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1. Introduction.

We study global properties of dynamical systems generated by the scalar para-
bolic equation

(1.1) up = uge + f(t,&, u,ue), £ € St

and their C! small perturbations. Here f is C? in all variables and 1-periodic in ¢.

Long time behavior of the solutions of these equations as well as the equations
in the same form on an interval with the separated boundary conditions have been
investigated in many papers (see [Anl], [AF], [BF1], [BF2], [BPS], [Br], [CCH],
(CM], [CP], [FM], [FR], [FS], [He2], [HR], [Kw], [M1], [M3], [Na, [SY]). Let us
mention now three works having direct impact on the questions solved in Theorems
1.1 and 1.2 below.

Fiedler and Mallet-Paret proved a Poincaré-Bendixson theorem in [FM-P] for the
semiflow given by autonomous equation (1.1), i.e. when f does not depend on ¢.
A description of w-limit sets is also available for nonautonomous equations (1.1) in
case f is independent of ¢ (see [FS]). On the other hand, Fiedler and Sandstede [FS]
showed that, in the general case, w—limit sets of solutions can be as complicated as
those of solutions of smooth 1-periodic vector fields in R?. More specifically, to any
C? 1—periodic vector field in the plane one can associate a nonlinearity f such that
(1.1) yields the same dynamics in some invariant plane as the given vector field.
One of our theorems complements these results; we show that each w—limit set
of (1.1) can be imbedded in the plane. Chen and Poldcik studied chain reccurent
set for the period map of the nonautonomous equation in the form (1.1) under the
Dirichlet boundary conditions in [CP]. They described a way how to prove that
for a broad class of small C! perturbations of this period map the w-limit sets are
just single points. Similar perturbation results for separated boundary conditions
as well as for equations on S! are proved in this work, using a completely different,
unified method.

Before stating our results we review some properties of equation (1.1).

Let X be any fractional power space associated with the operator u — —ug¢e :
H?(S') — L?(S'), denoted by A, such that the embedding relation X — C1(S%)
is satisfied. Then by the standard theory ([Hel]) equation (1.1) induces a local
semiflow (¢, u(t,-)) € [0, 00) x X, where u(t, ug) is the solution of (1.1) in the sense
of ([Hel]). If the solution u(t,-) of (1.1) is bounded in X norm then it is global
and its orbit is precompact in X. We are interested in asymptotic behavior of
these solutions. In fact we restrict ourselves to the solutions starting in a bounded
open set B C X. For the next two theorems we assume the following dissipativity
condition fullfiled for a large subclass of equations (1.1) (see [Ha|)

there is a Ty > 0 such that for any ug € ¢l(B) the solution of (1.1)
with u(0,-) = ug is global and u(t,-) € B for all t > Tj.

(D)

This condition also follows from pointwise dissipativity and compactness of the flow
(see [Ha]). Having (D), in the nonautonomous case we can define the Poincaré map
F by

1



Fug = u(l,uo), ug € B.

By [Hel] the restriction of the map F' to the set B belongs to the following Banach
space

CYB,X):={G:B— X : G is continuously Fréchet differentiable

with bounded derivative on B},

with the norm
| G lervs,x)y=sup | G(2) [x + sup | DG(2) |r(x,x) -
rxeB xeB

Because of (D) all F™ug, up € B,n € N are defined. Thus we can define w-limit set

of ug € B for F' as the set of all limits of convergent subsequences of the sequence
F'upg, n=1,2,....

Theorem 1.1. Assume (D) for equation (1.1). Let F be the Poincaré map for

(1.1) and denote by B the set Ugil F™(B) for an Ny > Ty. Then there is an e > 0
such that for any map G : X — X with

sup | Gx — Fx |x, sup | DG(z) — DF(r) [px,x)< €
r€EB, x€B

the w-limit set of any ug € B for G is homeomorphic to a subset in the plane.

Now we turn to the autonomous case when (D) is satisfied for (1.1). Then
equation (1.1) defines maps Sy : X — X, ¢ > 0 by the formula

Siug = u(t, ug).

Obviously S¢, 41, = Si, ©St,, ti,t2 > 0 and limy_.0 Siug = ug, ug € X. Such a
family of maps is called a semiflow on X. By [Hel| we know that each map S, ¢ > 0
restricted to B is from C(B, X). and the map

(t,u) — %Stu:RJr x X — X
is defined and continuous.

We say that family of maps S; : X — X, ¢ > 0 with the above properties is a
semiflow on X C! on B.

By the w-limit set of a point ug € B, denoted by w(ug), we mean the set of all
limits of all convergent sequences S; ug, n = 1,2,... where ¢,,,n = 1,2,... are
unbounded increasing sequences of positive numbers. The w-limit set of any point
up € B is invariant under the semiflow Sy, i.e S¢(w(up)) = w(up). Therefore for any
point x in w(up) we can associate a map

t— Siz: R— w(ug),

where for ¢t > 0 S_;z is a point whose S; image is x. If this map has limits for both
t — +o00 and t — —oo then we call its image a connecting orbit of equilibria.
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Theorem 1.2. Assume (D) for an autonomous equation (1.1). Let S¢,t > 0 be
the semiflow given by (1.1) and denote by By the set Uy ,<p, St(B). Then there

is an € > 0 such that for any semiflow S;, t >0 on X C' on B such that

sup | Sz — Sy |x, sup | DSi(z) — DSy(x) [n(x,x) < € Jforall te€[l,2]
r€B1 z€B

the w-limit set of any ug € B for S; consists of either a single periodic orbit or
equilibria and their connecting orbits.

Note that in the above theorems we do not assume small C'! perturbations to
be injective or compact. The possible applications of these theorems are parabolic
equations on thin annulus (see [HR]) or perturbations of the nonlinearity in (1.1)
by a small delay.

Now we state immediate application for abstract parabolic equations allowing
for instance small C'! dependence on nonlocal terms containing in nonlinearity of
(1.1).

Consider the abstract parabolic equation

(1.2) up = Au+ fo(t,u) + eg(t, u),

where € > 0, A is the sectorial operator on L?(S') given above, fo(-,-) : [0, +00) x
X — L?(SY) is a C! 1-periodic function representing for fixed ¢ € [0, +o0) the
Nemitskii operator

g(+,+) : [0, +00) x X — L2(S') is any C! 1-periodic globally Lipschitz function.

Corollary 1.1. Let the operator fo be such that for equation (1.1) (D) is satisfied.
Then there is an €y > 0 such that for any € € [0, €g] the w-limit set of any ug € B
for the Poincaré map associated with equation (1.2) is embedded into the plane.

If moreover the functions fy and g do not depend on t, the w-limit set of any
ug € B for the semiflow associated with (1.2) consists of either a single periodic
orbit or some equilibria and their connecting orbits.

Note that in the case when a Poincaré-Bendixson theorem is valid for C'! small
perturbations of a finite dimensional systems (cf. Theorem 8.2) arbitrarily small
C° perturbations could have a chaos as it is proved in [Ge]. It is obvious that
the C! structural stability of w-limit sets stated in the above results does not
take place for general dynamical systems even in finite dimensions. The needed
structure here is provided by the properties of the linear equation (1.1), i.e. when f
is linear in the variables u, u¢ and not necessary depending periodically on ¢. That
structure is used in most works devoted to the study of dynamical properties of the
solutions of the same kind of equations as (1.1) (see e.g. [Anl], [AF], [BF2|, [BPS],
[M3], [Na], [SY]). The crucial properties are compactness of the solution operator
and monotonicity of number of zeros (see [Ni], [M2], [He2], [An2]) for solutions of
these linear equations. They are useful for dynamical study because the difference
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of any two solutions of nonlinear equation (1.1) u(¢,-) —v(t, -) satisfies such a linear
equation. The compactness is standard for even more general parabolic equations
(see [Hel]). In [Anl] the full strenght of the monotonicity is proved, namely, any
nonzero solution of the linear equation (1.1) has immediately finite number of zeros
nonincreasing with time and strictly dropping at each time when the solution has a
double zero. These properties led to the definition of an abstract discrete Ljapunov
functional (cf. Definition 2.1).

In [FM-P] it is showed for autonomous equations that w-limit sets are injectively
projected by the following map

u(-) = (u(&o),ue(éo)) : X - R? & e St

into the plane. This follows from the fact that the zero number is constant along
the difference of two trajectories in the w-limit sets. To prove this, the Poincaré-
Bendixson Theorem in the plane was used in [FM-P]. We show that the stability
of dimensions of w-limit sets is a consequence of the mentioned constancy of a
discrete Ljapunov functional constructed for each C! small perturbation from a
cone structure of the unperturbed problem (cf. Theorem C and Corollary 2.3 in
Section 2). To accomplish that we need the existence of an exponential separation
(cf. Definition 2.3) for vector bundle maps ”strongly” preserving a cone structure.
This is formulated in the next section in Theorem B. This theorem is also the main
abstract result obtained here with possible other applications to the dynamics of
equation (1.1) (cf. Remark 8.1).

The paper is organized as follows. In the next section we formulate all abstract
results. In Section 3 the mentioned constancy of an abstract Ljapunov functional
for a discrete dynamical system is proved. Theorem B and C indicated above are
proved in the following two Sections 4 and 5. Their consequences are shown in
Section 6. Section 7 is devoted to the proof of Theorems 1.1 and 1.2 from abstract
results. In the last section we apply abstract results to the equation in the form
(1.1) on the segment under the Dirichlet boundary conditions (cf. Theorem 8.1)
and to monotone cyclic feedback systems.

Acknowledgement. I would like to thank my advisor P. Polacik for proposing
me the subject and for valuable comments and discussions.



2. Abstract results.

Let X be a metric space and G : X — X a map. If z € X we say that the
following set

w(z) = {u € X : there is a sequence of natural numbers n; — +o0o as k — +oo such that

limg 400 G™ 2 = u}.

is the w—limit set of z for G. By O (z) for z € X we denote the positive orbit of
z, i.e. the set {F'z: i € NU{0}}. The omega limit set of any point z is closed. If
moreover the positive orbit of z is precompact then w(z) is compact.

A subset K of X is said to be invariant under G if G(K) = K. Note that if G
is continuous, injective and K is compact, invariant under GG then G restricted to
K is a homeomorphism on K. In this case for any x € K the set {G'z : i € Z} is
defined and called the orbit of z.

Denote by D the set {(x,2) : x € X'}, by X® the induced metric space of the
metric space X x X on the set X' x X'\ D and by Q(z) the set w(z) x w(z) \ D.

Definition 2.1. Let X be a compact metric space and let G : X — X be a
continuous, injective map. By a discrete Ljapunov functional for G on X we mean
a function 6 : X?) — NU{0} satisfying the following axioms (A1-A3) with a natural
number p

(A1) Monotonicity: 6(x,y) > 6(G™xz, G™y) for any point (z,y) € X3 and m > p.
(A2) Dropping property at the points of discontinuity: Let 6 be discontinuous at a
point (G*z, G*y) for some (z,y) € X3, Then 0(G**z, G*y) < (z,y).

(A3) Shifted lower semicontinuity: Let (z,,yn), n = 1, 2,... be a convergent se-
quence of points from X' with the limit (z,y) € X). Then

0(G*x,G"y) < liminfé(z,,yn).

n—-4oo

We remark that the zero number for the image of positively invariant subset under
the period map for equation (1.1) satisfy the axioms above with u = 1. We actually
prove stronger properties of functionals we use (cf. Remark 5.1).

Theorem A. Let X be a compact metric space and G be an injective continuous
map of X. If there is a discrete Ljapunov functional 68 for G on X, then for each
z € X and (z,y) € w(z) X w(z) \ D the functional 0 is constant on the sequence
{(G"x,G™y) : neZ} .

Now we are going to introduce several definitions needed for the formulation as well
as for the proof of Theorem B stated below.

Definition 2.2. Let F' be a homeomorphism of a compact metric space K, and Y
a metric space. Further let {Y,, x € K} a family of subsets of Y and {R,, = € K}
be a family of continuous maps R, : Y, — Y, z € K. Then we say that:
i) the set

5



U {z} x Y, or shortly K x (Y)

reK

is a bundle of sets over K (or shortly a bundle). If there is a subset Yy such that
Yo =Y, for all x € K we write the bundle K x (Y,) as K x Y.

ii) the family of sets {Y,, = € K}, or the corresponding bundle is continuous iff for
any convergent sequences z,, € K, y, € Y, , n = 1.2.... their limits, x € K and
y € Y, respectively, satisfy y € Y, .

iii) a pair (F,{R;, * € K}), or shorter (F,R) is a bundle map on the bundle
K x (Y,) iff

iv) the family {Y,, = € K} or the corresponding bundle K x (Y) is invariant
(positively invariant ) under a pair (F, R) iff for all z € K

v) a bundle K x {Z,, x € K} is a subbundle of the bundle K x (Y,) iff Z, C Y,
for all z € K.

vi) a bundle K x (Y;) is a k—dimensional vector bundle iff Y is a Banach space
and each Y,, x € K is a k— dimensional linear subspace of Y.

vii) a bundle map (F, R) on a vector bundle K x (Y,) is a vector bundle map iff
each R,, © € K is a linear bounded map from Y, to Yz,.

viii) R? for x € K and n € N is the map

Rpn-1,0---0Rp, 0o R, : Y, — Ypn,.

Let Y be a Banach space and k a natural number. Then by G(k,Y) we denote
the metric space of k—dimensional linear subspaces of a Banach space Y. The
distance of any two elements in G(k,Y) is given by the Hausdorff distance of the
unit spheres in the corresponding linear subspaces. Having vq, ..., v, any k vectors
in Y by [v1,...,v;] we denote the linear subspace generated by these vectors. For
any subset A in Y we denote by G (A) or simply G A the set of all k—dimensional
linear subspaces lying in A. We will also write G A if it is clear which £ is used.

Now consider any k—dimensional vector subbundle K x (Y,) of a vector bundle
K xY where K is a compact metric space. Then K x (Y, ) is a continuous subbundle
of K x Y iff the map z — Y, : K — G(k,Y) is continuous. This is a consequence
of Definition 2.2ii) and the definition of the metric in G(k,Y).

For two Banach spaces Y7, Ya, L(Y7,Ys) denotes the Banach space of linear
bounded operators from Y7 to Y. Let J be from L(Y,Y),where Y is a Banach
space. Then by GyJ or GJ we denote the map defined for elements £ € G(k,Y),
on which J is injective, by GJ(FE) = J(F). In Sections 3 and 4 by X is denoted a
Banach space with norm | - |. By S we denote its unit sphere, and by X* the dual
Banach space. If a map J is in L(X, X) then by J* we denote its adjoint map in
L(X*, X*). For any linear subspace L in X* we define the anihilator of L in X as
follows

Anih(L) :={ve X : l(v) =0 foralll € L}.
6



Also if L is a k—tuple of functionals from X* then Anih(L) means the anihilator
of the linear space generated by these vectors. Analogously for a linear subspace F
in X we define the anihilator of F' in X*.

A crucial concept is a kK — cone in X defined as follows.

A closed subset C' in X is a k—cone iff A\C' = C for all A € R\ {0} and there
are k—dimensional space V; and k— codimensional space Lg such that V; C C' and

Sometimes, when it is clear which & we have in mind, we say simply that C is a
cone.

For the next definition we need one additional notation. Let X be a Banach
space, {1,z € K} a family of operators in L(X, X), and F a homeomorphism of a
compact metric space K. Then by (F~!,T*) is denoted the vector bundle map on
K x X defined by the homeomorphism F~! on the compact set K and the family
of compact maps {7, x e K},

_1.'E’

Definition 2.3. Let X be a Banach space, K a compact metric space, F' a home-
omorphism of K and {7}, z € K} a family of maps in L(X, X) continuously de-
pendent on x € K. We say that the vector bundle (F,T') admits a k—dimensional
continuous separation along K or that there is a k—dimensional continuous sepa-
ration for (F,T") on K iff there are k—dimensional subbundles K x {V,,z € K}
and K X {L,,x € K} of the bundles K x X and K x X*, respectively, such that
i) K x (V) and K x (L) are continuous bundles, invariant under the bundle maps
(F,T) and (F~1,T*), respectively.

ii) (exponential separation ) There are constants M > 0 and 0 < v < 1 such that

| Tiw |< MA™ | T'v |

for all x € K, w € Anih(L,) NS, ve V, NS and n € N.
If Cis a k—cone and V,, C C and Anih(L,) N C = {0} for all x € K then we say
that (F,T) admits a k—dimensional continuous separation associated to the cone

C.

The following theorem gives sufficient conditions for the existence of the just
introduced object.

Theorem B. Let X be a Banach space, C' a k—cone in X, K a compact metric
space, F' a homeomorphism of K and {T,, x € K} a family of maps in L(X, X)
continuously dependent on © € K. Assume that each T,, © € K, is compact and
foranyx € K andv € C\{0} there is an open neighborhood of v in X mapped into
C\ {0} by the map T,.. Then the vector bundle map (F,T) admits a k—dimensional
continuous separation along K associated with the k—cone C.

Here we give a review of results generalized by Theorem B and its semiflow ana-
log Corollary 2.2 below. The next of them concerns the case when C' is a 1—cone
given as a union of two convex positive cones with nonempty interior. If K is a
point, Theorem B is proved in [Pe] for finite-dimensional X and if X is any Banach
space it is the Krein-Rutman Theorem. With described 1—cones the theorem is
proved in finite dimensions in [Ru] and for any Banach space in [PT]. There is also
the result in [Mi] with a family of operators coming from linear reaction diffusion
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equations. The first result when C' is not a 1—cone seems to be the following one
in [FO1l]. If K is a point, dim(X) < 400, C' a k—cone with nonempty interior
the theorem is proved. Actually for this result in [FO1] is used little weaker defi-
nition of a k—cone, namely, C is a closed set invariant under the multiplication of
nonzero real numbers and containing at least one k-dimensional subspace of X and
not any k + 1 dimensional subspace. But if there is any linear map satisfying the
assumptions of Theorem B in this case, i.e. T(C\ {0}) € [(C), this set has the
same properties as our k—cone. Further, there are several results of transversal in-
stersections of invariant manifolds for some monotone systems of equations ([FO2])
and equations of type (1.1) (see [Anl], [He2], [CCH]) which include the existence of
invariant bundles with K consisting of a connecting orbit (mostly for flows) of two
equilibria or periodic orbits and the family of operators given by the linearizations
of these equations. In [CLM-P1] the conclusion of Theorem B is proved for K a
point and linear operators are time-one maps of linear equations of type (1.1) with
Dirichlet boundary conditions. Results in [CLM-P2] concern linear nonautonomous
equations of type (1.1) with various boundary conditions. We describe the main
results in [CLM-P2] for equations u; = uge + b(t, §)u with Dirichlet boundary con-
ditions and b(¢,-) are from any but fixed ball in L. (R x [0,1]) endowed with the
weak star topology. The solution operators for these equations together with the
usual skew-product flow on these balls give the vector bundle semiflow for which
k—dimensional continuous separations are proved with any k£ € N.

The method of the proof of Theorem B has some common features with that in
[PT] proving the theorem with 1—cone consisting of two positive convex cones with
nonempty interiors. The essential difference between them manifests in showing the
existence of a dual invariant bundle. In [PT] this bundle was given by Tikhonov
fixed point theorem due to involved convexity, without using ”strong” monotonicity.
Here, for general k(> 2)-cones and bundle maps (F,T") no fixed point theorem could
be applied without utilizing ”strong” preserving of cones by bundle maps.

