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Preface

If you optimize everything, you will always be unhappy.
Donald Knuth

Semidefinite programming is a special class of convex mathematical programming,
which has been recently intensively studied because of its applicability to various ar-
eas, such a s combinatorial optimization, system and control theory or mechanical and
electrical engineering. Moreover, semidefinite programming problems can be efficiently
solved by interior point methods. The most important concept in the theory of interior
point methods is the central path. It is an analytic curve in the interior of the feasible
set which tends to an optimal point at the boundary. The properties of the central path
are important for designing and analyzing interior point algorithms. In this thesis the
existence, the asymptotic behavior and the analyticity properties of different types of
weighted central paths are studied.

The thesis is organized as follows. In Chapter 1 we introduce the semidefinite pro-
gramming, the interior point methods, the notion of the central path and the weighted
central path. Also a short historical overview is given and semidefinite programming ap-
plications and algorithms are discussed. Through this chapter we refer to many related
works and papers from this area. In Chapter 2 the basic and well-known facts about
semidefinite programming are presented, including the definitions of the problems and
the duality theory in semidefinite programming. The existence proof and properties of
the central path are also included. Chapter 3 deals with the existence of several types
of weighted central paths. In this chapter we present the results [70], [71] of the author
and we prove in all details that the weighted paths can be well defined for appropriately
chosen weights. The results included in this chapter are not new, however, a new and
relatively simple proof of the existence is given. Chapter 4 contains the results about the
limiting behavior of the weighted central paths. The first part deals with the asymptotic
behavior of the paths and in the second part these results are used for analyzing the
analyticity of the paths at the boundary point. This chapter contains new results and
some of them were presented in [30]. Chapter 5 is the conclusion where the main results
of the thesis are summarized.

The thesis includes several appendices on necessary facts from several areas: matrix
theory (Appendix A), derivatives of matrix functions (Appendix B) and asymptotic
notation (Appendix C). Moreover, in Appendix D we review the assumptions needed in
the thesis.
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List of Notation

SDP  semidefinite programming
LP linear programming
IPM intrior point methods
R™ m-dimensional real vector space
RP*9  vector space of p X g real matrices
dimV  dimension of vector space V'
S™  vector space of n X n real symmetric matrices,
dim S™ =n(n+1)/2
S closed convex cone of all n x n real symmetric positive semidefinite
matrices
" open convex cone of all n x n real symmetric positive definite
matrices
L™ vector space of n x n real lower triangular matrices,
dim L™ =n(n+1)/2
L closed convex cone of all n x n real lower triangular matrices
with nonnegative diagonal entires
L%, open convex cone of all n x n real lower triangular matrices
with positive diagonal entires
U™ vector space of n x n real upper triangular matrices,
dimU" =n(n+1)/2
U} closed convex cone of all n x n real upper triangular matrices
with nonnegative diagonal entires
", open convex cone of all n x n real upper triangular matrices
with positive diagonal entires
D™ vector space of n x n real diagonal matrices,
D% closed convex cone of all n x n real diagonal matrices
with nonnegative diagonal entires
D%, open convex cone of all n x n real diagonal matrices
with positive diagonal entires



A = (A
rank(
tr(A)

det A
A—l

P <
Z

Ker(
Im(

e

O -

X>=0
X>0

matrix A with entries A;;

rank of matrix A

trace of matrix A, tr(A) =", Ay

determinant of matrix A

inverse of matrix A

transpose of matrix A

conjugate transpose of matrix A

kernel or null of matrix A, Ker(A) = {z|Axz = 0}

image space of A, Im(A) = {Ax}

identity matrix (the dimension is clear from the context)

zero number, vector or matrix, respectively

(the dimension is clear from the context)

X e Sy

XeSt,

lower Cholesky factor of a positive semidefinite matrix X,
Lx € L7, X = LxL%.

upper Cholesky factor of a positive semidefinite matrix X,
Ux € U_?, X = UxU§

inner product defined on RP*? as tr(X?Y)

for A € RP*4, ’UEC(A) = (AH, . ,Alq, Aoy, ... ,qu, e ,qu) € RPe
for B € S™, S’UEC(B) = (BH, \/§B12, ey \/§B1n, Boo, \/§B23, ...
o3 V2Bay ..., Buy)

Frobenius matrix norm defined as ||A||r = VA e A

spectral matrix norm defined as

|All2 = max{V/\; X is an eigenvalue of ATA}

unique symmetric matrix H which satisfies the equation
AH+HA =B for Ac S}, , BeS"

unique lower triangular matrix H which satisfies the equation
LH” + HL" =B for Le L7, B € ™.

symmetric Kronecker product
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Chapter 1

Introduction

Semidefinite programming

Semidefinite programming (SDP) is a special class of mathematical programming,
which became popular during the 1990’s. It has attracted researchers from various areas
of theoretical and applied mathematics, including convex programming, linear algebra,
numerical optimization, combinatorial optimization, control theory and statistics. This
interest had several reasons: SDP contains important classes of convex optimization
problems (like linear, quadratic and so—called second order cone programming) as special
cases; semidefinite constraints arise directly in many applications not only in the areas
mentioned above, but also in approximation theory, spectral analysis and structural
design (a rich overview of the applications is given in [78]); and finally, SDP problems
can be solved efficiently using interior point methods.

Semidefinite programming problems can be characterized as optimization problems
with linear objective function and linear constraints, where the variable is a symmetric
matrix, which is required to be positive semidefinite or, alternatively (in terms of vector
variable), as problems where a linear function is optimized subject to the constraint
that an affine combination of matrices is positive semidefinite. It seems that the first
formulation of the SDP problem (as a generalization of linear programming problem)
was given by Bellman and Fan [5], however the importance of the constraints requiring
a certain affine combination of matrices to be positive semidefinite (now known as linear
matrix inequalities or LMIs) had been recognized much earlier in control theory.!

The main differences between semidefinite programming and linear programming
(LP) are that the feasible set in SDP problem is indeed convex but no more polyhedral

!These constraints are involved in Lyapunov’s characterization of stability of the solution of a linear
differential equation, for more about LMIs see e.g. [6].

9



10 CHAPTER 1. INTRODUCTION

and therefore there is no practical simplex method for SDP programs 2, and although
SDP has a rich duality theory, it is not as strong as in linear programming. Still the
theory of SDP is close to the theory of LP and many results from LP were gener-
alized to SDP. The early papers dealing with theory of SDP (optimality conditions)
were [10], [19], [61], [77].

Interior point methods

Positive development in SDP started after 1984, when Karmarkar published his pro-
jective algorithm for linear programming [35], possessing polynomial time worst case
complexity and excellent behavior in practice. Surprisingly, it was later uncovered, that
this algorithm closely relates to the (logarithmic) barrier method developed in 1960s
in the context of nonlinear optimization (see e.g. Fiacco and McCormick [17]). Several
variants of Karmarkar’s interior point method have been developed—a major survey was
made by Gonzaga [21]. 3

Consequently, many mathematicians tried to extend the interior point method to
general convex programming problems. However, while applying the new techniques,
several problems regarding the Newton method analysis appeared. These problems were
resolved by Nesterov and Nemirovsky in 1988 (see [52], [54], [55]) by defining the so called
self-concordant property and showing that for every convex set a self-concordant barrier
exists (however it is not always readily computable). This result led to generalization of
the IPM for LP into interior point methods for SDP, which was made independently by
Nesterov and Nemirovsky [53] and Alizadeh [2]. After that many works and papers con-
cerning IPM algorithms appeared, see e.g. [4], [38], [45], [57], [43] [66], [12], [62], [37], [56].

Central path

Besides the algorithmical aspects of interior point methods also theoretical aspects
of IPM were studied. These involve the central path—an analytical curve of solutions of
parameterized barrier problems. It lies in the interior of the feasible set and tends to the
optimal solution of the original problem. Most IPM algorithms follow the central path
and its analytical properties are important for the convergence analysis of the algorithms.

Numerous facts concerning the convergence, the limiting behavior and the analyticity
properties of this curve have been established. The central path was firstly studied in
the context of linear programming and the works dealing with the limiting behavior of

2However, there were some approaches of extentions of the simplex method for SDP, this fact and
related papers are discussed in [73].
3 Another books on this subject are e.g. [60], [80]; for historical survey see e.g. [79], [27].
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the path in LP are e.g. [1], [44], [76]. The convergence of the derivatives of the central
path was established by Giiler [22] and it was proved independently by Halickd [23], [24]
and Wechs [75] that the central path in LP can be analytically extended to the boundary
point.

The analysis of the properties of the central path in linear complementarity problems
(LCP) is more complicated. It was shown by Kojima et al. [36] that the central path
converges to a solution. However, in LCP the asymptotic behavior of the derivatives
of the path depends on the existence of the so—called strictly complementary optimal
solution, related results were established by Monteiro et al. [46], [48]. The results about
the analytical extension of the path can be found in the papers of Stoer and Wechs [65],
[64].

The behavior of the central path in semidefinite programming depends on whether
the SDP has a strictly complementary optimal solution. Under the assumption of the
existence of the strictly complementary optimal solution a characterization of the limit
point of the central path was given and it was shown that the central path converges
to the so—called analytic center of the optimal solution set (see [43], [13], [20]). More-
over, it was shown by Halickd [25] that the central path of an SDP possesing strictly
complementary optimal solution can be analytically extended to the boundary point.

In the absence of strict complementarity it was shown by de Klerk et al. [14] and
Goldfarb and Scheinberg [20] that any limit point of the central path must be a maxi-
mally complementary solution. This property was used to prove that the central path
in SDP converges. This result is included in works of Halickd et al. [29], where the
proof was based on a deep result from algebraic geometry, and Kojima et al. [38], who
used similar arguments as the ones in [36] and showed the convergence of the central
path in monotone semidefinite complementarity problems, which is equivalent to SDP.
Partial characterization of the limit point of the central path as an analytic center of
some convex subset of the optimal solution set was given by Halickd et al [28] and Sporre
and Forsgren [63]. The analyticity of the of the central path at the boundary point in
the absence of strict complementarity was given by da Cruz Neto et al. [11] for a certain
subclass of SDP problems, however for general SDP this property has not been proved
yet.

Weighted central path

In linear programming, the notion of the central path can be easily extended to the
notion of the weighted central path—by defining weighted logarithmic barrier functions,
see [22]. However this characterization does not seem to be good method to obtain
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suitable notion of the weighted central path in SDP. 4 Several approaches of how to
define the weighted central path in SDP appeared. One of the first approaches of how
to define weighted centers for SDP was given by Sturm and Zhang [67]. An another one
was developed by Monteiro et al. [47], [50], where the result [46] is extended to nonlinear
semidefinite complementarity problems.? In this approach, the weighted central path is
defined as the set of optimal solutions of a weighted centering system and according to the
symmetrization map used in the (perturbed) complementarity condition, several types
of weighted paths can be distinguished. In what follows only this notion of weighted
paths will be discussed.

The existence of the weighted central paths in SDP was studied by the following
authors. A general approach was presented in the work of Monteiro and Zanjacomo [50],
where the existence of the weighted paths in nonlinear semidefinite complementarity
problems associated with various types of symmetrizations was proved and to this aim
deep results from nonlinear analysis and theory of local homeomorphic maps were used.
The approach of Preiss and Stoer [58] was more elementary (based on the Implicit
function theorem), however only one type of weighted paths in the linear semidefinite
complementarity problems was considered—the one associated with the so called AHO-
symmetrization (see [4]). The weighted path in SDP associated with the Cholesky-type-
symmetrization and positive diagonal weight was studied in the paper of Chua [7] and
the existence was shown by defining weighted logarithmic barrier functions. A simpli-
fied and unified existence proof of all types of weighted paths in terms of semidefinite
programming is given in [71] and in this thesis.

Also the limiting behavior and the analyticity of the weighted central paths in SDP
at the boundary point was studied and all related results are given under the assump-
tion of the existence of the strictly complementary optimal solution. These results are
included in the works of Lu and Monteiro [41], [42], Preiss and Stoer [59], Chua [8], and
Halickd and Trnovskd—which are contained in this thesis (see also [30]).

Semidefinite programming applications

As it was mentioned above, there exist many important applications of semidefinite
programming—rvarious problems can be directly formulated as an SDP and some can be
relaxed using SDP to obtain better approximations of the optimal value.

In many cases semidefinite programming arises in the form of optimizing a linear
combination of eigenvalues of a matrix subject to the linear constraints on the matrix (the

4This approach appeared to be possible for a special type of weighted path in SDP, associated with
so-called Cholesky type symmetrization and positive diagonal weight, see [7].
5SDP can be considered as a special case of the nonlinear semidefinite complementarity problem.
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equivalence to SDP is shown e.g. in [3]). A special quasiconvex programming problem
can be formulated as a SDP (see [68]) and some (nonconvex) quadratic programs can
be relaxed using SDP. One can find special interpretation of these problems, besides the
standard SDP problem, in various areas, like e.g. statistics, graph theory or engineering
and using IPM for SDP can appear to be a big advantage.

Applications in combinatorial optimization include e.g. the Lovész ¥-function, the
MAX-CUT problem or the maximum satisfiability problem. These applications are
described by de Klerk in [15]. More about combinatorial optimization applications see
e.g. [3], a survey was done by Goemans and Rendl in [78].

As to the SDP engineering applications, on the first place one should put the system
and control theory. A monograph on this area is given by Boyd et al. [6], several examples
can be found also in [73] and a survey is given by Balakrishnan and Wang in [78]. Another
engineering applications are e.g. pattern recognition [73], [74] or structural design (for
survey see Ben-Tal and Nemirovsky in [78]). More examples are given in [74].

Statistical applications of SDP appear mostly in the area of experiment design. Some
examples are given in [74] and a survey was done by Fedorov and Lee in [78].

Semidefinite programming algorithms

The developement of efficient polynomial time algorithms for SDP started at the
end of 1980s, when Nesterov and Nemirovski [52], [54] showed that the problem of
minimalization of a linear function over a convex set can be solved in polynomial time
as long as a selfconcordant barrier function for the convex program is known. They
showed that linear program, quadratic constrainned quadratic program and semidefinite
program have explicit and easily computable selfconcordant barier.

On the other hand in [4] a potential reduction algorithm for LP was extended to
SDP by mechanical way. It was also shown that this approach was succesful for many
polynomial time algorithms which were mostly primal or mostly dual oriented.

Since then many authors proposed interior point algorithms for SDP. This includes
works [2], [31], [43], [38], [45], [49], [51], [13], [53], [57], [56]. An overview of the interior
point algorithms for SDP can be found e.g. in [15], [78].

SDP literature and internet resources

At the end of this chapter we would like to refer to several resources, which can offer a
compact view on semidefinite programming, including the theory, the algorithms and the
applications. A survey of duality results, facts about the central path and interior point
algorithms is given in the monograph by de Klerk [15]. Here the selected applications
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related to combinatorial optimization. A huge survey of the results concerning the
theory and applications of SDP up to the year 2000 is contained in the handbook of
Semidefinite Programming [78] edited by Wolkowicz et al. Shorter, however excellent
surveys are given by Vandenberghe and Boyd® [73] and Todd” [68].

As to related internet resources, many informations can be found on

http://www-user.tu-chemnitz.de/ helmberg/semidef .html

http://liinwww.ira.uka.de/bibliography/Math/psd.html

Savailable at www.stanford.edu/ boyd/sdp.html
Tavailable at http://www.orie.cornell.edu/ miketodd/soa5.ps



Chapter 2

Semidefinite programming

In this chapter we present some basic and well-known facts about semidefinite program-
ming, which come mostly from the following resources: [3], [15], [26], [73]. The first
part contains the definitions of the primal and dual SDP problems and the SDP duality
theory. In the second part we focus on the central path in SDP—the existence proof
and several properties of the central path are included.

2.1 Semidefinite programming problems

2.1.1 Basic definitions and properties

Let A',...,A™ C € S" and b € R™ be given. We will consider the following primal
semidefinite programming problem

minimize CeX
subject to A’e X
X

b, foralli=1,...,m, (2.1)
0,

Yl

where X € S™ is a variable. The dual semidefinite programming problem can be ex-

pressed in the form
bT

maximize Y
subject to Y., A'y; +S = C, (2.2)
S > 0,

where (S,y) € S x R™ are variables. We will denote
P={XeS"|AeX=0b,i=1,...,m; X =0},

15



16 CHAPTER 2. SEMIDEFINITE PROGRAMMING

Pl={XeS"|AeX =0b;, i=1,...,m; X =0}

the primal feasible and the primal strictly feasible set, respectively, and

i=1

DO .= {(y,S) € R™ x S"

f:Aiyi+S:C, S>—0}

i=1
the dual feasible and the dual strictly feasible set, respectively.
Let p*, d* be the primal and dual optimal value, that is,

*

p* € (—o00,00), p* =inf{CeX | X € P},

d* € (—o0,00),  d* =sup{b’y |yeD},

and define p* = 400 if P =0 and d* = —occ if D = ).
We will denote
P ={XeP|CeX=p*}
D*:={yeD|bly=d}

the primal and dual optimal solution sets.
Denote

N = {(X,y,S)GS”mexS" AleX =0, i=12,...,m; ZAiy,-—kS:O},
i=1

R::{(AIoX,...,AmoX,iAiyﬁrS) € R™ x S"

XGS",yGRm,SES”}.
=1

Lemma 2.1.1 For any (X,y,S) € N we have X ¢ S = 0.

Proof. Tt (X,y,S) € N, then clearly

XoS:Xo(—iAiyi) :—i(AioX)yi:O.
=1 ]
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Corollary 2.1.1 Let Xy,Xy be primal feasible and (y1,S1), (y2,S2) be dual feasible so-
lutions. Then
(Xl - X2) [ ] (Sl - Sg) = 0.

Lemma 2.1.2 If A',..., A™ are linearly independent, then R = R™ x S™.

Proof. From the linear independence of the matrices A',..., A™ it follows that if
z € R™ is arbitrary, then there exists X € S™ so that A'e X = z; Vi =1,2,...,m. Let
Z be any symmetric matrix. The matrices A',..., A™ can be completed to the basis

[Al)... A"] of S™ Then

m

Z=> Alyi+ Y Aly=> Ay +S.
i=1

i=1 j=m+1

2.1.2 Duality and complementarity

Semidefinite programming has a rich duality theory, however not as strong as linear
programming. It is well-known that in LP we either have that there exist optimal
solutions of the primal and dual LP problems and p* = d*, or that one of the problems
is infeasible and the other one is unbounded, or the both—the primal and the dual
problem is infeasible. But in SDP it can happen that p* > d* even if the both—primal
and dual optimal solution exists, or that one of the problems is unsolvable (the optimal
solution set is empty), however the optimal value is finite (for examples see e.g. [73]).
To ensure that the pair of problems (2.1), (2.2) possesses the same primal-dual relations
like in LP, the assumption of the existence of an interior point in the primal and dual
strictly feasible set is needed (see Theorem 2.1.2 in the next). More about the duality
theory in SDP can be found in [3], [15], [68], [73], [78].

Theorem 2.1.1 (Weak duality theorem) If X € P and (y,S) € D, then
CeX >0dly.
Proof. We have that
CoX-by=CeX—-) (A'eX)y;=Xe(C—) A'y)=XeS.
i=1 =1

However from the positive semidefinitness of the matrices X and S it follows that
X S >0 (see Proposition A.2.3).
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d

As a simple consequence we obtain the following corollary.

Corollary 2.1.2
p*>d.

For X, y,S feasible, the value C @ X — bTy is called the duality gap and the value
p* — d* is called the optimal duality gap. Weak duality theorem implies that if X € P
and (y,S) € D are be optimal, then the duality gap is zero, that is, X ¢S = 0. However,
this condition is equivalent to XS = 0, since X = 0,S > 0 (see Proposition A.2.4).

The following well known result can be proved using the so-called generalized Farkas
lemma (see Lemma 2.3 of [3]).

Theorem 2.1.2 (Duality theorem)

a) If D° # (), then d* = p*. Moreover, if p* is finite, then P* # ().
b) If PO # 0, then d* = p*. Moreover, if d* is finite, then D* # ().
c) If PO #£ 0, D% £ 0, then d* = p* and P* # 0, D* # .

The necessary and sufficient conditions of optimality are stated in the following
theorem.

Theorem 2.1.3 If P° £ (), D° £ (), then (X,y,S) is an optimal solution of (2.1),(2.2)
if and only if it satisfies the following system:

AleX=b i=1,...,m, X>=0
Y Alyi +8S =C, S =0, (2.3)
XS =0.

The first condition is the primal feasibility, the second condition is the dual feasibility
and the third condition is called the complementarity condition. The optimal solution
that satisfies the complementarity condition is called complementary.

Definition 2.1.1 (Strictly complementary solution)
The complementary solution (X*,y*,S*) of the problems (P), (D) is strictly complemen-
tary if

X*4+8S* >~ 0.

In linear programming, the existence of an optimal solution implies the existence of
a strictly complementary solution. However in semidefinite programming, (as well as in
quadratic convex programming or for linear complementarity problems) this property is
not satisfied in general.



2.2. CENTRAL PATH IN SEMIDEFINITE PROGRAMMING 19

2.2 Central path in semidefinite programming

In this section we will introduce the central path in semidefinite programming as the
optimal solution set of a class of barrier problems or equivalently as the solution set
of the perturbed system (2.3) of necessary and sufficient conditions for (2.1) and (2.2).
Through this section we will consider the following assumptions:

Assumption (A1): The matrices A',..., A™ are linearly independent.
Assumption (A2): P? £ (), DY £ (.

Assumption (A1) ensures the one-to-one correspondence between the dual variables
y and S. Assumption (A2) (also referred to as the interior point assumption) follows
from Duality theorem. Actually, both assumptions together are equivalent to the fact
that the primal and dual optimal solution sets are nonempty and bounded (See [69)]).

2.2.1 Existence of the central path

Choose a fixed p > 0 and define the barrier functions:
f5:55‘_+—>R, ff(X):CoX—,ulndet(X)

and
fPiR™ xSt - R, fP(y,8) =b"y+ plndet(S).

