, Th. 5.1], one can also prove exponential attractivity of M,. It means
that, for any (u,w) € X7 x Y?, there is a unique (u*, w*) € M, such that ||Sq(t)(u,w) —
So(t)(u*, w*)|| = O(e ') as t — oo. Hence, M, is an inertial manifold for the semiflow
S, in the sense of [22].

10.2. The singular limit dynamics of invariant manifolds

In this section, our objective is to study singular limit dynamics of invariant manifolds
M, when o — 07. The main purpose is to show

(@, ¥y) — (Do, ¥Ug) as a — 0T (10.2.1)
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in the topology of the space C},,(B, X7 x Y?) where B is an arbitrary bounded and open
subset of X7 .

The proof uses abstract results due to Mora and Sola-Morales regarding the limiting
behavior of fixed points of a two-parameter family of nonlinear mappings. With regard
to Lemma 9.3.1, we note that the mapping T, (x,.) : C (X7) — C,(X”) need not be
generally C! differentiable. One can, however, expect that T, is a C' mapping when
considering T, (7, .) as a mapping from C (X7) into C,7 (X7) for some v > . Therefore,
we need a version of a contraction theorem covering the case in which differentiability
involves a pair of Banach spaces.

First, we recall the assumptions of [34, Th. 5.1]. Let X', U be Banach spaces, a3 > 0.
Let T, « € [0, 1] be a family of mappings from X x U into U such that

(1) there is 6 < 1 such that ||T, (2, u1) — To(z, u2) ||y < 0||uy — uslly
for any x € X, uy,us € U and a € [0, ay].

2) there is a @ < oo such that ||T,(z1,u) — To(z2,u)||v < Qllz1 — 22| &
(T) for any z1, 20 € X,u € U and « € [0, ).

3) for any B C X bounded and open
sup,ep || Ta (2, Yo(z)) = To(z, Yo(x))|u — 0 as or — 07
\ where Y, (x), z € X, a € [0, 1] is the unique fixed point of T, (z,Y) =Y

REMARK 10.2.1. Note that, by the Banach fixed point theorem, (7"); and (7")3 ensure the
existence of a family of fixed points Y, (z) of T, (z,.) such that the mapping = — Y, (x) is

Lipschitzian, its Lipschitz constant being Q(1 — #)~!. Furthermore, (T3 implies Y, (z) —
Yo(x) as a — 0" uniformly with respect to # € B, B is an arbitrary bounded and open
subset of X.

We assume that the space U is continuously embedded into a Banach space U through
a linear embedding operator J. We also denote T, := JT, and Y, := JY,.
We are now in a position to state a slightly modified version of [34, Th. 5.1]

THEOREM 10.2.2. ([34, Th. 5.1]) Besides the hypothesis (T) we also assume that the
mappings T, : X x U — U, « € [0, ] satisfy the following conditions:

1) for any o € [0,04], T, is Fréchet differentiable with DT, : X x U — L(X x U,U)
bounded and uniformly continuous and there exist mappings

dyTo: X xU — LU, U); dyTp : X x U — L(U,U); dyTp: X x U — L(X,U)

such that
DyTo(z,u) = JdyTo (2, u) = dyTo (2, u)J
DTy (z,u) = Jd Ty (2, u)
lduTa(z, 0 Lwv) < 0
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|duTa (2, w)ll 0,0y <0
||dea($7u)HL(X,U) <Q
2) for any B bounded and open subset of X,

DT, (x,u) — DTy(z,u) as a— 0T
uniformly with respect to (z,u) € B x Fpg where

Fp:={Y,(z) €eU; z€ B,a€[0,1]} (10.2.2)

Then the mappings Y, : X — U have the following properties

a) for any o € [0,1]; Yo, : X — U is Fréchet differentiable, with DY, : X — L(X,U)
bounded and uniformly continuous

b) for any B bounded and open subset of X,
DY, (z) — DYy(z) as a — 0%
uniformly with respect to x € B.

PROOF. The only difference between the assumptions of the above theorem and those
made in [34, Th. 5.1] resides in the part 2). Hence, the proof of the part 1) remains the
same as that of [34, Th. 5.1, part K1) ].

Recall that in [34, Th 5.1] they required a uniform convergence of DT,, — DTy instead
of 2). Nevertheless, they have shown the estimate

_ _ 1 Q _ _
|DYo(z) — DYo(2) |l (o,0) < Té{ﬁ”DuTa(xaya(w’)) — Dy/To(x, Yo(2)) | oo,0)+

+| Do To (2, Yo (7)) — DoTo(x, Yo(2))| Lox.0) }

Furthermore, - -
||DiTa(x7 Ya(x)) - DiTO(x7 YO(‘,Z:))H <

< ||DiTa(@, Ya(x)) — DiTo(z, Ya (@)l +wi (|Ya(z) — Yo(2)|)

where 7 stands either for u or z and w; denotes the modulus of continuity of Dif 0. Hence
the assumption 2) is sufficient for the proof of the local uniform convergence DY, — DY,
as stated in b).

O

Henceforth, we will assume that

0€(0,1—7), and A <pu<(I+npu<r<ip<A; (10.2.3)
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In order to apply Theorem 10.2.2 to fixed points Y, (z) of the nonlinear operator
T, (x,.) defined in (10.1.11) we choose the following Banach spaces

U:=C,,.(X") andU:=Cy, (X7), (10.2.4)
and denote
J: C’;’Q’a(X’V) — C’fj’gva(XV) (10.2.5)

a linear embedding operator. A constant 0 < a < 1 will be determined later. Before
proving that the family of mappings T, € [0, ], fulfills the assumptions of Theorem
10.2.2 we need several auxiliary lemmas each of which is under the hypothesis (H) and
(10.2.3). First, we introduce a notation.