The next theorem gives sufficient conditions under which the w-limit sets for
small C! perturbations of a map F, are embedded into the d-dimensional linear
space.

Theorem C. Let X be a Banach space, Uy an open subset of X, Fy € Ct(Uy, X),
Ky a compact subset of Uy invariant under Fy, N € N or N =400, C;, 1<i< N
a k;—cone , Cy = X and Il a d—codimensional linear subspace of X. Further let
Ci D Ci_1, ki > ki1 forany 1 <i < N and Cy = {0}. Suppose that there is a
continuous family of compact operators {T(, ) € L(X, X), (x,y) € Uy x Up} such
that for any x,y € Ko the following holds

i) T,y (x —y) = For — Foy.

it) for any 1 < i < N and v € C; \ {0} there is a neighborhood of v mapped into
iii) v € X \ {0} implies T(, v € C; \ {0} for some j € N.

7;1)) T(w’y)(Cz) N (CZ \ Ci—l) NII=0 forall1<i<N.

Then there exist an open neighborhood of Ky denoted by V and an € > 0 such that
for any G € C1(V, X) with

| Foly =G |orv,x)< €

the w—limit set for G of any point xo € V, with all G"xg, n € N defined and
8



cd({G"zy : n e N} CV, is homeomorphic to a subset in R,

If in the above theorem d = 1 then we obtain that w-limit sets from the statement
of the theorem are embedded into the line. If F' is the time one map for the equation
of the form (1.1) on the segment under the separated boundary conditions the
assumptions of the following corollary are satisfied (see Theorem 8.1).

Corollary 2.1. Let the assumptions of Theorem C be satisfied. Moreover suppose
that 11 is 1—codimensional linear subspace of X and the following assumption is
satisfied

(A) ifve C;\Ci_1 and T, v € C;\Cij_1 for somev € X, (z,y) € Kox Ko, 1<
i <N then the vectors v and T(, v lie in the same component of X \ II.

Then there is an € > 0 and open neighborhood V of Ky such that for any G €
CY(V, X) with

| Foly =G |orv,x)< €

and any distinct x,y € V, with all G"z,G", n € N defined, there is an ny € N such
that all Gz — G™y lie in the same halfspace of X \II or | G"z—G™y | exponentially
tends to zero as n — +o0o. Moreover, the w-limit set for G of any xo € V, with all
G"xg, n € N defined and cl({G"xo: n € N}) CV , is just a single point.

For the formulation of analogous assertions for flows we need several definitions.
Let X be a metric space and Uy a subset in X. We say that a family of maps
Sy € C(Uy, X), t > 01is a semiflow continuous on Uy iff
a) the function ¢ — Sz : (0, +00) — X is uniformly continuous and lim;_,g Stz = =
for all z € U.
b) if x € Uy and t1, to > 0 such that S, 1, x € Uy then

Stz 9] Stl.fC = St1_|_t2.’L‘.

If moreover X is a Banach space and the function (¢, z) — %Stm : (0, 400)xUy — X
is continuous then we call S; regularizing semiflow continuous on Up.

The image of the map ¢ — Syz : [0, +00) — X is called a positive orbit of x € Uy.
By the w—limit set of the point x € Uy for a semiflow S; on Uy we mean the set of
limits of all convergent sequences S; x where t,, — +00.

Let K be a compact metric space. We say that a semiflow S; on K is a continuous
flow on K if S; is a homeomorphism of K for all ¢ > 0. Let moreover {7} : ¢ >
0, = € K} be a family of bounded linear maps of a Banach space X with the
following properties:

j) the function (z,t) — TL: K x (0,4+00) — L(X, X) is continuous .
jj) Thrttz = Tgizx o Tt for all t1,t > 0 and = € K.

Then the pairs of families of maps (S, T") is called a vector bundle (or skew product)
semiflow on K x X. We denote it by (S, T%).

If C'is a k—cone in X we give an analogue of the Definition 2.3 as follows:
We say that a vector bundle semiflow (S;,T%) on K x X admits a k—dimensional
continuous separation along K associated with the k—cone C'if there are k—dimensional
9



subbundles K x {V, : z € K} and K x {L, : x € K} of the bundles K x X and
K x X*, respectively, such that the following properties are satisfied:

i) K x (V) and K x (L,) are continuous bundles .

i) TtV, = Vs,, and T'*Lg,, = L, for all t > 0, = € K.

iii) (ezponential separation) There are constants M > 0 and 0 < v < 1 such that
one has

| Tow | < MA' [ Tov |
for all x € K, w € Anih(L,) NS, veV, NS and t > 1.

The following result is a continuous analog of Theorem B, and it actually follows
from that theorem.

Corollary 2.2. Let X be a Banach space, C a k—cone in X, K a compact metric
space, (Sy, T") a vector bundle semiflow on K x X. Assume that each T%., = €
K, t > 1 is compact and maps an open neighborhood of any v € C \ {0} into C'\
{0}. Then the vector bundle semiflow (S¢, T*) admits a k—dimensional continuous
separation along K associated with the k—cone C.

Theorem C has a semiflow analog in the next corollary.

Corollary 2.3. Let X be a Banach space, Uy an open subset of X, N € N or
N = 400, C;, 1 < i < N a sequence of k;—cones, Cy = {0},Cny = X and
C; DCiq, k; > ki1 forall 1 <i < N. Further let S; be a semiflow continuous
on Uy, I a d—codimensional linear subspace of X and Ko C Uy a compact and
invariant set under each map S¢, t > 0.

Suppose that for any (x,y) € Uy X Uy and any % <t <1 there is a compact
operator T(tw’y) € L(X, X) with the following properties :
i) T(, ) (x —y) = Six — Siy.
it) if v € C; \ {0} then there is an open neighborhood of v mapped into C; \ {0} by
TE .

z,y
zz(z) v) € X\ {0} implies T{, v € C; \ {0} for some j € N.
iv) if 0 # T(tx’y)v € ((Ci\ Ci—1)NII) for an 1 <i < N thenv & C;.

v) the function (t,z,y) — T(tx " [2,1] x Uy x Uy — L(X, X) is continuous.

Then there exist an open neighborhood of Ky denoted by V and an € > 0 such that
for any semiflow S] continuous on V with S; € C*(V,X), t € [5,1] and

1
| Se v —5; levv,x)< € forall 2 <t<1

the w—limit set of any xo € V for S}, for which the closure of its positive orbit lies
entirely in 'V, is homeomorphic to a subset in R.

A Poincaré Bendixsom Theorem is stated in the following corollary.

Corollary 2.4. In addition to the assumptions of Corollary 2.3 suppose that the
semiflow Sy is regularizing and d = 2. Then there exist an open neighborhood of K
denoted by V and an € > 0 such that for any reqularizing semiflow S| continuous

on V with S; € C*(V, X), t € [1,1] and

1
| Se v —5; levv,x)< e forall 2 <t<1
10



the w— limit set of any xo € V, for which the closure of its positive orbit lies entirely
in V), consists of either a single periodic orbit or equilibria and their connecting

orbits.

We rephrase the result of the last corollary by saying that xy € U has the PB
property for the semiflow Sj.

11



3. Discrete Ljapunov functionals on omega-limit sets.

We begin with a definition of a function. Let u, v be two different points in
X. Then sequence 0(G'u,G'v),i = 1, 2,... is eventually constant. Indeed, it is
eventually nonincreasing because of Axiom A1l and has only natural or zero values.
Therefore there is a minimal number m € NU{0} from which the above sequence is
constant. Hence @ is continuous at the point (G™ 1 u, G™*1v) because in the other
case by Axiom A2 we obtain 6(G™u, G™v) > O(G™ T Hu, G™Fv), contradicting
the definition of the number m. Denote the number m + 1 by n(u, v). We shall use
it in the following lemma.

Lemma 3.1. If z ¢ w(z) then 6 is bounded on Q(z).

Proof: We show that # is bounded on {G™z} x {G**™z : i € N} for some m € N
and then the shifted lower semicontinuity of 6 gives boundedness of 6 on §2(z).

Denote the compact set c/(O1(2) \ {z}) by C. Then z ¢ C because z & w(z).
By the definition of n the function 6 is continuous on the set

{(G"EW z, GEWY) u e CF.

Hence, using the continuity of G, we find for any v € C' an open neighborhood
U such that the function @ is constant on sets {G"(*")z} x G (U). Since
C' is compact there are points ui, us, ..., ux in C' such that their corresponding
neighborhoods U;, ¢ = 1, ..., k cover C. Denote

m = maz{n(z,u;),1 <i < k} and 7 = maz{f(G"*U)z GMEMy) 1 <i <
The monotonicity of # implies that 7 is the upper bound of € on the set {G™T#z} x
G™TH(C).

Now take any (u,v) € ©(z). Since w(z) is invariant under G* there are points «
and 0 lying in w(z) such that u = G*u, v = GHv . Therefore we can choose two
increasing sequences of natural numbers such that

4= lim G™z and v = lim G" z.
k—+o00 k——+o00
In addition we may suppose that np > mg, k = 1, 2, .... Since G™ ~ "™z € C,

we have

O(G™z, GMr—Me ML) < 7

Hence, by the monotonicity property of 8 and Axiom A3, we finally obtain

T > lgminfG(Gm"’z, G"z) > 0(G*u, G'0).

Thus O(u, v) < 7. Since (u,v) was an arbitrary point in Q(z), 7 is the upper
bound of § on Q(z).

The next lemma follows from Lemma 3.1.
12
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Lemma 3.2. If z & w(z) then for any (u,v) € Q(z) such that

O(u,v) > 0(Gu, Gv)

there is a natural number N such that

(G Nu, G Nv) > 0(GNu, GNv)
and, moreover, 0 is continuous at the points (G~ Nu, G"Nv) and (GNu, GNv).

Proof: Take any (u,v) from the assumptions of the lemma. Then a sequence of
natural numbers 0(G~*u, G~%*v), i = 1, 2..., is nondecreasing by Axiom A2 and
by Lemma 3.1 it is also bounded from above. Therefore this sequence is eventually
constant. Hence by Axiom Al the sequence (G ~"u, G~'v) is eventually constant
as well as the sequence 0(G'u, G'v), i = 1, 2.... Hence there exists N > 2 such
that

O(GNHu, GN ) = 0(GNu, GNv) = (GN THu, GNTHy)

(G N "Fu, GN1y) = 0(GNu, GNv) = (G N Ty, GV THY)

Because of Axioms Al, A2 the number N has the property needed in the lemma.
O

Now we state three propositions the proofs of which will be given later. The first
one is a discrete version of Lemma 2.1 in [FM-P]. We give here a modification of
that proof to our setting. In the sequel we will use a notion of the a-limit set for
a point in a w-limit set. It is defined as the w-limit set of the same point for the
inverse of the injective function G. By O(x) we denote an orbit of a point x lying
in some w-limit set, i.e. the set O(x) = {G'x,i € N}. The semiorbit of z, i.e. the
set {G'z : i € N}, is denoted by OT(z).

Proposition 3.1. Let w € w(z). Then

(3.1) O(u,v) = 0(Gu, Gv)
for all (u,v) € cl(O(w)) x cl(O(w)) \ D.
Proposition 3.2. Let z ¢ w(z), (u,v) € Qz2). Ifu & a(u) orv ¢ a(v), then

O(u,v) = 0(Gu, Gv)

Proposition 3.3. Let z ¢ w(z), (u, v) € Q(z). Ifu € a(u) and v € a(v) then
O(u,v) = 0(Gu, Gv).

It is easy to see that Theorem A follows from these propositions. Indeed, if
z € w(z) then the theorem follows from Proposition 3.1 with w = 2. If 2z € w(z2),
Propositions 3.2 and 3.3 give 6(u,v) = 6(Gu,Gv) for all (u,v) in Q(z) and thus
establish Theorem A in this case.
13



Proof of Proposition 3.1: First we show (3.1) for (u,v) coming from iterates of w.

Take any two natural numbers m, n such that G™w # G"w. Since w € w(z)
there is an increasing sequence of natural numbers ng, kK = 1, 2... such that G"*z —
w as k — 4o00. Using Axioms A1, A3 and the continuity of G we obtain

(G w, G"w) > (G Hw, G" ) > lkim}_an(Ger"’“_’“‘z,G”+”k_”z) > 0(G"w, G"w).

Hence (3.1) follows for (G™w, G"w).

Now take any (u,v) € cl(O(w)) x cl(O(w)) \ D. Suppose on the contrary that
(3.1) is false for this (u,v). We have G"™w — u and G"™*w — v as k — +oo for
some sequences of integer numbers ng, my, k =1, 2, .... Moreover we may suppose
that ng # my for all k € N. Note that 6 is constant on some neighborhood of
(GMw)q, GM(V)y), Denote this constant #y. Hence using subsequently Axioms
A1, validity (3.1) for iterates of w and Axiom A3 we obtain

O(G™™"u, G"Hv) > O(u,v) > 0(Gu,Gv) > Oy > klirf O(Grrtn(uv)y Gmetn(v)y,)

= lim 0(G™ e, G w) > 0(G ", G )

Thus (3.1) is established in all needed cases.<$

Proof of Proposition 3.2: Take any (u’,v") € Q(z) satisfying the assumptions of
the proposition. We shall suppose that v’ ¢ «(u'), the other case, v € «a(v'), is
analogous. We proceed by contradiction. Thus, let (u/,v") € Q(z), v’ & a(u’) and
O(u',v") > 0(Gu', Gv'). By Lemma 3.1 there are negative iterates of v/, v’, denoted
by u, v, respectively, and m € N such that

(3.2) O(u,v) > 0(G™u, G™v)

and 6 is continuous at the points (u,v), (G™u,G™v). Since u lies on the same
orbit as v’ we have u & a(u).

Because a(u) C ¢l(O(u)) we can apply Proposition 3.1 for w = w which, in
conjunction with (A2) yields the continuity of 6 at each point of the compact set
a(u) x {u}. Moreover, 6 is continuous at (u,v). Therefore there exist open sets
U, V, U, ..., U such that

uelU, veV, a(u) C Ule U; and 0 is constant on each U; x U, i =1, ..., k

and also on U x V. Since the function (u,7) — 0(G™u, G™7) is continuous at (u, v)
we take U and V' above smaller, if necessary, such that

(3.3) (0(G™u, G™v)} zli(Gm(U) % G™(V))



Note that UNO™ (2) is nonempty because u € w(z). So choose any x € UNO™(2).
k

Since all large negative iterates of u lie in the open neighborhood U U; of a(u)
i=1
and v € w(z) = w(z) there is an n > p such that G"x € V and G™"u € U; for a
1<j <k
At this point we are ready to derive a contradiction. Since # is constant on the
sets Uj x U, U xV and G""u € Uj,z € U, v,G"x € V we have

(G "u,u) =0(G "u,x) and O(u,G"x) = 0(u,v).

Hence, by the monotonocity property of # we obtain the following inequality

(3.4) 0(G "u,u) > 6(u,v).

Further, since (G™x, G™"x) € (G™(U) x G™(V)) because (z, G"z) € U x V, the
fact that 6 is constant on U x V and (3.3) give

O(G™u, G™v) = 0(G™x, G ")

Hence using (3.2) we obtain

(3.5) O(u,v) > 0(G™z, G" ).

Now, the fact that 6 is locally constant near each point of O(u) x O(u) \ X
together with u € w(x) implies the existence of an arbitrarily large m; € N such
that the following holds

O(G™z, G™"x) = O(u, G"u).

Therefore, choosing such m; greater than m + p, Axiom Al together with (3.5)
implies that

O(u,v) > 0(u, G"u).
From this inequality and (3.4) we obtain
0(G "u,u) > 0(u, G"u).

This is a contradiction with the conclusion of Proposition 3.1 for w = .

Proof of Proposition 3.3: Suppose on the contrary that there is a (ug,vg) € Q(2)
such that ug € a(ug), vo € a(vg) and

9(’&0, Uo) > G(GUO, GU()).

If up € a(vg) or vy € a(up) then the points lie in the closure of the orbit of one of

them. But in this case the last inequality contradicts the conclusion of Proposition

3.1. Thus we may assume that ug, v are such that uy & a(vg), vo &€ a(ug). By
15



Lemma 3.2 we find a (u1,v1) € (z) and natural numbers m, r with the following
properties

(36) Gmu1 = Up, GmU1 = Vo

(37) 0(u1,v1) > Q(G’"ul,Grvl)

and the function 6 is continuous at its arguments in the last inequality. Since g, v
lie in their a-limit sets not containing the other point of these two, the same holds
for uq,v; because of (3.6).

Now we are going to use the fact that for any point with compact a-limit sets,
including this point, there is a point w; arbitrarily close to w such that w(w;) =
a(w) (see Corollary 11.5 in [Ma]). Thus, we can change the points uy, v; by the
other points u, v such that all what we have said about the relation of the former
points and their a-limit sets is satisfied for the later points and their w-limit sets.
Moreover u, v can be chosen arbitrarily close to the respective points u; and vy,
hence by the continuity of € in the arguments in (3.7) the inequality (3.7) holds for
(u,v) as well. Therefore it is sufficient to show the impossibility of the following
assertion (95):

There exists (u,v) € £2(z) and r € N such that v € w(u), v € w(v), u &€ w(v), v &
w(u), the function 6 is continuous at the point (u,v) and

(3.8) O(u,v) > 0(G"u, G"v).

The contradiction is reached as follows. First we construct two sequences {u1, usg, ..., ug }
in w(u) and {v1,va,...,vx} in w(v) such that

(3.9) O(u;,vi) < 0(G"u,G"v)
for 1 <7<k and

(3.10) O(u,v) = O(uk,vy)

The number k above will be equal to a number ki + ko + 11 + lo + 1 defined later
(using Lemma 3.4 below). Hence combining (3.10) with the inequality (3.9) for
i = k we obtain that 6(u,v) < 0(G"u, G"v) contradicting (3.8).

For the construction of the above sequence we need two observations formulated
in two lemmas below with the proofs postponed to the end of this section.

Lemma 3.3. There exist open neighborhoods U and V' of the points u and v,respectively,
and a natural number N such that for any (z,y) € U xw(v) and (z,y’) € w(u) xV
it holds

(3.11) O(x,y) > 0(G™u,G™y)
(3.12) 0(z',y") > 0(G™x',G™v)
for allm > N.