The associated primal and dual barrier problems are

minimize f /f (X)

subject to A'eX =1b;, i=1,...,m (2.4)
X >0
and
maximize f“D(y, S)
subject to > i, Aly; +S=C (2.5)
S>0

where the variables are X € S™ and (y,S) € R™ x S™, respectively.

Proposition 2.2.1 For any p > 0 the both problems (2.4) and (2.5) have at most one
solution.



20 CHAPTER 2. SEMIDEFINITE PROGRAMMING

Proof. The statement follows from the fact that the primal barrier function ff is
strictly convex and that the dual barrier function f“D is strictly concave on DP.

O

In what follows, we prove the existence of the solutions of the problems (2.4), (2.5).
This result is well-known in the theory of interior point methods for SDP and various
proofs can be found e.g. in [15], [68], [78]. Nevertheless, the whole proof is presented
here, since this statement is fundamental for further explanation. Our proof will be
based on the approach of [26] where, besides the well-known Weierstrass theorem, also
the following characterization of an unbounded convex set is used.

Lemma 2.2.1 Let K C S, be a nonempty, convez, closed and unbounded set. Then
for any V € K there exists W € K such that

W-V=0, W-V#0

and
{Vi| Vi=V+t(W-V), t>0} CK.

Proof. From the assumptions of the lemma we have that from any point in K one
can lead a ray that lies in K. More exactly, for any V € K there exists A € 5", A # 0
such that

V+tAcK, Vt>o0. (2.6)

Put W = V + A. Tt remains to show that A > 0. Let Q and D be the orthogonal
and diagonal matrix, respectively, for which Q" AQ = D. Suppose there is a negative
number on the diagonal of D. Then for some positive ¢ the matrix Q7VQ + ¢tD has
a negative number on diagonal. But this contradicts (2.6) and therefore D > 0 and
obviously also A > 0.

O

Theorem 2.2.1 For any p > 0 the both problems (2.4) and (2.5) have a unique solution.

Proof. We will prove the statement for the primal barrier problem. For the dual
barrier problem it can be done similarly.

Because of Proposition 2.2.1 , it remains to show the existence of the optimal solution
of the problem (2.4). From Assumption (A2) it follows that there exists X° = 0 such
that foralli=1,...,m

Al e X" =1,
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Define the set
P(X%) ={XeP | fI(X)< fr (X"}

Now, it is easy to see that it sufficies to show that there exists an optimal solution of
the following problem

minimize f(X)

subject to X € P(X?).

The function f/f (X) is continuous and the set P(X°) is nonempty. Therefore, in order
to apply the well-known Weierstrass result, we only have to show that the set P(XY) is
compact.

Firstly, we will prove that the set P(X°) is closed. Let {X"}" ; be a sequence in
P(X9), such that lim,_., X" = X. Since for any n =1,2,3, ...

AleX"=b;, i=1,....,m, X">0,
we have that
AleX =0, i=1,...,m, X=0.
The continuity of ff (X) implies that

lim f(X") = f,/(X) < £7(X0). (2.7)

n—oo

Finally, if X = 0is singular, then det X = 0 and hence Indet X = —oco. But this
contradicts (2.7) and therefore X must be positive definite.

Now, we will prove that the set P(X°) is bounded. Suppose that P(X") is un-
bounded. Observe that P(X") is a convex set, since it is a sublevel set of a convex
function. By applying Lemma 2.2.1 we obtain that there exist Xy, Xy € P(X?) satisfy-
ing

X —Xp=0, X;—=Xy#0

such that the ray
{Xy | Xy =X + 86Xy —Xs), t >0}

is included in P(X?). Therefore for all t > 0
T (Xa) < £ (X9). (28)
Compute the limit

B K0 = i 7701+ 1% ~Xa) =
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t—oo

lim [c o (X +t(X; — X3)) — plndet(X; + (X, — X2))] =

lim
t—o0

t

CeX; +t<C o (X; - Xo) — plndet(X; 4+ (X5 —Xz))>]‘

Denote |
X +tX; —X
V() = Co (X — Xy) — ndet( 1+t( 1= X2)).

We will show that
0< tlim V(t) < oc. (2.9)

Denote pi(t) = det(X; + t(X; — X3)), which is a polynomial of a degree k. Using the
L’Hospital’s rule we obtain that

1 t f(t
i ARPe®) o Enp()
t—o0 t t—o0 pk(t)

From Assumption (A2) it follows that there exists (y°,S") € D°. The matrices X1, X
are feasible and hence

Ce (X, —Xy) = (ZAiy?JrSO) o (X; —Xy) =8 (X; —Xy) >0,

i=1

where the inequality follows from Proposition A.2.5. We have shown that (2.9) holds
and therefore

t1l>rlolo T (Ri) = oo
But this contradicts to (2.8) and hence the theorem is proved.
O

Denote (X (u),y(1), S(u)) the optimal solution of (2.4), (2.5). Theorem 2.2.1 implies
that the central path can be well defined as follows:

Definition 2.2.1 The set

{(X (), y(1), S(w)) | 1> 0}

1s called the central path.
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Note. In the interior point theory the central path can be alternatively defined as the
map

fop: Ry = ST X R x ST fop(p) = (X(w),y(1), S(w))-

The following theorem contains the necessary and sufficient conditions of optimality
for the pair of barrier problems (2.4), (2.5).

Theorem 2.2.2 Let > 0. Then (X,y,S) is an optimal solution of (2.4), (2.5) if and
only if it satisfies the system

AleX=b, i=1,....,m, X>0,
S Aly; +S =C, S >0, (2.10)
XS = ul.

Corollary 2.2.1 For any p > 0 there exists a unique solution (X(u),y(u),S(n)) of the
system (2.10) and this solution lies on the central path.

From the Corollary 2.2.1 it follows that the central path could be defined implicitly
as the set of solutions of the system (2.10). However, the connection with the barrier
problems (2.4), (2.5) is needed for proving the existence of the central path.

Note that the duality gap along the central path is equal to

C o X(u) — b y(p) = X(p) @ S(p) = tr(X(u)S(p)) = tr(pd) = np.

Therefore, it is easy to see that if the central path has a limit point as u — 0 then it is
an optimal solution of (2.1), (2.2).

2.2.2 Analyticity and convergence of the central path
Theorem 2.2.3 The function

fep o = (X(1), y(p), S(w))

is an analytic function for pu > 0.

The proof of this theorem is based on the fact, that the Jacobian of the map corre-
sponding to (2.10) is nonsingular along the central path. Hence the following ”analytic
version” of the implicit function theorem (see also [16] Theorem 10.2.4, or [15] Theorem
3.2) can be applied. Since this theorem will be the main tool for many other results in
this thesis, we provide here the full text of it.
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Theorem 2.2.4 (Implicit function theorem) Let g : R™* — R® be an analytic function
of we R" and z € R® such that:

1. there emists (w,z) € R"™® such that g(w,z) =0,
2. The Jacobian of g with respect to z is nonsingular at (w, z).

Then there exist (open) neighborhoods O(w) C R" and O(Z) € R® of w and Z respectively,
and an analytic function
f:0(w)— 0(z)
such that f(w) =z and
g(w, f(w)) =0 Y weO(w).

The whole proof of Theorem 2.2.3 can be found e.g. in [15].

Theorem 2.2.5 Let i1 > 0. Then the set

{(X (1), y(1), S(u)[0 < p < i}

s bounded.

From Theorem 2.2.5 it follows that the central path has a limit point as 4 — 0 and
hence there exists a sequence {u;}72, € (0, fi), such that limj_.o p = 0 and

i (X (r), y(ie), S()) = (X7, 57, 87),
where X* € P* and (y*,S) € D*.

Theorem 2.2.6 The central path converges as p — 0 , i.e. it has a unique limit point,
which is an optimal solution of (2.1), (2.2).

The result stated in Theorem 2.2.6 was proved in the papers [29], [38], however the
proof can be found also in [15]. In works [14], [20] it was shown that any limit point of
the central path is a maximally complementary solution. Under the assumption of the
existence of the strictly complementary optimal solution a characterization of the limit
point of the central path as the so-called analytic center of the optimal solution set can
be found in [43], [13], [20]. Partial characterization of the limit point of the central path
as an analytic center of some convex subset of the optimal solution set was given in [28]
and [63].

The following result was shown by Halicka [25].
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Theorem 2.2.7 Assume that there exists a strictly complementary solution. Then the
central path can be analytically extended to = 0.

The above result, however in the absence of strict complementarity, was proved in [11]
for a certain type of degenerate SDP.

2.2.3 Symmetrization of the complementarity condition

It is well known that the product of two symmetric matrices is not necessary symmetric.
This may cause problems in the interior point algorithms, which are based on solving
the system (2.10). Therefore the matrix XS is replaced by some kind of symmetrization
matrix ®(X,S) € S" with the following property:

If X >0,S > 0, then XS = 0 if and only if ®(X,S) = 0.

In semidefinite programming and semidefinite complementarity problems the follow-
ing symmetrization maps are discussed (see [4], [47], [49], [51], [50], [58], [59]):

®(X,S) = (XS+8X)/2
Dy(X,S) = X:2SX:2

®3(X,S) = LLISLx

D4(X,S) = (X2Sz+S2X2)/2
®5(X,S) = (UiLx +LiUg)/2

where X2 , S> are the square roots of the matrices X, S; Lx is the lower Cholesky factor
of the matrix X and Ug is the upper Cholesky factor of the matrix S. Remark that if
X = 0,S = 0, then the matrices ®2(X,S), P3(X,S) are positive semidefinite, however
the other are not in general.
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Chapter 3

Existence of weighted paths in
SDP

3.1 Motivation

In linear programming, the concept of the central path can be easily extended to the
concept of the weighted central path—by defining weighted logarithmic barrier functions.
However, this technique can not be applied to semidefinite programming, in general.
There were more approaches of how to define the weighted central path in SDP. One of
them was developed by Monteiro et al. (see [47], [51]) originally for nonlinear semidefinite
complementarity problems. Following this approach one can define the weighted central
path for SDP as the set { (X (), y(1),S(u)) | o > 0} of the solutions of the parameterized
Systems

AleX =b + pulb;, i=1,....,m, X >0,

S A +S=C+uAC, S0, (3.1)
®;(X,8) = ¢;()W,

where Ab € R™,AC € S" are fixed, W > 0 is the weight, ®;(X,S) is one of the
symmetrization maps already discussed in Section 2.2.3:

$,(X,S) = (XS+8SX)/2
®,(X,8) = X28X2

04(X,S) = L%SLx (3.2)
Dy(X,S) = (X3S +S2X3)/2

05(X,8) = (ULLx +LLUs)/2

27
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and
gb](,U) = K, ] = 17273; ¢J(:u) = \/:Uv ] = 475

Therefore, according to the symmetrization map we will distinguish five types of weighted
paths in semidefinite programming.

The authors Monteiro and Zanjacomo [51] have proved the existence of the weighted
paths in nonlinear semidefinite complementarity problems using deep results from non-
linear analysis, based on the theory of the local homeomorphic maps. The another
approach, used by Preiss and Stoer [58] was more elementary, it was essentially based
on the implicit function theorem. However, latter authors proved the existence of the
weighted path in linear complementarity problem associated only with the symmetriza-
tion ®1(X,S). The same symmetrization and technique was used by the author in [70]
for the existence of the weighted central path in SDP. In [71] the result [70] is extended
to all five symmetrizations defined in (3.2).

In this chapter we present our results from [70], [71] in all details, that is, we prove
that the weighted paths can be well defined (for appropriately chosen weights). To this
aim we need to show that for fixed Ab, AC, properly chosen weight W and any p > 0
there exists a unique solution of the system (3.1). ! Obviously, such weighted central
paths do not lie in the interior of the feasible set in general, and hence they can be useful
if an interior point does not exist or is unknown.

In the next we will consider Assumption (Al) (see Section 1.3) and instead of As-
sumption (A2) we will consider a weaker assumption:

Assumption (A3): The system (2.3) is solvable.

3.2 Nonsingularity of Fréchet derivatives

For fixed Ab € R™, AC € S™ consider the maps Fgw ST X RMx 8™ — R™x S"x S"
with parameters p >0 and W =0 (5 =1,..,5) :

| A(X) — b — pAb
F/iW(X,y, S)=| A*(y)+S—C —uAC |. (3.3)
q)j(X, S) — QSJ(I/)W

!The proof of the existence of the solution of (3.1) can not be performed in the same way as in the
case of the system (2.10)—it seems not to be possible to characterize the weighted central path in SDP
using weighted logarithmic barrier problems.
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Here the map A is defined as
A:S8" - R™  AX)=(A'eX,..., A" e X), (3.4)

and its adjoint map is
A R™ — 8™ A (y) = ZAiyi.
i=1

Clearly, in this notation the system (3.1) is equivalent to
FiW(X’y,S):Oa X>0,S>0.

The main tool we will use in the proof of the existence of the weighted paths is the
analytic version of the implicit function theorem (Theorem 2.2.4, see also e.g. [16], [15]).
In this context we will be interested in the Fréchet derivative of the maps F /1 w- It can

be derived that if X > 0,S > 0, the Fréchet derivative of DFiW at (X,y,S) is the
linear map

_ A(AX)
DF; (X, y,8)[AX, Ay, AS] = A*(Ay) + AS
D®;(X,S)[AX, AS]
with the variables [AX, Ay, AS] € S" x R™ x S™ where D®;(X,S) are derived in
Appendix B (see Corollary B.2.1).

In this section we will derive the sufficient conditions to ensure the nonsingularity of
DF; w(X,y,8). These conditions will differ for particular j € {1,...,5}.

3.2.1 Nonsingularity of DF} (X, y,S)
Recall that if X > 0, S > 0 then, according to Corollary B.2.1,
A(AX)
DF, w(X,y,8)[AX, Ay, AS] = A*(Ly) + AS
$(AXS + SAX + ASX + XAS)

Define the matrix?

svec(AHT

A= : € R™ x R™. (3.5)
svec(A™)T

2See Definition A.4.1 in Appendix A.4.
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Then clearly
A(X) = Asvec(X),
svec(A*(y)) = ATy,

Using the matrices defined in (3.5), the symmetric Kronecker product® and the svec
operator we can write DF/}W(X7 y,S) in a matrix-vector representation

A 0 0 svec(AX)
o AT 1 Ay ,
SxI 0 X«I svec(AS)

which will be useful for proving the following proposition:
Proposition 3.2.1 If XS + SX > 0, then Dlﬁv‘,()(7 Y, S) is a nonsingular linear map.

Proof. Assume

A 0 0 svec(AX) 0
o AT I Ay = o|. (3.6)
SxI 0 X«I svec(AS) 0

It suffices to show that the equations (3.6) imply

svec(AX) 0
Ay =10
svec(AS) 0
By Lemma 2.1.1 we have that
svec(AX)T svec(AS) = 0. (3.7)

From the third equation of (3.6) it follows

svec(AX) = —(S*xI) H(X « I)svec(AS). (3.8)
The equalities (3.7), (3.8) imply

svec(AS)T (S I) 1 (X x I)svec(AS) = 0

and hence, according to Corollary A.4.4, svec(AS) = 0. Finally, Assumption (Al) and
(3.8) yield Ay = 0 and svec(AX) = 0, respectively.

3See Definition A.4.2 in Appendix A.4.
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3.2.2 Nonsingularity of DF} (X, y,S)
Recall that if X > 0, S > 0, then, according to Corollary B.2.1,
DFjw(X.y.S)[AX, Ay, AS] =

A(AX)
= A*(Ay) + AS
((AX)) 3 SX3 + XZS ((AX))_ ) + XFASX3
where ((AX))_1 is the unique solution H of the equation X:H + HX: = AX (see

|

Definition B.2.1 (a)). Using the matrices defined in (3.5), the symmetric Kronecker
product and the swvec operator, DFEW(X, Y, S) can be rewritten as:

A 0 0 svec(AX)
0 AT I Ay
(X2S+I)(X2+I)"L 0 Xz #X2 svec(AS)

Proposition 3.2.2 Let X > 0,S > 0 and X3S + SX3 = 0. Then DFiW(X,y, S) isa
nonsingular linear map.

Proof. Assume X = 0,S > 0, X3S+ SX2 > 0 and

A 0 0 svec(AX) 0
( 0 AT I ) ( Ay )(0). (3.9)
(X2S+I)(Xz+I)"1 0 X2«X: svec(A\S) 0

We will show that
svec(AX) 0
Ay =10 ].
svec(AS) 0

By Lemma 2.1.1 we have that
svec(AX)T svec(AS) = 0. (3.10)
From the third equation it follows
svec(AS) = —(X7 « X2) (X 28+ I)(X2 + I) Lsvec(AX). (3.11)
The equalities (3.10), (3.11) imply

svee(AX)T (X2 «X2) H(X2S « I)(X2  I) Lsvec(AX) = 0.
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It remains to show that, under the given assumptions, the matrix
(X2 % X2) }(X2S+I)(X2 #I)~
is positive definite, or equivalently that the matrix
(X2 +I)(X "2 %X 2)(X2S « 1)

is positive definite. Using the properties of the symmetric Kronecker product* we obtain
1 _1 _1 1 _1 1 1 1 _1
(X2 +I)(X72+xX72)(X2S*I) = (IxX72)(X2S«I) = §(X2S*X 2 +1Ix8).
The matrix I xS is positive definite and hence we only have to show that X328« X "3 is
positive semidefinite. Let V € S™ be arbitrary. Then

23vec(V)T(X%S *X_%)S’UEC(V) =Ve [X%SVX_% + X_%VSX%] =
— tr(VX 2VSX? + VX328VX2) =
— tr(X"1VSX2VX 1 + X iVX2SVX 1) = tr(X 1 V(SX2 + X28)VX 1) > 0

and hence the proposition is proved.

Note. The proposition above defines a set of matrices X and S for which
DF 3,W(X’ y,S) is a nonsingular map, however, it seems not to be possible to
determine the set of suitable weights (which relates to the third equation in (3.1)) from

the condition SX2 + X2S > 0. Such a set can be found using the statement of the
following lemma.

The following lemma is a consequence of Lemma 2.3 of [49]. Because of sake of the
completeness of the explanation, the proof of this result is included in all details.

Lemma 3.2.1 Let X >~ 0, S > 0 and v € (0,%). If there exists p > 0 such that

HX%SX% — pI|l2 < yp, then for U, AX,AS € S™ the following implication holds:

AX e AS =0,
USX: + X2SU + X2ASX2 =0, p = U=AX=AS=0. (3.12)
UX: + X:U = AX

4see Appendix A.4
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Proof. Assume X =0, S > 0, v € (0, %) and
AX e AS = 0,
USX:? + X2SU + X2 ASX2 =0, (3.13)

UX2 4+ X2U = AX

If we multiply the third equation in (3.13) from the left and from the right by X_%, we
obtain
1 1 1 1
X2U4+UX"2=X"2AXX"2
and hence, according to Proposition A.2.9,

X2 AXX 3| p

1
UX72||p <
[ux-, < 22

(3.14)

Obviously, for any p > 0
WX TAXX 2 — X 2U - UX"2) =0,
and therefore, using the second equality in (3.13), we obtain
p(X"TAXX 2 — X 2U - UX " 2) + USX2 + X2SU + X2 ASX? =0,
which can be rewritten as
pX"2AXX "2 + X2ASX2 = UX "2 (ul — X28X2) + (u — X28X2)X 2 U. (3.15)

Since ) ) ) )
uX 2AXX 2 e X2ASX2 = uAX e AS =0,

we have that
X2 AXX 2% < |pX 2 AXX 2 [|% + X2 ASX: |3 =
= |pX"TAXX "2 + X2ASX3 2. (3.16)

From (3.15), properties of matrix norm (see Proposition A.2.7) and (3.14) we obtain
that

X 2AXX "2 + X2ASX2||p = [[UX "2 (4l — X2SX2) + (uI — X2SX2)X 2U||p <
[ I I

< 2| UX "2 (u — X28X2)||p < 2[|[UX "2 || p|ud — X28X2 | <
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V2| X2 AXX 2 pl|ul - XZSX 3o,
This inequality, together with (3.16) implies
plIX T2 AXX 2 | < V2XT2AXX |l - X28X 2|3

and hence

(1= V2||ul — XESXZ o) [ X TAXX 2 < 0.
From the assumptions of the lemma it follows that p — v/2|ul — X%SX%HQ > 0 and
therefore ||X_%AXX_%||F — 0. Since X~2 = 0, we have that AX = 0. Proposition
A.4.8 and (3.13) imply U =0 and AS = 0.

O

Corollary 3.2.1 Let X = 0, S = 0. If there exists p > 0 such that ||X%SX% —pulf]2 <

%, then (3.12) holds.

Proposition 3.2.3 Let X > 0, S = 0. If there exists p > 0 such that

IX2SX2 — ||y < =

\/57
then DFiW(X, Y, S) is a nonsingular linear map.
Proof. Assume
A(AX) =0
A (by) + A8 =0 1 1 : (3.17)
(<AX>>X% SXz 4+ X328 <<AX>>X% +X2ASX2 =0

We have to show that AX =0, AS =0 and Ay = 0. The first two equations in (3.17)
imply AXeAS = 0. If we denote U = <<AX>>X%, using Corollary 3.2.1 we immediately

obtain AX =0, AS = 0. Assumption (A1) implies Ay = 0.
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3.2.3 Nonsingularity of DF} (X, y,S)
Recall that if X > 0, S > 0 then
DFg,W(Xa Y, S)[AX, Ay7 AS] =
A(AX)

— A*(Ay) + AS
[[AX]]], SLx + Lx"S[[AX]]Ly + Lx"ASLx

where [[AX]|Ly is the unique solution H € L™ of the equation LxH' + HLx? = AX
(see Definition B.2.1 (b)).