In the following, with regard to Lemma 10.1.2, ¢), d), the mappings K, and 7, will
be considered as bounded linear operators acting on

Koa:X10—-U ’Ta:C';(X)—ﬂ/l

We also denote
Ko:X10—U To:Cr(X)—U (10.2.6)

the bounded linear operators analogous to K, and 7, respectively, but operating on
exponentially weighted spaces with an weight e*. We remind that the boundedness of
Ka»To, Ko, 1 follows from Lemma 10.2.1, parts ¢) and d). Because Rank T, C U (see
Lemma 10.1.2), we obtain

Yo(z) =Ta(x,Ya(x)) €U forany x € X1 and a € [0, o] (10.2.7)

Moreover, we have

LEMMA 10.2.3. Let B a bounded subset of X; . Then the set
Fp = {Yo(z) € U; 7 € Ba € [0,m]) (10.2.8)

is a bounded subset of U. At the same time, Fp is a C, - uniformly equicontinuous and
bounded subset of C; (X7).

PROOF. Since Y, (x) = Ty (2, Yo(2)) = Koz + T4 (Ga(Ya(z))) and G, is bounded the
proof follows from Lemma 10.1.2 ¢) and (9.3.7).

Because of the assumption f € C’;;;i" (X7,Y¢) we have that

F:CH(X7) = C (Y0 fu)(t) == flu(t))
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is bounded and Lipschitz continuous. Recall that the space U is continuously embedded
into C; (X7). Hence the mapping

H,:U— C’;(Yﬁ); H,(u) := Co f(u) (10.2.9)

is bounded and Lipschitz continuous. We also denote C, the linear operator defined in
(10.1.5) and operating from C (Y¢) — CZ(Y?). Let

H,:=JH,:U— C_(YP (10.2.10)
Here
JCL(YP) = O (YP) (10.2.11)
is a linear embedding operator.
LEMMA 10.2.4.
a) Ha € CyyyU,C (Y7))
b) there is an operator dH, : U — L(U,C}; (Y5))
such that DH,, = J'dH,,

PROOF. From Lemma 9.3.2 we have f € CL (U, C7(Y¢)) and, by Lemma 10.1.1,
C, € L(C;(Y®),C (YP)). Hence H, € CL,;,(U,C;(YP)) and DH,, = C,Df.
b) Since Df : X” — L(X",Y?¢) is bounded we obtain that the operator

df :U — LU, C,(Y*)), df(u) = Df(u(.)) (10.2.12)

is well defined and bounded. By Lemmas 9.3.1 and 9.3.2, the derivative D f is given by
Df = J'df. Denote
dH,, = C,df (10.2.14)

Then DH, = C,Df = J'Codf = J'dH, T.

LEMMA 10.2.5. Let F be a bounded subset of U. Then
He(u) — Ho(u) as a — 0% in C (YF) and
DH,(u) — DHy(u) as o — 0% in L(U,C; (Y"?)) uniformly with respect to u € F.
PROOF. a) Because both f and Df are assumed to be bounded, one can show that

the set 3
Fo = (flu); we F)

t Here we have used the operator identity C,.J’ = J'C, which follows from the
uniqueness of solutions of (10.1.1),, in the space C (Y?)



10.2 The singular limit dynamics of invariant manifolds 57

is a €, - uniformly equicontinuous and bounded subset of C; (Y¢). By Lemma 10.1.1, we
obtain

H,(u) = Cof(u) — Cof(u) = Ho(u) as a — 0F
in the space C; (Y8) uniformly for u € F.
b) From (10.2.3) we have (k — u)/n > p. Since we have assumed that the mapping
XY > uw Df(u) € L(X7,Y%) is n-Holder continuous one easily verifies that the set
Fr:={df(u); ueF}

is a C;_,-uniformly equicontinuous and bounded subset of C;;_,(L(X",Y*)). Then, by
[34, Lemma 5.4, d)] and (9.3.7), the set

Fo := {df (u)h; ||h||C;’M <1, ueF}

is a C-uniformly equicontinuous and bounded subset of C'Z(Y¢). Again, by Lemma
10.1.1, b), we obtain

DH,(u)h = Codf (u)h — Codf (u)h = DHy(u)h as o — 0

uniformly for ||h||c;9 <landueZF.

O
It follows from Lemma 9.3.1 and (H3) that
§ € Cpaa(C7 (X7) x CF (Y?),C7 (X)) (10.2.15)
where ¢ stands either for u or k. Define the operators
dug : C;; (X7) x C; (YP) — L(C, (X7),C; (X))
and
duwg : Cpp (X7) x C (Y7) = L(C (Y7), € (X))
as follows
dug(u,w) = Dyg(u(.),w(.)) and dyg(u,w):= Dyg(u(.),w(.)) (10.2.16)

As Dg is bounded, the mappings d, g and d,,g are bounded as well. Further, the derivative
Dg when restricted to C;; (X7) x C,; (Y”) can be expressed as

Dyg=J"dyg  Dypi=J"dug (10.2.17)

where J” : C/(X) — C; (X) is a linear embedding operator.

LEMMA 10.2.6. Let F be a bounded subset of U. Then
a) Ga € Clyy(U,C5 (X)) where G, := J"G,
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b) there is a mapping dG, : U — L(U,C;; (X)) such that DG, = J"dG,

¢) Ga(u) — Go(u) in C; (X) and DGy (u) — DGo(u) as a — 0% in LU, C (X))
uniformly with respect to u € F.