Moreover the function 6 is constant on U x V.
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Lemma 3.4. Let M, N be infinite subsets of N. Then there are natural numbers
ki, ko, l1,lo and my,mo, mg € M,ny,n9,ng € N such that

ng > kimi + kama + my

and
mg = ling + lang + n3 — kymy + kama.
Denote

M ={meN:m>max(N,r+p) and G™u € U}

N ={neN:n>max(N,7r+p) and G"u € V}

Note that M and N are infinite sets because v and v are contained in their respec-
tive w-limit sets. Thus M and N satisfy the assumptions of Lemma 3.4 . Thus
we have natural numbers ki, ko, l1,l2 and mq, mo, m3, n1,n92,n3 as in the lemma.
Define the announced sequences as follows

w = G™u, v; = Gy forl < i < k
Uk +j = G™2u, v, 45 = GIM2TRimiy for 1 < j < ky
_ —k —k —
Uki+ko+1 = GreTrm TRy, Uki14ko+1 = G"v
Uky oy pipr = GUTme—iamazhomay g pvizn = GMo forl1 <0 < I

_ j l —k —k _
Uky kol jb1 = GImetamdmemimzieamey g 4ty pj = GM2v for 1 <
J <l

Now it is easy to verify (3.9) using induction and Lemma 3.3, as follows.
Since m; > 7 + p the monotonicity property of 6 implies (3.9) for ¢ = 1. Let
(3.9) holds for some i € {1,2, ..., k1 + k2}. Note that putting

s=1 if 1 <1<k

s=2 if ki <1 < k1+ ks

we have

Uir1 = G™u and v = Gy

Then taking = u;, y = v; and m = m; in (3.11) we obtain the following inequality

G(ui,vi) > G(GmSU,Gmsvi) = 9(ui+1,vi+1).

This together with the induction hypothesis gives (3.9) for ¢ 4 1.
If i = k1 + ko + 1 then (3.9) follows similarly as in the preceding induction step
but putting in (3.11)
17



T = Ukyt+kys Y = Vky+ky and m =ng—kimy — kama (>my > N)

In order to prove (3.9) for the remaining i we can proceed by the same way as
for ¢ less than ki + ko. It is sufficient to change the role of u by v as well as the
role of (3.11) by (3.12), k; and k3 by /3 and l2, ms by analogously defined n.

Since 6 is constant on U x V and

ur = G™u e U and v, = G"?v eV,

the equality (3.10) also holds. Thus, it remains to prove lemmas 3.3 and 3.4.

Proof of Lemma 3.3: We shall find U, an open neighborhood of u, and N € N.
Analogously we find V' and a possibly different NV € N satisfying (3.12) on w(u) x V.
But the monotonicity of 6 gives that the maximum of these N’s satisfies both (3.11)
and (3.12). By the continuity of 6 at (u,v), we can choose U and V smaller, if
necessary, such that, in addition, # will be constant on U x V.

Take any point y € w(v) and recall that u ¢ w(v). Denote n(y) = n(u,y).
Then by the definition of 1 the function 6 is locally constant on some neighborhood
of the point (G™¥)u, G*®)y). Therefore, by the continuity of G, there is an open
neighborhood U, x V,, of the point (u,y) in X(?) such that 6 is constant on G"¥) U, x
G V. Because of compactness of w(v) we can choose a finite subset {y1,...,u}
in w(v) such that the sets V,,,, i =1, ..., 1 cover w(v). Denote

U:= ﬂ Uy,, N := max n(y;) +p

1<i<l

Then, for any (z,y) € U x w(v) we have y € V,,, for some ¢ € {1, ...,[}. Henceforth
Axiom A1 gives (3.11) for all m > N by the following sequence of inequalities

0(z,y) > 0(G"W)x, GrW)y) = 9(G"W)u, G"Wy) > (G u, G™y)
The proof of Lemma 3.3 is complete.<

Proof of Lemma 3.4: This lemma follows from the Euclides algorithm for integers
and infiniteness of the sets M and A. The details follows.

Denote by d(a,b) the largest common divisor of two natural numbers a and b.
Choose m1 and n; to be arbitrary numbers in M and N/, respectively. Then we
find ms and ns such that there are infinite subsets M’ of M and N/ of A/ such that
all their elements are divisible by d(mi, my) and by d(n1,ns), respectively. Denote

n = d(ny,ng)

d := d(n,d(mi,ms))

Further choose a natural number 7 which multiplied by d appears infinitely often
as a remainder at dividing numbers of M’ by n. By the Euclides algorithm, n can
18



be written as n = pni 4+ qng where p, q are integers. Using similar expressions for
d(my,my) and d we find that

(313) r-d = l’2n2 + l’lnl — k’lml — k'2m2

for some quadruplet of integers (ki,k5,15,15). Denote by K a natural number
greater than absolute values of all numbers in this quadruple. Then we choose k1
and k9 to be

kl :Knl—i—k'l, k’g :Kn2+k'2

which together with

Ih=Kmy+15, lo=Kmg+1,

gives a quadruple (ki, k2, [1, I2) of the natural numbers satisfying (3.13) with obvious
replacements.
Let L be a natural number greater than | p | and | ¢ |. Then

(3.14) all multiples of n greater than 4Ln%n§ can be written as 1111 + t9n9

for some natural numbers i1, is

This can be seen from the following formula involving integers ¢ > 2Lnins and
0<s<2n1n9y

(t-2n1ng + s)n = (tnen+s-p)ny + (tnin+ s - g)na.

Now we take any number n3 from N’ greater than (k1 + 1)my + koms. By the
choice of 77 and n3 we have an arbitrarily large m € M such that m — (l_l ny+lans +
n3 — kimy — kemsy) is divisible by n. Therefore, in view of (3.14), the remaining
numbers mg, [; and [y are easily found. <
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4. Existence of exponential separation.

This section is divided into three parts . In part a) we show that Theorem B
follows from Theorem 4.1 below. In part c) the steps of the proof of Theorem 4.1
are formulated in five claims. The proofs of this claims use observations included
in part b). There, we outline the proof of Theorem 4.1 for the finite dimensional X.
Then we indicate a problem arising in infinite dimensions for overcoming of which
Proposition 4.2 and 4.3 will be useful.

Recall that by S we denote the boundary of the closed unit ball B in the Banach
space X.

a) Reducing the problem. The first purpose of this part is to create a k—cone
C1 such that T2 = Tg, o T,,(C1 \ {0}) € C\ {0} C int(Cy) for each z € K.

We shall use the continuity of the vector bundle map (F,T'), the compactness of
K and the following property rewritten from the assumption of preserving C' by
(F,T):

for every v € C'\ {0} and 2 € K there is a real number §(z,v) > 0 such that

T, (v + 26(x,v)B) € C\ {0},

Let Ly be the k—codimensional linear subspace of X from the definition of the
k—cone C'. We show in a moment that for any v € C'\ {0} there is a §(v) > 0 such
that T2(v+ §(v)B) € C'\ {0} for any = € K. Then we find a desired k—cone C; as
follows.

Consider the set

U (v +6(v)B) N S)\ Lo.

veES

This is an open neighborhood of C'N S in the metric space S with the induced
topology from X . Therefore there is a closed set C; C S such that CN.S C intg(Cy)
C Cy C S\ Lo. Hence it is easy to see that the set

C1= ] Aa
PYSIN

is the desired k—cone.
In order to find 6(v) for a fixed v € C'\ {0} and any x € K consider the set

Tov+ §(Fz, Tyv)B

which is mapped by T, to C'\ {0}. The union of these sets over x € K is an open
neighborhood of the compact set {T,v: = € K}. Thus the continuous dependence
of T, € L(X, X) on x € K gives the existence of a §(v) > 0 independent on = € K
such that

U T +6w)B) c | (Twv + 6(Fz, Tov)B)

reK zeK

Now it is easy to see that §(v) has the properties required above.
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Since C'\ {0} C int(Cy), T2(C; \ {0}) C int(C) and the k—cone C; contains a
k—dimensional subspace without zero in its interior. So for the vector bundle map
(F2,T?) we can apply the next theorem the proof of which is postponed to part c)
of this section.

Theorem 4.1. Let (F,T) be a vector bundle map on K x X and Cy a k—cone
in X containing a k—dimensional linear subspace in int(Cy) U {0}. Suppose that
T, is compact and T,(Cy \ {0}) C int(Cy) for all x € K. Then (F,T) admits a
k—dimensional continuous separation on K associated with the k—cone C1.

So we have a k—dimensional continuous separation for (F?,T?) along K as-
sociated to the k—cone (7 above. Using Lemma 4.1 below we next obtain a
k—dimensional continuous separation for (F,7") along K associated to the same
cone C;. But since T,,(Cy) C C for all = € K the invariance of the vector bundles
in this separation gives that the same separation is associated also to the k—cone
C, i.e. a separation required in the statement of Theorem B. Therefore in order to
finish our reduction of the proof of Theorem B to the proof of Theorem 4.1 we just
need to show the following lemma.

Lemma 4.1. Let (F,T) be a vector bundle on K x X and C, Cy k-cones such that
T (Cy \ {0}) € C\ {0} for an m € N and T,(C) C C C int(Cy) U {0} for every
x € K. Assume that the bundle map (F™,T™) admits a k—dimensional continuous
separation along K associated with the k-cone Cy. Then there is a k— dimensional
continuous separation for (F,T) along K with the same invariant vector bundles
as for the k—dimensional continuous separation for (F™,T™) along K.

Proof. Denote by K x (V) and K x (L;) invariant k—dimensional subbundles of
K x X and K x X*, respectively, in the separation for (F™,T™). First we show the
property i) from the definition of the separation for (F,7T") by using the exponential
separation for (F™,T™) with the corresponding constants denoted by M’ and +'.
The invariance of the bundle K x (V) under the bundle map (F™,7") and the
finite dimensionality of each V,, =z € K imply that every 7,(V,) is an isomorphic
image of V,, under the map T,.. The continuous dependence of V,., L, and T, on
x € K yields that the vector spaces T,(V,) and T} (LFs) continuously depend on
x € K. By the assumptions of the lemma we have that T)'u € C; \ {0} for all
u € Cy\ {0}, n > m and = € K. Hence, using positive invariance of the bundles
K x (V) and K x (Anih(L,)) under the bundle map (F",7"™) on K x X we obtain
that T, (Vy) N Anih(Lp,) = {0} and Anih(T},(Lr,)) N C1 = {0}. Therefore the
continuous dependence of the vector spaces 1,,(V,) and T} (Lp,) on x € K together
with the compactness of K give a constant ¢ > 0 such that the following property
holds:
whenever we have x € K, 0 # v € V, andy € K, 0 # w € Anih(T,(LF,)) together
with uniquely associated vi € Vg, w1 € Anih(Lpz), v2 € V,, wa € Anih(L,) such
that

T.,v=v1 +w; and w = vy + wy

then




Note that in the last inequality, on the left hand side, assumes infinite value when
w € Anih(L,). We now show that in this property one actually has

(4.1) =0 and
which means T,v € Vg, and w € L,. Hence T,(V,) = Vp, and T;iy(LFy) =1L,
because of the arbitrariness of z, y € K,v € V, \ {0}, w € Anih(T; (Lry))-

For the proof of (4.1) we use arbitrary but fixed p € N, z,y € K, 0 # v €
Ve, 0 £ w € Anih(T;(LFy)). Let vy, wy,v2 and ws be as above. Then, by the
invariance of the bundles K x (V,,), K x (L), there is an element v/ € Vp—msp,
with the property

mp r_
Tpl,, U =0

and an element w’ € Anih(T g mp+1, (Lpmo+1y)) with the property

/
T;"pw:w.

Moreover, similarly as for 7,.v and w, we have the expressions

Tp-mp,v =03 +ws and w' = vy + wy
with v3 € Vep—mpt1,, wy € Anih(Lp-mp+1,), va € Vpmoy and wy € Anih(Lpmey).
Clearly,

Tp mpi1,V3 =01, Tpimpii,ws =w1, 1T,Pvy=vq, T wy = w4

and
| ws | | wy |

< c < .
| v3 | | vy |

Using the exponential separation for (F™,T™) we obtain

|w1 ‘ — |T%np+1x(w3) | S M/ /p‘ w3 | < CM/,_)/ILD
[vr | [ T2, (03) | | vs |
and
|wa | _ |TZZZW2| < a2l
loa | [Ty vz | | vz |
Thus for any p € N it is proven that
| w1 | S CM/,y/P and c< M//y/p| w2 |
| v1 | | v2 |

which can be satisfied only in the case that (4.1) holds.
It remains to show that (F,T") satisfies the property ii) in Definition 2.2 with the
bundles K x (V,,), K x (L,) and some constants M > 0 and 0 < v < 1.
By the continuous dependence of T), € L(X, X) on x € K we can find a constant
c1 > 0 such that
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| T |px,xy<c forall z€ K, 0<q<m.

The equality T)"(V,) = VEm, for any = € K implies injectivity of every T2, 0 <
q < m, on the finite dimensional space V,. Thus for each z € K we can find a
constant co > 0 such that

lv|<ex | Tdv| forall veV,0<qg<m.

Moreover, the continuous dependence of T, and V, on x € K implies that the
constant ¢y above can be chosen independent of x € K.

Now using the above estimates, the exponential separation for (F™,T™) and the
invariance of the bundle K x (V) under (F",T™), we obtain for any z € K, v €
SNV, we SN Anih(L;),pe Nand 0 < g<m

| T2 [< oy | TP w |< exM'y'" | TP |[< e M'y™ | TP |

< et M'y"Pey | TIP Ty |< creg My~ My™PHe | TP Ty ||

1
where v = 7/™. Thus, since each n € N can be written in the form n = mp+gq, p €
N and 0 < g < m, putting M = cicoM'~y~™, we have

| Tw |< MA™ | T |,

for all x,v and w as above. The needed exponential estimate for (F,T") on K with
the bundles K x (V,,) and K x (L,) is thus established. The proof of the lemma is
complete.

b) Useful observations. Consider a k—cone C; from the assumptions of Theorem
4.1. First we will introduce an angle of two vectors in int(Cy). Later we will
use the notation S(C) for the set of all compact maps J € L(X,X) such that
J(C1\ {0}) C int(C7) and the notation GCY for the following set

(L€ Gk, X*): Anih(L)NCy = {0}).

The set S(C1) is also considered as the topological subspace of L(X, X).
Now for any u, v € int(C1) define

(4.2) ag(u,v) =inf{a>0: fv—u € int(Cy) for all > o}

The correctness of this definition can be seen as follows. The set on the right hand
side of (4.2) is bounded below by zero. This set is also nonempty, since v € int(Ch)
implies that for all sufficiently large 3 the vector v — % lies in a small neighborhood
of v.

The crucial property of this number is that for any map J from S(C7) and any
u, v € int(Cq) with ap(u,v) > 0, images of u, v by J satisfy

(4.3) ag(J(u), J(v)) < ap(u,v).
23



Indeed, if fv —u € Cy then J(Bv —u) € int(Cy) and for 5 = ap(u,v) it implies
that for all 5’ less than ag(u,v) and sufficiently close to it we have

B'J(w) — J(u) € int(Cy),

and thus (4.3) holds.
Further consider fixed w and v in int(C7). Since for any positive real numbers
T, S

Orv—su € Cy iffﬁgv—ueCl,

we have

r
ao(su,rv) = ;040(% v).

Therefore the number

a(u,v) = ag(u,v) - ag(v, u)

has the following properties of the angle of two nonzero vectors

a(u,v) = a(v,u) = a(|Z—|, %)

Note that if the vectors u and v generate a plane contained in Cy then a(u,v) =0

We say that a(u,v) is the angle of the vectors u and v. It is an analog of
the Hilbert projective metric on unit vectors in the interior of a positive convex
cone. However, while the Hilbert projective metric is a continuous function of
those vectors, a(u,v) is only upper semicontinuously dependent on u, v. The part
“only” of the last assertion is caused by the nonconvexity of the k—cone C;. The
upper semicontinuity of a(u, v) follows from the fact that if vectors u;, v; € int(Cy)
converge to u and v, respectively, when ¢ — 400, and if v — u € int(C7) then for
all sufficiently large ¢ the vectors fu; — v; also lie in int(Ch).

Actually we want to use an angle of any two elements in G(int(C7)). Thus take
two such elements Fq, Fs. As their angle we define the number

a(F1, Es) = sup{a(u,v) : u € E1\ {0}, v € Es\ {0}}

Useful properties of this angle are collected in Proposition 4.1.

Proposition 4.1. Let Ey, FE5 € G(int(C1)). Then one has

Z) Oé(El,EQ) =0 ZﬁEl = E2

it) If Ev;, E9; converge to E1, Es5 , respectively, when i — +oo and o(E7;, Fa;)
1s defined for all i then

limsup a(E1;, Eai) < a(E1, E»)
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ii) If J € S(C1) and a(E1, E2) # 0 then
Oé(J(El), J(EQ)) < Oé(El,Eg).

Proof. Here is an outline of the proof. Statement i) follows from the fact that
k + 1— dimensional subspaces of X cannot lie in C;. The parts ii) and iii) are
consequences of their mentioned analogues of angles of vectors and one additional
observation. Namely, for any F;, E5 from the assumptions of the proposition, the
sets £1NS and F3NS are compact and the function «f(+, -) is upper semicontinuous,
so a(-,-) reaches its supremum on (E; NS) x (E3 N .S). It means that there are
vectors u € Fq and v € Ey such that a(F1, Es) = a(u,v). Detailed proofs of i)-iii)
are next.

i) Suppose on the contrary that «(E7, F3) = 0 and E; # FE5. Then there is a vector
e € E5 \ Ej such that a(e,u) =0 for all u € F;. Since u € E; implies (—u) € E;
we have that a(e,u) = a(e, —u) = 0 for all u € F;. Hence by definition of «f-,-)
it holds (1e 4+ Bou € Cy for all w € E; and (31,32 € R. So a k + 1—dimensional
subspace lies in ('; and it contradicts the definition of a k—cone.

ii) Let u; € Ey; and v; € FEs; be such that a(Fy;, Fa;) = a(u;,v;). Then since
FE; and FEs; converge to E; and FE5, respectively , we can choose a subsequence
tm, m = 1,2,... from any subsequence of natural numbers such that u; ,v;
converge to some vectors, u € E7 and v € Es, respectively. Choosing an appropriate
subsequence of i,,, m = 1,2, ..., by upper semicontinuity of «(-,-) we obtain that

limsup a(Ey;, Eo;) = lim «(FEh;,,, Fa,, ) = lim a(u,,,,v;,) < a(u,v) < a(Eq, Es).

m— oo m—00 m—00

Hence ii) is established.

iii) Since J is injective on F; and Fs, it is an isomorphism on its images of E;
and Es, respectively . Therefore if u € J(F;) and v € J(E3) are such that
a(J(E71), J(E2)) = a(u,v) then by (4.3) we obtain

a(J(Ey), J(E)) = a(u,v) < a(J Hu), J () = a(Ey, Es).

So the proof of the proposition is finished.<$>

Now we give an outline of the proof of Theorem 4.1 for finite dimensional X.
First, we take for each x € K the set GC'; at the point F'~"x and then we squeeze
it by taking GT}_, (GC1). Denote this set by V). Since the closure of the union
of all GT,(GC}), = € K is a compact set in int(GC1), we have the limit V2 of V7
as n — +o0o in the sense of w-limit sets. This has to be V, because of the strong
monotonicity of «a(-,-). To prove it , not knowing at this time that the bundle
K x (V9) is continuous, we take its continuous hull. This is the bundle K x (V)
where V, is the limit of V), as y — z in the sense of w-limit sets. This bundle is
invariant under (F, GT'). Further we consider o(x)-the maximal angle of the points
in V,. The function « : K — [0, 400) is uppersemicontinuous by the continuity of
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K x (V) and the uppersemicontinuity of «a(-,-) (cf. Prop. 4.1ii) ). Since K is also
compact, the function « is bounded and takes its maximum on K. By the invariance
of K x (V,) under (F,GT') and the strong monotonicity of «a(-,-) (cf. Prop.4.1iii)
) this maximum is 0. Thus a(z) = 0 for all z € K implying by Proposition 4.1i)
that each V, is a k-dimensional subspace of X. Since K x (V,) is also continuous
and invariant under (F, GT') we have obtained the desired k—dimensional invariant
bundle K x (V).