Proposition 3.2.4 If X = 0,S = 0 and L%;SLX € D%, then for U € L" and
AX,AS € S" the following implication holds:

AX e AS =0,
UTSLx + Lx'SU + LxTASLx =0, ; = U=AX=AS=0. (3.18)
LxUT + ULL = AX

Proof. Assume that X = 0,S > 0, L%;SLX € D}, and

AX e AS =0,
UTSLx + Lx’SU + Lx"ASLx = 0,
LxUT + ULLY = AX

Since Lx € L% |, we can express
AS = —(Lx "US +SULy')
and obtain
0=-AXeAS = (LxU" + ULY) o (Lx~"US + SULy') =

2tr(UTSU) + 2tr[(LESLx ) (ULx")?).

From the assumptions and properties of triangular matrices® we have that tr(UTSU) = 0
and therefore also U = 0,AX =0,AS =0.

Ssee Appendix A.5
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Note. It can be easily seen that the condition L§SLX € D, is equivalent to
XS e L7, (follows from Proposition A.5.3 (c),(j)).

The following lemma is a consequence of Lemma 2.4 of [50].

Lemma 3.2.2 Let X > 0, S > 0 and v € (O,%). If there exists p > 0 such that
|ILLSLx — pIll2 < yu, then (3.18) holds.
Proof. Assume X >0, S > 0, v € (0, %) and
AX e AS =0,
UTSLx + Lx'SU + LxTASLx = 0, (3.19)

LxU” + ULL = AX

If we multiply the third equation in (3.19) by L;cl from the left by L)_(T from the right,
we obtain

ULy + Ly'U = Ly AXLy”
and hence, according to Proposition A.5.6

I AXLy" |
7 :

"L ||F < (3.20)

Obviously, for any p > 0
p(Lx' AXLy — UTLY! + Ly'U) =0,
and therefore, using the second equality in (3.19), we obtain
p(Lx' AXLE" — UTLy" + Ly'U) + UTSLx + Lx"SU + Lx? ASLx =0
which can be rewritten as
pL AXLE" + LxT ASLx = UTLy " (uI — LESLx) + (uI — L¥SLx )Ly 'U. (3.21)

Since
pL AXLy" e LxTASLx = uAX o AS =0,

we have that

|uLx AXLY |7 < [|uLx' AXLY |7 + || Lx " ASLx |7 =
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= |pLg' AXL" + Lx T ASLx ||3.. (3.22)

From (3.21), properties of matrix norm (see Proposition A.2.7) and (3.20) we obtain
that

Iy AXLY" + Lx " ASLx||r = [[UTL" (41 — LxSLx) + (uI — L SLx )Lk U <
< 2|UTLY" (il — Ly SLx)||r < 2| ULy |||l — L SLx |2 <
VAL AXLE | 41 — LESLx .
This inequality, together with (3.22), implies
plLx' AXLET | < V2| Ly AXLy || p|uI — L SLx 2
and hence
(1 — V2[|uI — LXSLx [l2) Lk AXLy || < 0.

From the assumptions of the lemma it follows that u — v/2||uI — LESLx|]2 > 0 and
therefore |Lx' AXLy” |7 = 0. Since Ly' € L, we have that AX = 0. Proposition
A.5.5 and (3.19) imply U = 0 and AS = 0, respectively.

d

Corollary 3.2.2 Let X = 0, S = 0. If there exists p > 0 such that |LLSLx — plIfls <
%, then (3.18) holds.

Proposition 3.2.5 Let X =0, S > 0. If

(a) there exists 1 > 0 such that |LLSLx — pul|j2 < %,
?1:) Lx"SLx € D%,

then DFiW(X, Y, S) is a nonsingular linear map.

Proof. Assume

A(LX) =0
A*(Ly) + AS=0 (3.23)
[AX]]], SLx + Lx " S[[AX]]Ly + Lx"ASLx =0

We have to show that AX =0, AS =0 and Ay = 0. The first two equations in (3.23)
imply AX ¢ AS = 0. If we denote U = [[AX]|Ly, using Corollary 3.2.2 in the case (a),
and using Proposition 3.2.4 in the case (b), we immediately obtain AX = 0, AS = 0.
Assumption (A1) implies Ay = 0.
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3.2.4 Nonsingularity of DF, (X, y,S)
Recall that if X =0, S > 0, then

DFﬁ,W(Xa Y, S)[AX, Ay7 AS] =

A(LX)

— A(Ay) + AS )
(AX)), 3 S2+82 ((AX)) 3 + ((AS))y XZ + X3 ((AS))

[SIE

1
2

Nl

where ((AX>>X% is the unique solution H of the equation X2H + HX? = AX and

<(AS>>S% is the unique solution H of the equation S2H + HSZ = AS (see Definition

B.2.1 (a)).
The following lemma is a consequence of Proposition 4 of [51]. As in the case of
Lemma 3.2.2 the whole proof is included.

Lemma 3.2.3 Let X = 0, S > 0 and v € (0,3\%) be given. If there exists p > 0

such that H(X%S% + S%X%)/2 — ull|p < yp, then for U, V,AX,AS € S™ the following
implication holds:

AX e AS =0
VX3 + X3V +8X3 + 83U =0
UX: +X2U = AX

VS +S3V = AS

= U=V=AX=AS=0. (3.24)

Proof. If we multiply the third equation in (3.24) from the left and right by X2
and the last equation in (3.24) from the left and right by S_%, we obtain

X :U+UX"2=X2AXX"2and SV +VS 2z =S 2ASS 2.

From Proposition A.2.9 we have that

1 1 1 1
X2 AXX 2 S 2/ASS:
x-iup < X2 2IE and st < 1872 il (3.25)
V2 V2
Denote ) ) . )
AX =X 2AXS? and AS = X2ASS 2.
Obviously

AX=0AX=0,and AS=0< AS=0
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and

AX o AS = tr[(X 3 AXS?)(S”7ASS?)] =
= tr[X 2 AXASS2] = tr[AXAS] = 0. (3.26)

By multiplying the third equation in (3.24) by X3 from the left and by S2 from the
right and by multiplying the fourth equation in (3.24) by S~2 from the right and by X3
from the left we obtain that

1 1 1 1 1 1 1 1 1 1 1 1
X72AXSz =X72UX2S2 + US>2 X2AS8S72 =X2V + X282VSTz.
From this it follows
T —_ 1 1 1 1 1 1 1 1
AX +AS =X 3UX3S? + US? + X3V + X3S2VS ™3 = (3.27)
1 1 1 1 1 1 1 1
=X"2UX2S2 —S2U - VX2 4 X282VS72 =
1 1 1 1 1 1 1 1 1 1 1 1
=X"2UX282 —S2(X2X72)U—-V(S72S2)X2 +X2S52VS™2 =
(we add zero in the form ,u(X_%U ~ X 3U+VS 3 — VS_%), where p > 0)
1 1 1 1 1 1 1 1
— X TUX3S? — pX 27U + pX " 7U — S3X3X 3U—
1 1 1 1 1 1 1 1
VS 383X> 4 uVS > — yVS~3 + X383VS 3
= X 3U(X7S7 — pl) + (I - S2X2)X 32U + VS~2 (ul - $2X3) + (X287 — ul)VS ™7,
Proposition A.2.12 implies that if H(X%S% + S%X%)/2 — pI||7 < yp, then

IX2S2 — uI|lp < V2yp (3.28)
and
IX"2S73 ] < L (3.29)
(1= V2

From (3.26) it follows
IAX + AS|7 = [AX|[7 + 28X o AS + |AS|7 = [AX|F + [|1AS| 7
and hence from (3.27) we have
—— 21
(IAXIE + |1AS]17)z =

X2)X 7U+VS 2 (uI-S7X2)+ (X287 —pul)VS 2 | <

N
=

==

wn

= |X "2 U(X2S2 —pI)+(uI-S
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(from properties of matrix norm)
141 _1 _1
<2[X282 — pl|[p([[VS™2 [ + [X72U]p) <
(using (3.28))
_1 _1
< 2V2yu(|STEV|[F + |XT2U|p) <

(using (3.25))
1 1 1 1
< 2yu([[XT2AXX 72 [P + [|ST2ASS T2 |R) =

= 29u(|(X "2 AXS3)(ST2X3)||p + [[(STIX#)(X2A8879)| p) <
(from statement (b) of Proposition A.2.7)
11 —— =
< 2yplST2 X7z 2 ((AX]|F + [[AS]F) <
(using (3.29) and the inequality: if @ > 0,b > 0, then a + b < v2(a® + bz)%)

2v/27 1
< ———(IAX||% + [|AS]|7)2
12 (12X + [IAS]1%)
Since 12\/\;’ < 1, it holds (|[AX]|% + HASHF)% = 0 and therefore also AX = AS = 0.
(]

Corollary 3.2.3 Let X >~ 0, S = 0. If there exists p > 0 such that

1.1 11 1
X282 +82X2)/2 — ul||lp < —=p,
It )/2 = pl||F ol
then (3.24) holds.
Proposition 3.2.6 Let X >~ 0, S > 0. If there exists u > 0 such that

1.1 11 1
(X282 +82X7)/2 — pul|[F < 53"
then DF;{W(X, Y, S) is a nonsingular linear map.
Proof. Assume
AAX) =0
A(Dy)+AS =0 (3.30)

1 1 1 1
({(AX)) 182 +87 ((AX)) 1 + (AS)) g1 X2 + X7 ((AS)) 1 = 0.
We have to show that AX =0, AS =0 and Ay = 0. The first two equations in (3.30)
imply AX e AS = 0. If we denote U = ((AX})X%, and V = ((AS}}S%, using Corollary
3.2.3 we immediately obtain AX = 0, AS = 0. Assumption (A1) implies Ay = 0.
O
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3.2.5 Nonsingularity of DF} (X, y,S)
Recall that if X =0, S > 0, then

DFS,W(Xa Y, S)[AX, Ay7 AS] =

CA(LX)

= A(Ay) + AS
[AX])], Us + Us" [[AX]ILy + [[AS]]G Lx + Lx " [[AS]lug

where [[AX]|Ly is the unique solution H of the equation Lx H? + HLx? = AX and
[[AS]]ug is the unique solution H of the equation UsH? + HUg? = AS.
The following lemma is a consequence of Proposition 5 of [51].

Lemma 3.2.4 Let X >0, S > 0 and v € (0, ﬁ) be given. If there exists pu > 0 such

that |(UsTLx + LxTUg)/2 — uI||p < v, then for L € L™, U € U™ and AX,AS € S™
the following implication holds:

AXeAS =0

LTUs+ Us’L+UTLx +Lx'U =0
LxL” + LLx” = AX

UgUT + UUgT = AS

= U=L=AX=AS=0. (3.31)

Proof. If we multiply the third equation in (3.31) from the left by Lx ' and from
the right by Lx ~7 and the last equation in (3.31) from the left Ug™! and from the right
by Ug ™!, we obtain

L'Lx 7T+ Lx 'L=Lx 'AXLx 7 and UTUg 7 + Ug™'U = Ug ' ASUg T

From Proposition A.5.6 we have that

L7 L = [ L < Mt T (.32
— — Us 'ASUg™ T :
UTUs T || = |[Us ™' U||p < IUs = s e
Denote
AX = Ug"AXLx T and AS = Ug ' ASLx
Obviously, L o
AX =0 AX=0, and AS=0& AS =0.
Hence

X o AS = tr[(X 2 AXS2)(S 2 ASS?)] =
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= tr[X 2 AXASS2] = tr[AXAS] = 0. (3.33)

By multiplying the third equation in (3.31) by Ug” from the left and by Lx 7 from
the right and by multiplying the fourth equation in (3.31) by Lx a from the right and
by Ug~! from the left we obtain that

AX = Ug? (LxLT + LLxD)Lx T = UsTLxLTLx T + Ug’L,
AS = Ug H(UgUT + UUgT)Lx = UTLx + Us 'UUg Lx.
From this it follows
AX +AS = Us'LxLTLx T + Us’L + UTLx + Us 'UUg Lx = (3.34)
=Us"LxL"Lx 7 ~L'Us - Lx"U + Us ™ 'UUs"Lx =
= Us"LxL"Lx 7 - LT(Lx "Lx")Us — Lx” (UsUs ")U + Us'UUs Lx =
(we add zero in the form pu(L"Lx ™7 — LTLx T + Ug™!'U — Ug~'U), where p > 0)
= UsTLxLTLx T — pLTLx T 4+ pLTLx 7T - LTLx TLx Ug—
—Lx?TUgUg'U + pUg™'U — pUg U 4+ Ug 'UUg Lk
= (Us'Lx — pD)LTLx 7 + LTLx T(ul — LxTUg)+
(I - Lx"Us)Us™'U+ Us ™ 'U(Us"Lx — pI).
From (3.33) it follows
IAX + 48| % = [|AX][F + 28X o AS + [|AS|[7 = [AX|E + [|1AS] 7
and hence from (3.34) we have
(I + I158S]17)? =
= |(Us"Lx — pI)LLx 7 + L"Lx T (uI — Lx " Ug)+
(uI — Lx"Ug)Us™'U + Us ' U(Us"Lx — pI)||r <
(from properties of matrix norm)
< 2|[Us"Lx — pI||p(|IL Lx | + [Us~'U|[r) <
(by applying the statement (a) of Proposition A.2.12)

< 2V2yu(|LLx || + |[Us T'U|F) <
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(by using (3.25))
< 2yp(|Lx "' AXLx T |[F + |[Us Tt ASUs ™) =
= 2yp(||(Lx " Us ™) (Us" AXLx ) ||r + [|(Us ™' ASLx)(Lx ~'Us™7)||r) <
(from statement (b) of Proposition A.2.7)
< 29pl|lLx " Us 2 (12X F + [28]|r) <

(from statement (b) of Proposition A.2.12 and from the inequality: if a > 0,b > 0, then
a+b<V2(a®+?)2)

2V e | g2yl
< 2V (AKX + [BS|%)
< LB+ A8
Since % < 1, it holds (|[AX]% + HASH%)% = 0 and therefore also AX = AS = 0.
a

Corollary 3.2.4 Let X >~ 0, S = 0. If there exists p > 0 such that

1
Us’Lx + LxTUg) /2 — ul||r < —=pu,
[(Us"Lx + Lx" Us)/ MHF_?)\/EM
then (3.31) holds.

Proposition 3.2.7 Let X > 0, S = 0. If there exists p > 0 such that

1
1(Us"Lx + Lx"Usg)/2 — pl|[p < 32
then DF;W(X, Y, S) is a nonsingular linear map.
Proof. Assume
CA(LX) =0
A(Ly) +AS =0 (3.35)

[AX)IE, Us + Us" [[AX]JLy + [AS][G Lx + Lx " [[AS]lug = 0.

We have to show that AX =0, AS =0 and Ay = 0. The first two equations in (3.35)
imply AX ¢ AS = 0. If we denote L = [[AX]]1«, and U = [[AS]]ug, using Corollary
3.2.4 we immediately obtain AX = 0, AS = 0. Assumption (A1) implies Ay = 0.
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3.3 Sets of suitable weights

In this section the results of the previous section will be used for a definition of sets of
suitable weights for particular type of symmetrization. First define a set M, as follows.
For € > 0 denote

Mc={WeSs! ;dv: |W-vl| <ev}.

It can be easily seen that these sets are conic neighborhoods of the identity matrix I.
The following lemma provides a nice description of M..

Lemma 3.3.1 The set M. is a convex cone. Moreover, if e € (0,1) then

Amaz (W) - 1+e
)\min (W) 1—¢ ’
(Here k(W) means the condition number of W.)

WeM., & k(W)=

Proof. The proof that M. is a convex cone is straightforward. We will prove the
second part of the lemma. Denote

)\ma:c(w) = Al(W) > )\Z(W) Z 2 )\n(w) = )\mzn(w)

the eigenvalues of W. It holds that W € M, if and only if W > 0 and there exists
v > 0 such that
W — V1|2 = max |\ (W) — v| < ve. (3.36)

The inequality (3.36) is equivalent to
(I —=e)v < Apin(W) < Apaa(W) < (14 e)r. (3.37)
From this follows that

Amaz (W) - 1+e¢
)\mzn(w) 1—¢ ’

(3.38)

Now assume (3.38). Then
)\ma:c (W) < )\mzn

1+4+¢ 1—¢
Therefore there exists v > 0 such that
/\mam (W) <u< /\mzn
1+¢ 1—¢

or, equivalently, v > 0 such that (3.37) holds.
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d

Now, for any j = 1,...,5 we are ready to define the set W; of suitable weights in
the following way:

- Wi =51,

-Wa={West ;v [W-u; <5}
-Ws={Wes;v: [W-uI <%} or Wy=DI,
- Wi={WeSt; v [W-ulp< %)

- Ws={WeSt ;v [W-ulp< ;%)

Note. Obviously, we can write Wy = W5 = M . However, Proposition A.2.7 (a)
2
implies, that we can also set Wy = W5 = M g
3v2n
In the previous section we have actually proved the following theorem:

Theorem 3.3.1 Let X >0, S = 0. Then for any j € {1,...,5}
®;(X,8)eW; = DFZW(X,y, S) is a nonsingular linear map.

Proof. The statement of the theorem for j =,1,2,3 follows from Proposition 3.2.1,
Proposition 3.2.3 and Proposition 3.2.5. The statement for j = 4,5 follows from Propo-
sition 3.2.6 and Proposition 3.2.7.

O

Note. Let us remark that the nonsingularity of DF’ iW’ (j = 2,3,4,5) in the context
of nonlinear semidefinite complementarity problems was shown by Monteiro and Zanja-
como [51] on the sets W;. The result for j = 2,3 was improved by Tuncel and Wolkowicz
[72] to the set M /3—1- Moreover, the result for j = 3 was extended by Chua and Tungel
[9] to the more general class of sets Mp, defined for any D = diag(dy,...d,) € D7}, as

dmin
Mp = { W= 0;3v: [D"2WD 2 — oI, < 5 y}.
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3.4 Properties of symmetrization maps

All the symmetrization maps in (3.2) have some properties useful for proving the exis-
tence of the weighted paths. These are stated in the following lemmas.

Lemma 3.4.1 If X > 0,S > 0, then
a) X oS =tr(®;(X )),32123
b) X e S<2tr( ( ,S)?), j

Proof. The statement a) follows directly from the properties of the trace. We will
prove the statement b). From the assumptions of the lemma it follows that the matrices

X3S3 and U:SFLX have nonnegative eigenvalues. But for every square matrix A with
nonnegative eigenvalues it holds that

A+ AT\2 A2+ AAT + ATA + (AT)? A2+ AAT AAT
= _— ) > .
tr( 2 > ( 4 > tr( 2 )—”( 2 >
The rest of the proof follows from the fact that

X oS =tr(X28282X2) = tr(ULLx L UL).
O

Lemma 3.4.2 Let j € {1,...,5} be arbitrary. If X =0, S = 0 and ®;(X,S) > 0, then
X>=0,S>0.

Proof. The statement for j=2,3 is obvious. If j=1, and X > 0 is singular, then
QTXQ = D = diag(dy,...,dy,0,...,0) for some orthogonal matrix Q and hence the
matrix

Q7 (XS +8X)Q = DQTSQ + Q7sQD

is singular. However this contradicts the assumption. If j=4, the proof is the same. The
statement for j=5 follows from the fact that if X is singular, then there exists an index
i such that (Lx);; = 0. Then also (UgLX + L%Us)ii = 0, but this contradicts the
assumption.

Lemma 3.4.3 Let v >0 and X > 0, S = 0. Then XS = vI if and only if
a) ®;(X,S) =1, j=1,2,3
b) ®;(X,S) = vl, j=4,5.
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Proof. = The statement for j=1,2,3 is obvious. Consider j=4. The matrices X, S
commute and therefore are simultaneously diagonalizable, that is, there exists an or-
thogonal matrix Q such that X = QDxQ” and S = QDgQ?. Therefore

(XS)2 = X282 = /vl = S2X2 = (SX)2

Let j=5. The matrix L = UgLX is lower triangular with positive diagonal entries. We
have that XS = v1 if and only if U:SFXUS = vI. On the other hand LL” = U:SFXUS =
(vvI)(y/vI) and therefore from the uniqueness of the Cholesky factor we obtain that
L=L"= /vl

< The statement is obvious for j=2,3. For j=1 assume that XS + SX = 2v1. For any
symmetric matrix A and positive diagonal matrix D we have that

(AD + DA)ij = (Dii + Djj)Aij =0 & Ajj = 0.

We have that X = QDQ” for some orthogonal matrix Q and positive diagonal matrix
D and hence

XS + SX = QDQ’S +SQDQY = 21 = DQTSQ + QTsQDQT = 2u1.

Therefore QT'SQ must be diagonal. We obtain that X, S are simultaneously diagonal-
izable and so they commute. The proof for j=4 is similar. Finally assume that j=5
and UgLX + L§U£ = 2vl. Because the matrix UgLX is lower triangular, UgLX =
L§U£ = /vI. So we obtain UgLXL§U£ = UgXUg = vI that is equivalent to
XS = vl

3.5 Boundedness of weighted paths

For > 0 and W > 0 we will denote

(X (1, W) Y, W) S, W)

a solution of the system (3.1) (for some j € {1,...,5}). Obviously, the solution needs
not exist nor be unique. Nevertheless, we will prove in this section that the set of all
solutions for some p and W is bounded. To this aim, besides Assumption (Al) and
Assumption (A3) will be needed the following;:
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Assumption (A4): For any j € {1,...,5} let Ab, AC be such that there exists
WO € W; and pg > 0 such that the system (3.1) is solvable for W = W% and p = po.

In what follows, by W? and 19 we will denote the weight W° e W; and pg > 0 from
Assumption (A4) for which the system (3.1) is solvable.

Let us remark that for j € {1,...,5} there always exist Ab, AC such that they
satisfy Assumption (A4). In fact, we can choose a weight WY € W, and po > 0 and
pick up (X%,4°,8%) € S7, x R™ x S such that

©;(X’,8% = ¢;(u")W".

Then if we let

0y *(, 0 0 _
AX )0 b7 AC:A(y)+§ C7
@5 (1°) @5 (1°)
then (X%, %, 8%) is a solution of the system (3.1) for u = pg and W = W', On the

other hand, if Assumption (A2) holds, then Ab = 0, AC = 0 satisfy Assumption (A4)
with WY =TI and any po > 0, since the central path exists according to Corollary 2.2.1.