PrOOF. The proof of the statement a) follows from Lemma 10.2.4 and (10.2.15). Let
us define dG, as follows
dGey := dyg + dywg dH, (10.2.18)

By Lemmas 9.3.1, 10.2.4 and (10.2.17),
DGa = Dug + DwgDHa = J”dug + J,/dwg dHa = J,/dgoz

Since Ga(u) = g(u(.), Caf(u)(.)) = g(u(.), Ha(u)(.)), the first part of the statement
c) follows from Lemma 10.2.5. As Dg, is bounded, the second part is a consequence of
Lemmas 9.3.1, 9.3.2 and 10.2.5.

o

We are now in a position to apply Theorem 10.2.2 to the family of nonlinear operators
{T,}, introduced in Section 10.1.
Since the mapping G, : U — C (X) is Lipschitz continuous, its Lipschitz constant

being estimated by the right hand side of (10.1.17), using Lemma 10.1.2, c), d)T, we obtain
that the family T, (z,.) satisfies the hypotheses 77 and 75 in the Banach space U with
constants

0:=20 Q:=20C)\ (10.2.19)

where the constant § > 0 was introduced in (10.1.18). Furthermore, according to Lemmas
10.1.2 and 10.2.6, the assumption T3 is also fulfilled. Let us define the operators

duTa : Xl,O XU — L(Z/{,L{)
dITa : Xl,O XU — L(Xl’o,Z/{) (10220)
JuTa : Xl,O XU — L(Z/?,Z;{)

as follows

duTo(z,u) = TodGa(u); dpoTo(z,u) = Ka; duTo(z,u) = TodGq(u) (10.2.21)

where dG, is defined in the same way as the operator dG, but operating from U to
L(U,C; (X)). Denote

To:=JT,: X10xU—U and Y, :=JY, (10.2.22)

t In order to ensure the assumptions of Lemma 10.1.2 we now choose a suficiently
small constant a > 0 appearing in the definition of the spaces U, U.
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By Lemma 10.2.6, T,, € C},,(X1.0 X U,U). Moreover, from Lemmas 10.1.2 and 10.2.3 we
obtain DT, (z,u) — DTy(z,u) as a — 0T uniformly with respect to (z,u) € X1, x Fp
for every B bounded and open subset of X g.

Hence we have shown that the family T, (z,.) and the mappings d,Th, dy T, d, Ty
satisfy the assumptions of Theorem 10.2.2, provided that the constant # > 0 defined by
(10.2.19) is less than 1. In the case § < 1, by Theorem 10.2.2 we obtain

Yo=Yy as a— 0" in Cpyy(B,Cp,. (X)) (10.2.23)
for any B C X ¢ bounded and open.

Recall that

(Pa(), Wa(r)) := (Ya(2)(0), Ha(Ya(2))(0))
where H, is now considered as a C' mapping from Ch 0.a(X7) into C (Y?) for some
v > [i. In view of Lemma 10.2.5, statement (10.2.23) readily implies a C! - local uniform
convergence of (®,, ¥, ) towards (Pg, ¥y) as stated in (10.2.1).

In accordance to Lemma 10.1.3, we remind that the assumption § < 1 (6 defined
by (10.1.18) ) is sufficient for the existence of a family of Lipschitz continuous invariant
manifolds M, for semiflows S,, a € [0, a1]. On the other hand, the assumption § = 26 < 1
guarantees a " C''- closeness” of M, and M, which can be precisely expressed by (10.2.1).

Clearly, one way how to ensure the condition # < 1 is to require smallness of the constant
K > 0.

Having developed the previous background we can state the main result of this part
THEOREM 10.2.7. Assume that the hypothesis (H) holds. Then there are constants 7 > 0
and ay > 0 such that, if K(A_, Ay, p,y) < 7 then, for every a € (0, aq],

a) there exists an invariant manifold M, (/\;lo)for the semiflow S, (So) generated by
system (9.2.1),. Moreover, dim M, = dim My < oo and M, (M) is the graph of
a Ol continuous mapping X109 > x — (®n(2),¥a(x)) € X7 xYP (X103 2 —
o, (z)e X7)

b) for any bounded and open subset B C X1 ¢
(Bo, Ty) — (Pg, ¥g) as @ — 07 in Cly, (B, X7 x YP)
REMARK 10.2.8. In addition to the hypothesis (H) we also assume that A is a self-adjoint
operator with eigenvalues
D<M <. S <A < Ap, — 00 as m — 00

As it is usual in such a case, we will let A_ := X\,, Ay = A1 and p:= (A +A_)/2. With
this setting it should be obvious that the condition ” K is small” reduces to the requirement
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"X (Apy1 — Ap) "1 is small enough”. In case when \,,, & m?, m € N, the assumptions of

Theorem 10.2.7 are satisfied, whenever v € [0,1/2) and n is large enough.

We end this section with a couple of remarks. First, we recall a notion of structural
stability of a vector fields due to Andronov and Pontryagin. Let M be a C! compact
manifold. Two vector fields G, G2 on M are said to be topological equivalent if there exists
a homeomorphism ¢ : M — M which takes orbits of G; to orbits of G5 preserving their
orientation. A C' vector field G on M is said structurally stable if there is a neighborhood
O(G) of G with respect to the C' topology such that each G € O(G) is topological
equivalent to G (see, [21], [32]).