Here, in the finite dimensional case, GC; and (F~!, GT*) have the same prop-
erties as GC; and (F, GT), respectively. Therefore, analogously as above we obtain
a dual bundle K x (L).

In order to prove the exponential separation consider for each x € K the set

Cpo(0)={ueX: u=v+w where v € V,, w e Anih(L,) and |w |[<J | v |}.

If 6 > 0 is sufficiently small then K x (C,(9)) is a subbundle of the bundle K x
(int(GC4). Hence, due to the construction of K x (V,), which is in fact K x (V.),
we obtain that all normalized sequences T,u, = € K, u € Cy(d) has the limit in
the union of all V,,, x € K. This implies that there is a 0 <y < 1 and n € N such
that

| T w | 7le
| Tpo | = v

From this using Lemma 4.1 we obtain the exponential separation completing the
outline of the proof of Theorem 4.1 with dim(X) < occ.

, €K, u=v+we Cy6).

If X has infinite dimensions it may happen that the sets above depending on
n € N are always noncompact even in the limit. So the crucial part of the proof of
Theorem 4.1 (see Claims 1 and 2) creates at any point « € K a cone C, C int(Ch)
such that the closure of the set GT,(GC,,) is already compact in G(k, X).

In order to obtain such cones C',., we need a property, stated in Proposition 4.2,
of a compact subset of the set of compact operators in S(C7). For example, for
just one operator J € S(C1), this property says, in a different way, that the set
GJ*(GCY) is a precompact subset of GCY.

Before we give a general statement we introduce some notation. First consider
for any (I1,...,lx) € (X*)*, (v1,...,vx) € X¥ the k x k matrix with elements

L(ll, RN lk, Viyenny Uk:)i,j = li(?]j)
fori,j=1,... k.
The matrix ¢(ly,. ..,k v1,...,v;) is regular iff functionals 1,...,[l; as well as
vectors vy, . . ., vy are linearly independent and Anih([l1,...,lk])N]v1,...,vx] = {0}

By the assumption on the cone C'1, we can find k linearly independent unit vec-
tors ey, ..., e generating a k—dimensional linear subspace V| contained in int(C7)U
{0}. Fix such an k—tuple ey,...,ex. Take for any given L € GC{ an element of
(X*)* denoted by (I, ...,1}) such that [I{,...,1}] = L. Since Vo C int(C1)U{0} the
matrix ¢(l},...,l},€1,...,ex) is regular. The representant of any given L € GCY is
chosen to be (I1,...,1) € (X*)* such that
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(1,5 lg) = (e(1h, . .., 2,61,...,6,@))_1([/1,..., ;),

thus the matrix
t(ly, .. lg,e1, ... ex) = 1d,

where Id is the k x k identity matrix. We denote (I3, ...,[;) also by the letter L.

In this representation GC7 corresponds to the following set

L:={(l1,....lx) € (X*: Anih([l1, ..., lk))Nint(C1) = 0 and o(ly,. .., 1k, e1,...,e,) = Id}

Next we define a representation of GJ* for J € S(C7). Note that these maps J are
injective on Vg = [eq, ..., ex] C C7 and hence Jey, ..., Jei are linearly independent
vectors in int(Cy). So for any (I1,...,l;) € £ the matrix

AJ(L) = L(ll, .. .,lk, Jel, RN Jek)
is regular. Thus GJ* for J € S(C;) corresponds to the map J* : £ — L defined
by

THL) = (As(L) " (J* . T )

for any L € £ and J € S§(C1).
Proposition 4.2. Let J be any compact subset of maps in S(C1). Then the fol-
lowing set
{J*(L): LeL and J e S(C1)}
is precompact in (X*)*.
For the proof of Proposition 4.2 we need the following lemma.

Lemma 4.2. The set L is bounded and closed in (X*)*. Moreover, each sequence
in L has a subsequence (IY,...,1¥) € L, p=1,2,... such that for eachi=1,...k
the sequence I, p=1,2,... has a weak star limit l; and (l1,...,1lx) lies in L.

Proof of Lemma 4.2. In order to prove the boundedness of L, realize that there is
a 0 > 0, such that for any

(ely...,ex) € (e1+0B) X -+ x (e + 0B)

el,..., e} are linearly independent vectors generating a subspace in int(C7) U {0}.
We claim that

(4.4) li(e; —v) >0 forall (I1,...,lx) € LyvedBand i=1,..., k.
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Indeed, in the opposite case there are i € {1,....k},(l1,...lx) € L and a v €
0B such that l;(e; — v) = 0. Moreover, we already know that /;(e;) = 0 for all
j € {1,...k} \ {i}. Therefore for linearly independent vectors ej,...,e;_1,€; —
U, €11, ..., ex generating a subspace E’ contained in int(Cy) U {0} the matrix

t(ly, oo lgser, oo €1, — V€41, ., €k)

is nonregular. But this contradicts the fact that Anih([l1,...lx]) N E' = {0} and
l1,...,l; are linearly independent functionals.

Now using (4.4) we obtain that 1 = [;(e;) > l;(v) for all v € 6B, (l1,...,lx) € L
and 7 € {1,...,k}. This implies that

1
if (I1,...,1k) € L then |; [< 5 for all i € {1,...,k}.

Thus the boundedness of L is established.

The closedness of £ in (X*)* follows from the sequential weak star compactness
of £ which we are going to show next.

Take any sequence (l:fl, e lil) e L, p = 1,2,.... Since L is bounded in
(X*)* the Banach Alaouglu Theorem gives a subsequence of the previous sequence,
denoted by (I7,...,1}), p=1,2,..., such that for each i € {1,..., k} the sequence

[ has a weak star limit [, € X*. Hence, since ¢(1,...,l},e1,...,ex) = Id for all
p, we have
(4.5) (i, .y lg,e1, ... ex) =1d

Now we claim that

(4.6) Anih([ly, ..., 1)) Nint(Cy) = 0

Suppose on the contrary that there is a v € Anih([ly,...,l]) Nint(Cy). Thus if
we denote ¢! :={"(v) for any p € N, i € {1,...,k} then ¢ — l/(v) =0 as p — o0
for alli =1,... k. Since v € int(C1), for all sufficiently large p we also have

v—cler —...ce, € int(Cy).

But this vector lies in Anih([l},...,17]), too, contradicting (I7,...,1}) € L, p =
1,2,....

By (4.5) and (4.6) we obtain (I1,...,lx) € £. This completes the proof of the
lemma. <

Proof of Proposition 4.2.: In order to prove this proposition it is sufficient to show
that for any convergent subsequence of the sequence J,,, m = 1,2,... from the
compact set J € L(X, X) with a limit J and any L,, € £, m = 1,2,... there is a
subsequence of the sequence J (L,,) converging to an element in L.
We have that J, m = 1,2, ... is a sequence of compact operators with the limit
J*, also a compact operator, and £ is bounded in (X*)* by Lemma 4.2. Therefore
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we may suppose, without loss of generality, that if L,, = (I7",...,{}") then for

each i € {1,...,k} the sequence J (") converges to an I, € X*. The above
lemma allows us to assume that the sequence (I1*,...,[}") has for all its component
i=1,...,k a weak star limit (I,...,[x) creating L := (l1,...,l;) € L. Hence for
any v € X

I"(Jv) — ;(Jv) asm — o0, 1 <i<k.

Moreover, the convergence of J,,, to J with the boundedness of £ implies that

M Jpv —Jv) =0 as m — oo,

so I (Jmv) — l;(Jv) for any v € X, i =1,..., k. This means that

(JEI Ty = (L) = (J*, . T )

as well as

A, (Lim) — Ay(L)

as m — 00. So J, (L,,) converges to J*(L) in (X*)k. Since L is closed in (X*)*
the proposition is proved.

The next proposition will be used twice in the proof of Theorem 1 (see Claims 1
and 3). For its formulation we need several definitions of the properties of a bundle
K x (Y3) and the bundle map (F', {R,, = € K}) on it. Here F is a homeomorphism
of a compact metric space K, each Y,, x € K, is a subset of a metric space Y and
R, :Y, — Y, is a continuous map for any x € K. We say that

i) the bundle K x (Y;) is nontrivial iff Y, # {0} for all z € K.

ii) the bundle K x (Y,) is compact iff from any sequence y, € Y, , n=1,2,...
where x,, — x as n — 400, we can choose convergent subsequence y,,, ¢ =1,2,...
with a limit y in Y,. Obviously any compact bundle K x (Y,) is also continuous.
iii) the bundle map (F, R) on K x (Y,) is compact iff

Y

(| R.(¥2))

reK

is a compact subset of Y.

iv) the bundle map (F, R) on K x (Y;) is continuous iff for any sequences z; — x
and y; — Yo, where x; € K and y; € Y, for all i > 0, the sequence R,,y; has the
limit R, yo when 7 — 4o0.

v) the maximal invariant subbundle K x (Z,) for the bundle map (F, R) on K x (Y,
is defined by

Z, ={z €Y,: thereis a sequence z;, i € Z,
such that Rz (2;) = zi41 for all i € Z, and zp = 2}
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Proposition 4.3. Let F be a homeomorphism of a compact metric space K, Y a
metric space, K x (Y3) a subbundle of the bundle K XY and (F,R) = (F,{Ry, = €
K}) a bundle map on K x (Y,). Suppose that the bundle K x (Y,) is continuous
and the bundle map (F, R) is continuous and compact. Then the following bundle

. m,—1
Zy:={y: y=Ilim, . R." Yp

—m
F Px,

for some sequences m, — +oo and x, — x as p — 00, and Yp € Y-m,, }
p

s nontrivial, compact and it is equal to the mazimal invariant subbundle for (F, R).

Proof: It is easy to see that the maximal invariant subbundle is contained in the
bundle K x (Z,). Since any Rgf;ix yp from the definition of Z, is contained in

Y., the continuity of the bundle K x (Y) implies that K x (Z,) is a subbundle
of K x (Y;). The nontriviality of K x (Z,) is assured by the compactness of the
bundle map (F, R).

Now we show that for any x € K and z € Z, one has R,(z) € Z, and that there
exists a 2’ € Zp_,, such that 2 = Rz_, 2'. Thereby we prove the invariance of the
bundle K x (Z,).

By the definition of Z, there is a sequence m, € N, z, € K and y, € Yﬁ_mpxp
such that

p—1

—m
Pxp

m
Tp — T andRF Yp — Z as p — +o00.

Therefore, using the continuity of the bundle map (F, R), we obtain

R,z =R,(lim R y,)= lim R, oR%" " y,= lim R7"

—m —m
p—oo FTMPxy Pp—00 Tp p—oo F TPz,

Hence, since Fxp — Fz as p — 00, we have R,z € Z ., by the definition of Z .
Further consider the sequence

—2
Y, = R?fmpxpyp €Ypa, . p=12,....
Obviously
(4.7) Ry, Y, — z as p — 0.

Moreover, each convergent subsequence of y}g has its limit in Z;_, . Since y}g is
contained in the precompact set | J, . Rz(Yz) for all sufficiently large p (such that
my > 2), it has a convergent subsequence with a limit z’. We already know that
2" € Z; 1. Combining (4.7) with the continuity of the bundle map (F, R), we also
obtain R,z = z. Thus 2’ has properties required above.

In order to prove the compactness of the bundle K x (Z,), take any sequence
2p € Zy,, p = 1,2,... where 7, € K, p = 1,2,... is a sequence with limit
x € K. Then we can choose for any p a natural number m,, and points :U; € K,
Yp € Ypfmp% in Y such that
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the distance of z, from R%nf

m

1 .
by Yp N1 Y
p

and the distance of :c; from z, in K

go both to zero as p — oo and moreover m, — +ooc.
So x; — x as p — oo and the compactness of (F', R) gives at least one convergent
subsequence of the sequence

mp—1
Rﬁ‘fmpx;ypv p=12,....
Then z,, p=1,2,... has clearly a convergent subsequence as well. The definition

of Z, implies that each such convergent subsequence has its limit in Z,. Therefore
the compactness of the bundle K x (Z,) is proved and the proof of the proposition
is complete.

c) Proof of Theorem 4.1. In the first claim below we state the existence of
a ”generalized” invariant bundle K x (L£;). We will use the notation 7.7 for the
representation, indicated above, of the map GT restricted to GC} where z € K
and {T,, = € K} is the family of operators from the assumptions of Theorem 4.1.
The set £ C X*¥ is considered with the induced topology from X**.

Claim 1. Denote by K x {L,, © € K} the maximal invariant subbundle for the
bundle map (F~1,T*) on the bundle K x L. Then the bundle K x (L) is nontrivial
and compact.

This claim is an immediate consequence of Proposition 4.3 applied to the bundle
map (F~!,7*) on the bundle K x L. Here the assumptions of Proposition 4.3
are trivially satisfied with two exceptions. The first one is the compactness of the
bundle map (F~!,7*). It follows from Proposition 4.2 applied to the compact
family of maps {7T,, x € K}. The second one is the continuity of the bundle map
(F~1,7*). Tt is an easy consequence of the continuity of the functions (L, J) €
(L,5(C1)) — Ay(L) and (I,J) € (X*, L(X, X)) — J*l € X*.

Our next step is to show the existence of a bundle of cones K x (C}) invariant
under (F,7T) and such that the bundle map (F,GT) restricted to K x (GC,) is
compact. Recall that Vjj = [e1, ..., ex] denotes a k—dimensional linear subspace in
int(C1) U{0}. The main ingredients in this step are the obtained bundle K x (L)
above , Proposition 4.2 and a number (3, similar to ”secans” of an angle between
v and Vp with respect to some subspace of X whose anihilator in X* is a L €
L. In order to define this number consider any L € £ . For any v € X let
Pr,(v) be the projection of the vector v into the k— dimensional space Vj along
the k—codimensional space Anih(L). Since for any (l1,...,lx) € L we have the
following equality of matrices

[/(l17"' 7lk7617"' 7ek:):Id7

we can write for any v € X

PL(U) = li(v)ei

1

(2

k
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It is easy to see that the map

XxL> (v, L)— Pr(v) e X

is continuous if we use product topology on X x L.
Now we define a function, possibly taking the infinite value, on (C; \ {0}) x £
by

| v |
B = TR T

The restriction of 5 to int(C1) x L obviously takes only finite values and is contin-
uous.

Claim 2. Let K x (L;) be the bundle map from Claim 1 and Vo € G(int(Ch)).
Then for all sufficiently large T > 0 the cones
C,:={veCy: Bv,L) <7 forall LeL,}U{0}, z€K,

create a continuous subbundle K x (C) of the bundle K x Cy positively invariant
under (F,T). Moreover, the bundle map (F,GT) restricted to the bundle K x
{GC,, z € K} is compact.

In order to prove this claim consider the following subset of S N C}

T,v
| Tv |

A:={ cze K, ve (C1\{0})and 5(Tyv,L) > B(v, T, (L)), fora L € Lpy}

We are going to show that A is precompact in X.
Fix any v € K, L € Lp; and v € C \ {0} such that the inequality in the
definition of A is satisfied. Then

v=e+w=Pr: )(v) +w,
where e € Vj and w € Anih(7;,(L)). Hence

T.v="T.e+T,w,
where T, w € Anih(L). Therefore

PL (Tx?]) = PL(Txe)

Thus we can write the inequality in the definition of A as

| Pp(T,v) | e

(4.8) | Tov |2 75—~ v = Po(Ter—) [l v ]
| Pry (1)(v) |

el
This inequality will be used later on. Now we show that the closure of the set

B={P,(Tx(e)): z€ K, ecVonS, Le | L.}
reK
32



is bounded away from zero in X. Since V;NS is compact and the compact operators
T,, = € K, create a compact subset in S(C1), the set

U 7.(vons)

reK

is a compact subset in int(Cy). Therefore, using the compactness of |J, o, L2 C L,
the continuity of the function (v, L) — Pp(v), we obtain that B is a compact subset
of int(Cy) \ {0}. So, there is a positive minimum of the norms of vectors in B
denoted by ¢ > 0. Then in view of (4.8) we have

| Thv |z c|v|

for any x € K and v in the definition of the set A. Hence A is a subset of the
following set

T,v
(4.9) {—F—:wveS, zeK and |Tyv|>c|v|}.
| Ty |
We claim that this set is precompact.
Indeed, consider any sequence of the unit vectors v,, n = 1,2,... such that
| Ty, v, |> ¢ > 0 for some sequence of points x,,,n =1,2,... in K. By compactness

of K and continuous dependence of T, € L(X, X) on z € K we may also assume,
without loss of generality, that

Tn —x and | Tyv, — T, v, |— 0 as n — 400

for some x € K. Therefore, since T, is a compact operator, there is a subsequence
of natural numbers n;, ¢ = 1,2,... such that the following sequence of vectors
(with the norms not less than c)

(4.10) Ty, Ungy i =1,2,...

has a limit v € X with the norm greater or equal to ¢ > 0. Thus the normalized
v

sequence of the vectors in (4.10) converges to Tol*

Since A is a subset of the precompact set in (4.9), A is also precompact. Next
we use this fact to find a number 7y such that for all 7 > 7y the corresponding sets
C,, x € K have the required properties in the claim.

By definition of £, for any x € K and L € L, there is a L’ in Lp, such that
Tp,L' = L. Hence if v € Anih(L) N Cy then Tyv € Anih(L') N (int(C1) U {0}).
Thus v = 0, implying Anih(L) NS N Cy = (. Therefore for any v € SN C; and
L € U,cx Lo we have Pr(v) # 0. Thus the function 3(-,-) is finite and continuous
on (C1 \ {0}) x (Uyecx £2). Hence the compactness of cl(A)(C S N Cy) gives the

existence of an upper bound 7y of the set

{B(v,L): ve A, z€K, Le ] L.}
rzeK
Now take any 7 > 79 and let C,, z € K be the corresponding family of sets

from the statement of the claim. Each C'., x € K is obviously closed because of the
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continuity of the function ((-,-). These sets are k—cones since they also contain
Vo \ {0} in their interior and they are subsets of the k—cone C; invariant under
multiplication by all real numbers. We show the positive invariance of K x (C,)
under (F,T).

If ve Cy\ {0} forax € K and L € L, then we have the alternative

1) 8(Tev, L) < B(v, Tg, (L))

2) B(Twv, L) = B(v, Tz, (L))

In the first case, v € C; \ {0} implies 5(v, 77, (L)) < 7, so B(T,v,L) < 7. The
second one tells that

Tw(v)
T,0] €A,

thus B(T,v,L) < 7. Thus for any v € C, \ {0} and L € L, we have obtained
B(Tyv, L) <7, ie T,v € Cpy.

The continuity of the bundle K x (C,) follows immediately from the continuity
of the extended function (-, -) and of the bundle K x (£;). It remains to be proven
that the bundle map (F, GT') restricted to the bundle K x (GC}) is compact. For
this it is sufficient to show that the closure of the set

Ci={ sz|: reK, veC,\{0}}

| T.
is compact.