Ab =

Lemma 3.5.1 Let O(WV) C S7, be a bounded neighborhood of W°. Then the set
M = {(X(uw)> Y w)s Suwy) | 0 < i < o, W € O(W0)}
is bounded.

Proof. Let (X°,4°, 8% be the solution of (3.1) for y = pp and W = WO, Let 0 < p <
po and W € O(W?) be arbitrary, such that there exist a solution (X (1, W) Y, W) S, W)
of the system (3.1). From Assumption (A3) we have that there exists (X*,y*, S*) such
that:
m
AleX*=b;, Y Alyf+8*=C, X*=0, S0, X'S*=0.
i=1
Define
X0 X*

Ho SO Ho S*

< N>

Clearly

Ai.X:ﬁAi.X%<1—ﬁ>Ai.X*:bi+uAbi, Vi=1,...,m,
Ho Ho
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> Al +8 = Mﬂ <ZA"y?+S°> + (1 - 5) <ZA@?+S°> = C + uAC
i=1 0 0

i=1 i=1
and hence
Ale (X =X(w) =0, > A'Gi — (yw))i) + (8~ Spw)) =0.
i=1
Therefore
(X - Xy w)e(S— Su,W) =
This gives

XoS(w) +X(w)*S=XeS+X(w) *Seuw): (3.39)
We first observe that

2 2
XeS= <ﬁ> XO-SO+<1—ﬁ> X*.S*+ﬁ<1—ﬁ> (X% eS* + 8% e X*) =
o Ho Ho Ho

2
= <ﬁ> X0.80+ﬁ<1—ﬁ> (X% e S* + S 0 X*)
Ho Ho Ho

{ <po tr(WO) + (X’ eS* +-S%eX*)  j=1,2,3,

< 2potr(W9)2) + (X0 0 S* + S0 ¢ X*) j =4,5, (3.40)

where the inequalities follow from Lemma 3.4.1. According to the same lemma we have

X(M,W) L4 S(M,W) =H tT(W) S ﬂ7 ] = 172737

X(w) ® Suw) < 2tr(W?) < 3, j=4,5 (3.41)

for some 5 > 0, since 0 < p < pp a W € O(Wj), which is bounded. Finally, from
(3.39), (3.40), (3.41) we obtain that

X e S(w) +Xpw) ¢S <7
for some v > 0 and hence the set
Ml = {(X(p,W)7S(p,W)) | ne (07M0>7 W e O(WO)}
is included in the simplex

{(X,S) X >0, S>0, X.S+X.Sgy}
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which is bounded, since X >~ 0, S - 0.
We will prove the boundedness of the set M. (This part of the proof is adapted from [47].)
Assume that there exists a sequence {(ug, Wg)} € (0, uo) x O(Wy) and the associated
solutions ‘ ‘ ‘

(X yk: 8k) = (Xgﬂkvwkyygﬂkvwk)sgﬂkywk))
such that the sequence {(Xg,Sg)} is bounded (this follows from the first part of the
proof), however limg_, o ||yx|| = 00. Obviously, the sequence ”z—’lz” is bounded and there-
fore it has a convergent subsequence. Assume (without loss of generality) that

lim 25 — Ay,
koo [lykl

where obviously
Ayl = 1. (3.42)

We also have that

A

fim AW TSy CrmAC
k—oo ||yl k—oo [yl

This implies

lim Alr) + Sk _ lim fi(ﬂ) + lim Sk _ A(Ay) =0
k—oo [yl k—oo” lykll” koo [yl

and hence (from Assumption (Al)) Ay = 0, which contradicts to (3.42).

3.6 Existence of weighted path

In this section we prove (under Assumption (A1), Assumption (A3) and Assumption
(A4)) that for any p € (0, uo) and W € W; there exists a unique solution of (3.1) which
is necessary for correct definition of weighted path. We first prove the existence.

Let j € {1,...,5}. Consider the map

Gj:S"xR"xS"xRxS"— R"xS8"x8"
such that '
Gi(X,y, 8,1, W) = F; (X,y,8)

Obviously Gj(XO,yO, SO 1o, W9) = 0. The following technique is called the analytic
continuation and was used by Preiss and Stoer to prove the existence of the weighted path
in linear complementarity problem associated with the symmetrization (XS 4 SX)/2
(see Lemma 3.5, Lemma 3.6, Lemma 3.7 in [58]).
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Lemma 3.6.1 Let j € {1,2,...,5}. Assume p1 € (0, uo), WL € W, and let
G{0,1) = (0, 0) X Wy, W(t) = (s, W)

be a continuous path from 1(0) = (po, WO) to (1) = (uy, W'). Then for all t € (0,1)
the system
Gj(X7y7 S,,ltt,Wt) =0

has a locally unique solution (X', yt, St), where Xt = 0,S" = 0. Moreover, there exists a
function
gj Ry x SY, — SY, xR™ xSV,

which is defined and analytic on some neighborhood of (t), satisfies g;(1(t)) = (X', 4", S")
and

Gj(g; (4 (1)), 9 (1)) = 0.
Proof. For t € (0,1) consider the system
G;(X,y,8,9(t)) =0, X >0, S>0. (3.43)

The point (X°,%°,8%) is the solution of this system for ¢ = 0. From Theorem 3.3.1 it
follows that the partial Fréchet derivative DG;(X,y,S, ¢(t)) concerning the variables
(X,y,S) is nonsingular in (X% 4% S% ¢(0)). From the implicit function theorem we
obtain that there exists an analytic function g; defined on some neighborhood of 1(0) =
(o, W?) such that

9;(¥(0)) = g; (1o, W°) = (X°,9°,8")
and
Gi(g; (¥ (1), ¥ (1)) = Gj(g; (1, W*), jue, W') = 0
on some neighborhood of ¢ = 0. Actually, there is a maximal ¢ € (0, 1) such that
9i(W(t)) = g; (e, W') = (X', 9, 8"), vt € (0,1).
That means (X', 4, S?) is a locally unique solution of

th,Wt(vay S)=0, Vte(01).

Moreover, from Lemma 3.4.2 we have that X! = 0,S! = 0. From the continuity of 1 it
follows that ({0, 1)) is a compact subset of (0, 119) x W;, therefore, according to Lemma
3.5.1 the set

{g(p(t)) = (X', ¢",8"), |t €(0,)}
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is bounded. Let ¢, € (0,%) for k = 1,2,... and limg_, ot = t. Then there exists a
sequence {tx; }32; chosen from {tx}72, such that

lim g;(¥(t;)) = (X,7,S).

j—o0
Because
Al e X'y = bi+ pyy, Dby i =1,...,m, X" 0,
ST Al 8% = C oty AC, S -0,
WX, 8") = g, YW
by taking limit j — oo we obtain

Aio):(:b,-—i—ugAb,-, i=1,...,m, X >0,
S A +S=C+p;AC, S=0
U;(X,S) = ¢ (up) W'

Applying Lemma 3.4.2 again we have that X, S are positive definite. Therefore (X, #, S)
is the solution of the system (3.43) for ¢t = ¢. The partial Fréchet derivative

DGj(X7 Y, 87 T/J(t))

concerning the variables (X,y,S) is nonsingular in (X,%,S) and (X,#,S) is locally
unique solution of the system

FZ_ WE(X7y7 S) =0.

ty

By applying the implicit function theorem again and from the maximality of ¢ we obtain
that t = 1.

Corollary 3.6.1 For any i € (0, o) and W € W; there ezists a solution of (3.1).

Proof. 1t suffices to prove that having W € W; and p € (0, p) one can find a
continuous path from (g, W?) to (u, W). However, we can define

Y(t) = (tp+ (1= t)po, tW + (1 — )W),

Obviously tu + (1 —t)uo € (0, po) for all ¢ € (0,1) and since W; is convex, tW + (1 —
t)WO S Wj.
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d

Having the existence result stated in Corollary 3.5.1 we turn our attention to the
uniqueness of the solutions. As a consequence of Lemma 3.6.1 we obtain the following
result that will be useful later.

Corollary 3.6.2 For allt € (0,1) the function g(1(t)) from Lemma 3.6.1 is uniquely
determined by the path v and the starting value g(1(0)).

First, we prove the uniqueness of (3.1) for a special choice of the weight matrix
W = 1. This result will be used then in the proof of Lemma 3.6.3.

Lemma 3.6.2 Let j € {1,2,...,5} be arbitrary. If the system

AX) =b+ plb, X >0,
A*(y) +S = C+ uAC, S0, (3.44)
05(X,8) = ()1

has a solution for some p > 0, then this solution is unique.

Proof. Suppose there are two solutions (X1, y1,S1), (X2, y2,S2) of the system (3.44).
Let (AX7 Ayv AS) = (leyla Sl) - (X27y27 82) Then A(AX) = OvA(Ay) + A8 =0
and hence AX ¢ AS = (0. Lemma 3.4.3 states that

Therefore
ul = X;S; = (Xg + AX)(SQ + AS) = X9Sy + X0 AS + AXS, + AXAS,

pI = X58) = (X; — AX)(S; — AS) = X181 — X1AS — AXS; + AXAS

and by subtracting the equations above we obtain that

(X1 + X2)AS + AX(S; + S2) = 0.
We can express AS as

AS = —(X; + X)) 'AX(S; + S) (3.45)
and hence

0=AXeAS =tr(AXAS) = —tr(AX(X; + X3) 'AX(S; 4+ 8y)) =
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= —tr((S1 + S2)2 AX(X; + X)L AX(S; + S2)2).

The trace of the positive semidefinite matrix is zero if and only if it is the zero matrix.
That’s why AX = 0 and from (3.45) also AS = 0. Finally, Assumption (A1) gives
Ay = 0.

We now prove the uniqueness for the general positive definite weight matrix W.

Lemma 3.6.3 If the system

AX) =b+ plb, X >0,
A*(y) +8S = C+uAC, S=0, (3.46)
05(X,8) = 65 ()W

has a solution for some p > 0, then this solution is unique.

Proof. Let p > 0 and suppose there are two solutions (Xi,y1,S1), (X2, y2,S2).
Consider the line connecting (u, W) with (p,I), i.e.

G (0,1) — Ry x Wy, b(t) = (u, tT + (1 — )W),

Lemma 3.6.1 states that there exist analytic continuations from (X1, y1,S1) and (X2, y2, S2)
along 1 to the solution of the system (3.44), which is unique (Lemma 3.6.2). Denote
this solution (X7,yr,Ss). The analytic continuation from (X7, ys, Sy) along the inverse
path ¢~1(t) = ¢(1 — t) leads to both (Xy,y1,S1) and (Xs,y2,S2). The uniqueness of
the analytic continuation (Corollary 3.6.2) implies (X1, y1,S1) = (X2,92, S2).

O

Now, we can formulate the main result of this chapter, which is a simple consequence
of Corollary 3.6.1 and Lemma 3.6.3. Let us recall that it was proved under Assumptions

(A1), (A3), (A4).

Theorem 3.6.1 Let j € {1,2,...,5}. Then for any p € (0,p0) and W € W; there
exists unique solution of the system (3.1).

As it was mentioned above, under Assumption (A2) the choice Ab = 0,AC = 0
satisfies Assumption (A4). Hence we obtain the following corollary of Theorem 3.6.1.
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Corollary 3.6.3 Consider Assumptions (A1) and (A2) and let j € {1,2,...,5}. Then
for any p >0 and W € W; there exists unique solution of the system

A*(y) +S=C, S»0,
;(X,S) = ¢ (1)W.

AX)=b, X0,
} (3.47)

Definition 3.6.1 (a) Assume (A1), (A3), (A4). Let j € {1,2,...,5} and W € W;.
Then the infeasible weighted central path (with the weight W ) is defined as the set

{ (X(,u),y(,u),S(,u)) |:u € (0,,&0>}
of the solutions of the system (3.1), or alternatively as the map
frwp (0, p0) = 8™ x R™ x 8" e (X(p), y(w), S(w))-

(b) Assume (A1) and (A2). Let j € {1,2,...,5} and W € W;. Then the feasible
weighted central path (with the weight W ) is defined as the set

{ (X(w),y(w), S(w)) > 0}
of the solutions of the system (3.47), or alternatively as the map
frwp: Rip — S" < R™ xS, = (X(u), y(u), S(p))-

The following proposition follows directly from Definition 3.6.1 and the analyticity
of the systems (3.1) and (3.47) for u > 0.

Proposition 3.6.1 The (infeasible/feasible) weighted central path is an analytic func-
tion for u > 0.
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Chapter 4

Limiting behavior of weighted
paths

In the previous chapter the existence of the (infeasible) weighted paths was shown, that
were associated with various symmetrization maps (see (3.2)) and defined as the sets

{ (X(w), y(1),S(w)) | € (0, o)} (4.1)

of the solutions of the system (3.1) for some fixed weight W € W;, where p is given by
Assumption (A4) (see Definition 3.6.1).

Recall, that the existence was shown under Assumptions (Al), (A3), (A4). In what
follows the assumption (A3) will be replaced with a stronger assumption:

Assumption (A5): There exists a strictly complementary optimal solution of the
system (2.3).

This assumption is restrictive, though it is necessary for an analysis of the limiting
behavior of the paths (see e.g. [25], [41], [42], [59], [7], [8]). Therefore, from now we will
suppose that Assumption (A1), Assumption (A4) and Assumption (A5) hold.

Let (X*,y*,S*) be a strictly complementary optimal solution (see Definition 2.1.1).
Since X*S* = 0, the matrices X*, S* commute and therefore there exists an orthogonal
matrix Q such that the matrices QX*Q”, QS*Q” are diagonal (see Theorem A.1.2).
Therefore, without loss of generality (applying an orthogonal transformation on the data,
if necessary), we may assume, that

. (A5 0 . (0 0
=(F0) w0 )

o7
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where A}, = diag(\}, . .. ’)‘TBI) =0, Ay = diag(ATBHl, A= 0.
Let (X, 9,S) be an another (not Tecessary strictly complementary) optimal solution of
the system (2.3). Assume that (X, S) is partitioned in the following way:

- Xp Xy ~_ (S Sy
X: ~ ~ S: A A
<X5 XN)’ <55 Sy )’

From the complementarity property it follows, that

0= X*S — AL 0 $B SV _ A*BgB A*BSV _ 00
0 0)\ ST Sy 0 0 00)

Since A% >~ 0, we have that Sp =0, Sy = 0. In the similar way it can be shown, that
Xy = 0, Xy = 0. Therefore any optimal solution pair (X, S) is in the form

. (Xp 0 s (0 0
X‘(o 0)’ S‘(o SN>’
where XB = 0, SN > 0.

In what follows, we will assume, that any square symmetric matrix M € S™ has the

partition
_( M My
M = < M‘:c My > . (4.2)

Lemma 4.0.4 Let M,N € S™. Then

MeN=MgeNg+2My e Ny + My e Ny.

4.1 Asymptotic behavior of weighted paths

In this section we will study the asymptotic behavior of the blocks X g (u), Sp(p), Xv (1),
Sy (1), Xn(p), Sn(p) of the matrices X (), S(u) for  — 0. These results are obtained
by extending the technique of Preiss and Stoer [59]' to all types of weighted paths. For
the definition of the O, © and o notation see Appendix C.

!These authors studied the asymptotic behavior of the paths associated with the symmetrization
(XS 4+ SX)/2. Their results are included here in order to obtain a complete view on the asymptotic
behavior of all types of weighted paths.
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4.1.1 Asymptotic properties in O-notation
Proposition 4.1.1 Let j € {1,...,5}. Then for u € (0, uo) sufficiently small it holds

Proof. The statement follows from Lemma 3.5.1 (boundedness of the weighted path).

O
Proposition 4.1.2 Let j € {1,...,5}. Then for p € (0, puo) sufficiently small it holds

Xp(u) =0O(1),  Sp(u) = O(u),
Xv(p) =0(/n), Sv(n) =0(/n),
Xn(p) =0(w), Swn(p)=0(1).

Proof. Let (X*,S*) be the strictly complementary optimal solution given by assump-
tion (A5). Define

e M M .
X = I X(uo) + (1 M())X s (43)
i [T

S = —IUOS(M()) + (1 — _,LL())S . (44)

It can be easily seen, that

(X = X(n)) o (S —8S(n) =0

and hence
XoS(u)+X(u)eS=XeS+X(u)eS(u). (4.5)

By inserting (4.3), (4.4) into (4.5) we obtain

(1= 22X 0 S () + X (1) 0 S+ 2= [X(j10) » S(12) + X(1z) ® S(mo)] =
Ho Ho

= () X00) o 800 + 22 (1= L) X" 0 S(00) + X1 # 87+ X (1) 0 S(1) (26)

By multiplying the equation (4.6) by %, we obtain

(MO/: B) X" 0 () + X (1z) 0 §°] + [X(110) ® S(1) + X (1) # S(to)] =
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= X (10) o S(10) + PE L X" 0 S(1ug) + X(10) © S + 20X ()  S(u).  (4.7)
Ho Ho 7

Obviously u—’g <1, % < 1 and from the equality
D;(X(n), S(n) = ¢ (W)W
and Lemma 3.4.1 it follows, that

CIX () @ S(p0) = ERer (W) = potr W,

for 7 =1,2,3, and
%X(u) *S(p) < %2tr(MW2) = 2pptr W?
for j = 4,5. Therefore there exists a constant C' > 0 such that
(%) [X* 0 S(11) + X(11) » 8] + [X(0) ® S(11) + X(11) o S(u)] < C.
The both addends on the left hand side are nonnegative and therefore
(%) [X* o S(1) + X(u) o S*] < C.
Let € € (0, 19). Then for p € (0, o — €) it holds

C C
(X" 0 S(p) +X(u) 087 < —H— < =F
Ho — M €
and hence, for sufficiently small y
|B| n
Z A;Sii(p) + Z A Xii(p) = O(p).
i=1 i=|B|+1

Because A} > 0Vi=1,...n, we have
Sii(n) = O(p), Vi=1,...|Bl, Xu(p)=0(u), Vi=|B[+1,...n,

and therefore

tr(Sp(p)) = O(p)  tr(Xn(n)) = O(u).
Proposition C.2.2 implies Sp(p) = O(p) and X () = O(p). From Proposition A.3.3 it
follows, that there exists C'y > 0 such that

IXv(WlF < tr(Xp(p)tr(Xn(n) < Cip.
Therefore Xy (1) = O(,/1). It can be similarly shown that Sy (1) = O(y/1).
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Denote X X
Y(p) =X2(pn),  Z(p):=S2(p) (4.8)

the square root of the matrix X(u) and S(u), which exist and are uniquely defined (see
Appendix A.1). Obviously

Xp(p) = Yi(1) + Yv () Y{ (1), Sp(p) = Z3(n) + Zv (W) Zi (1),
Xy(p) =Ye)Yv(p) + Yv()Yn(p), Sv(p) =Zp(p)Zy (k) + Zy(1)Zn (1),
Xy (1) = Y3 (1) + YT () Yy (), Sn(p) = Z3 (1) + YT (1) Yv ().

(4.9)
Proposition 4.1.3 Let j € {1,...,5}. Then for u € (0, po) sufficiently small it holds

Yp(p) =0Q1), Zp(p)=0(/n),
Yn(p) =0(/k), Zn(p)=0(1).

Proof. Since by Proposition 4.1.2 Xp(p) = O(1),Sn(p) = O(1), we have that
Ygp(p) =0O(1),Zy(n) = O(1). Moreover,

max{||Y v () 5 1Yy (m)E} < [YnlE + IYv(m)E =

= tr(YR (1) + tr(YT (1) Yv (1) = tr(Xn (1) = O(p),
which yield Yy (1) = O(y/i) and Yy (1) = O(y/it). Analogously,

max{[|Zs (W)||%. |1 Zv (W} < NZe(mlE + 1Zv()E =

= tr(Zg (1)) + tr(Zy (1) Zy (1) = tr(Sp(p) = O(u)
which yield Zp(u) = O(y/i) and Zy (1) = O(\ /).

d

Denote L(u) := Lx(, € L%}, the lower Cholesky factor of the matrix X(u) and
U(u) := Ug(,) € UL, the upper Cholesky factor of the matrix S(u) (which exist and
are uniquely determined—see Theorem A.1.3). It holds

X(p) = LWL (n),  S(u) = U(w)U" (),
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where we denote LT (1) := (L(p))” and UT(u) := (U(n))?. Assume, that any lower
triangular matrix L and upper triangular matrix U is partitioned in the following way:

. Lp 0 _ Up Uy
= (if e ) vV w)

Then the associated blocks satisfy the following equalities

Xp(p) = Lp(u)Lh(p), Sp(u) = Up(p)Ug(p) + Uy (1)U (p),
Xy () = Lp(p)Ly (1), Sv(p) = Uy (1) Up (1),
Xy (1) = Li;(1)Ly (1) + L ()L (1), Sn(n) = Un () UL (1)

(4.10)
Proposition 4.1.4 Let j € {1,...,5}. Then for p € (0, po) sufficiently small it holds

LB(IU) = 0(1)7 UB(/L) = O(\/ﬁ)v
Lv(p) = O(yn), Uv(p) =0(yn),
Ly(p) = O(yi), Un(p) =0O(1).

Proof is similar to the proof of Proposition 4.1.3.

4.1.2 Asymptotic properties in ©-notation

Lemma 4.1.1 Let j € {1,...,5}. Then there exists a constant K > 0 such that for any
1 € (0, po) )
K < P det(X(p) det S(u)).