Having recalled these broadly known definitions and using the form of induced ordi-
nary differential equation (10.1.26), we can state the following consequence of Theorem
7.2.7 and Remark 10.1.4

COROLLARY 10.2.9. Besides the hypotheses of Theorem 10.2.7 we also assume that sys-
tems (9.2.1),,« € [0, 1], admit a family of compact global attractors A, C M,, a €
[0, 1] T, and, moreover, the set

B:={ueX; (u,w) € Ay, for some weY, acl0, o}

is a bounded subset of X.

If system (9.2.1)q is structurally stable then, for any « > 0 small enough, the flow S,
on A, is topological equivalent to that on Aj.

T We identify the attractor Ay C X7 with its natural extension

Ao = {(u, By f(u), ue Ay} c X7 xYP,
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SECTION 11.

Applications

The purpose of this section is twofold. First, we will study the singular limit dynamics
of local invariant manifolds and compact attractors for the model of shearing motions of
a non-Newtonian fluid. Section 11.2 is devoted to some second order abstract evolution
equations arising in the mathematical theory of elastic systems.

11.1 The limiting behavior of invariant manifolds and global attractors
for a model of shearing motions with ratio of Reynolds
number to Deborah number very small

As our first application of results of Section 10, we will consider the non-Newtonian
model of shearing motions including diffusion which was introduced in Section 2. Recall
that the system of governing equations has the form

g = VUpy — u+ g(vg) + fa (11.1.1)

AVt = VUgpp + Uy

with boundary conditions
v (t,0) =v(t,1) =0; wu(t,0) =wu,(t,1)=0 fort>0 (11.1.2)

and initial data
v(0,z) =vo(x); w(0,2) =wuo(z) forxel0,1]. (11.1.3)

Throughout this section, we let X = Y denote the real Hilbert space Ls(0,1) with
norm ||.|| and its usual inner product (.,.). In accordance to the notation of Sections



11.1 The limiting behavior of invariant manifolds ... 62

2 and 3 we will let A denote the self-adjoint positive operator in X with the domain
D(A) = {u € W22(0,1); u(0) = u,(1) = 0} and Au := —v?uy, for any u € D(A)
f. We also denote B the self-adjoint positive operator in Y its domain being D(B) =
{w e W22(0,1); w,(0) = w(l) = 0} and Bw := —w,, for any w € D(B). One checks
immediately that the linear operators A and B have the spectrum o(A4) = v20(B) and
o(B) = {\, \n = (n—1/2)?7% n € N}. Eigenvectors of A and B are proportional to
sin v/ A,z and cos v/, x, respectively. Knowing these spectral properties and using Fourier
series with respect to eigenvectors sin /A,z and cos/A,z, n € N (cf. [23, Chapter 1])

one can prove that the linear operator

f: X7 S Y7TY2 () = uy

is well defined and bounded for a v > 1/4. Moreover, |[f(u)|y~-1/2 = ||ul]|x~. Here, we
have adopted the convention according to which we identify the space Y =" with the dual
space (Y*)*. Let g € C},;(R). Then the mapping

g: X" xYP = X: g(u,v)(z) = glve(2)) + fo —u(z), =][0,1]

is well defined and Lipschitz continuous for any g € C},,(R) and 3 > 0. In terms of
A, B, f,g system (11.1.1)-(11.1.3) can be rewritten abstractly as

u + Au = g(u,v)

av, + Bv = f(u) 0 (11.1.4),

with initial data w(0) = ug, v(0) = vo. Henceforth, we will assume

11 31

T30 Be(G5+) (11.1.5)

1
g € Cpga(R), v € ( 19

According to Section 9.2, system (11.1.4),, a > 0, generates a semiflow S, (t), t > 0,
on X” x Y” and system (11.1.4)y generates a semiflow So(t), t > 0 on X7. Taking
into account the particular form of g, system (11.1.4)y becomes a scalar reaction-diffusion
parabolic equation

Ut — VU +u+g(u) — fo =0 (11.1.6)

with boundary conditions u(t,0) = wu,(¢,1) = 0 and initial data belonging to the phase
space X7.

In what follows, we will prove that the semiflow S, (50) has a compact global attrac-
tor Aq, (.[lo). In many situations, the bounded dissipativity and compactness of a semiflow
ensure the existence of a compact global attractor. In order to establish boundedness and
compactness of semiflows S,, a > 0,(Sy) we will make use of the standard method of a
priori estimates.

t In contrast to Section 3 where the singular limit ¥ — 0T has been investigated we
will henceforth assume the constant v > 0 to be fixed
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Absorbing sets
For every function g satisfying (11.1.5) there is a M > 0 such that

19(va(2)) + f2l|y01) < M for any veY?

Throughout this section, we will let M > 0 denote a constant always assumed to
be independent on initial conditions of (11.1.4) and « € [0,1/2]. Since v’ + u + Au =
g(vz(z)) + fx we have

u(t) = eexp (—At)ug + / e~ t=exp (“A(t — 5))[g(vs(5, 2)) + fz] ds

By Lemma 9.1.3, for each 6 € [0,1 — ), we obtain
t

Ju®llss < O e uoll, + O [ (¢~ 5) 4Dt as <
0

< M1+t |ug|l,) for any ¢ >0 (11.1.7)

where 0 < w < A\; = 72/4 is fixed. Notice that (11.1.7) also holds for the case o = 0.
Furthermore, for a > 0, we have

t
oft) = exp (~Bt/a)un + - [ exp (Bt = )/a) f(uls)) ds
@ Jo
Thus, for each § € [0,y — 5+ 1/2) and « € (0,1/2], we obtain

lo(®)llp+s <
1 t
< Ca’t=0e™ M w5 + o / |BPH0=7 4 Rexp (—B(t — s)a) BT j(u(s)) | ds <
0