If we consider v € C, with | P, (v) |= 1 for some z € K and L € £, then | v |< 7.
Hence, as {T,,, * € K} is a compact family of compact operators in L(X, X) and
K x (C;) is a continuous bundle, the compactness of C can fail only in the case
when there is a sequence v,, € C,, with | Pr_(v,) |=1, z, € K and L,, € L, such
that

| Ty, Un |— 0 as n — +oo.

In this case, since the set | J, . £, is compact and the function (v, L) — Pr(v) is
continuous, we may suppose that the following sequence

Pry (Ty,v,) where 75, (Ly,) = Lp, n=1,2,---,

approaches 0 as n — +00.
All vectors in this sequence belong to the set B. Indeed as it can be easily seen
from the considerations just before (4.8)

Pr, (Ty,vn) = Prr (Ty, (PrL,vn))

implying Pr: (T, v,) € B. We thus have a contradiction since the closure of B is
separated from zero by the ball of radius ¢ > 0. The proof of Claim 2 is finished.

Now take the bundle of cones K x (C,) for fixed and sufficiently large 7 pro-
vided by Claim 2. Hence the bundle K x (GC,) is invariant under the bundle map
(F,GT) and |, GT:(GCy) is a compact subset of GC;. Moreover, the conti-
nuity of the function (v,J) € C1 \ {0} x S(C1) ﬁ € S gives that the bundle
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map (F,GT) is continuous. Therefore applying Proposition 4.3 to the bundle map
(F, GT) restricted to the bundle K x (GC,) we obtain the first part of the following
claim.

Claim 3. Denote the maximal invariant subbundle for the bundle map (F,GT)
restricted to the bundle K x (GC;) by K x {V,, x € K}. Then this bundle is
nontrivial and compact. Moreover each V,, ©* € K contains only one element
associated with a k—dimensional subspace. The element in each V, is denoted by

V.

The second part of this claim is a consequence of Proposition 4.1. To explain it,
define a real function o : K — R as follows

a(r) = sup{a(Ey, Eq) : By, By € V. }, v € K.

The compactness of the bundle K x (V,) together with the uppersemicontinuity of
a(-,-) imply the following:
the function « is bounded from above, in the definition of the value of a(z) we can
take the maximum and finally the function « is upper semicontinuous on K.
Hence the function « reaches its supremum on the compact set K, say at a point
xo € K. Then a(xzg) = 0.

Indeed, otherwise we have

0 < a(zg) = a(F1, Ey) for some FE; # Ey € V,,.
By the invariance of K x (V,) under (F,GT), there are £} and EY such that

GTp-1,,(E) = E;, i =1,2.

Hence by Proposition 4.1iii)

a(Frzg) > a(E}, Ey) > a(E1, Ey) = a(x) = ma;(ca(:z;)
HAS
which is impossible.
Thus a(K) = 0. Therefore Proposition 4.1i) gives a unique V. for each x € K
such that V, = {V,}.

Now use Claim 3 for another 7, say 7/, which is greater than already fixed 7.
Then we have corresponding bundle of cones K x (C) and the maximal invariant
subbundle for (F, GT) restricted to the bundle K x (GC’). We denote this maximal
invariant subbundle by K x (V). By Claim 3 we know that each V., x € K contains
just one element. Since K x (GC}) is a subbundle of K x (GC",) the corresponding
maximal invariant subbundles have the same property, i.e. K x (V,) is a subbundle
of K x (V.). Consequently these bundles coincide because each V, and V., z € K
contains only one element. This is going to be used in the proof of ”generalized”
exponential separation stated in the following claim.

Claim 4. Let V,, x € K be the k—dimensional subspaces from Claim 3. Then
there is an € N and 0 < 4" < 1 such that

(4.11) | Tiw [<A" [ T || w ]
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foranyx € K, ve VNS and w € Anih(L) with L € L,.

It is sufficient to prove this claim for the vectors w with a fixed norm.

Let 7/ be a number introduced before the claim. Since 7/ > 7, the set GC, C
int(GCY) for any € K. Hence the compactness of the subbundle K x ({V,}) of
the bundle K x (GC,) implies that there exists a § > 0 such that for any z € K

{fv+w:veV,NS, LeL,, we Anih(L)N (6B)} C C..

Moreover, the number § > 0 can be chosen so small that for any x € K and any
v, w from the corresponding sets there is an F € GC/, such that v +w € E. Now
suppose that the claim is false, where in (4.11) | w |= §. Then we have infinite
sequences n; € N, x;, € K, v; € V,, NS, L; € L,,, w; € Anih(L;) N (§S), E; €
GC. , i=1,2,... such that

4.12 —
12 Ti

)
> a)

-2
v; +w; € B; for all i € N and n; — 400 as 1 — oo.

First note that the denominators in the fractions above are nonzero because of
the injectivity of T, on V, for any x € K. The invariance of K x (£,) under
the bundle map (F~!,7*) implies for any L; the existence of L, € £ such that
Tpniy, (L) = Li. Hence T (w;) € Anih(L}), and thus T} w; ¢ int(Cy) for all
¢ € N. This will be used later.

Since K is compact we may suppose that

F""g; — x as i — oo for some z € K.

Then applying Claim 3 to the bundle K x (GC",) in view of Proposition 4.3 we have

(4.13) GT;Z'_M(FMM)(EZ-) = GT, (E;) — GV, as i — +o0.
(We also use compactness of the bundle map (F,GT) restricted to the bundle
K x (GCy).)

Hence, passing to a subsequence, we may assume that there is u € V, NS with

Ty (v +w;
(4.14) relvitw)
| T (vi + wi) |

as ¢ — +oo0.
Since (4.12) holds, T} w; # 0 and we can denote for any 7 € N

_ TQZ LW, d @ T;LZ U4
T B
where obviously | w; |= 1.
Then from (4.14) we obtain
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U + W;

— — —uecV,.
| v; + w; |

(4.15)

By (4.12), | ¥; |< 2 for all i € N, hence we have all | ¥; +@; | bounded by
14 %. Therefore we can pass to a subsequence, if necessary, such that the sequence
Ui, © =1,2,... has a limit v € V, by the continuity, and the sequence | v; + w; |
has a limit ¢’ > 0. Combining this with (4.15) we obtain

w; — du—v€eV, as i — +oo.

But w; are unit vectors in the complement of int(C7). So w; cannot converge to a
vector in V,, C int(C7) U {0}. This contradiction proves the claim.

Now it is easy to prove the following claim.

Claim 5. Let K x(L;) be the bundle from Claim 1. Then each L,, x € K contains
just one element. This element is denoted by L,.

Suppose by contradiction that there is a x € K and L # L’ from £,. Choose
u € Anih(L")\ Anih(L) and let be § be as in the proof of Claim 4. Then v = v+w
where 0 # v € V, and 0 # w € Anih(L). Using (4.11) we have for all sufficiently
large p € N

[ Tvw | gl w)

T < 6.
| Ta"v | | v ]

(4.16)

(We used here also the fact that T, (Anih(L,)) C Anih(Lp,) for any z € K, L, €
L, following from the invariance of the bundle K x (£,) under the bundle map
(F71,T*)on K x L.)

Therefore TP (v + w) € C! C Cy, and consequently

(4.17) TP (v 4+ w) € int(Cy)

for all sufficiently large p. But the invariance of K x (£,) under (F~!, 7*) implies
TJ (v+w) ¢ int(C) for all j € N, as we saw in the proof of Claim 4. This contradicts
(4.17). Thus we proved Claim 5.

Continuity of the bundle K x (L£,) implies immediately the continuous depen-
dence of L, on x € K in L as well as the continuity of the bundle of the correspond-
ing k—dimensional vector spaces in X * denoted by the same letters. So far we have
obtained continuous bundles K x (V) (see Claim 3) and K X (L) invariant under
the bundle maps (F,T') and (F,T™), respectively, such that V,, C int(C1)U{0} and
Anih(Ly) Nint(Cy) = (. The exponential separation for these invariant bundles
remains to be proved. But this can be done using the estimate (4.16) similarly as
in Lemma 4.1. The proof of Theorem 4.1 is finished.<
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5. Discrete Ljapunov functionals for perturbations.

In this section we prove Theorem C using Theorems B and A, and Corollary
2.1. First, in Proposition 5.1 below we state the existence of cones suitable for
the construction of a discrete Ljapunov functional for a small C'! perturbations.
This construction is given in Corollary 5.1. Since we do not assume injectivity
or compactness of perturbations we use two more consequences of Proposition 5.1
formulated in Corollaries 5.2-5.3. Then we show how mentioned statements together
with Theorem A imply Theorem C. Before the proof of Proposition 5.1 we derive
two lemmas of their own interest. After that proof we improve the conclusion of
Theorem C and prove Corollary 2.1.

Proposition 5.1. Suppose that the assumptions of Theorem C are satisfied. Then
there are numbers Ng, mo € N, 0 < \g < 1, €y > 0, an open bounded neighborhood
Vo of Ko and a sequence of sets C; C int(C2) U{0} C Cy C ...Cn,—1 C int(Cn,) U
{0} C Cy, with each C; a k;-cone such that for any G € C*(Vy, X) with

| G = F vslcrve,x)< €0
and x,y € Vy the following holds

i) if x —y € C; \ {0} for an 1 <1i < Ny and G™x,G™y are defined for a m > myg
then Gz — G™y € int(C;) \ {0}.

i) if G*™ox, Gy are defined, and x —1y as well as G*™0x —G?™oy lie in C;\Ci_1
foranie {1,2,..., Ny}, then G™ox — G™oy ¢ I1. (Here Cy = {0}.)

iit) if G™x, G™y are defined with G™x — G™y & Cn, and m > mg then

| G"r =Gy KA |z —y .
Moreover we have that

iv) there is a projection Py of X on ky,-dimensional space and a constant ¢ > 0
such that

Cnvg C{veX:|(I—Pow|<é| Pyl

For the next corollary we put Cy,+1 := X and Cy = {0}.

Corollary 5.1. Suppose that the assumptions of Theorem C are satisfied and
No, mg, Ao, €0, Vo and G are as in Proposition 5.1. Assume that X C Vg is a

compact set positively invariant under G such that G s injective on X. Then the
function 0 defined at each (x,y) € X x X\ {(z,z): v € X} by

O(x,y) =i if z—yeint(C;)\ int(Ci—1)
is a discrete Ljapunov functional for G on X.

Proof. First, let us note that 6 is defined for all (x,y) with distinct =,y € X since
int(C;) \ int(C;—1), 1 <i < Ny + 1 is a partition of the set X.

Axiom Al with p = my follows immediately from the definition of # and Propo-
sition 5.1i). If the function € is continuous at the point (z,y) then the statement
of Axiom A3 for (z,y) follows from Axiom Al.
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Now let 6 be discontinuous at the point (z,y) € X x X with distinct z,y. We
are going to prove that

(5.1) 0(z',y) > 0(x,y) — 1> 0(G™°x, G"™y)

for all 2,4y’ sufficiently close to x,y, respectively.

First, let us explain how (5.1) helps to show Axiom A2 and the remaining part
of Axiom A3. Axiom A3 with p = mg for the point (x,y) of discontinuity of 6
follows from (5.1) and Axiom Al immediately. To prove Axiom A2 suppose that 6
is discontinuous at the point (G"°xz, G™y). For this point (5.1) gives

0(G™ox, G"™0y) > O0(G*™ox, G*Moy).
This together with the already known inequality

0(z,y) = 0(G™x, G™y)

proves Axiom A2.

To show (5.1) denote O(x,y) =i. If  — y lies in the open set int(C;) \ C;—1 then
0 is continuous at (z,y). Since (z,y) is the point of discontinuity of 0, z — y €
0C;—1 C C;—1. Hence, i > 1 and by Proposition 5.1i) we have

GMox — Gmoy € mt(Cl_l)

This yields the inequality on the right hand side of (5.1).
If i > 2 then C;_5 C int(C;—1) implies that

867;_1 N int(ci_g) = @

This takes place also for i = 2. Hence = —y lies in the open set X \ int(C;_2) giving
the inequality on the left hand side of (5.1). The proof of the corollary is complete.

o

Remark 5.1 Actually we have proved that the function 6 satisfies the inequality

(', y') = 0(G™ox, G™oy)

for all 2/, 3’ sufficiently close to x,y € X, respectively, and if 6 is discontinuous this
inequality is strong.

Corollary 5.2. Suppose that the assumptions of Theorem C are satisfied and
Ny, mg, Ao, €0, Vo and G are as in Proposition 5.1.

Let z¢ be a point in Vy such that the set {G"xo : n > 1} is defined. Then this
set 1s precompact in X.

Proof. Denote x; := Gixg, ¢; := diam(Vp). The corollary follows from the fact
that for any 1 > 0 there is a pg € N and a finite subset P of N such that

{zn: n>po} C | Blzp,m),
peP

where B(z,r) denotes a ball in X with center x and radius r. To prove this fact
fix any n > 0. Take pg such that
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po > mo and A < 7).

Then if pg < p < g and

Lp — Tg gCNo

we obtain by Proposition 5.1iii) that

(5.2) | xp —xg [<S NS | 20 — 2g—p [< Nje1 <.
If for pg < p < g we have

Tp — x4 € Cn,-

then Proposition 5.1iv) gives

(5.3) [zp —zq IS (I = Po)(zp —xg) | + | Po(zp —2g) |[< (c1 +1) | Polmp —z4) |-

Since O (z) is bounded and P, is a compact operator the set Py(O*(z)) is pre-
compact in Py(X). Hence there is a finite subset P of the set {p € N: p > pg} such
that

Po(0*(2)) € | B(Pop, CI%).
pEP

Therefore , if ¢ > pg, by (5.2) we obtain that

xqg—xp € Cn, forall pe P implies |z, —z4|<n, pEP
and by (5.3) we have that

zqg—xp €Cn, for ape P implies |z, —xz,|<n for the same p.

Thus, the set P and the number p( satisfy the statement of the fact with the number
7 fixed above. The corollary is proved. <»

Corollary 5.3. Suppose that the assumptions of Theorem C are satisfied and
Ny, mg, Ao, €0, Vo and G are as in Proposition 5.1.

Let 7 be a subset of Vy invariant under G. Then the restriction of G to I is
injective and v —y € Cn, for all distinct z,y € T.

Proof. We prove that

(5.4) x—1y €Cn, \ {0} for all distinct z,y € 7.
This using Proposition 5.1i) gives

G"™x — G™y € int(Cn,) \ {0}

yielding injectivity of G on Z.
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In order to show (5.4) suppose on the contrary that x —y & Cn, \ {0}. Since 7
is invariant under G there are points z,,, y,, € Z for each m € N such that

Denote ¢y := diam(Z). Then by Proposition 5.1iii) we obtain that

|z —y [< AP | T — Ym | < AJPc2,  for all m > my.

Hence, since 0 < \¢ < 1 the distance of x from y is 0 contradicting x # y. The
corollary is proved.<

Proof of Theorem C. Let ig, mg, € and Vy be as in Proposition 5.1. Take V := V)
and € := ¢g. Consider any G € C1(V, X) such that

|G—F‘V‘<€

and zo € V with all G"xg, n > 1 defined and cl{G"xg, n > 1} C V.

If w(xp) is a periodic orbit then the conclusion of Theorem C follows immediately.
Thus assume w(z() is not a periodic orbit. Then G"zy # G™x( for all n # m.
Moreover, applying Corollary 5.3 to w(xg), which is obviously invariant, we obtain
that G is injective on w(z). Hence G is injective on the set cl{G"xo : n > 0}.
Denote this set by X. By Corollary 5.2 X is also compact. Therefore by Corollary
5.1 we obtain the discrete Ljapunov functional 6 for G on X'. Theorem A applied
to this functional and G gives

O(x,y) = 0(G"x,G™y) for all distinct =,y € w(xg) and n € Z.
Hence, by Corollary 5.3 applied to Z = w(z() and Proposition 5.1ii) we have

(5.5) x—y &Il for all distinct x,y € w(xp).

Now denote by II' a d-dimensional subspace of X such that II®II’ = X. Further
denote by 7 the projection of X on IT" along II. Then (5.5) implies that 7 is injective
map on w(xzo). Hence, since w(x) is compact and 7 is continuous the w-limit set
of ¢ is homeomorphic to the subset m(w(xp)) in II. The theorem is proved. ¢

For the next two lemmas we assume the following assumption (H):
The map F' is a homeomorphism of a compact metric space K, X is a Banach space,
{T,, z € K} is a family of compact operators in L(X, X) continuously dependent
on x € K. Further C; C Cy C ... C (; C ... is a sequence of cones with length
N less or equal oo such that each C; is a k;-cone and k; < k;4q for ¢ = 1,2,....
Moreover for any € K, =1,2,... and 0 # v € C; there is an open neighborhood
of v in X mapped by 7, into C; and

N
T.(X\{0}) € |J C;\ {o}.
j=1
For any fixed 7 this assumption allow us Theorem B applied to the bundle map
(F,T) on the bundle K x X. We obtain that there are continuous k;-dimensional
subbundles K x (V) and K x (L%) of the bundles K x X and K x X*, respectively,
invariant under the bundle map (F,T") on K x X.
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Lemma 5.1. Let the assumption (H) be satisfied and N = +oo. Then for any
0 < X< 1 there is an ig € N such that

(5.6) | Tou |< A | ul,

for any x € K and u € Anih(L2)\ {0}.

Proof: Take any 0 < A < 1 and suppose that (5.6) is false for each iy € N. This
means that there is a sequence of points z; € K and u; € Anih(L, ) NS such that

(5.7) | Tyu; [ A

for all 7 € N.

Since K is compact we can find a convergent subsequence of the sequence ;.
Let x € K be its limit. Then, since the corresponding sequence of operator 7,
converges to the compact operator 7, and u; € S for all ¢ € N, passing to further
subsequences we achieve that 7T, u; has a limit v € X. Thus, in addition to (5.7),
we may suppose without loss of generality that x; — z € K and T,,,u; — u € X as
i — +00. By (5.7), obviously | u |[> A > 0, and, by the assumptions of Theorem C,
we have T,u € Cj, \ {0} for a j, € N.

Using the same procedure as in the part a) of Section 4 we can find other k;—
cones Cj such that T2(C{ \ {0}) € C; \ {0} C int(C]) \ {0} for any y € K, i € N
and C/ C C]_; for all ¢ > 1. Since we also have T,,(C;) C C; for all y € K and
i € N we can use Lemma 4.1 for the vector bundle (F,T) and the cones C;, C!
and any fixed 1 € N. Therefore the dual invariant bundles for the k; —dimensional
continuous separation for (F,T') along K associated to the k;—cone C; are the same
as corresponding bundles for k;—dimensional continuous separation for (F2,77?)
along K associated to the k;—cone C. This follows using Lemma 4.1 as in the
proof of Theorem B . So L; NC! = {0} for any y € K, ¢ € N, and hence u; ¢ C/ for
all 7 € N. Thus for any ¢ € N we have Tﬁi u; ¢ C! by the positive invariance of each
bundle K x (L) under the bundle map (F*,7%). Since Cj C Cj for all i > jo, we
have

Tiul ¢ CJI'O.
But since T, u; approaches T,u € Cj, \ {0} C int(C} ) as i — 400 we obtain a

contradiction. The lemma is proved.{

Up to the end of this section we say that a vector subbundle of a vector bundle
K xY is compact iff the Grassmanian analog of the vector subbundle is a compact
bundle of sets (cf. the definition ii) before the Proposition 4.3).