Proof. The statement will be proved separately for each j =1,...,5. Assume j =1,
i.e. the functions X(u), S(u) satisfy X(u)S(u) + S(p)X(p) = 2uW. Proposition A.1.8
then implies

X(w)S(p) +S()X(p) _ det(X(1)S(w))

0 < det W = det
2p Jz

1
= o det X () det S(p).
Let j =2 and X(,u)%S(,u)X(,u)% = 'W. Obviously, it holds

0 < det W = det =
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1 1
= o det X2 (1) det S(p) det Xz (1) = o det X () det S(p)

Suppose j = 3, i.e. L(p)"S(u)L(1) = puW. Then

LTSGR0 _ L oy (L)) det S(u) = - det X (p2) det S(p).

f f I

0 < det W = det

Let j = 4, ie. (X%(,u)S%(,u) + S%(,u)X%(,u))/2 = /#W. From Proposition A.1.8 it
follows, that

X
0<detW2:det( <
2/ =
1 1
X2 (p)S2(p)\2 1
< det (S22 = det X (p) det S(p).
< det ( T ) =y detX () det S ()

Finally, let j = 5 and (Ug(M)LX(u) +L§(M)Us (n))/2 = /wW. Proposition A.1.8 implies

U () "Lp) + L(p)"U(p)\ 2
0<detW2:det( NG ) <

— L (det U ()" det L(1))? =

U(M)TL(M)>2
1

\/ﬁ
et (U U )" det (L)L) = = det X (1) det S (1),

§det<

Hence, we can take K :=det W if j € {1,2,3}, and K := det(W?) if j € {4,5}.

O
Proposition 4.1.5 Let j € {1,...,5}. Then for u € (0, po) sufficiently small it holds

Xp(p) =0(1), Spn)=0(n),
Xn(p) =0O(), Sn(u)=0().

Proof. From Fischer inequality (Theorem A.1.5) it follows that

1 1
— det X(p) det S(u) < — det Xp(u) det X (1) det Sp(p) det Sy (1) =
7 7

Xy ()

S
= det Xp(p) det det B/E'u) det Sy (p). (4.11)
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From (4.11) and Lemma 4.1.1 we have that there exists a constant K > 0 such that

Xy
In K < Indet X (1) + Indet u( 1) SB: )

+ Indet +Indet Sy (p) == V(p). (4.12)

Proposition 4.1.2 implies, that all addends in V' (u ) are bounded above for sufficiently

small 1. We will show that Indet Xp(y), Indet = ( ) In det SBM( 4 In det Sn(p) are
bounded below. Suppose that there exists a sequence {,uk}k 1 — 0 and an addend in
V(p) (e.g. the first one) such that

klim Indet Xp(ur) = —o0.
Since all addends in V() are bounded above, we have that limg .. V(ug) = —oo,

however this contradicts to (4.12). Therefore there exists a constant C' such, that
: XN (1) Sp(1)
C < min{lndet Xp(u),Indet ——=—=, Indet ———=,Indet Sy (u)}.
H H

The rest follows from Proposition C.2.3.

O
Proposition 4.1.6 Let j € {1,...,5}. Then for u € (0, uo) sufficiently small it holds

(VH),
1).

Yp(p) =0(1), Zp(p) =0
O(

Yn(u)=0(y/n), Zn(u)

Proof. From Lemma 4.1.1 we have that there exists a constant K > 0 such that

1 1
K < — det Y*(u) det Z%(p1) = —[det Y (1) det Z ()],
I I

We can apply Fischer inequality to obtain

YN 4o ZB(1)
Vi Vi

The rest of the proof follows from Proposition 4.1.3 and is analogous to the proof of
Proposition 4.1.5.

VK < detYp(u)det det Zn ()
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Proposition 4.1.7 Let j € {1,...,5}. Then for u € (0, po) sufficiently small it holds

Lp(p) =0(1), Ug(p) =O(y/n),
Ly(p) =0(yn), Un(p) =06(1).

Proof. From Lemma 4.1.1 we have that there exists a constant K > 0 such that
1 1
K < ﬁ det[L(u)LT(,u)] det[U(u)UT(u)] = m[det L(p) det U(,u)]z.

Obviously

VK < det Lp(u)det L]\\;(ﬁ,u) det U\B/,E_AM)

The rest of the proof follows from Proposition 4.1.4 and is analogous to the proof of
Proposition 4.1.5.

det Uy (p).

4.1.3 Asymptotic properties in o-notation

Let j € {1,...,5} and consider the weighted path given in (4.1). From Proposition 4.1.2
it follows that the functions

Sp(k) Xv(p) Sv(w) Xn(p)
XB(:“)? L ’ \//7 ’ \//_l ’ L

are bounded. Similarly, from Proposition 4.1.3 and Proposition 4.1.4 we have that the

functions
Zp(p) Yv(p) Zv(p) Yn(p)
\/ﬁ 9 \/ﬁ ) \/ﬁ M \/ﬁ M N

Us(s) Lv(s) Uv(s) La(p)
Vi VR VE Vi

SN ()

Y (u),

(1),

and

Lp(p), Un ()

are bounded. ) )
Put p := /i and define the normalized matrices X(p), S(p) in the following way:

Xp(p) = Xp(p), Sp(1) = p*Sr(p);
Xy (p) = pXv(p), Sv (1) = pSv(p), (4.13)
Xn () = p*Xn(p), Sn(n) =Sn(p).
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Similarly we can define the matrices Y (p), Z(p) and L(p), U(p) with the equalities

Y1) = Ya(p), Zg(1) = pZ5(p),
Yv(n) =pYv(p), Zy(p) = pZy(p), (4.14)
Yn(p) =pYn(p), Zn(p1) = Zn(p),

and . -
Lp(u) = L(p), Ug(p) = pUs(p),
Ly (1) = pLy (p), Uy (n) = pUv (p), (4.15)
Ln(u) = pLin(p), Un () =Un(p),

respectively.

The matrices X(p),S(p), Y(p),Z(p), L(p),U(p) are bounded and therefore there
exists a sequence

()31 — 0, = 9},
such that X(p), S(pr), Y (pr), Z(px), L(px), U(pr) converge-and hence there exist limits

limy 00 X(pk) = X*, limp_ oo Y(pk) = Y*, limj oo i(pk) —: L*,

limg .o S(pg) =: S*, limy_o Z(pr) =1 Z*, limp_, U(pg) =: U*.
Lemma 4.1.2 We have
a) X =0, X5 =0, S5 =0, S§ =0,

b) Y5 =0, Yi =0, Z =0, Z = 0,

¢) Lyelr, Lyelr,, Uyecur, UyeUr,.

Proof. The statement follows from Proposition 4.1.5, Proposition 4.1.6, Proposition
4.1.7.

Lemma 4.1.3 We have

Xy = (Yp) Sy = (Zp)*+Zy(Z})",
a) Xy = YpYy, e Sy = Zply,

Xy = (YR +(Y))'Yy, Sy = (Zy)*

X; = LTy, Sp = [:J*B(I:J*B);"i_ﬁ*V(ﬁ*V)Ta
by Xy = LpLy, Sy = Uy (Uy),

Xy = Ly@p)" + @)Ly, Sy = U0y
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Proof. From (4.9) and (4.14) it follows
X5(pr) Y 5(ox)? + ppYv (k) Yv (o2)7
peXv(pr) = PkYB(pk)YV(pk) +kaV(pk)YN(pk)
piXn(pr) = PEYN(or)? + PR Yv (k) Y (pr),
piSe(pr) = piZp(pr)* + PkZV(Pk)ZV(Pk) ;
peSv(pr) = szB(Pk)ZV(Pk) + p2Zy (o) ZN (),
Sn(pk) Zx(pr)* + piZy (pr) " Zv (prc)
and from (4.10) and (4.15) it follows
X5(pr) L (pr)La(or)",
peXv(pr) = peLlp(pr)Ly (px),
piXn(pr) = PrLn (o)L (o))" + piLv (or) Ly (pk),
piSe(pe) = piUB(p)Us(ok)" + pEUv (o1) Oy (pr)7,
peSv(pk) = PkUV(Pk)UN(Pk) ;
S~ (pk) Un(pe)Un (o)
The statement of the lemma follows from the boundedness of the ”tilde” matrices.
O

Lemma 4.1.4 Let j € {1,2,3}. Then

*VOS*V:&

Proof. Let (X*,S*) be the strictly complementary optimal solution given by assump-

tion (A5). Define

o il *
X=—=X 1—— )X,
223 (ki) ( Mk)
o 12 12 *
S=-—S8 +({1--—)S".
oSG+ (1)
It can be easily seen, that
(X —X(mu)) ®(S—S(m)) =0

and hence B B o
X oS(m)+ X(m)eS=XeS+X(u)e

By inserting (4.16), (4.17) into (4.18) we obtain

S(wu).

B — [
273

L
223

[X* o S(p) + X () @ S”] (X(ur)®

S(u) + X () @

(4.16)

(4.17)

(4.18)

S(ur)] =
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= (%)zxmk)-smk)+%(”’f%’“)[x*-s<uk>+x<uk>-s*]+x<m>-s<m>. (4.19)

By Lemma 3.4.1 we have

X(pk) @ S(pug) = pgtr(W),

4.20
X(p) o S() = putr(W). (4.20)
By inserting (4.20) into (4.19) and by multiplying by Z—% we have that
P Z 0 1 0 S 40) + X ) 87+ X ) o S(00) + X(1) o S(1)] =
= (g + p)tr(W) + (pr — ) [X* @ S(ug) + X () @ S*]. (4.21)
It holds
X*eS(m) _ 1 ( X3 0 ) < Sp(m) Sv(m) ) _ L ( X5Sp(m) ) _
1 m\ 0 0 SU () Sn () 14 * 0
* S * Q
= X0 S2U _ x5 0801
i
and hence X* oS
Jim X" eS(m) _ lim X}, # S5 (p1) = X ¢ S5
—oo U —00
It can be shown similarly that
X S* - -
lim % — Jim Xy (p) ¢ Sy = Xiy ¢ i
— 00 l —00

Further, we have

X(uk>-s<m>=x<pz>-s<p%>=( Xp(oe) Xy (i >>.<p

o XL (k) PEXn (pr) pST (o)) Sn(p)
4 ( PiXp(pr)Se(p) + pepXv (pk)ST (m1) ) o ) )
* peoiXv (pr) T Sv (o) + P2 XN (pr)Sn (p1)

and therefore 5 -
lll)rglo X(ux) @ S(py) = X n(pr) @ Sy

and similarly B B
Jlim X (p) © S(pr) = kX © Sp(pr).
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It can be easily seen that
X(ux) @ 8* = i Xn(pr) o Sk

and .
X* o S(uk) = 1 Xp © Sp(pk)-

Compute the limit of the left hand side and right hand side of (4.21) as [ — oo. By
inserting the expressions above and after multiplying by -5 we obtain

1
"7
[X50Sh+ Xy eSy]+[X5eSp(or) +Xn (o) eS| = trW+[X;eSp(or) + X (pr) eS|
By taking the limit £k — oo we obtain
(X5 0 S% + X o Si] + [X5 0 S + Xi 0 Siy] = trW + [X§ 0 ST + X 0 S/

and hence . . . .
X5 oS+ Xy oSy =trW. (4.22)

From Lemma 4.0.4 it follows that
pitrW = piXp(pi) ® Sp(pr) + 207 Xv (pi) ® Sv (pr) + P XN (pi) ® S (p)-
If we multiply the equality above by p% and take the limit £k — oo, we obtain
k
X% oS +2X; o Si, + X4 o Sy = trW

from which, using (4.22), it follows that X3, e S}, = 0.

Proposition 4.1.8 Let j = 1. Then for p € (0, uo) sufficiently small it holds

Xv(p) =o(yvm),  Sv(n)=o(Vu).

Proof. Tt sufficies to show that Xy = 0, g*v = 0. From the equality

X(p)S(p) +S(p)X(p) = 2uW,

we have that

Xp()Sv (1) + Xy (1)Sn (k) + Sp(W) Xy (1) + Sv (1) XN (1) = 2uWy. (4.23)
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By dividing (4.23) by \/z and by replacing p by pi, we obtain

X 5(pk)Sv (pr) + Xv (0x)Sn (o) + PE[S (k) Xv () + Sv (pr) XN (pr)] = 206 Wy

By taking limit k£ — oo we obtain
X380 + X584 — 0.
Therefore
St = —(X3) 71X Sy (4.24)
From Lemma 4.1.4 it follows
0=Xj oS} = tr[(Xy)"S}] = —tr[(X})" (Xj) "' X3Sk =

= —tr[(Sh) 2 (Xi) T (X)X (53],

Since L . o . .
(S3)2(X3)"(Xp) "X (Sh)Z =0, Sy =0, Xj=0,

it holds X}, = 0. This fact together with (4.24) implies S}, = 0.

O

Proposition 4.1.9 Let j = 2. Then for u € (0,up) sufficiently small it holds that
Wy =0 if and only if Xy () = o(/0), Yu (1) = o{y/7), Sy () = o( /).

Proof. The equality
Y ()S(p)Y (1) = uW,
implies
Y5(1)Sp(1)Yv (1) + Yv (1)ST (1) Yv (1) +

+Y5(W)Sv() YN (1) + Yv()Sn (1) YN (1) = Wy (4.25)
If we divide (4.25) by p and put u = p?, we obtain

oY (o) Sv (k) Yv (pr) + ok Y v (01)SV (0x) Y (o) +

+Y 5(0k)Sv () Y (o) + Yv (pk)Sn (k) Y (or) = W

By taking the limit k¥ — co we have

Y5Su Yy + YiSy Yy = Wy (4.26)
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The implication (<) follows from (4.26) and the facts, that if Xy () = o(y/i) then
Y = 0 and if Sy (u) = o(\/f) then Sj,. To prove the reverse implication (=), assume
Wy = 0. Because Y} = 0 (see Lemma 4.1.2), from (4.26) it follows, that

Y3;St + Y Sy =0. (4.27)
From Lemma 4.1.3, Lemma 4.1.4 and (4.27) we obtain that
0=Xj oSy = tr[(Xy)"Sy] = tr[(YV)TY5SY] = —tr[(Yy) YU Sy
Lemma 4.1.2 states, that S*N > 0 which gives Y{‘/ = 0 and therefore also
X: =YY, =0, S, =—(Y3) zY:Sy =0
O

Proposition 4.1.10 Let j = 3. Then for p € (0, uo) sufficiently small it holds, that
Wy = 0 if and only if Xy (11) = o(\/i), Ly (1) = o(\/i), Sv (1) = o(\/f)-

Proof. The equality

gives
L5 (1w)Sv (1)L (1) + Ly (1)Sn (1)L (1) = pWy-. (4.28)
If we divide (4.28) by u and put u = p, we obtain

L% (px)Sv (o)L (o) + Lv (0x)Sn (o) Ly (p1) = Wy
From this, by taking the limit £k — oo, we obtain
(L)T85 T + LoSi iy = Wy

The implication (<=) follows from the fact, that Xy (1) = o(,/ft), Sy (1) = o(y/i) imply
L = 0 and Si = 0. We will prove the statement (=). Since L}, € L7, (see Lemma
4.1.2) and Wy = 0, it holds

(Ly)TSt + LSy = 0. (4.29)
From Lemma 4.1.3, Lemma 4.1.4 and (4.29) it follows
0=X{ o 81 = tr[(X3)78}] = trl(E3)T (£3)7 87 = —tr[(E3)TLi S
Lemma 4.1.3 states that g}kv > 0 and hence i‘*v = (. Therefore also X*V = 0 and S*V =0.

d
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4.1.4 Summarization of asymptotic behavior of weighted paths

Consider the five types of the weighted paths, associated with symmetrization maps
®;(X,S) for j = 1,...,5. In the previous section we have shown, that these paths
posses two types of asymptotic behavior:

(e oym (e olym
x0=(oigm S ) 0= O ) oo

and/or

(e oy [ ew oy
X(“)_<O(W) o) > S“‘)‘(O(m o(1) ) (4.31)

In the concrete,

- if j = 1, the path functions have the property (4.30) (and therefore also (4.31))?;

- if j = 2,3, the behavior depends on whether the weight matrix W is block diagonal
- if so, then the path functions have the property (4.30), else their asymptotic
behavior is described by (4.31);

- if j = 4,5, the path functions have the property (4.31).

Moreover, the asymptotic behavior of the square root and Cholesky factors of the
path functions was studied. These can be interesting in the case of the last four types of
weighted paths. Similarly, these functions posses also two kinds of asymptotic behavior:

_ o(1) o(yn) B B o) 0
(:u) - < O(\/,l_l) @(N) >7 L(N) = LX(M) - < O(\/ﬁ) @(\/,l—l) > (4.32)

=

Y(p)=X

and/or

Y00 =20 = (o VR ). 20 = $30n) -

(
L{u) = Lx(y) = < o - ¢ ) . U(p) = Ug) = ( 9(0@ (9(;2{,)7) >

Here

- if j = 2,3, the behavior, again, depends on whether the weight matrix W' is block
diagonal - if so, then the appropriate functions have the property (4.32), else their
asymptotic behavior is described by (4.33);

- if j = 4,5, the functions have the property (4.33).

?Recall, that this result was obtained by Preiss and Stoer [59].
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4.2 Analyticity of weighted paths at the boundary point

In this section the analyticity of the weighted paths at the boundary will be studied.
To this aim, the results stated in the previous section will be very useful. In Section
4.1.4, we could see that the first three types of weighted paths (case j = 1,2,3) posses
"better” behavior and for this reason we will be interested only in these three types of
weighted paths.

Note, that the analyticity of these paths was already studied by several authors.
The path associated with the symmetrization (XS + SX)/2 (case j = 1) was studied
by Preiss and Stoer [59], in the context of linear complementarity problems. We will
use several ideas of these authors to obtain new interesting results for the another two
symmetrizations. The result of [59] will be included also in our study in order to give
th? conllplete overview. The analyticity of the weighted path associated with the map
X2S8X2 (case j = 2) was studied by Lu and Monteiro [42]. The weighted path associated
with the symmetrization Lx?SLx (case j = 3) was studied by Chua [8], however only
diagonal weights were considered. We will analyze the analyticity of the path for j = 3
and we will consider nondiagonal positive definite weights in general. The result [8]
follows from our results as a special case. Moreover, for the weighted path studied
in [42] (case j = 2) we obtain more complete results.

4.2.1 Transformation of feasibility conditions

In order to separate the blocks of the path matrices that posses different types of asymp-
totic behavior, we need to transform the system of the equations in the feasibility con-

ditions ,
Ate X =b,+ulb;,, i=1,....m
Yo Aly; +S = CH+ uAC.

Consider the partition of the matrices given in (4.2). Then the system above can be
rewritten in the following way:

Ay e Xp+2AL e Xy + Al @ Xy = b; + plby, i =1,...,m,
> ic1 ApYi+8p = Cp + pACp,
>ty ALy + Sy = Cy + uACy,
Z?ll Ay +Sy =Cpn + uACy.

(4.34)

Define the matrices
svec(AL) vec(Al) svec(A})
9 AV = : 9 AN = . 9

Ap = :
svec(A}) vec(AY) svec(AR))
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where Ag € R™*B_ Ay € RV Ay € RN and

B:=|B|(|B| +1)/2, V:=|B|IN], N :=|N|(|N|+1)/2.

Obviously, B + N = i — |B||N|. The system (4.34) has the matrix-vector form

[ svec(Xp) ]
Agp 20y Ay 0 0 0 0 ;fecc(gg)) b+ pAb
0 0 0 ApT I3 0 0 Nl ] svee(Cp + pACp)
o 0 0 (AT 0 Iy 0 s»ueclés ) | wvec(Cy + puACy)
T B B
0 0 0 (Am)" 0 0 Iy vee(Sy) svec(Cy + pACy)
| svec(Sy) |

Rewrite the system above once more as

Pv+ Qw4+ Rz = d 4+ p/\d,

(4.35)
where
A 0 0 2y O Ay 0
| 0o AL 0 | 0o o0 |0 Iz |
P_OAgo’Q_OIV’R_oo’
0 AL Iy 0 0 0 0
v SUGC;XB) [vec(Xv)] [svec(XN)}
svec(Sy) vec(Sy) svec(Sp)
and
b ANb
svec(Cp) Ad — svec(ACp)
vec(Cy) |7 | wvec(ACy)
svec(Cy) svec(ACy)

Here I, Iy and Iy are identity matrices of dimensions B x B, V x V and N x N,
respectively.

Denote i = dim(S™) = n(n+1)/2. Then P, Q and R are real matrices of dimensions
(m+n) Xk, (m+n) X ke and (m + n) x ks, where

ki =m+7—|BIIN|, ks =2|BIINI, ks =7 — |B||N].
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Lemma 4.2.1 Let A be an (I x m) matriz, rank(A) = s. Then there exists a nonsin-
gular (I x 1) matriz M such that

[MAT] [MA
M- [ =[]

where My is s x . Moreover rank(M;A) = s.

Proof. The existence of the matrix M follows from the Gaussian elimination. Ac-
cording to the well-known Sylvester theorem (Theorem 2.6 of [81]) we have

rank(M;A) = rank(A) — dim(Im(A) N Ker(My)).

We will show that Im(A) N Ker(M;) = {0}. Assume that there exists y # 0 such that
y € Im(A) N Ker(Mj). Then y = Az for some x € R™,z # 0 and My = 0. From
this we have that M Ax = 0 and therefore M Az = 0. From the nonsingularity of M it
follows that Az =0 =y.

Let
s := rank(P) < min{ky,m +n} = ky. (4.36)

Then from Lemma 4.2.1 it follows that there exists a nonsingular (m + ) X (m + n)
matrix M such that

[MP] [ MP
ve= | e | =[]
where M; is of dimension s x (m + ) and My is of dimension (m + 71 — s) X (m + 7).
Moreover rank(M;P) = s. By multiplying (4.35) by M from the left we obtain an

equivalent system

M;iPv 4+ M;Quw + MRz = Ml(d + ,uAd),

M,Qu + MyRz = Ma(d + u/Ad). (4.37)

Now let
t — s:=rank(MzQ) < min{m +n — s, ko }. (4.38)

Then again, Lemma 4.2.1 implies that there exists a nonsingular (m+n—s) x (m+n—s)
matrix N such that

NM,Q — [ N;M,Q ] _ [ N;M,Q } ’

N>M,Q 0
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where N1, Ng have dimensions (t —s) x (m+n—s) and (m+n —t) x (m+n —s) and
rank(N1MyQ) = t — s. Therefore, the system (4.37) is equivalent to

M;Pv+M;Qw + MRz = M;(d+ pAd),
NlMg@w + NlMgRZ = NlMg(d + ,UAd),
NoMsLRz = NgMg(d + ,LLAd)

If we denotg Ml]P) = ]fpl, MlQ = @1, MlR = Rl, N1M2Q = @2, NlMQR = Rg and
NoMsR = Rg, then the last system can be rewritten in the form

Pyv + @110 + 12&12 = 651 + ,UACZI,
Qw +Roz = dy + pdy, (4.39)
Rsz = ds+ plds.