M t
< Caét“se‘“t/o‘ﬂvoﬂg + OT/ ((t — 8)/a>—(6+6—7+1/2)e—w(t—8)/a(1 + e ||lugl|,) ds
0

for any ¢t > 0. Here we have used inequality (11.1.7) with § =0, i.e.
1BYY2 5 (u(s))]| = lu(s)lly < M(1+ e [luolly) s >0
Thus, for each § € [0,7— 3+ 1/2), « € (0,1/2] and ¢ > 0 we have
() llp+s < ML+ e |luglly + ¢~ |vg| ) (11.1.8)

The estimates (11.1.7) and (11.1.8) with a fixed 0 < § < min{l — v, — 3+ 1/2} enable
us to conclude that there exists a bounded set

BcX"xY? (BcX") (11.1.9)
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which dissipates every bounded set J C X? x Y? (J C X7), i.e.
S.(t)\T CB, aec(0,1/2], (So(t)J cB) forany t>T(a,J)>0 (11.1.10)

Since A=! and B~! are compact linear operators on X = Y = L5(0,1) we know that
the embeddings X% < X7 Y#+9 < Y7 are compact for any § > 0 (cf. [23, Chapter
1]). Therefore Sq(to) (So(to)) is a compact mapping on X7 x Y# (X7) whenever ¢, > 0.
Hence, by [3, Theorem 1.2], there exists a compact global attractor

Ay C XY xYP, (Ag C X7) (11.1.11)
for the semiflow S,, a € (0,1/2], (So).

Local invariant manifolds

We now turn our attention to the problem of the existence of a family of invariant
manifolds for the semiflows S, (5’0). First, we emphasize that the functions g and f are
unbounded. Therefore we cannot apply Theorem 10.2.7 to system (11.1.4). As it is usual,
the idea how to overcome this difficulty is to modify the equations of (11.1.4) far from the
vicinity of the absorbing set B and then apply Theorem 10.2.7 to the modified system.
The modification of (11.1.5) will enable us to deal with a global invariant manifold for the
semiflow generated by a new system instead of a local one for the original semiflow. To do
so, let € denote a smooth cut-off function with the following properties

0 cC®RT); (&) =1for £ €[0,1]; 8(6) =0for £ >2; |6 <2
and define, for each R > 0 , the modified functions

gr(u,v) = 0([[ull3/R*)g (u,v); §r(u) := O([[ull5/R?)f (u) (11.1.12)

Since we have assumed g € C},(R) and the function u — |[u||? is C? continuously dif-
ferentiable the modified functions g and fp satisfy the hypothesis (H3) from Section 9.2.
Let R > 0 be fixed and such that

(u,v) € B (u € B) implies ||ul, < R (11.1.13)

In order to deal with local invariant manifolds for (11.1.4), we will consider a modified
system instead of (11.1.4)

U + Au = gR(“a U)

a>0 (11.1.14)0
av; + Bv = fp(u)

According to Theorem 10.2.7 and Remark 10.2.8 we have ensured the existence and con-
vergence properties of a family of finite dimensional invariant manifolds M2 (ME)
for semiflows generated by (11.1.14). Because the vector field of system (11.1.4) and
that of (11.1.14) coincide inside the cylinder {(u,v) € X7 x Y?;|lu|, < R}, the sets
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Mg = MENB, a e (0,1/2] (Mg := MENB) are local invariant manifolds for the
original semiflows generated by (11.1.4). Moreover, by Remark 10.1.4, A, C M, and
AQ C Mo.

The Morse-Smale property

The well-known result due to Palis and Smale [39] says that Morse-Smale vector fields
on compact smooth manifolds are structurally stable. We recall that a C* vector field G
(a semiflow S generated by G) is called Morse-Smale if
i) G has only finite numbers of steady states and periodic orbits all hyperbolic
ii) the set of non-wandering points coincides with the set of steady states and periodic
orbits
iii) W(p) M W*(q) for any critical elements p, ¢ (steady states or periodic orbits) T

(cf. [21]). In our case, the limiting equation (11.1.6) is a scalar reaction-diffusion parabolic
equation in the one space dimension. For such parabolic equations it is known (cf. [1],
[24]) that the stable and unstable manifolds of steady states intersect transversally.

Let us assume that each steady state u of (11.1.6) is hyperbolic. Since the steady state
equation for (11.1.6) is a Sturm-Liouville problem the last assumption is equivalent to the
claim that the spectrum of the linear operator Bi[u] = v?uz, — u — ¢'(u(x))u, u(0) =
u, (1) = 0, does not contain zero as an eigenvalue for any steady state solution @. As the
set {u € C},;(0,1); u(0) = 0} is continuously embedded into X7, for any 0 <~ < 1/2, by
Proposition 3.2.1, we know that the set £ of steady states if bounded and hence finite. In
such a case the asymptotic behavior of Sy is simple - each trajectory tends to some steady
state. Indeed, one easily derives