Lemma 5.2. Let the assumption (H) be satisfied. Then V! C VIt L c Lit!
forallx € K, 1 <i < N. Moreover
(VYN Anih(LL)) @ Vi= Vit forallz € K, 1 <i< N

and each bundle K x (V1 N Anih(LY)), 1 < i < N is a compact subbundle of
K x X invariant under the bundle map (F,T) on K x X.
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Proof. Fix 1 < i < N. Let us note that the bundles K x (V!), K x (V') are
continuous bundles with fixed dimension for each of them. Hence, they are also
compact. The same property of the dual bundles K x (L%), K x (L") implies
that the bundles K x (Anih(L%)), K x (Anih(L:t!)) are continuous.

First we show that V! C Vi*! for all z € K. Suppose on the contrary that
there is a x € K and uw € V; such that u ¢ VTl Write v := v + w with
ve VIt 0 £ we Anih(LiH). Since the bundle K x (V1) is invariant under
the bundle map (F,T) on K x X there are u, € V}, n € N such that

—ng

n
u="Tp n, Un.

Write

Uy = Uy, +w, withov, € Vlfiix, wy, € Anih(L?'_lnw).

The positive invariance of the bundles K x (V,!) and K x (Anih(L%)) under the
bundle map (F,T) on K x X together with the uniqueness of the decomposition
U = v+ w gives

Tp-nywy =w, Th_n, v, =0.

We claim that there is a ¢ > 0 such that

(5.8) | wy, [<clo,|.

Otherwise there is an infinite sequence n;, j = 1,2,... such that
|'Unj‘ .

(5.9) g — 0 as i— oo

J

Since K x (V*1) is a compact bundle, passing to a subsequence if necessary, we
obtain that

. U, ; .
F~"x —xy and —‘u"’|—>u0€V;0 as j — oo.
o
J

Write the last sequence of unit vectors in the following way

Un i Wn;
Un,; . Un,; + Wn, . |wnj‘ |wnj| V,L
] " Tomvwn ]~ [T W€ Ve
Un; Un; T Wn; | T, | + T, | |

Thus, using (5.9) we obtain that the sequence

Wn;

€ Anih(L*!, ) has the limit ug.
|w'n]—| F Jx

Hence, by continuity of the bundle K x Anih(L™!) we have

up € Anih(Lgl) \ {0},

consequently ug € C;11. Since C; C Ciq1, ug € C;. But ug € V;O C C;. This
contradiction proves (5.8).
43



Now let M > 0, 0 < v < 1 be constants for the exponential separation for (F,T")
along K associated with the k;yi-cone C;y;. Then using (5.8) we obtain that
lwa ;|

mngy” L < M~™c— 0 asj— 4oo.

o] o, ]

This contradicts w # 0 and proves V™! C V!, z € K.

In order to prove LY C L' for fixed x € K, assume the opposite. So, there is
an u € Anih(L:1) such that u = v + w with v € V!, w € Anih(L%) and v # 0.
Consider

Up =T u=T v+T,w:=v, +w,, neN

By the invariance of K x (V,!) under (F,T) each v,,, n > 1 is nonzero. Compactness
of K x (V') gives a sequence nj, j=1,2,... and g € K, vy # 0 such that

(5.10) Z"j —vg € V) asj— +oo.

[vn; |
By the exponential separation for (F,T') associated with C; we have

|wan ;| .
"0 as j — 00.
|'Unj|

Hence, using (5.10), positive invariance and continuity of the bundle K x (Anih(L%))
we obtain that

, U, , _ :
Anih(Lgn; ) 3 | : | — vy € V. N Anih(LLT).
Up,

But, Anih(LiI) NCiqq = {0} and V! C C;, which together with C; C Cj41 imply
vo = 0. This contradicts | vg |= 1 and proves L™ C L, z € K.

Now denote K x (V1N Anih(L%)) := K x (W?). Since the bundle K x (V:*1)
is compact and the bundle K x (Anih(L%)) is continuous the bundle K x (W?) is
compact. For each x € K we also have Anih(L:) @ Vitl = Anih(L) @ VP = X
and the inclusions Anih(L:TY) C Anih(LL), Vi C Vit Hence W@V} = Vit! for
all z € K. Therefore each W;; has the dimension k;11 —k;. By the above inclusions
and the positive invariance of the bundles K x (V*1) and K x (Anih(L%)) under
(F,T) we also have T,,(W!) C W} for all z € K. Since each T} is injective on V1
and dim(W}) = dim(W},) we obtain T,,(W!) = W _. Thus the bundle K x (W})
is invariant under (F,7T) on K x X, completing the proof of the lemma. <

Proof of Proposition 5.1. Suppose that the assumptions of Theorem C' are satisfied
for a compact set Ky in a Banach space X, a map Fj, a d—codimensional space
II, a nested family of k; cones Cy, i = 1,2,... and a family of operators {1\, , :
z,y € Ko} .

First we are going to use Theorem B and Lemmas 5.1, 5.2 for K := Ky x K,
the map F' given by the formula

F(:‘E?y) = (F().’,E,Foy), (ajvy) S K;
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{Tiz,y) : (z,y) € K}-the family of compact operators in L(X,X); C; C C2 C ... C
C; C ... the nested family of k;-cones with k;11 > k; forall1 <i< N, Cny =X
and II- d—codimensional plane in X.

By the assumptions of the theorem we have

(5.11) T2 (Ci) N (C5\ Ci—1) NIT = for any (z,y) € K, i=1,2,...,

(5.12) Fox — Foy = Ty ) (x —y) for all (z,y) € K

and for any 0 # v € X there is an j € N such that

(513) T(ac,y)v € Cj \ {0}

Since K| is an invariant subset for the continuous map Fj, the function F'is con-
tinuous and surjective. Applying (5.13) to z,y, v such that 0 # v = x —y we obtain
that Fy is injective on K due to the formula (5.12), Hence F' is a homeomorphism
of K. We have shown that all the assumptions of Theorem B for the bundle map
(F,T) and each k;-cone C;, i =1,2,... are satisfied as well as all the assumptions
of Lemma 5.2 and Lemma 5.1 if N = oo.

By Theorem B we have for each i = 1,2, ... continuous bundles K x (V("'x’y)), Kx

(L%x y)) and constants M; > 0, 0 < v; < 1 for the corresponding exponential
separations. Denote by P('{r ) the projection of X on V(fr ) along Am'h([/ér y))
for each (z,y) € K, i = 1,2,.... By sz ) We denote the projection Q’('I’y) =
I— ("I’y). Denote also V(g,’y) = {0}, L?I’y) = {0}, P(Om’y) =0, Q(()w’y) = [ for all

(r,y) € K. If N = 0o apply Lemma 5.1 for fixed 0 < A; < 1. Then there is an
ig € N such that

(5.14) if P

(§7y)u =0 then | T,y <A |u.

Denote Ny := N if N < oo and Ny := ig if N = oco. Further define for 1 <i < N,
s > 0 the sets

Ci(s):= |J {veX:Qh  vI<s| Pl v}
(z,y)EK

Di(s) := U {veX: P(il,’y)v |<s| Qfé‘r’y)v |}.
(zy)eK

Note that if 0 < 57 < s3 and 1 < i < Ny then C;(s1) C C;i(s2) as well as D;(s1) C
Di(s2). We are going to show that for a small interval of values s the above sets
are k;-cones and vectors from C;(s) satisfy some estimates.
Let us notice that for each 1 <7 < Ny the bundles K x (V(’:r’y)), K x (L'él,’y)) are
compact and the following relations are satisfied
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(5. 15)
(z,y)EK (z,y)eK

Therefore there is a 1 > dg > 0 such that

(5.16) Ci(s)ND;(s) ={0} forall 0<s<dpandalll<i<Nj.

Each C;(s), 0 < s < dp, 1 <i< Ny is a k;-cone. Let us show it.

Because of (5.15) it is sufficient to prove that AC;(s) = C;(s) for all A € R\ {0},
which is obvious, and C;(s) is a closed subset of X. This closedness follows from the
fact that {P("I ) QEI Y (z,y) € K} is a compact set of continuous projections of
X.

Another consequence of (5.16) is the following inclusion

(5.17) Ci(s) C Ci(d0) C {ve X :|Qf, v < 5 | PLyvl}

valid for all 0 < s < dp, 1 <i < Ny and (z,y) € K.
Now define the sets

Wis):={ue X:|Qu+P lu|<s|Q'Pul|}l, 2€ K, 1<i< Ny, 0<s,

= |J Wi(s), 0<s, 1<i <N,

zeK

Note that for all 1 <i < Ny and z € K we have

Wi(0) = Vi N Anih(Li™) € (C;\ Cizt) U {0}

and if 0 < 57 < sp then Wi(s1) C Wi(s2) as well as W;(s1) C Wi(sz). For the
proof of statement ii) we need the existence of d; such that

(5.18) IINW;(6,) ={0} foralll<i< Ny,
and

(5.19)
{UGXZ‘P(Z ;) |<5‘Q(wy)u‘ |Q(xy)u|<5‘ (:py)u|7 (r,y) € K} C Wi(£5)

forall0 <s<1, 1<1i<Np.

The equality (5.18) follows from the compactness each of the bundle K x (V} N

Anih(L:1)), 1 <14 < Ny and the fact that K x (VN Anih(L1)NI) = K x ({0})

for all 1 < i < Ny. This fact is an immediate consequence of (5.11) and the

invariance of all bundles K x (VN Anih(Li™1)) under (F,T) on K x X (cf. Lemma

5.2). To show (5.19) take any u from the set on the left hand side in (5.19). Write
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u in the form v = w; + we + v where wy € Anih(LY), wy € VI N Anih(L.™!) and
v € V71, Then we have
v |[<s|wi+ws |[<s|wp|+s|wy| and |wy |[<s|ws+v|[<s|wy|+s]|v]|.
Hence, adding the resulting inequalities we obtain that
2s
[wr o fsfwr [+ ]v]s — w2 ].

This proves (5.19).
Now denote

7 =max(sup{| T- |p(x,x): 2 € K},1)

0 = maz(sup{| QL™ [Lx.x)| P! lLx.xy: 1<i < No, z€ K},1).

Take 0 < § such that § < dg and 12—_55 < 61, and if N = oo we also require that

0T + A
(5.20) Ni= 204+ T g
1—90
Our choice of the sequence of cones C1,Cs,...,Cn, is given by

Ci :=C;i((20)7™N098), 1<i<Ny.

Let us show that Lemma 5.2 and the definition of this sequence implies that

Ci C int(CQ) U {0} CCyC...C CNO—l C ’int(CNO) U {0} C CNO

and we already know that each C;, 1 < i < Ny is a k;-cone. Let 1 < i < Ny and
v € C;i((20)Nog). Then there is a z € K such that

| Plv | (2070 2| Qv | -

Due to Lemma 5.2 we have

Qv =Q"" Qv and Plv = PPty forall z€ K,ve€ X and 1 > i < Np.

Therefore

| QX =] QI QL <] QT [nx,x)| Qv <] QEF nix,x) (20)™08 | Plo |

= QU |L(x.x) (20 M08 | PLPI o <[ QU x| PLluix.x) (20)" 708 | PX o |

< 0(20)"7M6 | PI v < (20) 08 | PIw |
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Hence v € C'T1((20)i 1 Nog).
Now we are going to obtain estimates needed to establish statements i)-iii).
Denote

M =maz{M;: 1<i<No}, y=maz{y;: 1 <i< Ny} and c= 3.

Obviously 0 < v < 1. Then there is a m; € N such that

(5.21) cM~™ < (8p)~Nog  for all m > my.
This using the exponential separations means that we have

(5.22)

if | Q’@y)v 1< c| P("'w’y)v | then | QéFyx,Fyy)T{g,y)U |< (8@)_N05 | P(ipglx,Fgly)T(rg,y)v |

for all m > mq, (z,y) € K, v € X, 1 <1i < Ny. Note that this estimate together
with (5.17) and (5.12) shows statement i) for Fy, x,y € K.
The key estimate to show statement iii) is the following

(5.23) if | P(];]?y)u <9 | Qé\;‘fy)u | then | T, )y < (Mo —20) | ul,

where (z,y) € K, u € X. Let us show it. Write u = P(];joy)u + Qé\;oy)u =v4w. If

| v|<d | w| then by (5.14) and (5.20) we have

| Ty (0 + 0) |<[ Tlay) [| v ] +A0 [0 [<[ Ty [0 |w | +A1 | w[<

| Tiz,y) | 64+ M1
1—90

(T=0) |w]) <(Ao—=20)((1=9) [w]) <(ho—20) [vF+w].

Thus (5.23) is established.
Choose mg such that

(5.24) mo >my and (Ao —0)" (64 7)™ < A\j* for all m > my.

Our next aim is to prove the following statement:
There is an €; > 0 such that if z € K and a family of operators T, € L(X, X), 1 <
n < 2myg satisfy
| T}, — Trn: |Lx,x) < e forall 1<n <2mg
then

j) I, o1 jo---0T{(C; \{0}) C int(C;) \ {0} for all mg < m < 2myp, 1 <1i < Np.
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jj) if w and Ty, o Ty, 4 o0---o0Tju lie in C; \ C;—1 for an 1 < i < Ny then
Ting © Ting—10-+-0Tju ¢ IL.

jjj) if u € Cn, and T, 0 T),_; 0---0T{u & Cp, for an my < m < 2mg then
| T oT) 1o oTjul<A|ul.
In order to prove this statement denote for each z € K and 1 < i < Ny the sets
Ci(s)={ue X :|Qul<s|Pul}
Di(s)={ue X :|Pul<s|Qul}

From (5.22), in this notation, we obtain that

Tm(Ci(c)) C Ch ((80)™MNod) forall ze K, 1<i< Ny, mi <m<2mg

Hence, we can find ¢; > 0 such that 0 < ¢; < ¢ and for all z € K and families of
operators 17,15, ..., Ty, in L(X, X) with

(5.25) | T}, — Trn: |Lx,x) < e forall 1<n <2mg
we have
(5.26) Ty, 0Ty, _yo---0T{(CLc) \ {0}) C Chum.((40)~"4)\ {0},

for all m; <m < 2mgp, 1 <17 < Np.
Now, let

T oT! ,o---oTjugCno ((40)~Nos) for some z € K, mg < m < 2myg, 1 <i< Ny
and 17, T3,...,T3,,, be asin (5.25). Hence, by (5.26) we have

T, oT! jo---oTjugCt, (c) forall 1<mn<m-—m.

Since ¢ > 1, due to the definitions of the sets C(s), D’(s) we also have that

X\ C%..(c) C DL (6)\ {0}, 1<n<m—m;.
Thus,

(5.27)
70, 0Tl _y 0 0 Tfu & Clon((40)Y05)
for some z € K, mg <m < 2mg, 1 <i< Ny then

T)oT! jo0---0Tju€ X\ Ch, (c) C D%, () {0} forall 1<n<m-—m.
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Hence, using (5.26) and the fact that mo < 2my — m; we obtain that

if u € C(c) and TQ’mO ) T2'm0_1 o---oTu € C’}MOZ(C) \ ol ((40)~Noy)

F2mg z

for some z € K, 1 <7< Ny then

Ting © Ting—10-+-0 Tllu € C}:;mOZ((élg)_NO(S) N D}‘,&Oz(d).

Therefore using (5.19) for s = § and the estimate {22 < §; we also have by (5.18)
that

Clpmo - ((40) ™ 8)NDipng  ())\{0} € Como . (9)NDipino . (6)\{0} € Wi(%)\{o} C Wi(61)\{0}-

Hence the equality (5.18) gives T}, © Tyng—1 © - - - 0 T{u does not lie in II. Thus we
have obtained that

(5.28) .
if u e Ci(c) and Ty, o T3, _10---oT{ueCl (e)\ Cut. ((40)~Noo)

F2'm0z F2m0z
for some z € K, 1 <i < Ny then

Ting © Ting—10-+- 0T u ¢ II

Now, using (5.27) for i = Ny, (5.23) and the fact that €; < § we obtain that

if T 0T, _10--0T{ugCpo ((40)~Nos) for some 2z € K,u € X and a mg < m < 2my
then

| T) oT! _jo---oTju|<(Ag—0)"|u| foral 1<n<m-—ms.

From this by (5.24) and m > mg we obtain

| T}, o) jo---oTju|< (N —0)" ™ (1T +e€)™ |u|

< Ao —=0)" (T 40)" Ju [< A u ]

Thus we have

if Ty, 0Ty, _y0---oTjug Cph,((40)~"°0)
(5.29) for some z € K,u € X and a mg <m < 2mg then
| T3y 0 Ty 0+ o Tiu | N |,

By (5.17) we have

(5.30)
C; CCi(c) and Ci((40)~No6)\ {0} C int(C;) forall z € K and 1 <i < Nj.
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Hence, (5.26), (5.28) and (5.29) imply the statements j),jj) and jjj), respectively.
Now we find V and ¢y > 0 needed for the statement of the proposition.
Define for any U C Uy and G € C'(U, X) the family of the operators {T(’I g

(x,y) € U x U} as follows

1
T('w’y) =T(zy) + (/0 (DG — DFp)(sx+ (1 —s)y)ds) € L(X, X), (z,y) € K.

Obviously

(5.31) Tlyyy (@ —y) = Gz = Gy, =,y €U,
and if ‘ G — Fy ‘u‘ol(u’x) < € then

| T(/w,y) — Ty lzx.x) < €

Now it is easy to find an open neighborhood Vy of Ky and € > 0 such that for
any G € C'(Vy, X) with

| G — Fo ‘Vo\ol(vo,x) < €

we obtain that if (G™z,G™y) € Vo x Vy is defined for a (z,y) € Vo x Vy and a
mog < m < 2mg then there is a z € K such that

| T(/an Gry) ~ Tpn, |<e forall 1<n<m.

Hence, using (5.31) from statements j),jj) and jjj) we obtain statements i),ii) and
iii), respectively, for my < m < 2my. Using repeatedly statements i),iii) for m =
mo, ..., 2mg we obtain these statements for all m > my.

We showed all properties of the sequence of cones Cy,...,Cy, except of Propo-
sition 5.1iv). Therefore take zy € K. By (5.17) we have

1
N
Cn, C CZOO(S).
Hence, as Py we can take PZ]Z)IO and ¢ := %. The proof of the proposition is

complete.

In the proofs of the next corollary and Corollary 2.1 we use the notation from
the previous proof. Next corollary states that homeomorphism of w-limit sets into
R from Theorem C is even Lipschitz imbedding of these sets to R%. Here we say
that a map from a subset in a metric space into another metric space is a Lipschitz
imbedding iff this map is Lipschitz, injective and its inverse from its range is also
Lipschitz map.

Corollary 5.4. Let the assumption of Theorem C' be satisfied. Then there exist an
open neighborhood of Ko denoted by V and an € > 0 such that for any G € C1(V, X)
with

| F' [y =G v, x)< €
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any projection of X along Il on a transversal d-dimensional space to Il is a Lipschitz
imbedding of the w—limit set for G of any point xog € V, with all G"xy, n € N
defined and cl({G"xo: n € N} C V.