The following lemma states a well-known linear algebra result, which will be useful
in the next.

Lemma 4.2.2 If A isn x m matric and n < m. Then the map x — Ax is surjective
if and only if rank(A) = n.

Lemma 4.2.3 The linear maps
v Po, w— Quw, z+— Rgz
are surjective.

Proof. Py = MP is s x k; matrix and rank(P;) = s. From (4.36) and Lemma 4.2.2
it follows that the map v — Pyo is surjective. Similarly Qy = NyM,Q is (t —s) X ko
matrix and rank(Qq) =t — s. From (4.38) and Lemma 4.2.2. it follows that the map
w — Qow is surjective. Finally, from Assumption (Al) and Lemma 2.1.2 we have that

{[AX), A*(y) +8] | X e 5",y e R",S € 5"} = R™ x §"

and hence also the map z — Rgz is surjective.

Proposition 4.2.1 Let

svec(AXp)
Ay = Ay C Aw= [ vec(AXy) } Az = [ svec(AX ) } ‘
svec(ASy)
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(a) If i ) )
]P)1AU = O, QQAZU = 0, RgAZ = 0,
then
AXBOASB:O, AXVOASVZO, AXNOASN:O.
(b) If N ~ N _
PiAv =0, QuAw+RoAz=0, R3Az=0,
then

AXpeASp =0, AXyeASy=0.
Moreover, if AXy =0 and ASp =0, then AXy ¢ ASy = 0.

Proof. (a) Because of the surjectivity of Qy (stated in Lemma 4.2.3) we have that
there exist matrices Vi, Vg of dimension |B| x |N| such that

[ ) e ] o o

Similarly, because of the surjectivity of P; we have, that there exist symmetric matrices
Uy, U; of dimensions |B| x |B| and |N| x |N| and a vector u € R™ such that

svec(Uy)
p u 5. | vee(Vi) 5 | svec(AXw) | _
o svec(Uy) o [ vec(Vs) ] R [ svec(ASp) } 0. (4.41)

The equations (4.40), (4.41) together with the equation R3Az = 0 are equivalent to

svec(
’ 122: ~0| vy [ +R | atasy) =0

which is the same as

U Vv _ * ASp Vi | _

The assumption
svec(AXp)
I@’lAv = ]f))l Ay =0
svec(ASyN)
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is equivalent to

AXp 0 B « 0 0 B
A([ 250 )20 [0 8 =0
From (4.42) and (4.43) it follows that

U v 0 0 _ _
o e[ 8 |- oxvessi-o

and
ASp Vs . AXp 0
vl U 0 0
due to Lemma 2.1.1. Finally we have to show that ASy ¢ AXy = 0. From the surjec-

tivity of P; (see Lemma 4.2.3) we have that there exist symmetric matrices V3, Vy of
dimensions |B| x |B| and |N| x |N| and a vector v € R™ such that

:|:AXBOASB:0

svecVs

~ ~ veeAX ~ 0

P, v +Q1[%0ASV}+R1[O}=0.
svecVy v

This equation, together with QaAw + R30 = 0, R30 = 0 implies
svec(Vs) |

[T el el

The equation above can be rewritten as

Vs AXy |\ « 0 ASvy | _

Lemma 2.1.1 implies

|: V3 AXy :| o |: 0 ASy :| 0
AXE 0 ASL vy
and hence AXy e ASy = 0.

(b) Because of the surjectivity of P; we have, that there exist symmetric matrices
W1, Wy of dimensions |B| x |B| and |N| x |[N| and a vector w € R™ such that

svec(Wq)

h svect(UWQ) i [ Q;icc((i)é\‘//)) ] R [ i%iz((ijscg)) ] =0. (4.44)
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The equation (4.44) together with QoAw + RyAz = 0,R3Az = 0 is equivalent to

: ! svec(Wy) ] LQ [ vec(AXy) } LR [ svec(AX ) } —0.

u
svec(Wo) vec(ASy) svec(ASp)

which is the same as

W1 AXV o * ASB ASV _

The equalities AXp e ASp =0, AXy e ASy = 0 can be proved similarly as in the case
(a). Assume ASp =0 and AXy = 0. Lemma 2.1.1, (4.45) and Lemma 4.0.4 yield

0 W, AXy .| 285 ASy
T | AXE AXy ASL W,

=W;eASp +2AXy e ASy + AXy e Wy = 2A Xy o ASy,

4.2.2 Normalization of feasibility conditions

Consider the normalized matrices defined in (4.13). Recall, that

<o o— (Xl Xv(®)/p \ g y._ ( Ss(e®)/p* Sv(p®)/p
%00~ (e xugne ) 50 = (8000, " ) @

where p := \/u.
Define
svee(Xp(p)) . .
. - - vece(Xy (p)) " svec(Xn(p))
o(p) = y(p) , w(p) = & , 2(p) = & ,
{ svec(Sy () ] [ vec(Sy (p)) } [ svec(Sp(p)) ]

(where y(p) = y(u)). By inserting the normalized matrices into the system (4.39) we
obtain R ~ ~ R 3
P1o(p) + pQuiv(p) + p°RiZ(p) = di + p*Ad,
pQaw(p) + p°RoZ(p) = dy + p*Ady, (4.47)
p2R3§(p) = d~3+p2AcZ3.
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From the asymptotic behavior of the path functions (see Section 4.1.4 or Proposition
4.1.2 and Proposition 4.1.5) it follows that (for any j € {1,2,3})

0= (o0 ow ) %0=(on o) )

Therefore, for any sequence {p;} — 0, the matrices X(p,), S(py) and the vector §(py,) are
bounded, so we may assume that the limit limy_o (X (px), 7(pr), S(pr)) = (X*,7*,S*)
exists. Moreover, the matrices X*B, X}}, S*B, g*N are positive definite (see Lemma 4.1.2).
Inserting p = pr, X(p) = X(pr), 7(p) = §(px) and S(p) = S(pi) into the system (4.47)
and letting pp — 0 we find that do = 0,d3 = 0.

Define the map ¥ in the following way:

P19 + p@ﬂf) + P%Rﬂ —dy + p*d,

(X, 3,8, p) = Qo + pRoZ — pAdy : (4.48)
R3zZ — Ads
where
5 SUGCEXB) i — ’uec(}:iv) s svec():(N)
N 4 ’ | wvec(Sy) |’ | svec(Sp) |’

svec(Sy)

It can be easily seen, that the Fréchet derivative is

) ) i i P AD
DU(X*, 5%, 8%, 0)[AX, Aj, AS] = | QA0 |,
RsAz
where
svec(NXp) - .
NG = A . AD = { ”ec(fg” ] . Ai= { Svec(féN) ]
svec(ASy) vec(ASy) svec(ASp)

From Proposition 4.2.1 it immediately follows that

DU(X*, 5,S8*, 0)[AX, A7, AS] =0 = AXeAS=0. (4.49)
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4.2.3 Introduction of normalized system and nonsingularity of Fréchet
derivative (I)

In this section, for each j = 1,2,3 we define a normalized map FY, such, that for any
p € (0,po), where pg := /fio, the triple (X(p),5(p),S(p)) is the unique solution of the
system

FI(X,7,8,p) =0, X>0,S>0.
Moreover, it will be shown that the Fréchet derivative of FV with respect to (X, 7, S) is
a nonsingular linear map at the point (X*, 7+, S*, 0).

Symmetrization (XS + SX)/2

Consider the last condition in the system (3.1):
XS + SX =2uW

and rewrite it in the block form:

X5Sp+SpXp+ XvSL +SyX{ = 2uWp
XpSy + SpXy + XySy + Sy Xy 2uWy, (4.50)
XNSy 4+ SnXn + XESy +STXy = 2uWy

Because (X(u),y(p),S(n)) satisfies the system above for u > 0, we have that for any
p > 0 the triple (X(p), %(p), S(p)) satisfies

Xp(p)Ss(p) +S5(n)X5(p) + Xv(p)Sv ()" +Sv(p)Xv(p)" = 2Wp
X5(p)Sv(p) + p*SB(p)Xv (p) + Xv(p)Sn(p) + p*Sv(p)Xn(p) = 2pWy  (451)
Xn(p)Sn(p) +Sn(p)Xn(p) + Xv(p)TSv(p) +Sv(p) Xy (p) = 2Wy

If we put p := pi and take the limit £ — oo in the equations above we find that

X*S*B+S X*B:2WB>0 (4.52)
XNSy + Sy Xy =2Wy =0 ’
Moreover, because of (4.30), we have that X*V = 0 and Q*V = 0. Define the map F! in
the following way:

v(X,7,8,p)
XBSB + SBXB + XvSV + vaT —2Wp
XBSV—i-p SBXV+XVSN+p SvXN—QpWV ’
X NSy + SvXy + XSy + STXy — 2Wy

FY(X,7,S,p) =
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where W is defined by (4.48). Obviously, for p > 0 (sufficiently small)

FI(X(p),:lj(p), S(p),p) =0,

and also o .
FY(X*,3*,8%,0) = 0.
The Fréchet derivative of F' with respect to (X,7,S) at the point (X*,7*,S*,0) is the
linear map given by
DY(X*, 5", 8%, 0)[AX, Ay, AS]
AXBS*B + ASBX*B + X*BASB + S*BAXB
_ . XpASvH+AXySy
AXNS*N + ASNX*N + X*NASN + S*NAXN

DEY(X*, 5%,8%,0)[AX, Aj, AS] =

Lemma 4.2.4 DFI(X*,Q*, g*,O) s a nonsingular linear map.

Proof. Assume o . 5 3
DFYX*, §*,8%,0)[AX, Aj, AS] =0 (4.53)

This implies o o 3 3 3 3
AXBS*B + ASBX*B + X*BASB + S*BAXB =0,

which is equivalent to
(IxS%)svec(AXp) + (Ix X%)svec(ASp) = 0,
(see (A.2) in Appendix A.4). Since S% > 0 (Lemma 4.1.2), it holds I+S% > 0. Therefore
svec(AXp) = —(I%S%) (I X)svecASp.
By using Proposition 4.2.1 we obtain
0 = (svecAX )T (svecASp) = —(svecASp)T (1% X%5)(I % S%) ™ (svecASp)
From Lemma 4.1.2, (4.52) and Corollary A.4.4 it follows that
(I X%)(IxSE) =0

and hence ASp = 0 and AXp = 0. . .
Proposition 4.2.1 states that AXy ¢ ASy = 0. Similarly one can obtain ASy =0
and AXy = 0.
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Finally, from (4.53) we have that
X5ASy + AXySi =0

and therefore
ASy = —(X%5) ' AX Sy

By using Proposition 4.2.1 we obtain
0= tT[(AXV)TAS\/] = —tT[(AXV)T(X*B)_1AXVS*N] =
= —tr[(Si)? (AXy)T (Xj) ' AXv (S})?]
and hence AXy = 0 and ASy = 0.

Symmetrization X28X2

Note that this part of the proof is adapted from [42], and is included in order to give
a complete analysis of the problem.
Consider the condition
1 1
X28X32 = uyW
which can be equivalently rewritten as the pair

YSY = W,
Y2 =1X.

Consider the normalized matrices X (p), S(p) given in (4.46), or (4.13), associated with
the weighted path functions X(u), S(u) for some weight W € W.

Let U be the vector space of all upper block triangular matrices with symmetric
diagonal blocks of dimensions |B| x |B| and |N| x |N| and L be the linear map U}, —

R™ ™ defined as
L YB YV o 0 0
0 Yy “\YL o)

Define U(p) € URy as
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From Proposition 4.1.2 and Proposition 4.1.3 it follows that for any sequence {px} — 0
the sequence

(X(px), Ulpr), i(por), S(ox))

is bounded and hence we may assume that the limit limyoo (X(px), Ulpr), 7(pr), S(pr)) =
(X*,U*, g*,S*) exists. It can be easily seen that
NT = W

(T(p) + pL(T(p))S(p) (U(p) + pL(T(p v s
(T(p) + pL(U() (U(p) + pLU()) = X(p).

Define the map F? in the following way:

i i U(X,7,8,p)

,S,p) = | (U+pL(U))S(U+pL(U))" =W |,
(T + pL(0)T (U + pL(D)) - X

F2(X,U,

tdz

where VU is defined by (4.48). Obviously for p > 0 (sufficiently small)

F2(X(p), U(p),ii(p),S(p), p) =0

and

(X* U, g S*,O) =0.
The Fréchet derivative of F2 with respect to (X, U, #,S) at the point (X*, U*, §*,S*,0)
is the linear map given as
DE?(X*, U*, §*,8*, 0)[AX, AU, Ag, AS] =

_ DY(X*, 5,8, 0)[AX, Aj, AS]
AUS*(U*) ~U*AS‘:(U*)T + U*Si(AU)T
(AU)TU* + (UHTAU - AX

The following lemma is a consequence of Lemma 3.8 and Lemma 3.9 of [42] and can be
proved using a similar technique like Lemma 3.2.1 or Lemma 3.2.2.

Lemma 4.2.5 Let v € (0, \1[) and let U € Uy and S € S™ be such that Up >~ 0,
Uy = 0 and |[USUT — v1|jy < yv for some v > 0. Then for AU € Ul and AX,AS €
S™ the following implication holds:

AUSUT + UASUT + USAUT =0
AUTU+UTAU=AX )} = AU=AX=AS=0. (4.55)
AX e AS =0
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Corollary 4.2.1 Let U € Uy and S € S” be such that Up = 0, Un > 0. If there
exists v > 0 such that |[USUT — vI||5 < \/—, then (4.55) holds.

The following lemma directly follows from (4.49) and Corollary 4.2.1.
Lemma 4.2.6 DEF?(X*, U* §*,8*,0) is a nonsingular linear map.
Proof. Assume
DF?*(X*,U*, §*,8%,0)[AX, AU, Aj, AS] = 0.
From (4.49) it follows that AX e AS = 0. By inserting p = py, into the first equation of

(4.54) and by taking the limit & — co we obtain that U*S*(U*)T = W. Since W € W%
2

and U*B > 0, U}kv - 0~(due to Lemma 4.~1.2), the assumptions of the Corollary 4.2.1 are
satisfied. Threfore AU =0, AX = 0,AS = 0. Assumption (A1) yields Ag.

Symmetrization LxTSLx

Consider the condition
Lx'SLx = uW

from (3.1), which can be rewritten equivalently as the pair

LTSL = uW,
LLT =X

Consider the normalized matrices X(p),S(p) defined in (4.46), or (4.13), which are as-
sociated to the weighted path functions X(u), S(u) with a fixed weight W (from W 3
2

or D% ). Define
2) O >
02

=
S
Il
7N
wn
==
W
\_lyb
~
~
e
=
=2
<
)

Lemma 4.2.7 The systems

and

are equivalent (for p = /i > 0 sufficiently small).
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Proof follows from simple computation: we can rewrite the equality

L(u)"S(u)L(p) = pW

L(p*)"S(p*)L(p*) = p*W.

However, by definition, the left-hand side is equal to

Lp(p)"  pLyv(p) H&%(ﬂ) pSv (p) H Lg(p) 0
0 pLn(p)" ][ pSv(p) Sn(p)

pLy (p)"  pLin(p)
= p*L(p)"S(p)L(p).

Similarly, the equality
can be rewritten as

. Ls() 0 H£B<p>T oLy (p) }:[ Xn(p)  pXv(p)
pLyv ()" pLn(p)

which is equivalent to L(p)L(p)T = X(p).

From Proposition 4.1.2 and Proposition 4.1.4 it follows that for any sequence pi — 0 is

(X (pr), Lpr). 5(pr), S(pr))

bounded, so we may assume that the limit

k—oo

exists. By taking the limits pr — 0 in the equalities
L(pr)"S(pr)L(px) = W

L(pr) L(pk) = X(pr)
we obtain that _ o
(LTS L* =W
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Since W = 0, we have that L* € L" . and S*, X* > 0.
Define the map F? in the following way:

- - - - \g(XVW’Vg? S? p)
F3X,L,3,8,p)= | LTSL-W |,
LL” - X
where VU is defined by (4.48). Obviously for p > 0 (sufficiently small) it holds

F3(X(p), L(p),§(p),S(p),p) = 0

and
F3(X*,L*,§*,8%,0) = 0.

The Fréchet derivative of F® with respect to (X, L, 7, Q) at the point (X*,I:*,gj*, g*,O)
is the linear map given as

DX T, 5§, 0)[AX, AL, A, A8] =
_ DU(X*, 5,87, 0)[AX, Ay, AS]
= ALS*(L*ZT —i—NL*ASN(L*)TN—i— L*ST(AL)T
(AL)TL* + (L*)TAL — AX
Lemma 4.2.8 DF3()~(*,I~J*,Q*, S*, 0) is a nonsingular linear map.
Proof. Assume
DF3(X*,L*, 5,8, 0)[AX, AL, Ay, AS] = 0

From (4.49) we have that AX @ AS = 0. Due to (4.56), the case W € D follows from
Proposition 3.2.4 and the case W € M 1 follows from Corollary 3.2.2.

V2

4.2.4 Analyticity of weighted path as a function of \/iz at =10

The aim of this section is to prove the following proposition.

Proposition 4.2.2 Let j € {1,2,3}. Then the weighted path (X(u),y(wn),S(p)) is an
analytic function of p = /i for all > 0 (sufficiently small).
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Proof. Assume j=1. Recall that F1: 8" x R™ x 8" x R — R™ x S x S™ is an
analytic function of (X, 7, S, p) such that
1. There exists (X*,§*,S*,0) such that F''(X*,§*,S*,0) =0,

2. The Fréchet derivative of the map F' with respect to (X, 9,S) is nonsingular in
(X*,§*,S*,0)—see Lemma 4.2.4.

Now we can apply the implicit function theorem to obtain that there exists a neighbor-
hood Z of p = 0, a neighborhood U of (X*,5*,S*) and an analytic function

such that

and )
(p),p) =0 VpeTl. (4.57)

)
There exists & > 0 such that for all & > k: pp € Z, (X(pr), 5(pr),S(pr)) € U and
therefore

(X,5,8)(0x) = (X(pr), 7(px) S(pw)) ¥ > k.
However, sice (X(p),7(p),S(p)) and (X,7,S)(p) are solutions of (4.57) for p > 0, we
have that

(X(p),5(p),S(p) = (X,5,8)(p)  Yp €I (0,00)
by the uniqueness of positive definite solutions. Thus the function (X(p),7(p),S(p)) is
analytically extendable to p = 0 by prescription
(X(0),5(0),5(0)) = (X, ,8)(0) = (X*,5",§").

Therefore also the function (X(p),y(p),S(p)) is analytically extendable to p = 0.

Assume j = 2 and consider the map F2. Using similar arguments as in the case
j =1 and Lemma 4.2.6 it can be shown that the function (X(p), U(p),7(p),S(p)) can
be analytically extended to p = 0 by prescription

(X(0),0(0),5(0),5(0)) = (X*, U", 5", 87).
Therefore also the function (X(p),y(p),S(p)) is analytically extendable to p = 0.
Let j = 3 and consider the map F®. Similarly as in the case of the map F', using

Lemma 4.2.8 it can be shown that the function (X(p),L(p),%(p),S(p)) can be analyti-
cally extended to p = 0 by prescription

(X(0),L(0),§(0),8(0)) = (X*, L%, 5", 8%).
Therefore also the function (X(p),y(p), S(p)) is analytically extendable to p = 0.
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4.2.5 Introduction of new normalized matrices and transformation of
feasibility conditions

Lemma 4.2.9 Let j € {1,2,3} be arbitrary and assume Wy =0 if j # 1. Then

Xy (1) = O(n), Sv(p) = O(p).
Moreover, if j =2, then Yy (u) = O(p) and if j = 3, then Ly (u) = O(w).

_ Proof. Since lim,—o(Xv (p), Sv(p)) = (0,0), the Taylor series expansions of Xy (p),
Sv(p), which are analytic functions of p for p > 0 sufficiently small, have the form

Xv(p)=p> Pip',  Sv(p)=p) Qip'.
=0 =0
This implies

Xy () = pXy(p) = pO(p) = O(p*) = O(u). (4.58)

Similarly, it can be shown that Sy (1) = O(u).
Moreover, assume j = 2. It holds

Xy(u) =Yp(w)Yv(p) + Yy () Y (1)

From the asymptotic behavior given in Proposition 4.1.6 (Y () = ©(1)) it follows that
Y(p)~! = O(1). Therefore we have

IYv(u)llr = 1Y) Xv(p) = Ye(u) ' Yy () YN (p)|r <

< 1Y) Xv(@llr + 1Y50) " Yv () YN (1)llF = On)

where the last equality follows from (4.58) and Proposition 4.1.3.
Finally, if j = 3, by Xy (1) = Lp(u)Ly (1) and the asymptotic behavior Xy (u) =
O(p) and Lp(p) = O(1) we obtain Ly () = O(p).