2 IO + () 2+ Glu(e) } + @) = 0 for any >0

where u(.) is a solution of (11.1.6) and G(u =2 fo u(t, x) (&) — f€) dEdz. Since g is
assumed to be bounded the functional in brackets is bounded from below and nonincreasing
along non-constant trajectories {u(t), t > 0, u(0) € X'/2}. On the other hand, for any
solution u(.) with u(0) € X7 we have u(ty) € X' c X2, for to > 0. With this we
can argue similarly as in (3.2.6) and Theorem 3.2.2. Hence any solution u(.) of (11.1.6)
converges in X” to some steady state. For any semiflow with such a gradient structure
we have that the set of non-wandering points coincides with the set of steady states.
Summarizing the above facts we obtain

THEOREM 11.1.1. Forany o > 0 (o = 0) there exists a local invariant manifold M, (M)
and a compact global attractor A, C M, (Ay C My)) for the semiflow S,, (Sy) generated

T The symbol W*(p)MW$(q) denotes the transversal intersection of the stable manifold
W?#(q) of g and the unstable manifold W*"(p) of p. We refer to [21] or [32] for definition of
the set of non-wandering points
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by system (11.1.1). If, in addition, each steady state of (11.1.6) is hyperbolic then the
semiflow Sy on Ay is topological equivalent to that on A, for a > 0 small.

REMARK 11.1.2. Let us recall that the qualitative properties of the semiflow on the at-
tractor of a scalar reaction diffusion equation are very well understood. For instance, in [9]
Brunovsky proved that the attractor of some scalar RDE is a smooth graph. Moreover, in
[10] Brunovsky and Fiedler completely characterized connections between any two steady
states of some RDE. Theorem 11.1.1 tells us that topological properties of the attractor
of (11.1.6) extend to the attractor of full system (11.1.1) whenever all steady states are
hyperbolic and « > 0 is sufficiently small. An information regarding topological equiva-
lence of attractors A, and Aj enables us to investigate the asymptotic behavior of reduced
problem (11.1.6) instead that of the full system of governing equations (11.1.1) for a« > 0
small enough. Notice that all numerical simulations of Section 6 were also performed for
the parameter value o = 0. The obtained results matched those for ac =~ 107°.

REMARK 11.1.3. Besides functions of Van der Walls type satisfying (W) one can also treat
more complicated functions ¢ € C?(R) having arbitrarily many loops. As an example of
such a constitutive dependence between steady shear stress and steady strain rate, one can
consider the Spriggs model of shearing motions with infinitely many constitutive equations
with different relaxation times. The interesting reader is referred to the textbook by Chang
Dae Han [12, p.41]. If the function g has more than one loop then following the approach
of Section 3.3 one can establish the existence of another steady states of (3.3.1) having
more then one abrupt transitions. In such a case, the attractor Ay will contain more than
three steady states.

Finally, we will discuss generic hyperbolicity of steady states.

REMARK 11.1.4. In the following we will denote C'(R) the linear topological space con-
sisting of all continuously differentiable functions on R endowed either by strong norm or
the weak C! topology (see [32]). We also denote Y := {g € C*(R), ¢g(0) = 0} the subspace
of C'(R) equipped with the induced topology of C'(R). We will show that there is an
open dense subset G of the set

M:={g€Y;4'(0) >0, ug(u) > 0 for u # 0}

such that all solutions of the problem (3.3.1) are hyperbolic provided that g € G. For
the proof of the above statement we make use of an infinite dimensional version of the
transversality theorem due to Quinn and Uhlenbeck (cf. [42, Theoréeme 1.1]).

Let f > 0 be fixed. Assume that ¢ : R — R is a continuous function such that
ug(u) > 0 for u # 0 and ¢’(0) > 0. Let @ be an arbitrary solution of (3.3.1). By taking the
inner product (.,.) in Ly(0, 1) of (3.3.1) with @ and using the sign property of g we obtain
—v? fol(a’)Q > —(fxz,u). Hence |u(z)] < v=2f for any x € [0,1]. Since @ is a solution of
(3.3.1) satisfying the boundary conditions w(0) = u,(1) = 0 and g(u) < 0 for u < 0 an
obvious concavity argument (see Proposition 3.2.1) enables us to conclude that 0 < u(x)
for any = € (0, 1].
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Denote Z the Banach space C},,;(0,v72f). First, we will show that there is a dense
subset O of the Banach space Z such that any problem (3.3.1) with g(u) := uexp (o(u)),u €
[0, 272 f], for some ¢ € O has all solutions hyperbolic.

Indeed, for any o € Z we define the C'' mapping F : X x Z — X by

F(u, 0) :=u+ A7 [u(1 + exp (o(u)) ) — fal

Since the operator A~ : X — X is compact we obtain that F' is a Fredholm mapping in
u of index zero. Furthermore, using the a priori estimate of solutions of (3.3.1) one can
easily verify that the set of u € X such that F(u,p) = 0 with ¢ belonging to a compact
subset of Z is relatively compact in X. Hence the mapping F' is proper in the sense of
[42, (1.3)]. Moreover, if 0 is a regular value of F' (henceforth we will write F' M {0} ) then,
by [42, Theoréme 1.1], the set O := {p € Z; F(.,0) M {0} } is a dense open subset of Z.
It means, however, that all solutions of (3.3.1) with g(u) := uexp (o(u)) are hyperbolic
whenever p € O.
It remains to prove that F M {0} which means that the total differential

X x Z > (u,0) — DF(u, 0)(u, 0) :== D, F(u, 0)u+ D,yF(u,0)0 € X (11.1.15)

is onto at every point (i,p) € F~1(0). Let (i4,0) € F~1(0). Then % is a solution of
(3.3.1) with g(u) := wexp (o(u)). Denote B the linearization of (3.3.1) at @, i.e. Bu =
Vg — u — g’ (6(.))u, u(0) = uy(1) =0 where D(B) = D(A) = {u € W22(0,1); u(0) =
u,(1) = 0} C X. The surjectivity of the linear operator defined by (11.1.15) is equivalent
to that of the linear operator