Proof. Let I’ be a d-dimensional subspace of X such that II & II'’ = X. Denote by
7 the projection of X to I’ along II. We also define the sets
ms={ueX:|(I—-muls|mul}.
Note that m9 = II. In the proof of Proposition 5.1 we can find d; in (5.18) so small
that the following holds
s, N W;(61) = {0} forall 1 <i < Nj.

Then modifying in the above proof, if necessary, chosen constants §, my, mg, €
and neighborhood Vy, the next stronger version of statement ii) of Proposition 5.1
holds

ii)” if GMox, G™oy are defined and x — y as well as GZ™0x — G?™oy lie in C; \ C;_1
foranie {1,2,..., No} then G™x — G™y & 75, .

From the proof of Theorem C we know that either w(xg) is a periodic orbit or each
distinct x,y € w(zp) admits an 1 < i < Ny such that

(5.32) G"r—G"ye€(C;\Ci—; forallneN.

Note that it is easy to see using Proposition 5.1i) that if w(z() is a periodic orbit
then (5.32) is satisfied. Thus, from (5.32) using ii)’ we obtain that

x—yE€ms, for all distinct z,y € w(xg).

This together with 7 € L(X, X ) means that 7 is a Lipschitz imbedding of w(zg) to
d-dimensional space II'.

Proof of Corollary 2.1. Denote by X+ and X~ the two open halfspaces of X
separated by II. Recall that for all 1 <4 < Ny the bundle K x (VN Anih(L{™1)) is
invariant under the bundle map (F,T) on K x X and (K x (Vi NAnih(Li:1))NII) =
K x ({0}). Hence, by assumption (A) of the corollary we obtain that

if ueVinAnih(LiY))NX* then T'uec XTforalll<n, 1<i< Ny

Hence, choosing in (5.25) €; > 0 smaller if necessary, the following stronger
version of (5.28) combined with (5.30) takes place

if u ECi\Ci_l N X* and T2/m0 OT2/
then T}, 0 Typy—10---0 Tju € X+,

coTju € C;\Ci—q for an 1 < i < Ny

mo_lo..

Hence we obtain that

if w and T3, oT3,, 0---oTjuliein C; \ C;—1 for an 1 < i < Ny
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then

T!oT! j0---0Tju€ XT(or X™) for all mg < n < 2my.

Then proceeding as in the proof of Proposition 5.1 we find Vy and ¢y > 0 such that
in addition to statements i)-iv) of Proposition 5.1 we obtain the following statement

v) if G3™ox, G3™oy are defined and both x —y, G3™ox — G3™oy lie in C; \ C;_; for
an 1 <1i < Ny then G"z — G"y € X" (or X ™) for all mg < n < 2my.

Now, take any map G from an ep-neighborhood in C'(Vy, X) of Fy |y,. By
Proposition 5.1i) we have that for any distinct =,y € Vy with all G"z, Gy, n > 1
defined there is an ng € N such that

either

(5.33) G"z — G"y ¢ Cn, for all n > nyg

or

(5.34) G"r —G"y € C;\Ci—q for alln >ng and ani € {1,2,... No}.

In case (5.33) Proposition 5.1iii) implies that Gz — G™y converges exponentially
to {0}. In case (5.34) using repeated applying of v) we obtain that the sequence
G"z — G™y, n=1,2,... eventually lie in one of the halfspaces X or X .

In order to show the second part of the corollary take any xog € V, with all
G"zp, n € N defined and cl({G"zo : n € N}) C V. Then by Corollary 5.2 we know
that the set {G"xo: n € N} is precompact. Thus w(z¢) is nonempty. If o = Gz
then we are done. Thus let Gxy # x¢. Then apply the first part of the corollary
to x = ¢ and y = Gzo. Hence, we obtain that | G"zg — G" "1z | exponentially
tends to 0 or the sequence G"zy — G"*lx( eventually lie in one of the halfspaces
X™* (or X7). The former possibility clearly imply that G"xo converges to a point
as n — oo. The latter one yields for all sufficiently large n < m that G"zo — Gz
lie in X (or X ). Hence, w(x) is a single point. The proof is complete. ¢
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6. Proofs of Corollaries 2.2-2.4.

Proof of Corollary 2.2: By Theorem B we have that the vector bundle (S1,7%)
admits a k—dimensional continuous separation along K associated to the k—cone
C. Forx € X let V,, C X, L, C X* be the subspaces of this separation. Let
M and 7 be constants from the exponential separation for (S1,7"). Using Lemma
4.1 we obtain that the bundles K x (V) and K x (L,) are invariant under the
bundle maps (S, T?) for all rational ¢ > 0. Hence by the continuity of the function
t — Tt :(0,+00) — L(X, X) for all z € K we obtain that the equalities

TV, =Vs,s, T:'Ls,y=L,, €K

hold also for all irrational ¢ > 0.

It remains to prove the exponential separation. Denote ¢; = sup{| T% | L(X,X)"
x € K, t € [1,2]}. Since each V, is a k—dimensional space and K x (V) is an
invariant bundle for all bundle maps (S, T"), for each x € K and t > 1 there is a
constant c9 such that

|v|<co | Tiv | forall v e V,.

Since K x (V) is a continuous bundle and the map (z,t) — T : K x (0, +00) —
L(X,X) is continuous we can make the constant ¢y independent on = € K and
tel,2].

Denote [t] the integer part of ¢t and {t} := ¢t — [t]. Using the exponential estimate
for (S1,T') we obtain that for all x € K, w € Anih(L;), v € V,, t > 1 one has

| Thw |=| Ty |< o MAl=1 | T2y |

< clM’y[ﬂ_lcg | Ta[fH{t} |< (0102M’Y_2)’7t | Ta;tv |

This verifies the needed exponential estimate and completes the proof of Corollary

2.2.0

For the proof of the next two corollaries we need the following semiflow analog
of Proposition 5.1. Recall also the definition of sets 7. Let II' be a linear subspace
of X transversal to II and let 7 be the projection of X to this space along II. Then
we have sets

ms={ueX:|({I—-—mul|s|mul|}, s>0.

Proposition 6.1. Suppose that the assumptions of Corollary 2.3 are satisfied.
Then there are numbers Ty, € R, No € N, 0 < A < 1, 61 > 0, ¢¢ > 0, an
bounded open neighborhood Vo of Ko and a sequence of sets C1 C int(Ce) U {0} C
Co C ...Cny—1 C int(Cn,) U {0} C Cn, with each C; a k;-cone such that for any
continuous semiflow S; on Vo with S; € C*(Vy, X), t € [1,1] and

1
| St |y, —5; lcr(ve,x)< € for all 3 <t<1

and x,y € Vy the following holds
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i)if vt —y € C;i\ {0} for an 1 < i < Ny and Sjz, Sjy are defined for a t > Ty then
Six — Sy € int(C;).

i) if Syp @, Sypy are defined and x —y as well as Syp v — Syp y lie in C; \ Ci—1
forani € {1,2,...,No} then Sp, v — Sy y & 75,. (Here Co = {0}.)

ii1) if Six, Syy are defined with Syx — Syy € Cn, and t > Ty then

(6.1) | Sjz — Sy |[< A |z —y|.

Moreover we have that

iv) there is a projection Py of X on ky,-dimensional space and a constant ¢ > 0
such that

Cn, ClveX | (I—Pyl|<é| Pyl

Proof. The proposition follows from Corollary 2.2 by the same way as Proposition
5.1 was proved using Theorem B with just one exception. Here statement ii) is
stronger then that of Proposition 5.1. Its proof is similar to the proof of ii)’ in the
proof of Corollary 5.4. <

Having the above statement, Corollaries 2.3 and 2.4 do not require special proofs.
Let us briefly discuss it. Corollary 2.3 follows from this proposition and a semiflow
analog of Theorem A similarly as Theorem C was proved using Theorem A. The
semiflow analog of Theorem A could be proved by replacing discrete maps G by
semiflows. Proposition 6.1 provide sufficient information to produce more general
abstract zero number, as it is introduced in [FM-P], which does not change arguing
of the proof of a Poincaré-Bendixson Theorem in [FM-P]. We give here proofs of
these corollaries based on Proposition 6.1 and Theorem C. In the proof of Corollary
2.4 we use also the conclusion of Corollary 2.3. Note that from the next two proofs
and a semiflow analog of Theorem A, one can reconstruct a proof of Poincaré -
Bendixson Theorem in the unperturbed case of Corollary 2.4, not using Theorems

B and C.

Proof of Corollary 2.3 Take any continuous semiflow S satisfying (6.1) and any
xo € Vg for which the closure of its positive orbit lies entirely in Vy. The semiorbit
of zy with respect to the semiflow S is precompact. Indeed, this is a continous
time analog of the precompactness of semiorbits for maps proved in Corollary 5.2.
Namely, it follows from two facts contained in Proposition 6.1. The first one is the
exponential contraction of the difference of two points on a trajectory when time
increases until their difference does not lie in Cy, (see Proposition 6.1iii)). Due to
Proposition 6.1iv) the second fact says that P, is a Lipschitz imbedding to finite
dimensional space Py(X) of any sets for which the difference of any two points lie
in Cy, . The detailed proof follows the lines of the proof of Corollary 5.2 proved
by Proposition 5.1iii)-iv).

Note that Proposition 6.1 implies that the map S for any ¢ € [1,1] satisfies the
conclusions of Proposition 5.1 for a mg > % Since Theorem C is the consequence
of Proposition 5.1 and Theorem A, we conclude that the w-limit set of xy with
respect to any Sy, t € [%, 1] is homeomorphic to a subset in R?. Hence, the corollary
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follows from the next lemma. This lemma is proved in [Ak] (Ch.6, Proposition 3a)).
Nevertheless we give here its proof for the convenience of the reader.

Lemma 6.1. Let X be a compact metric space and S; a continuous semiflow on
X. Then for any xo € X and 0 < 7 < 1 there is a ty € |1, 1] such that the w—limit
set of zo for the semiflow S; coincides with the w—limit set of x¢ for the map Si,.

Proof of Lemma 6.1. Denote the w—limit set of xg for the semiflow S; by w(xo)
and and for the map S;, 7 > 0 by w(S:,x0). Since X is compact, so is the set
w(xo). Hence, there is a countable dense subset {z,, n € N} in w(zg). For each
Tn, n=1,2,... there is a sequence of positive numbers ¢, ¢ = 1,2,... such that

1

(6.2) lim; oo 7 =0 and lim; e Sipxo = Ty

We show that the following set

G={r¢€ R* : w(zo) = w(S7, o)}

is residual in R™. Define the sets

GnNe := {7 : there are i > N and | > N such that | IT7 — ¢} |< €}.
We claim that the following set
g/ = ﬂ n n Gnne
neNNeNe=1,1 .

is a subset of G. Let us show it. Take any 7 € G’. Then for all n there are increasing
sequences iy, lp, k = 1,2,... such that | [y7 —t7 |— 0 as k — oo. Then by the
uniform continuity of the map t — Syzg : [0, +00) — X we have

‘ SlkT'CCO - St?kxo |:‘ S|lk7-_t?k|yk — Yk |—> 0 as k — o0,

where y, = St?k xo. Hence by (6.2) we have S, ,x9 — x, as k — +o0o. Thus, we
conclude that

w(zg) = cl{xy : n €N} Cc(w(Sr,x0)) = w(Sr, o) C w(xp),

ie. w(zg)=w(Sr,xo)-

We show that each G, n. is open and dense in R implying that G is a residual
subset of R*. The openness of the set G,y is clear. To prove its density consider
any interval [1, 5] with 0 < 71 < 75. Then there is a T' > 0 such that

(6.3) [T, 0) C U l[11, 2]
I>N

implying that [y, 72] contains a point from G, y.. The inclusion (6.3) follows from
the fact that

Im <+ 1)1 <lmp < (l+ 1)y for all sufficiently large !
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yielding in particular that for those [ we have that the set [[71, 72| U (I + 1)[ry, o] is
an interval. The lemma is proved. <

Proof of Corollary 2.4. We use here Proposition 6.1 for d=2. Take € = ¢y, V = V.
Further take any continuous semiflow S} satisfying (6.1) and any z¢ € V for which
the closure of its positive orbit lies entirely in ). Recall from the proof of Corollary
2.4 that the semiorbit of x( is precompact and the w-limit set of xy coincide with
the w-limit set of x¢ with respect to a map S; for a ty € [1,1]. By Proposition
5.1 we can use Corollary 5.4 for S; and . Hence, 7 is a Lipschitz imbedding
of w(xg) to R?. Moreover, recall that the discrete Ljapunov functional for Si, on
cl({S},"zo : n € N}) given by Corollary 5.1 is constant and not greater than Ny on
all sequences S; "x — S, "y, n € Z where x,y are any distinct points from w(xo).
Since w(xo) is connected this implies by Proposition 5.1i) applied to the map S}
that there is an ¢ € {1,2,... Ny} such that

(6.4) x —y lies in the open set int(C;) \ C;—1  for all distinct x,y € w(xy).

Hence, using statement j) from the proof of Proposition 5.1 applied to T, =
DS} "(x), n=1,2,...,mg, x € w(xg) we obtain also that

(6.5)
if £S/7 [;—0#0 then LSz |i—o=DS] ™ LS] [i=_moto€ int(C;) \Ci—1 for all x € w(wo).

Note also that the map S}  is injective on w(xg) (cf. Corollary 5.3) implying that
if y € w(xp) and its semiorbit is not an equilibrium or periodic orbit then the map
t— Sty : (0,+00) — X is injective.

Lemma 6.2. The w-limit set of xo with respect to the semiflow S; is a single
periodic orbit or a subset of equilibria or there is a T7 > 0 such that the map 7 is
Lipschitz imbedding of the set cl({Sixo: t > Ti} to R?.

Before we give the proof of the above lemma we complete the proof of the
corollary. If w(z) is a single periodic orbit or a subset of equilibria we are done. If
w(xo) is not a set of equilibria or a single periodic orbit we can apply Lemma 6.2.
Thus we have T} > 0 such that the map 7 : ¢l({Sjxo : t > T1} — R? is a Lipschitz
imbedding. Since the flow S} is regularizing, we obtain a continuous vector field
g(y) on the set w(cl({Slxzo : t > T1}) C R? by taking

9(y) == m(ESiy) = Fn(Sly) for ally € cl({Sjxo: t >T1}.

Therefore we can apply to the semiflow 70.5] on 7(cl({S}xo : t > T1}) the standard
Poincaré-Bendixson Theorem in the plane. Indeed, the proof of this theorem uses
only the fact that given semiflow on the closure of an orbit in the plane has the
regularizing property (see also the proof of Proposition 1 in [FM-P]). Hence, since
7 is a homeomorphism from w(z() onto m(w(zp)) the PB property of xo for the
semiflow S} is proved.{

Proof of Lemma 6.2. First we prove that if w(zg) is not a set of periodic orbits
then there is a T5 > 0 such that
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(6.6) x—y €int(C;))\Ci—1 for all distinct z,y € cl({Sjxo: t > Ta}.

We consider any equilibrium also as periodic orbit.

In order to prove this statement, suppose on the contradiction that w(xg) is not
a of periodic orbits and (6.6) is not satisfied for any 75. Then by (6.4) we may
assume that there are sequences t,, 0, > 0, n € N such that ¢,, — +00 as n — oo
and
either
a) Si, xo—S; 5 w0 & int(C;) foralln €N,
or
b) Sénl(?o — S£n+5n£€0 € Ci—l for all n € N.
In case b) Proposition 6.1 and S} x¢ — S, 45,70 € Ci—1 imply that Sjxzo—S4s,70 €
Ci—1 for all t > t; + Tp. Due to (6.4) and the closedness of C;_; we obtain that
y — Ss,y == for all y € w(xp). This contradicts the asumption on w(x() not to be
a set of periodic orbits.

In case a) we may suppose that the sequence d,, has a limit s in R U {+oc0}. To
prove that a) leads to the contradiction we distinguish three cases s = 0,0 < s < 00
and s = +00

1. s = 0. Since w(xp) is not a subset of equilibria there is a y € w(xg) such
that the derivative of the trajectory through y is nonzero, i.e. %Séy lt=0# 0. Since
y € w(zg), we can pass to the subsequence, if necessary, such that there is a sequence
of positive numbers s, < t, — Ty, n = 1,2,... with the property S xo — y as
n — oo. By Proposition 6.1i) we also have that S, |5 o — S w0 & int(C;) for all
n € N. Hence, by the regularizing property of S; we have

.Sy 16,0 — Sy, o d :
nh—>r{>lo n+0n 5 & = %Séy ‘t:0¢ znt(CZ)

This contradicts (6.5) and the existence of the nonzero derivation <4 Sy |;—o.

2. 0 < s < +o00. Since w(xp) is not a set of periodic orbits there is an y € w(xy)
such that the map ¢ — Sjy : [0,4+00) — X is injective. Then we can pass to a
subsequence s,, n = 1,2, ..., if necessary, such that s,, < t, —Tp for all n € N and
S, o converges to y as n — co. Hence, by Proposition 6.1i) we have that

lim (S, o — S, 45 20) =y — Ssy & int(C;).

This contradicts (6.4).

3. s = +o00. By Proposition 6.1i) we may suppose that all z¢ — S(/;nl“o, n=12...
does not lie in int(C;) and moreover, passing to a subsequence if necessary, S§ 7o
converge to a y € w(xg) as n — oo. Since t, — oo Proposition 6.1i) implies
also that Sjzo — S5 w0 do not lie in int(C;) for all sufficiently large n. Hence
Sixog — Sy & int(C;) for all ¢ > 0. Thus using (6.4) and precompactnes of the
semiorbits of g and of y we obtain that

. / I\
tilinoo(Stxo — S1y) = 0.
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This means that w(xg) = w(y). Since w(xg) is not a single periodic orbit the map
t — Sjy : [0,400) — X is injective. We know that 7 is a Lipschitz imbedding of
w(xg) as well as cl({Sjy : t > 0} to R?. Hence, the map t — 7(Sjy) : [0, +00) — R?
is also injective. Therefore my does not lie in the w-limit set of 7y with respect to
the semiflow 7 o S} given by the vector field m(<:S/y) on the set cl({Sjy : t > 0}.
Since 7 |, (z,) 1S @ homeomorphism from w(xg) to its image we have y ¢ w(y)
contradicting y € w(zp) = w(y).

Thus the lemma is proved if w(xg) containes at least one nonperiodic orbit.
To finish the proof of the lemma it is sufficient to show that w(xg) consisting of
periodic orbits not all being equilibria is a single periodic orbit. Therefore suppose
on the contrary that w(z) containes at least one nontrivial periodic orbit and no
nonperiodic orbits. Then due to connectivity of w(zg) and continuity of the function
x +— Sjz : w(zg) — w(xg) we obtain infinitely many different periodic orbits not
being eqilibria in w(zp). Hence, the semiflow 7 o S/ defined on 7(w(zy)) C R?
containes theree nontrivial periodic orbits p1, ps, p3 such that the orbits ps and p3
lie in different components of R? \ p;. This contradicts the fact that 7(w(zo)) \ p1
is contained only in one of the components of R? \ p1. To show this fact consider
a point y € w(xp) not lying on the periodic orbit p € w(xg) with m(p) = p;. Since
y € w(wp) there ie an sequence t,, n = 1,2, with ¢,,41 — t, > Ty, n € BbbN and
Sy, xg — y as n — oo. Moreover, because of (6.4) we may suppose that

S; w0 —z € int(C;) \ Ci—1 for all z € p and n € BbbN.