O

From now we will assume that Wy = 0 whenever considering the case j = 2 or
j=3.
From Lemma 4.2.9 it follows that the path matrices posses the following asymptotic

behavior:
_( ©@1) Ou) _( ©(p) Ow
X = o0 o0 ) 50=(o0 e ) (4.59)
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Moreover, for L(u) = Lx(,) and Y (1) = [X(u)]% we obtain

(e o e o
”’”‘(c’)(u) 9(\//7))’ Y“”‘(O(u) @wm)' (4.60)

This asymptotic behavior naturally implies the following definition new normalized ma-
trices:

N Xp(p)  Xy(p)/p < v Se(p)/r Sv(m)/w
X(n) "(va)% XNm)/u)’ S“‘)‘(sv(u)% Sw (1) )

and

(1) — Lp(u) 0 o Ya(p)  Yv(p)/w

L0 (it ) Y9 (e vaii )
Define

svec(Xp) S S
5 N - vec()_(v) . Svec()_(]v)
{ sveczégN) [ vec(Sy) ] [ svec(Sp) }

and rewrite the system (4.39) using the new normalized matrices:

P1o+pQuw + plRiz = di + pAdy,
pQow + ,uIiRQZ = d2 + ,LLAdg, (4.61)
uR3z = d3 + ,UAdg

From the asymptotic behavior given in (4.59) it follows that

and therefore for any sequence {y} — 0 the matrices X(uy), S(u) and also the associ-
ated vector y(ug) = y(ux) are bounded, so we may assume that the limit

lim (X (pr), 9(ptk),

k—oo

(1r)) = (X*, 9%, 8%)

CIJI

exists. Inserting p = pg, X = X(u), ¥ = §(pux), S = S(ux) into the system (4.61) and
letting k — oo we obtain that do = 0 and d3 = 0. Hence the system (4.61) has the form

IP’lv + ,u@1w + ,uRLZ Jl + ,UACZL
Qo + R2Z = Ady,
Rg? = Ads.
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Define the map W in the following way
S P1o + #@1@1 + ,tff&f - CZ} + pddy
\II(X,@,S“LL) = Q2w~+ RQZ _NAdZ
R3z — Ads

(4.62)

The Fréchet derivative of U with respect to variables (X, 7, S) at the point (X*, 7*,S*,0)
is

]?’1&?7
DY (X*, 7%, 8%,0)[AX, Ay, AS] = | QuAw +RyAZ
R3AZ
where
_ SUGC(A,XB) _ vece(AXy) _ svec(AX )
A= AY , hw= vece(ASy) |7 BZ= svec(ASpg)
svec(ASy) v B

4.2.6 Introduction of normalized system and nonsingularity of Fréchet
derivatives (II)

Symmetrization (XS + SX)/2

Consider the last condition XS + SX = 2uW in the system (3.1), for which the
block representation was given in (4.50). Because (X(),y(n), S(p1)) satisfies the system

(4.50) for p > 0 (sufficiently small), we have that the triple (X(u),y(u), S(p)) satisfies

Xp(1)Sp(k) + Sp(w)Xp () + pXv (1)Sv (u)" + uSy (1) Xy ()" = 2Wp,
- Xp()Sv (k) +pSe() Xy (1) + Xy ()Sn (1) + pSv () Xn(n) = 2Wy,
Xy ()8 (1) + Sn ()X (1) + uXv (1) Sy (k) + uSv (1) Xy (n) = 2Wy.
(4.63)
If we put p := g and take the limit £ — oo in the equations above we find that

X3S +SpX5 =2Wp -0
X;S; + Xy Sy = 2Wy (464)
X4 S% + S X% =2Wy - 0
Define the map F'! in the following way:

S YXE Sy

FI(X, 5.6 ) = | X858 +85Xp +uXySy +uSyXy, —2Wp

Sahals XpSy + pSpXy + Xy Sy + puSyXy —2Wy |’

XNSn + SnXn + pXE Sy + uSt Xy —2Wy
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where U is defined (4.62). Obviously, for > 0 (sufficiently small)

F! (X(w), (), g(:u)’ n) =0, (4.65)

and also
FY(X*,5*,8%,0) = 0. (4.66)

The Fréchet derivative of F'! with respect to (X,,S) at the point (X*,7*,S*,0) is the
linear map given by

DV(X*, 7, 8%, 0)[AX, Ay, AS]
AXBS*B + ASBX*B + X*BASB + S*BAXB
AXpSt + AXy Sy + X3 ASy + X ASy
AXNS*N + ASNX*N + X*NASN + S*NAXN

DFY(X*, 7*,8%,0)[AX, Aj, AS] =

Lemma 4.2.10 DFY(X*,5*,S*,0) is a nonsingular linear map.
Proof. Assume
DFY(X*,5*,8%,0)[AX, Ay, AS] = 0. (4.67)

From the first equation of (4.67) and Proposition 4.2.1 (b) it follows that AX e ASp = 0
and AXy e ASy = 0. Using similar arguments as in the proof of Lemma 4.2.4 it can
be shown that AXp =0, AXy =0, ASg = 0, ASy = 0. This fact together with the
third equation in (4.67) yield

AXVSR/ + X*BASV =0. (4.68)
Moreover, from Proposition 4.2.1 (b) we now have that AXy e ASy = 0. Similarly as

in the proof of Lemma 4.2.4 it can be shown that this fact together with (4.68) imply
AXy =0, ASy = 0. Finally, Assumption (A1) yields Ag = 0.

Symmetrization X%SX%

Consider the condition

again, or equivalently
YSY =W,
Y? =X,
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which can be rewritten in the following block form:

Y5SYs+ YvSLYp+ YRSy YL + YySnY( = pWip,
Y5SeYy + YvSTYy +YSvYn + YySnYy =0,
YISeYv + YNSLYy + YISy Yn + YNSNY N = uWy,
Y4+ YvYL =Xp,

YeYy+ Yy Yy =Xy,

Y2+ YLYy =Xy,

Because (X(u), Y (1), y(n), S(n)) satisfies the system above for > 0 (sufficiently small),
we have that the triple ( (1), Y (), y(w), S(w)) satisfies

()3((()+qu() v ( )

1)V
Yv(p)! =W,

Yp(1)Sn
+uY 5(1)Sv (1) Yv ()" + pYv (1)Sn (1

\/—YB( )SB()Yv (1) + py/BY v (1)Sy (1) Yv (1) +

Y (1)Sv ()Y N (1) + Yv (1)Sn (1) N( w) =0,

QYV(M)TS ()Yv (1) + 1Y § (1)Sv ()" Yy (1) + (4.69)
,UYV()SV ) ()+YN() N YN (p) = W,
Yu(u)? + 12Yy () Yy (u)" = Xp(w),
YB( ) v (p )+\/_YV( )Y N (1 ):)((V(M),

Y (u)? + pYv ()" Yy (u) = Xn(p)

From (4.59) and (4.60) it follows that for any sequence {u} — 0 the sequence

(X () Y () k), S (1)

is bounded, so we may assume that the limit

lim (X (), Y (1), 5(i), S(r)) = (X5, Y, 5%, S7)

k—o00

exists. Define the map F? in the following way

U(X, 9,8, 1)

Y5SpYp + MYVSVYB + MYBSVYV + MYVSNYV Wp
VEYBSpYy + N\/—YVSTYV +Y5SvYn+YvSnYn
F*(X,Y, 5,8, 1) = | u?YTSpYy +uYNSTYy + u YISy YN + YNSyYn — Wy |,
Ve 2V YT - X,
YBYV +aYvYy — Xy
Y2 + /LYTYV — XN

where U is defined in (4.62). For p > 0 sufficiently small it holds that

F2(X (1), Y (1), 5(1), S (), 1) = 0 (4.70)
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and
F2(X*,Y*,5*,8%,0) = 0. (4.71)

The Fréchet derivative of F?2 with respect to (X,Y,7,S) at the point (X*, Y*, 5*,S*,0)
is the linear map given by

DF*(X*,Y*,4%,8%,0)[AX, AY, Ay, AS] =

Dd((X*, 5", 8%, 0)[AX, Ay, AS]
AYESpYS + YBASBYB +Y5SAY R
AYESEYS + YEAS Y, + Y5SHAY N + AY S Y S + YEASNYY + YESHYAY
AYNSLYY 4 Y ASNY S + YASLAY y
AYRYs +Y5AY g — AXp
AY5YE +YoAYy — AXy
AYNYy + Y4AYy — AXy

Lemma 4.2.11 DF?(X*,Y*, 4%, S*, 0)[AX, AY, Ay, AS] is a nonsingular linear map.

Proof. Assume
DEF*(X*, Y* 7*,8%,0)[AX, AY, Ag, AS] = 0. (4.72)

We will show that [AX, AY, Ay, AS] = [0,0,0,0]. If we put = py, in the system (4.69),
then by taking the limit & — co we obtain that

Y5S5YE = Wp, YASVY N =Wy (4.73)

Because W ¢ M L we have also that W € M 2z and Wy €¢ M . From the first
equation of (4.72) and Proposition 4.2.1 (b) we have that

AXpeASp =0, AXyeASy=0. (4.74)

We can apply Corollary 3.2.1 and obtain that AXp =0, AXy =0, AYg =0, AYy =
0, ASp = 0, ASy = 0. These equalities together with (4.72) imply

VEASYYY + AYVSL Yy =0,  Y5AYy — AXy =0
or, since Y}"V = 0,
Y*BASV + AYngv =0, Y*BAYV = AXV

From Proposition 4.2.1 (b) we now have that AXy e ASy = 0, which, together with the
equalities above, yields

0=—-AXy e ASy = —tr(AXTASy) = —tr(AYLY 5ASy) =
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= tr(AYLY 5(Y5) LAY YSY) = tr(AYySYAYY).
The matrix in the last brace is positive semidefinite and hence from Proposition A.2.2,

Proposition A.1.5 (c) and positive definitnes of S¥; it follows AYy = 0. Therefore also
AXy = ASy = 0. Assumption (A1) gives Ay = 0.

Symmetrization LxSLx

Consider the condition
Lx'SLx = uW
again, or equivalently
LTSL = uW,
LL” = X,

which can be rewritten in the following block form:

LISgLg + LySTLp + LESTLY + Ly SyLT = pWop,
LgSVLN + LySyLy =0,
LISNLy = pWy,
LpLL = X3,
LpLy = Xy,
LyLy + LYLy = Xy

Because (X (1), L(p), y(u), S(u)) satisfies the system above for > 0 (sufficiently small),
we have that the triple (X(u), L(u), g(n), S(p)) satisfies

B LB(/})TSB(H)LB( )+ pLy (1)Sy (1) Lip (1) +
pLp () Sy (1) Ly ()" 4 pLy (1)Sn (1) Ly (1)" = W,
Lp()"Sy (1)L (1) + Ly (1)Sn (1) Lin (1) = 0,
Ly (1)"Sn ()L () = pW, (4.75)
Lp(uw)Lp(p)" = Xp(u),
) ~ Lp(pLy(p) = Xv(n),
Ly ()L ()" + pLy ()" Ly (1) = X ().

From (4.59) and (4.59) it follows that for any sequence {u} — 0 the sequence

(X (), L), 5w ), S ()

is bounded, so we may assume that the limit

Jim (X (pae), L k) 5 (1), S () = (X7, L7, 57, 87)
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exists. Define the map F? in the following way

' B(X.5.8.4 '
LBSBLB+,U,LVsTLB+,U,LTSTL€+/LLVsNLV W5
LTSVLN+LVsNLN
F3(X,L,3,S,u) = LT SvLy — yWy
LBL —XpB
LgLy — Xy
]T_JN]Z% + /L]Z@]TJV — XnN

where U is defined in Section 4.2.5. For p > 0 sufficiently small it holds, that

F3(X (), L(p), §(1), S(u), ) = 0 (4.76)

[N

and
(X* L*, g* (4.77)

,0) =
The Fréchet derivative of F*® with respect to (X L,y S) at the point X* L*, 7*,S*,0)
is the linear map given by

DF?3(X* L*,4*,S%,0)[AX, AL, Ay, AS] =

D&((X*,5,5",0)[AX, Ay, AS]
ALLS,L; + (L* )TASBL*B + (L) 7Sy ALy
ALpSy LYy + (L) TASy Ly + (L) TSy ALy + ALySy Ly + (L) T ASy Ly + (L) TSy ALy
ALNSYLY + (L) ASNLY + (L%)7S% ALy
YALp(@)T + LyALE — AKXy
ALpLe + Ly ALy — AXy
A]:N(]:}‘V)T + ]T.J}FvAEN — AXN

Lemma 4.2.12 DF3(X* L*, 4*,S*,0)[AX, AL, Ay, AS] is a nonsingular linear map.
Proof. Assume
DF3(X*,L*, 5*,S%,0)[AX, AL, Ay, AS] = 0. (4.78)

We will show that [AX, AL, Ay, AS] = [0,0,0,0]. If we put 1 = p, in the system (4.75),
then by taking the limit k& — co we obtain that

(Lp)"'SpLp =Wg,  (Ly)'SyLy = Wy, (4.79)
Since if W € M1, we have also that W € M1 and Wy € M . Similarly, if

V2 V2 V2
W ¢ D%, then the blocks W, Wy are also positive diagonal matrices. From the first

equation of (4.78) and Proposition 4.2.1 (b) we have that
AXBOASB :0, AXNOASN:O. (480)
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By applying Corollary 3.2.2 in the case of W & M% or Proposition 3.2.4 in the case
— — — 2 — — —
W € Di+ we obtain that AXg = AXy =0, ALg = ALy =0, ASg = ASy = 0.
These equalities, together with (4.78) imply
(Ly)TASyLy + ALySYLy =0,  LEALy — AXy =0
or, since L, € L,
(L*B)TASV + Aivg*N =0, L*BAEV = AXV
From Proposition 4.2.1 (b) we now have that AXy ¢ ASy = 0, which together with the
equalities above yield
0=—-AXy e ASy = —tr(AXLASy) = —tr(ALL(LE)TASy) =
= tr(ALL(LE) T (L) " TALySY) = tr(ALy Sy ALL).

Because the matrix in the last brgce is positive Semideﬁnitg and S}KL > 0 and because of
Proposition A.2.2 we have that ALy = 0. Therefore also AXy = ASy = 0. Assumption
(A1) gives Ay = 0.

4.2.7 Analyticity of weighted path as a function of y at =0

Proposition 4.2.3 3 Let j = 1. Then the weighted path (X(u),y(n),S(r)) is an ana-
lytic function of u for all > 0 (sufficiently small).

Proof. From (4.65), (4.66) and Lemma 4.2.10 it follows that implicit function theorem
can be applied: there exists a neiAghborhood 7 of p =0, aneighborhood U of (X*, 5*, S*)
and an analytic function (X, 7,S) : Z — U such that

(X, 3,8)(0) = (X (1), 5(1), S (1))
and
FY((X,9,8)(1),n) =0 Vuel (4.81)

There exists k > 0 such that for all k > k: up € Z, (X(px), ¥(ur),S(ux)) € U and
therefore

(X, 9,8) () = (X(ua), 9(uir), S(i)) ¥k > k.

3This result was obtained by Preiss and Stoer [59] for weighted paths in linear complementarity
problems.
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However, sice (X(u),7(1t),S(1)) and (X, ,S)(u) are solutions of (4.81) for p > 0, we
have that

(X(w),9(n),S(1) = (X,9,8) (1) Y eIn(0,00)

by the uniqueness of positive definite solutions. Thus the function (X(u),7(p),S(p)) is
analytically extendable to ;. = 0 by prescription

(X (1), 5(1), S () = (X, 5,8)(0) = (X*,5",8").
Therefore also the path function (X(u),y(u), S(u)) is analytically extendable to yu = 0.

O

Lemma 4.2.13 Let j € {2,3} and assume Wy # 0. Then ch\zL(u) and dszlfu(”) are not
bounded as p — 0.

Proof. Compute

dXy ()  d[pXy(p)] _ @XV(,}) T

dp du du dp 2\/p

Kvip) 1 [Xv(p)eridXd‘;(p)]. (4.82)

df(v(/z) is an analytic function of p at p = 0 (see the proof of Proposition 4.2.2). There-

fore dXde(p) is bounded as p — 0 and

Hence if dXdL“(”) was bounded (as p — 0), then from (4.82) we have that

lim Xy (p) = 0.
p—0

But this implies Wy = 0 (see Proposition 4.1.9 for j = 2 or Proposition 4.1.10 if j = 3),

which contradicts to the assumption. The statement for dsg—u(”) can be proved similarly.

O

Proposition 4.2.4 Let j € {2,3}. Then the associated weighted path (X(u),y(u), S(p))
is an analytic function of p for all w > 0 if and only if Wy = 0.
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Proof. Assume Wy = 0. Using (4.70), (4.71), Lemma 4.2.11 and similar argu-
ments as in the case of the symmetrization ®1, it can be shown, that the function
(X(1), Y (), 5(e), S(1)) can be analytically extended to p = 0 by prescription

(X(0),Y(0),5(0),8(0)) = (X, Y",5",8")

Therefore also the path function (X(u),y(r), S(1)) associated with the symmetrization
®, is analytically extendable to = 0. Similarly, using (4.76), (4.77), Lemma 4.2.12 and
similar arguments as in the case of the symmetrization ®1, it can be shown, that the
function (X(u), L(u), 7(1), S(1)) can be analytically extended to u = 0 by prescription

(X(0),L(0),(0), 8(0)) = (X*,L",5",8")

Therefore also the path function (X(u),y(r), S(1)) associated with the symmetrization
®3 is analytically extendable to u = 0. The reverse implication follows from Lemma
4.2.13 and properties of analytic functions.
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Chapter 5

Conclusion

In this thesis the weighted interior point paths in semidefinite programming were studied.
In the concrete, we focused on the existence, the asymptotic behavior and the analyticity
of the weighted paths at the boundary point. The main results included in this thesis
could be summarized as follows.

We presented a new and relatively simple proof of the existence of weighted central
paths associated with certain type of symmetrization map. These types of weighted
paths were studied for the nonlinear complementarity problems [51] where the result
was proved using the theory of local homeomorphic maps. In the work [58] the weighted
path for linear complementarity problems was studied, however only the one, associ-
ated with the AHO-symmetrization. The weighted path in SDP associated with the
Cholesky-type-symmetrization and positive diagonal weight was studied in the paper [7]
and the existence was shown by defining weighted logarithmic barrier functions. The
proof presented in the thesis is based on generalization of the result of [58] to all five
symmetrization maps and the assumptions for the existence are formulated in terms of
semidefinite programming. The main existence results are stated in Theorem 3.6.1 and
Corollary 3.6.3. It seems that this technique can be also used for proving the existence of
the weighted paths associated with the Cholesky symmetrization and weights included
in the more general set of weights defined in [9].

The second part consists of the results concerning the asymptotic behavior of the
weighted paths. These results were obtained under the assumption of the existence of
the strict complementary optimal solution and can be considered as the generalization
of the results of [59] (for the AHO-symmetrization) to all types of symmetrization maps.
Moreover the square root and the Cholesky factors of the weighted paths were studied.
The results concerning the O-notation and ©-notation are stated in Proposition 4.1.2,
Proposition 4.1.3, Proposition 4.1.4, Proposition 4.1.5, Proposition 4.1.6 and Proposition

101



102 CHAPTER 5. CONCLUSION

4.1.7. Also the asymptotic behavior in o-notation was studied and it was shown that
this behavior depends not only on the symmetrization type but also on the type of the
weight matrix. Related results are stated in Proposition 4.1.9 and Proposition 4.1.10.
Summarization of the asymptotic behavior is given in Section 4.1.4. All properties
included in this part were useful for the analysis of the interior point algorithms and
analyticity of the weighted paths at the boundary point.

Finally, the analyticity of the weighted paths at the boundary point was analyzed
in this thesis. We followed the known results from this area: in the papers [59], [41] it
was shown that the weighted central path associated with AHO-symmetrization is an
analytic function of p at p = 0. The authors of [42] proved that the weighted path
associated with the square-root-type symmetrization is analytic at 4 = 0 as a function
of /1. Finally, in the work [8] it was shown that the weighted path associated with the
Cholesky-type symmetrization and positive diagonal weight is an analytic function of u
at g = 0. In this thesis the weighted path associated with Cholesky-type symmetrization
and a suitable symmetric positive definite weight was studied and it was proved that
this path is analytic at x4 = 0 as a function of \/u (Propostion 4.2.2). As a consequence
we obtained that if the weight matrix is block diagonal, then the off-diagonal blocks of
the weighted path posses ”better” asymptotic behavior in O-notation and it was shown
that the same result holds for the path associated with square-root-type symmetrization
(Lemma 4.2.9). Moreover, it was shown that the weighted paths (associated with the
both, the square-root-type and Cholesky-type symmetrization) are analytic functions of
i (at the boundary point) if and only if the weight matrix is block diagonal (Proposition
4.2.4). These results could be useful for the error bound and superlinear convergence
analysis of the interior point algorithms for SDP.



Appendix A

Useful facts from matrix theory

This appendix includes the properties of matrices that were needed in the previous parts
of this thesis. In the section A.1 we summarize the basic properties of real symmetric
and positive semidefinite matrices. Most of the statements can be found e.g. in [32], [81],
[18]. In the section A.2 we give some properties of the trace operator and two special
types of matrix norms (the Frobenius and the spectral norm). We mainly focus on the
properties concerning positive semidefinite matrices and include some special properties
taken from [59], [51]. More about general properties of matrix norms can be found
in [32]. The section A.3 includes basic properties of the Schur complement. More can be
found e.g. in [18,81]. In the section A.4 the definition and the review of the properties
of the symmetric Kronecker product is given. For more, see e.g. [33], [81] and [34] (here
one can find also an overview of its history and applications and complete proofs of the
mentioned properties). In the section A.5 we give some simple, however useful properties
of triangular matrices.

A.1 Symmetric and positive semidefinite matrices
We will denote S™ the vector space of all n x n real symmetric matrices. Obviously

1
dim S™ = @

Theorem A.1.1 (Spectral Decomposition) Let A € S™. Then there exists an orthogonal
matriz Q € R™™ (QQT = 1) and a (real) diagonal matriz D such that A = QDQT
and the diagonal entries of D are the eigenvalues of A.
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The product of two symmetric matrices is not symmetric in general. For instance,

take
2 0 01 0 2
a=(oV) m=(Vs) am=(V7)

Therefore, AB # BA in general for A, B € S™. The following theorem is a consequence
of Theorem 1.3.2 of [32] and gives a necessary and sufficient condition for AB = BA.

Theorem A.1.2 Let A)B € S5". Then AB = BA if and only if they are simultaneously
diagonalizable, that is, there exists an orthogonal matriz Q such that QT AQ = D4 and

Q"BQ = Dp.