D(B) x Z > (u,0) — Bu—u(.)exp (g(a(.)))o(u(.)) € X (11.1.16)
In case 0 ¢ o(B) the equation

Bu — a(.)exp (a(a(.))o(a(.)) = w (11.1.17)

has a solution (u, 9) = (B~'w,0) for any w € X. On the other hand, if 0 € ¢(B) then
equation (11.1.17) has a solution iff the element w+u(.)exp (o(u(.)))o(u(.)) is orthogonal to
Ker(B) for some p € Z. Since B is a Sturm-Liouville operator we have Ker(B) = span{ug}
for some ug #Z 0. Now suppose to the contrary that

(w +a(.)exp (o(u(.)))e(u(.)), uo) # 0 for any ¢ € Z

Then fol o(u(x))to(x) de = 0 for any o € Z where g (z) := u(x)exp (o(u(z)))uo(z). With
regard to the assumption f > 0 and ¢’(0) > 0 we obtain @'(0) > 0. Hence there are
a,b > 0 such that @=1([0,b]) = [0,a] and, moreover, @ is one-to-one on [0,a]. Since the
set Clyq(0,072f) is dense in La(0,v72f) we obtain [ o(a(x))to(x) dz = 0 for any o € Z.
According to the Stone-Weierstrass theorem the set {¢ € L2(0,a), ¢(.) = o(u(.)), o€ Z}
is dense in L3(0,a). Therefore iy = 0 on [0,a]. But this yields ug = 0 on [0,a]. Hence
up = 0 on the whole interval [0, 1], a contradiction. This way we have shown that the
linear operator defined in (11.1.16) is onto. Hence F M {0}.
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The above result provides a ”density argument” in the proof. Indeed, let us denote
G := {g € M such that all solutions of (3.3.1) with g are hyperbolic }

Take an arbitrary g € M. Obviously, in any neighborhood of g we can find a § € M
such that there exists §”(0) # +oo. Moreover, we have 0 < @(z) < v=2f, x € (0, 1], for
any solution u of (3.3.1) with ¢ € M. Hence all consideration concerning either density
or openness of G in M do not depend on whether we operate with strong norm or the
weak C'! topology on R. Furthermore, it should be obvious that in the proof of density of
G in M it suffices to find a g € C};,;(0,v~2f), arbitrarily close to § in Cj;,;(0,v72f) and
such that all solutions of the problem (3.3.1) with g are hyperbolic. To do so, let us define
0 :=log(g(u)/u) € CL,,(0,v72f). Then there is a g € C},,(0,v~2f) sufficiently close to g
with the property that all solutions of (3.3.1) with g(u) := uexp (o(u)) are hyperbolic. It
completes the proof of density of G in M.

As it usual in similar circumstances, the proof of openess of G in M is easier than
that of density and, for instance, one can argue in the same way as in [40, Section 4]. We
omit this detail of the proof.

11.2 Second order evolution equations arising in some
elastic systems with structural damping

Finally, we will study second order abstract evolution equations of the form
au’ + A" + Au = f(u)

u(0) = ug, u'(0) = vg (11.2.1)4

where A (the elastic operator) is a self-adjoint positive operator in a real Hilbert space
X, k€ [l/2,1), a>0and f: X? — X is a nonlinear function for some p € [k, 1). The
operator A® may represent dissipation in elastic systems (cf. [13]).

In recent years, many authors have studied problems having the general form (11.2.1)
(see, e.g. Chen, Triggiani [13], [14] and other references therein). As a motivation for
studying systems like (11.2.1) one can consider some specific beam equations with damping,
e.g.

ugy — BAuy + Ay = m(/ | Vu |)Au
Q

u=Au=0 on 09, u(0,x) =wug(x), fu(0,z) =vo(x), z € Q (11.2.2)

where 2 C RY is a smoothly bounded domain, 8 > 0 is a damping coefficient, m : Rt —
R is a nondecreasing differentiable function measuring nonlocal character of structural
damping of a beam or string (see, for instance, Biler [7], [8], Sevcovi¢ [43]). If we let
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X = Ly(Q), Au = A%u, D(A) = {WH2(Q), u= Au = 0 on 90} then problem (11.2.2)
can be rewritten abstractly as problem (11.2.1) with o = k = 1/2. After a suitable rescaling
time (7 := t/3) one obtains o = 1/3% and the singular limit o — 0T corresponds to the
situation when [ tends to infinity (see [44]).

Another class of beam equations with damping has been extensively investigated, for
instance, by Ball [4], Cuesov [16], Feireisl [19], Fitzgibbon [20], Sevcovic [44]. Notice that
some wave equations with damping can be also rewritten as (11.2.1) (Webb [49]). However,
in these problems we have either k = 1 ([4], [20], [44], [49]) or k = 0 ([34], [16], [19]). Let us
emphasize that the method explained below covers neither the case kK = 1 nor k € [0,1/2).

Throughout this section we will assume the following hypothesis

( A:Dy(A) C X — X is a self-adjoint positive unbounded operator in
a real Hilbert space X. The resolvent A~! is a compact operator on X

ke(l/2,1), «a >0

. fe€ C;L"(XQ,X) for some ¢ € [k, 1) and n € (0, 1].