Hence

S xo—S; _; zeint(C;)\Ci—1 for all M > n,

Since t,, — 00 as m — 0o, Proposition 6.1i) and ii) gives

Sixg—2 €11 forall z € pandt>Tp.

Therefore connected sets 7(p) and 7({Sfzo : t > Ty}) do not intersect. This proves
the fact above completing the proof of the lemma. <

59



7. Proofs of Theorems 1.1 and 1.2.

We prove Theorem 1.1 and 1.2 using Theorem C for d = 2 and Corollary 2.4,
respectively.

Throughout this section the dot in wu(¢,-) represents the space variable . Let
u(t,-), v(t,-), t > 0 be two global solutions in the sense of [Hel] of the equation
(1.1). Then their difference w(t,-) := u(t,-) — v(t, -) satisfies the following equation

(7.1) wy = wee + alt, E)w + b(t, we, t>0, £S5t

with

(09 = [ G sult )+ (1= )u(t. ), su(t,) + (1= s)ue(t, ) ds

b(t, &) = /0 a%f(t, su(t, €) + (1 = s)v(t, ), sue(t, &) + (1 = s)ve(t, €)) ds

The derivation wg(t, ) satisfy (7.1) with u(t,-) = v(t,-).

Now we review two consequences of results in [Hel] and [An2] for the equation
(7.1).

By [Hel] we obtain that equation (7.1) generates the family of compact operators
T(t,s) € L(X,X), t >s >0 with the following properties:

a) if w(t,-) is any solution of (7.1) then

w(t, ) =T(t,s)w(s,:), t>s>0

b) T'(t,s)T'(s,r) =T(t,r) for allt > s >r > 0.

c) limy_sT'(¢,0) =T(s,0) in L(X, X) for all s > 0.

d) for any fixed ¢ and s the operators T'(¢, s) are change continuously in L(X, X)
when u(0, -) and v(0, -) are varied in X.

Let z(u) denote the number, possibly infinite, of zeros of a function v € X. Fix
an arbitrary point & € S'. Denote by 7 the following map

u(-) — (u(éo), ue(&)) : X — R?

This map is linear and continuous since X — C!(S1).
Now let w(t,-), t > 0 be a global solution of (7.1) with a(-,-), b(,-) being C! on
(0,00) x S*. Then using [An2] we obtain that
a) if w(0,-) # 0 then z(w(t,-)) is finite for each t > 0.
B) z(w(t,-)) < z(w(s,-) for any t > s > 0.
v) if w(tp,-) has a multiple zero for a ¢y > 0 then

z(w(tg —€,7)) > z(w(to +€,7)) + 2
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for any 0 < € < t.

The last statement 7y), in other words says that at a multiple zero of a solution
the zero number of the solution decrease at least by two, it is the consequence of
Theorem B in [An2] and the fact that each £ € S! is an interior point of S?.

We also use the following consequence of «) and )

9) if w(0, ) # 0 then for any s > 0 there are only finitely many time instances ¢ > s
such that w(t,-) has a multiple zero on S*.

Let B be the ball from the assumptions of Theorems 1.1 and 1.2. It is well
known (see [Hel]) that the semiflow S; defined by (1.1), where the nonlinearity is
independent of ¢, is a continuous regularizing semiflow on B. If the nonlinearity of
(1.1) is 1-periodic in ¢ then the time-one map F' defined by (1.1) lies in C'(B, X).

Now let  and y be from B. Then by the assumptions of Theorems 1.1 and 1.2

there are global solutions of (1.1) with (0, ) = z and v(0, -) = y. Denote by T("w’y)

the operator T'(t,0) corresponding to the solutions u(¢, ), v(t,-). Then using a)-d)
we obtain that

1) if f does not depend on ¢ then

Six — Sy = T(tx’y)(ac —y), z,y € B, t >0
and if f is 1-periodic in ¢ then

Fr— Fy= T(lx’y)(x -vy), x,yE€ B

2) the function (z,y,t) — T(tx ) P BXxBx (0,00) — L(X, X) is continuous with
the range in the set of compact operators; and if f does not depend on ¢, for any
r,y € B, t,s > 0 we have

t+ _ t s
Ty = Tisua.5.0) Tley)

Now we define a family of k;-cones as follows

C; :=cl{u(:) € X : u(-) has only simple zeros and z(u(-)) < 2i}

We also put Cy = {0}.
Take any ¢ € N. Let us show that C; is (2i 4+ 1)-cone.
First identify any function w(-) € X with a 27-periodic function w(-) € C}(R).
" teosng, vp(t, &) =e ™t

Then functions u,(¢,§) =e sinné solve the equation

(72) Wy = Weg, & [0,27‘(’], teR

w(t,0) = w(t,2n)
We (t, 0) = ’wg(t, 271')
Now define the 27 + 1-dimensional subspace

Vo = span{u;(0,-),v;(0,-) : 0 <[ <i}
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and the 2¢ + 1-codimensional subspace of X

Lo := cl(span{u;(0,-),v;(0,-) : 1 >i}).

We have Vy C C; and Lo N C; = {0}. Indeed, for any w(-) € X we can write its
Fourier series as follows

w(-) = a0+ Y antn(0,) + byvn(0,°).

If w(-) € Vp is nonconstant there is the last nonzero pair of numbers among
(Gn,bp), n = 1,2,..., say for n = m. Obviously m < i. Then the function
w(t, &) = ag + Y areUteos1¢ + be~Utsinl¢ is the solution of (7.2) with the
properties

(7.3) w(0,-) =w(-) and tljmoo emQtw(t, ) = amcos m& + by, sin mé
Since a,,cos m& + by, sinmé = ¢ - sin (mé + d) for some ¢ # 0, d € R, this function
has exactly 2m zeros and all of them simple. Hence by (7.3) we have z(w(t,-)) = 2m
for all (—t) sufficiently large. Thus by property 3) above, the zero number of w(-)
is not greater than 2m. Since w(¢,-) — w(0,-) when ¢ — 0, by 3) and J) we have
If 0 # w(-) € Lo then there is the first nonzero pair among (a,,b,), n =1,2,...,
denoted again by (@, bn,), with m > i. Let w(t,-), ¢ > 0 be the solution of (7.3)
with w(0,-) = w(-) and suppose, on the contrary, that w(-) € C;. Then by J) and
() we have

(7.4) z(w(t,-)) <2i forall t>0
(see also statement 4) below). But

lim €™ tw(t, ) = amtim (0, -) + bymvim (0, *)

t—o0

implying that

z(w(t,)) =2m > 2i

for all ¢ sufficiently large. This contradicts (7.4).

Since also C; is closed and A\C; = C; for any A € R \ {0} we conclude that C; is
21 + 1-cone.

Now, by «) we have that

3) for any w € X \ {0}, t >0, (z,y) € Bx B

T(tx’y)w € Cj

for a j € N.
Next we prove the following statement
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4) for any (z,y) € Bx B, t >0, i € Nand w € C; \ {0} there is a neighborhood
W of w such that

T(,pw' € Ci\ {0} forall w'eW.

From ¢) we obtain a ty € (0,t) such that T(t;c’ ,w has only simple zeros. Since
w € C; there are functions w; € X, j = 1,2,... each with at most 2i zeros such
that w; — w as j — oco. By ) each function T(t£ ) Wi has at most 2i zeros. Hence,

since T(t;; ,) Wi converges to the function T(t£ W with only simple zeros, this latter

function has at most 2¢ zeros. Since these zeros are all simple, there is an open

neighborhood W of w such that all functions from the set T’ (t;g’ y)(W) has the same

number of zeros. So by ) we obtain that T(t;c”y)(W) is contained in C;.

Denote IT = 771(0). Note that II consists of functions that have a multiple zero
at &. Since m € L(X, RQ) is surjective II is 2-codimensional subspace in X. We
prove that «) and d) imply

5) ifT(tg‘c)y)w € (C;\ Ci—1)NII for tg > 0, (x,y) € Bx B, w € X, i € N then

w & C;.

Indeed, suppose on the contrary that w € C;. Hence, since ngvy)w lies in an open
set X \ C;_1, we obtain using J), that there is an arbitrarily small n > 0 such that
T (Z’Z?w has exactly 2 zeros, all simple. Therefore by ) we have that T(t;c’;?w has
at least 2i + 2 zeros. This together with §) implies that there is an 0 < 77 < ¢y such
that the function ng;?lw has at least 2i + 2 zeros and all simple, and consequently

does not lie in C;. This contradicts 3) and w € C;.

As Ky in Theorem C and Corrolary 2.4 we take

A= () d(|J F*(B) and Ay = () (] Se(B)),

NeN n>N T>0 t>T

respectively. These sets are attractors for dynamical systems F' and S, respectively
(see [Ha]). Obviously

A1 C cd(FN(B)) C cl(FN°(B)), N > Ny,

Ao C CZ(ST(B)) C CZ(STO(B)), T > 1T,

where Ny and T} are as in the dissipativity assumption (D) of Theorems 1.1 and
1.2. Hence, since the maps F and S;, t > 0 are compact by [Hel], the sets A; and
Ay are compact invariant subsets in B for F' and Sy, respectively.

Now it is easy to check that statements 1)-5) above together with the above
choice of X, Sy, F, Uy := B, II, Ky and C;,7 € N satisfy the assumptions of
Theorem C with d = 2 and Corollary 2.4. Therefore there are open neighborhoods
V; of A; and ¢; > 0, i = 1,2 such that for any map G € C'(V;,X) and any
regularizing continuous semiflow S} € C1(V,, X), t > 0 with

(7.5) | G — F |c1(B,x)< €1 and sup | S; — S lo1(B,x)< €2
te[d 1]
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the w-limit set of any point xy € B for the map G is embedded into the plane and
the w-limit set of any point z¢g € B for the semiflow S} has the PB property.

Now take any open neighborhoods V!, W; of A; such that W; C cl(W,;) C Vi
C (V) CV;, i =1,2. Recall that A; and As are intersections of nested compact
sets of cl(F™(B)), n > Ny and cl(Sp(B)), T > Tp, respectively. Therefore there
are N7 > Ng and Ty > Ty such that cl(FM(B)) ¢ Wy and cl(St,(B)) C Ws.
Hence we can make ¢;, 1 = 1,2 smaller, if necessary, such that whenever a map G
and a continuous semiflow S has the property

(7.6) | G — F |coB,,x)< €1, sup | S; — Sy lco(By,x)< €2
te[d 1]

then

c(GN(B)) c vV} forall Ny < N <2N; and

cl(SH(B)) C V5 forall Ty < T < 273

Hence we also have

(7.7) a( | J G"(B) cw,
n>Ny
(7.8) d(|J siB)) c Vs

for G and S] as above.
Now take any map G : X — X with its restriction to B being in C!(B, X) and
any C! semiflow S}, ¢ > 0 such that

sup | Gz — Fx |, sup | DG(z) — DF(x) | < €
r€B1 z€B

and

sup | Sjz — S |x, sup | DSi(z) — DSi(2) [r(x,x) < €2,
r€B2 zeB

where By and B; are defined in Theorem 1.1 and Theorem 1.2 , respectively. We
also take any o € B. Note that positive trajectories of S} with precompact orbits
are uniformly continuous due to the regularizing property of the semiflow S;. Ob-
viously (7.6) is satisfied for the restrictions of such G and Sj to the respective sets
B;. Therefore by (7.7) and (7.8) we have that

G |% (GNIIL’o) eV, n>1 and Sé |B (S}lxo) €V, t>0.

Moreover, since the restrictions of G and S} to the respective V; satisfy (7.5) the
conclusions of Theorems 1.1 and 1.2 hold for the map G and the semiflow S;. This
completes the proofs of Theorems 1.1 and 1.2.
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8. Other applications.

In this section we prove convergence to equilibria for C! small perturbations of
dissipative period maps given by equation (8.1) below, and a Poincaré-Bendixson
Theorem for C'! small perturbations of monotone cyclic feedback equations.

Consider the equation

(81) Ut = Ugg + f(t,é,U,Ug), é S [07 1];

u(t,0) =u(t,1) =0, t>0,

where f € C? is 1-periodic in ¢. Let X be a fractional power space associated with
the operator u — —uge = H?(0,1) N Hg(0,1) — L?(0,1) that satisfy the following
embedding relation

X — C([0,1)).

We are interested in solutions of (8.1) starting in an open set B in X. We impose
the following dissipativity condition on (8.1)

there is a Ty > 0 such that for any ug € ¢l(B) the solution of (8.1)
with u(0, ) = ug is global and u(¢,-) € B for all t > Tj.

Let F: X — X be the time-one map for equation (8.1). Then F |gc C*(B, X), as
follows from [Hel].

Theorem 8.1. Assume (D) . Let F' be the Poincaré map for (1.1) and denote by
By the set Ugil F™(B) for a Ng > Ty. Then there is an € > 0 such that for any
map G : X — X with

sup | Gz — Fx |, sup | DG(x) — DF(z) |< €
r€B1 zE€B

the w-limit set of any point xg € B for G is a single point.

Proof. Let u(t,-), v(t,-),t > 0 be solutions of (8.1) starting from z € B and y € B,
respectively. Their difference w(t, -) satisfies equation (7.1) with Dirichlet boundary
conditions. For any (z,y) € B x B we associate, as in the proof of Theorems 1.1
and 1.2, the compact operator T(lxyy).

Let ¢ € X and z(¢) denote number of zeros of the function ¢ in the open interval
(0,1). For w(t,-) from [Hel] and [An] we obtain the analogous statements of a)-d)
and a) — J) from the previous section with just two exceptions. Denote by 7 the
map

u(-) —ue(0): X — R,

and let II = 771(0). The formulation of ) has to be replaced here as follows
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if w(tp, ) has a mutiple zero on [0, 1] for a ty > 0 then for 0 < n < ty we have
z(w(to —1,-)) = z(w(to +1,-)) + 1.

The immediate consequence of this is the following statement

(A”) if z(w(t1,-)) = z(w(te,-)) for 0 < t; < to then m(w(ty,-)) w(w(te,-)) > 0.

Define the sets

C; =cl{¢ € X : ¢ has no multiple zero and the number of zeros in (0,1) is less than ¢}.
Similarly as in the proof above, using the analogs of a) — d) for the equation

u = uge, §€[0,1]

with Dirichlet boundary conditions we obtain that each C;, ¢ € N is a ¢—cone.
Using the analogs of a)-d) and «) — §) we obtain here the analogs of statements
1)- 5) with just one exception. Here we do not consider f not depending on ¢ (cf.
statement 2) in Section 7).
Statement (A’) imply assumption (A) in Corollary 2.1 for the family of operators
{T(lx,y) : (z,y) € B x B}. Now the theorem follows from Corollary 2.1 using the
same arguments by which Theorem 1.1 was proved.{

The conclusion of the above theorem is proved in the unperturbed case in [BPS].
In [CP] a different approach is proposed to show the same kind of the result.

Another possible application of our abstract results are monotone feedback delay
equations considered in [M-P]. It seems feasible to obtain for C'! small perturbation
of nonlinearities of these equations in the periodically forced case imbedding of w-
limit sets for the period map into the plane or a Poincaré-Bendixson Theorem in
the autonomous case.

Now consider systems of the form

d )
(8.2) Ui = f(ujui—q), i=1,2,...,n (mod n).
We assume the nonlinearity f = (f1, f2,..., ") is defined on a nonempty open set

O € R" with the property that each coordinate projection O C R? of O onto the
(x%, 2'~1) plane is convex and that f* € C1(O?). The following assumption makes
from (8.2) a monotone cyclic feedback system (see [M-PSm)])

(8.3)
g1tz - 0 for some §° € {—1,+1} and all (u;,u;_1) € O%, 1<i<n.

Oui_1

The product
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o=060%...6"

characterizes the entire system as one with negative feedback (o = —1) or positive
feedback (o = +1). For such systems the Poincaré-Bendixson Theorem is proved
in [M-PSm].

Define the function N (see [M-PSm]), taking values in {0, 1,2,...,n}, by

N(v) = card{i: §'v;v;_1 <0}

ontheset N ={veR: v; #0, 1 <i < n}. If o = —1 then N takes only
odd values and only even values if 0 = +1. Note that Proposition 1.1 in [M-PSm]
implies analogs of statements «) — §) from the previous section.

Further we consider only the case 0 = —1. The other one is analogous. Then
the sets

Cr:=c{veN: N@)<k})

are (2k — 1)-cones for all k£ with 2k — 1 < n. This follows similarly as in the proof
of Theorems 1.1 and 1.2. considering the system %ul = —Up, %ui = u,;_1 for all
1 < i < n and using monotonicity of the function N on solutions of this system
(see Proposition 1.1 in [M-PSm]). Obviously R" is a n—cone. We are interested in
solutions emanating in a bounded open set B C cl(B) C O. Impose the following
dissipativity condition on solutions of (8.2)

there is a T > 0 such that for any ug € cl(B) the solution of (8.2)
with u(0,-) = g is global and u(t,-) € B for all t > Tj.

Using Proposition 1.1 in [MP-Sm]| and standard properties of differential equa-
tions generating by smooth vector fields in R"™ we can verify, analogously as in the
proof of Theorem 1.2, all the assumptions of Corollary 2.4 for Ky-the attractor
of (8.2) in B. Hence by the same way as we proved Theorem 1.2 we obtain the
following theorem.

Theorem 8.2. Let Si,t > 0 be the semiflow defined by equation (8.2) on the
set By := {u(t,up) : t > 0, ug € B}. Assume (8.8) and (D). Then there is
an € > 0 such that for any regularizing semiflow S, continuous on By with S| €
CY(B,X), t€[3.1] and

1
| Sy ‘Bl —Sé |CO(Bl’X), ‘ Sy |B —Sé ‘C’l(B,X)< € for all 5 <t<1

the w— limit set of any xoy € B, for which the closure of its positive orbit lies entirely
in B, consists of either a single periodic orbit or equilibria and their connecting
orbits.

Note that Gedeon in [Ge| proved chaos for equations (8.2) with f in arbitrarily
small C° neighborhood of a subclass of nonlinearities in (8.2) giving monotone
cyclic negative feedback systems.

Remark 8.1 a) It is possible to improve Theorem 1.1 in the following way. Chain

reccurent sets of maps G are imbedded into R?. This enables to say that w— limit
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sets for asymptotically 1-periodic in ¢ nonlinearities f in equation (1.1) are subsets
of the product of homoeomorphic image of a compact set in the plane and the
interval (see also [CP] for the corresponding result under the Dirichlet boundary
conditions). We will prove it in a forthcoming paper.

b) If dissipative smooth semiflows or maps satisfy a cone condition then they admit
an inertial manifold (see [M-PSe]). Strong cone conditions even imply C'! smooth-
ness of these manifolds. As it is seen from the proofs of Theorems 1.1 and 1.2 a
cone condition is provided for semiflows as well as period maps given by (1.1) which
is strengthen by Theorem B. In [Te] we prove the existence of these (C'') manifolds
for general dissipative equations of type (1.1) with various boundary conditions (for
previous results see [Br], [CL], [Kw], [MK]).
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