We recall that an operator A satisfying (E) has the spectrum consisting of eigenvalues
o(A)={ y; ne N} O< A <X<..; N\, —00asn— oo

We denote ¢,, the eigenvector of A corresponding to A,,, n € N. According to [23, Chapter
1] A is a sectorial operator in X and the fractional powers of A and X’ can be characterized
as

XE=Dx(A%) ={ueX; D AE(u,¢n)? <ool; ullf = |4 =D N2 (u, ¢n)?
n=1 n=1

(11.2.3)

Knowing the above spectral decompositions, one can readily show that, for any r, s >

0, the operator A" is a self-adjoint positive operator in the Hilbert space X := X% its

domain being Dx(A") := Dy (A""#%). The fractional power space X7, v € [0, 1], subject

to the sectorial operator A" consists of the domain Dy (A*T7") and norm on X7 is given
by ||ul|x+ = ||A5T"u|| x for any u € X7. Moreover, o(A") = {\,;n € N}.

(11.2.4)

Now we return to system (11.2.1). We will make use a change of variables in such a
way that the resulting system fits into the abstract setting investigated in Section 10. To
do so, we let X,Y denote real Hilbert spaces

X o= [Da (AN =207y = (11.2.5)

where
w € (0,(1—0)/k) (11.2.6)
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is fixed. Let linear operators A,, By, a € [0, aq], in X and Y, respectively, be defined as
follows

A, =2 ( —(1- 404A1_2“)1/2> . B, =

== (14 (1 - 44729 "%) 4

N =

for a € (0, ap], ap > 0 small, and
Ag:=A'"F By:= A" (11.2.7)
their domains being
Dx(Ay) := Dx(A'"™), Dy(B,):= Dy(A") forany o« € [0, ] (11.2.8)

Since Ay and By are self-adjoint positive operators in X and Y, respectively, with
regard to [23, Chapter 1], we have that they are sectorial ones. Notice that A,, a € (0, ag],
is well defined. Indeed, using (11.2.3) we obtain

A2/{—1
2cy

(1 —(1- 4@A1_2”)1/2) e L(X, X),

for a € (0, ap], and hence

A2m—1

Aq
200

(1 —(1- 4aA1—2“)1/2> Al-n

Furthermore,

A—l B An—l

(1 +(1- 404A1_2“)1/2)

Therefore, AgA;' — I in L(X, X). Similarly, B,B;* — I in L(Y,Y). Hence the families
of operators {A,, a € [0,ap]} and {B,, « € [0, ap]} fulfill the hypotheses (H1)-(H2) and
(H1) on Hilbert spaces X and Y, respectively.

In terms of A, and B, system (11.2.1) can be rewritten as a system of two abstract
equations
uw+ Agu=w

aw’ + Baw = f(u) a € [0, o] (11.2.9)4
u(0) = ug; w(0) = wy
in the space X x Y. Let us take

_ 0— (1 —w)k

and f:=1—-w
11—k

Then ~, 5 € (0,1) and the functions

g: X" xYP - X glu,w) :=w

(11.2.10)
fiXT oY
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satisfy the hypothesis (H3) from Section 9 (here X7, Y” denote the fractional power spaces
with respect to sectorial operators Ag = A'=" By = A", respectively). Indeed, taking
into account (11.2.4), we obtain

X7 — DX<A(1—UJ)K+’Y(1—/£)) — DX(A.Q) = X
VA = Dy(APF) = Dy (AL~9)F) = X

Hence, g € L(X" x Y?, X) and f € C.0(X7)Y)

Having developed this background we can apply Theorem 10.2.7 to semiflows gen-
erated by systems (11.2.9),,a € [0, o], in the phase space X x Y#. With regard to
Remark 10.2.8 and (11.2.4), the assumptions of Theorem 10.2.7 are fulfilled whenever
inf,,cn )\%1_”)”/(/\};’;—/\,11_“) = 0. Because (1—k)y = p—k+wk =: d and w € (0, (1—0)/K),
the last condition becomes

)\6
inf 2 =0 forsome ¢ € (90— kK,1—K) (11.2.11)

neN A\ h — A"

THEOREM 11.2.1. Assume that the hypothesis (E) and (11.2.11) are satisfied. Let v :=
d/(1 — k) and 8 := (6 — 0)/k. Then the conclusions of Theorem 10.2.7 hold for semiflows
generated by systems (11.2.9),,a € [0,ap], «y > 0 small enough, in the phase space
X7 xYP,

REMARK 11.2.2. Let us consider system (11.2.2). It is known ([43]) that there exists a
compact global attractor for a semiflow generated by (11.2.2). Then, analogously as in
Section 11.1, one can modify the function f(u) := m(||Vu||*)Au far from a neighborhood
of an attractor. Hence the assumption f € C’Z}C"l:l" (X?2Y) is not restrictive when we deal
with local invariant manifolds instead of global ones. By classical spectral results (see, e.g.
Courant, Hilbert [17]), it follows that ), ~ n*™N 2, where \,,, n € N are eigenvalues of the
self-adjoint operator A := A? subject to “hinged ends” boundary conditions u = Au = 0
on 0. In system (11.2.2) we have k = p = 1/2. Hence the condition (11.2.11) is satisfied
whenever N =1 and ¢ € (0,1/4).

REMARK 11.2.3. Theorem 11.2.1 remains true for the case when the fractional power
operator A" is replaced by a general self-adjoint linear operator B which commutes with

A and is comparable with A” (cf. [14]), i.e. there are constants a,b > 0 such that

a(A%u,u) < (Bu,u) < b(A%u,u) for any u € D(A") = D(B)
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