Proof. (<) The proof is straightforward.
(=) Theorem A.1.1 implies that the matrices A, B are orthogonally diagonalizable—
there exist orthogonal matrices U, V such that A = UDAU?, B = VDg V7. Therefore

AB =BA & UDAUTVDV?T = VDVTUDAUT <

& DA(UTVDRVTU) = (UTVDRVTU)DA

and, without loss of generality, we may assume that A is diagonal.
Let A = diag(Ai1,...,An,) and B = [B;;]. Let ai,...,a; be such that a; < ... <
o and A can be written as

ol 0 0 O

The equality AB = BA then implies that A;B;; = B;;A;. Therefore B;; = 0 whenever
Ay # Aj; and the matrix B is a block diagonal:

B, 0 0 O
0 B, 0 O

0 0 0 By

Each block B; corresponds to the block ;I and is a symmetric matrix. From Theorem
A.1.1 we have that there exist orthogonal matrices Q;, such that QZTBiQi =D,.
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Finally, it is easy to see that the matrices A, B are simultaneously diagonalizable by
the matrix

Q. 0 0 0
0 Q 0 0

O

Definition A.1.1 The matriz A € S™ is called positive definite (A € S, or A = 0)
if for all x € R™, x # 0 it holds
el Az > 0.

The matriz A € S™ is called positive semidefinite (A € ST or A = 0) if for all x € R"
it holds
T Az > 0.

In what follows we will list some well known properties of positive semidefinite ma-
trices.

Proposition A.1.1 A > 0 if and only if A = 0 and A is nonsingular.
Proposition A.1.2 If A = 0, then A~ = 0.
Proposition A.1.3 Let A = 0 and " Ax =0 for some x € R"*. Then Ax = 0.
Proposition A.1.4 Let Ay,...,A,, € S" and aq,...,q,;, € R.

(a) If A1 =0 and Ay > 0 then A; + Ay > 0.

(b)) If A; =0 and a; >0 for alli=1,2,....,m, then a1 A1 + -+ + A,y = 0.

(¢c) IfA; =0, a; >0 foralli=1,2,...,m and oj > 0 for some j € {1,...,m}, then
arAq + -+ apAy, - 0.

From the last proposition it follows that S” is a convex cone.

Proposition A.1.5 (a) Let A € ST, and C € R™™" is a nonsingular matriz, then
CTAC - 0.

(b) Let A € S" and C € R™*™, then CTAC = 0,
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(c)
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Let A € ST, and C € R™™, then rank(CTAC) = rank(C) and hence CTAC =
0 if and only if rank(C) = m.

Theorem A.1.3 Let A € S™. The following statements are equivalent:

(a)
(b)
(c)
(d)
(¢)

(f)

(9)
(h)

AcSt,,

the eigenvalues A\ (A), ..., \y(A) are positive,

the determinant of every leading principal submatriz of A is positive,
the determinant of every principal submatriz of A is positive,

there exists a unique lower triangular matriz L with positive diagonal entries such
that A = LL”,

there exists a unique upper triangular matriz U with positive diagonal entries such
that A = UUT,

there exists a nonsingular matriz C € R™™ such that A = CCT,

there exists an orthogonal matriz Q € R™ ™ (QQT = 1I) and a positive diagonal
matriz D such that A = QDQT and the diagonal entries of D are the eigenvalues
of A.

Theorem A.1.4 Let A € S™. The following statements are equivalent:

(a)
(b)
(c)
(d)

(¢)

(f)
(9)

AcSh,
the eigenvalues A\1(A), ..., \p(A) are nonnegative,
the determinant of every principal submatriz of A is nonnegative,

there exists a lower triangular matriz L with nonnegative diagonal entries such
that A = LL”,

there exists a upper triangular matriz U with nonnegative diagonal entries such
that A = UUT,

there exists a matriz C € R™™ such that A = CCT,

there exists an orthogonal matrix Q € R™ ™ (QQT = I) and a nonnegative di-
agonal matriz D such that A = QDQT and the diagonal entries of D are the
eigenvalues of A,
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(h) A+ele ST, forevery e > 0.

Note. The matrix L from Theorem A.1.3 (e) and Theorem A.1.4 (d), respectively, is
called the lower Cholesky factor of the positive (semi)definite matrix A. Similarly, the
matrix U from Theorem A.1.3 (f) and Theorem A.1.4 (e), respectively, is called the
upper Cholesky factor of the positive (semi)definite matrix A.

Note. For every positive semidefinite matrix A there exists a matrix A> such that
ATAz = A,

In fact, from the Theorem A.1.4 (g) it follows that
A = QDQ” = Qdiag(\i, ..., ,)QT, where \; > 0 for all i = 1,...,n, and therefore

one can define Az as )
A2 = Qdiag(\/\1,..., vV \)QT.

Such matrix A2 is called the square root of A. Moreover, it can be shown that the
square root of A is uniquely determined for any A > 0 (see e.g. [81], Theorem 6.4).

The following properties of positive semidefinite matrices are less known. For this
reason also the proofs or exact references are added.

Proposition A.1.6 If A € S, and B € S™ then there exists a nonsingular matriz P
and a diagonal matriz D such that

A =PPT and B=PDPT.

Moreover if B € S, then D has positive diagonal entries.

Proof. Denote A: = (A%)_l. The matrix A"2BA ™2 is symmetric (and positive
definite if B is positive definite) and hence there exists an orthogonal matrix Q and a
diagonal matrix D such that A2BA~: = QDQ”. One can then define P = A%Q.
Then

A=A2A? =A2QQTA2 =PP7
and ) )
B =Az2QDQ"Az = PDP”.

Proposition A.1.7 (a) If A >0, then |A;;| < \/A;iAjj.
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(b) If A >0 and i # j, then ’A”‘ < \/A“'Ajj.
Proof. Consider the principal submatrix
< A Ay >
Aij Ajj
of the matrix A. The statemens (a) and (b) follow from Theorem A.1.4 (¢) and Theorem
A.1.3 (d), respectively.

Corollary A.1.1 If A= 0 and Ay; =0, then Aj; = Aj; =0 forall j=1,...,n.

Example A.1.1 (Sturm at al. [67]) Assume A = 0,B > 0. Then the matric AB + BA
is symmetric but not necessary positive definite. In fact, let

a=(5HF) m=(a3)

-6 0
ThenAB—l—BA—( 0 42>.

Theorem A.1.5 (Theorem 6.10 of [81]) (Fischer inequality) Let A be a square (com-
plex) matriz.

If A= < A Ap ) =0, then detA <detAjjdetAgs.
Agr Ao

Theorem A.1.6 (Theorem 6.11 of [81]) (Hadamard inequality)
If A = 0 is a square (complex) matriz, then

det A S ﬁ A”
i=1

and the equality holds if and only if A;; = 0 for some i or A is diagonal.

Proposition A.1.8 (Lemma 2.3 of [59]) If A+ AT € S7_, then

A+ AT
det (%) < |det Al.
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A.2 Trace and matrix norms

Let A € R™*". The trace of the matrix A is defined as
i=1

The trace is a linear operator and has the following properties:

Proposition A.2.1 Let A,B € R™"™ and denote \;(A),i =1,...,n the eigenvalues of
A. Then

(o) tr(A) =321 Mi(A)
(b) tr(A) =tr(AT)
(c¢) tr(AB)=tr(BA)
Using the trace one can define the inner product on R"*" as follows:
A eB =tr(ATB) = tr(AB?) = tr(BTA) = tr(BAT).

The trace operator and the associated inner product have the following properties on
the set S7.

Proposition A.2.2 If X = 0 then tr(A) > 0, and tr(X) =0 if and only if X = 0.
Proposition A.2.3 If X =0,Y =0, then XeoY > 0.

Proposition A.2.4 If X >0, Y = 0. Then XY =0< XeY =0.

Proposition A.2.5 If X >0, Y 0. ThenY =0 XeY =0.

Definition A.2.1 The function || .| : R™"™ — R is called a matriz norm if for all
A,B € R™" it satisfies

(a) ||A] >0 and ||A] =0 if and only if A =0,
(b) llcAll = [cll[A]],

(c) |A+B[|<[A]+]B],

(d) |AB| < [A[[B].
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The inner product above induces the so called Frobenius (or Euclidean) matrix

norm on R™*™:
JAllr = VA A = \/tr(AAT).

An another matrix norm on R™*" is the so called spectral norm, defined as
Il = max {/\(a7A) .
1
Proposition A.2.6 (a) The spectral norm is the operator norm induced by the Eu-

clidean vector norm ||z|| = VaTz, that is,

[All2 = max | Az]]
llzfl=1

|
(b) If A € S™, then ||A||2 = max; |\;(A)].
(c) If A€ ST, then ||All2 = Apax(A).

Proof. (a) The matrix AT A is positive semidefinite and hence by Theorem A.1.4 (g)
there exists an orthogonal matrix Q and a nonnegative diagonal matrix D = diag(\1, ..., \,)
such that ATA = QTDQ and A, ..., )\, are the eigenvalues of AT A. Therefore

1Al = max{v/As, ..., v/An) = max

llzll=1

= |?mHaux1 VaTDx = max \/xTQTDQx = max \/xTATAx = max HAwH
Proposition A.2.7 If A € S*, B € R™*", then
(a) [Alz < |AllF < VnllAll2,
(b) |[AB|F < [|Al2]B] .

Proof. (a) If A € S™, then ||A[|%2 = tr(A%) = > | A?(A). The statement follows
from the inequalities

2
IAJ3 = (max (A ‘< Z/\2 ) < n(max |\i(A)])" = n[All3.
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(b) If A € S™, then A? = 0 and hence by Theorem A.1.4 (g) there exists an or-
thogonal matrix Q and a diagonal matrix D = diag(\;(A2),..., A, (A?)) such that
QA2QT = D. Therefore

|AB||% = tr(ABBTA) = tr(A’BBT) =

tr(QA2QTQBB” Q") = tr(DQBB” Q") =

=Y M(A%)(QBB"Q")ii < Anaa(A*)tr(QBBTQT) = || A5|BI[7-

i=1

O
Proposition A.2.8 If A = 0 then
(a) [[Alp <tr(A),
(b) Az < tr(A).
Proof. The statement (a) follows from
n n 9
|AlE = tr(A%) =D (A7) < (D Ni(A))”
i=1 i=1
The statement (b) is obvious.
O

Proposition A.2.9 If the matrices B = 0 and W, H € S" satisfy BH+ HB = W,

then
Wil

BH||r <
IBH|» < =7

Proof.
W% = W ¢« W = (BH + HB) o (BH + HB) = 2tr(HB’H) + 2tr(BHBH) =

1 1
2|BH|% + 2|B2HB:||% > 2| BH||%.

As an immediate consequence we obtain (see also Proposition A.4.8):
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Corollary A.2.1 Let B >~ 0 be fixred and X € S™. Then the equation
BX +XB =0

has the only solution X = 0.

Proposition A.2.10 (Lemma 2.1.of [59]) If A > 0 and B = 0 then

_ tr(B) tr(B)
rATB) = T 2 LA

Proof. Since A > 0, there exists an orthogonal matrix Q and a diagonal matrix
D = diag(M(A),..., \y(A))
such that QAQ” = D. Therefore QA™'Q”T = D! and
tr(A~'B) = tr(QAT'Q"QBQ") = tr(D'QBQ’) =

>, (QBQT) S r(B)
Amaz (A) ~tr(A)’

=Y M(A)"1(QBQ"); >
i=1
O

Proposition A.2.11 (Lemma 7 of [51]) If A is a square matriz such that tr(A2) >

0, then

A+AT
2

<V2tr(A).

F

IA]F < ﬁH

Proof. The second inequality follows from Proposition A.2.7. We will prove the first
inequality. Every square matrix is the sum of its symmetric and skewsymmetric part.

A+ AT LA AT
2 2
It holds tr[(A + AT)(A — AT)] = tr(AA — ATAT) = 0 and therefore

A

T\ 2 AT\ 2 T2 AT 2
tT(AQ):tT<A+A ) +tT<A A> _|a+AT)? |la-A
2 F 2 F
and
A+ AT\? A—AT\N? ||[A+AT|® A - AT|?
|A||% = tr —tr = + .
2 2 g 2 s
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By adding the above equalities and by the assumption tr(A2) > 0 we obtain

A+ AT
HM%éHM%+W@%:4%jT— |
F
O
Theorem A.2.1 (Theorem 7.1.1 of [40]) Let || - || be any matriz norm, such that

|| =1. If v = |M|| < 1, then the matriz I+ M is invertible, moreover it holds
I+M)t=I-M+M*— ...

and
[(I+M)71 < 1 .
—1—v

Proposition A.2.12 (Lemma 8 of [51]) Let B be a square matriz with real eigenval-

ues. Let t € (0, %) be given. Then if

-1

<t
F

)

B+ B7?
2

then
(a) |B—T1||p < V2t;

-1 1
() B2 < L.

Proof. (a) Obviously the matrix B — I has real eigenvalues and hence tr(B — 1) > 0.
Proposition A.2.11 then implies (let A =B —1I)

B-1e < v BBy <vae

(b) From the assumption, the statement (a) and Proposition A.2.7 (a) it follows that
|B —Ijj2 < 1. Therefore we can use Theorem A.2.1 and obtain that

1 1

B l=|I+B-1)""< < .
IB™ ]2 = [[(XT+( ) H2_1—||B—IH2_1—\/§75
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A.3 Schur complement

The concept of the Schur complement is a main tool in handling the matrices in semidef-
inite optimization. Many properties of the Schur complement are described e.g. in [81].
In this thesis we will need the properties presented in this section.

Ajn Aps >
A=
( Az Az

be a partitioned matriz (not square in general), where A1 is a square submatriz. Then
if Aq11 is nonsingular, then the matriz

[A/A11] = Aaz — A1 AT Aqa.

Definition A.3.1 Let

is called the Schur complement of A11 in A.

A1r Ago )
A=
< Az Az

be a square matrix with a nonsingular square submatriz A11. Then
(a) det A = det A1q det[A/Aq1],

(b) If A€ S™ and A1y = 0, then A = 0 if and only if [A/A11] = 0,
(c) If A€ S", then Ay > 0 if and only if A >0 and [A/A11] > 0.

Proposition A.3.1 Let

Proof. All of the statements follow from the identity

(s DA(3 A (A 0

O

Corollary A.3.1 Let A be a square matriz with a nonsingular square submatriz Aqy.
Then A is nonsingular if and only if [A/A11] is nonsingular.

Note. The statement (b) in Proposition A.3.1 says that if Aq7 > 0, then A > 0 if and
only if Agg = AzlAfllAu 1 Therefore the equality Agg = A21AIfA12 implies

< Aqq Aqo ) . 0
Azr AxiAtAL )

f A,B € 5™ we write A = B if and only if A — B > 0. The relation > is referred to as the Lowner
partial ordering (see [81], Section 6.2).
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and AzlAfllAlz is "the smallest” matrix (in the Lowner partial ordering sense) to
make the block matrix positive semidefinite.

Proposition A.3.2 Let A be a nonsingular matriz with partition given in Definition

A.5.1. I
- B11 B12>
A7t =
(le B2
then B22_1 = [A/All]

Proof. By inverting (A.1) we obtain

Al — I A tAge At 0 I 0
0 I 0 [A/All]_l A21A11_1 I ’

The rest follows from a simple computation.

Proposition A.3.3 (Lemma 2.2 of [59]) If A € S™ and

Ai1 Ajg >
A= =0
< Asr Aoy -

(A21 = A7), then
[A12||F < tr(Aq)tr(Ag).

Proof. If A > 0, then A + €I - 0 for any € > 0. Denote
[A/All]a = A22 + EI — Agl(All + EI)_lAlg

the Schur complement of Aj;+¢cIin A+¢I. Proposition A.3.1 (c) states that [A/A11]: >
0 and hence

t?"(A22 + 81) > t?"(Agl(All + EI)_lAlg) = t?"((All + 61)_1A12A{2) > M
- tT(All + EI) ’

where the last inequality follows from Proposition A.2.10. Hence for any € > 0 we have
tr(Aga+el)tr(Aqr+el) > tr(A9AT,). Taking the limit € — 0 leads to tr(Agg)tr(Agy) >
tr(AAl) = |An?.



116 APPENDIX A. USEFUL FACTS FROM MATRIX THEORY

A.4 Symmetric Kronecker product

The symmetric Kronecker product is a useful tool for expressing linear matrix maps.
One can find its applications in the theory of interior point methods for semidefinite
programming. In this section we will list the most important properties of the symmetric
Kronecker product. More properties and proofs can be found e.g. in [34].

Definition A.4.1 For any symmetric matrix

X1 X2 ... X
Xop Xoo ... Xoy
X = ) . )
an Xn2 v Xnn
n(n+1)

we define the vector svec(X) € R~ 2 as

svee(X) = (X11, V2Xi2, -+, V2X15, X202, V2Xa3, ..., V2Xon, .., Xon) T

. . . n(n+1) .
Note. The map X — svec(X) is an isomorphism S™ — R ool Moreover, if

X,Y € 8", then X o Y = svec(X)T svec(Y).

Definition A.4.2 Let M,N are (not necessary symmetric) square matrices in R™™.
Then the map M x N : §" — S" defined as

X — %(NXMT + MXNT)
is called the symmetric Kronecker product of the matrices M, N.
Obviously, the matrix (M« N) € R™*" and
(M * N)svec(X) = %S’L)EC(NXMT + MXNT). (A.2)

Let M,N € R™™. In what follows we list some basic properties of the symmetric
Kronecker product (M x N).

Proposition A.4.1 (a) The symmetric Kronecker product is commutative:
MxN =N *M.

(b) The symmetric Kronecker product is not associative in general:

K*x(Mx*N) # (K*M)*N.
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Proposition A.4.2
(M) * N =M x (aN) = a(M xN) VaeR.

Proposition A.4.3
(M« N)T = M7 » NT

and hence M x1 is symmetric if and only if M is symmetric.
Proposition A.4.4
(a) K4+M)*xN=KxN+Mx*N,
b)) Kx(M+N)=KrM+Kx*N.

Proposition A.4.5
1
(KxL)(MxN) = §(KM * LN + KN x« LM),

furthermore
(KxL)(MxM) = KM x LM,

and
(KxK)(MxN) = KM x KN.

Proposition A.4.6 Let M,N € R™*" be nonsingular. Then
(@) MxM)L=M"1t+M1,

but
(b)) (MxN)"t£M AN

in general.
Proposition A.4.7 If M > 0,N > 0, then M x N > 0.

Proof. Let M - 0,N > 0 and U € S, U # 0. Then

1
svec(U)T (M + N)svec(U) = isvec(U)Tsvec(NUM + MUN) =

1
:§[U0NUM+U0MUN]:UMU0N>O
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a
Corollary A.4.1 Let A € R™*" B € S"™ and X € S™. Then
svec(AXAT) = (A x A)svec(X)

and
svec(BX 4+ XB) = 2(B % I)svec(X).

Proposition A.4.8 Let B - 0 be fired and X € S™. Then the equation
BX+XB =0
has the only solution X = 0.

Proof. From the symmetric Kronecker product representation in Corollary A.4.1 we
can see that BX + XB = 0 if and only if (B * I)svec(X) = 0. Proposition A.4.7 implies
that (B % I) is positive definite and hence nonsingular. Therefore X = 0.

d

Corollary A.4.2 If B > 0, then the map X — BX + XB is a linear isomorphism
Sn— 8™,

Corollary A.4.3 Let B = 0 and W € S™. Then the equation BX + XB = W has a
unique solution X € S™.

Proposition A.4.9 Let X > 0,S > 0 and XS + SX = 0. Then (X*I)(S«I) is positive
definite (however not necessary symmetric).

Proof. Let V € 8™ and denote v = svec(V). It suffices to show that
T (X +I)(S*T)v > 0.
We have that
1 1
VI (X +I)(S+xI)v = gvT(XS *I+SxX)v > gvT(XS * v =
1 1
= i(svec(V))T(XS *x Isvec(V) = Z(svec(V))Tsvec(XSV + VSX) =

[V e (XSV) + Ve (VXS)] = %tr(\ﬂsx +VXSV) = %tr[V(XS +SX)V] > 0.

| =
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d

From Proposition A.4.9, Proposition A.4.3 and Proposition A.1.5 it immediately
follows:

Corollary A.4.4 Let X > 0,S = 0 and XS + SX > 0. Then all the matrices (a)-(h)
are positive definite (however not necessary symmetric):

(@) (S*DIX*I) (e) (S*I)(X*I)
() X*D(S*D~1 (f) (X+I)(S+I)
(0) (S+DX+D7T () (S+D) I (X+I)™
(d) X*I)7Y(S=xI) (h) (X+I)"H(S+I)~!

A.5 Triangular matrices

We will denote L™ and U™ the vector space of all n x n lower and upper triangular
matrices, respectively. Obviously

n(n+1)'

dim L" =dim U™ = 5

Define
" ={LeL" L;>0,Vi=1,...,n},

LTLH_:{LELn, L;; > 0, Vi:1,...,n},

and similarly
U_?:{UE u", U, >0, Vi:1,...,n},

U", ={UelL" U;>0,Vi=1,... n}

Proposition A.5.1 Let L,Li,Ly € L™ and U,U{,Uy € U".
(a) IfL e L%, then oL € L% for all a > 0,

(b) IfL el , then ol e L for all >0,

(¢c) IfU e UL, then U € U} for all o > 0,

(d) IfU eU},, then aU € UL for all o > 0,

(¢) IfLi,Loe L?, then Ly + Ly € L7,

(f) IfLi,Lye L, thenLi+Lye L7,
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(9)
(h)
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[f Uy, Uy € UT, then Uy + Uy € U7,
IfUl,UQ S U_?_i_, then U; + Uy € U_?_i_.

Corollary A.5.1 The sets L'}, U} (LY, ,U%Y, ) form a closed (open) convex cone.

Proposition A.5.2 (a) L e L%, if and only if L € L} and L is nonsingular.

(b)

U e U}, if and only if U € U} and U is nonsingular.

Proposition A.5.3 Let L,Li,Ly € L™ and U,U;,Uy € U".

(a)
(b)
(c)
(d)
(e)
(f)
(9)
(h)
(i)
(3)
(k)
()

Ile,LQ e L™, then LiLsy € L™,

If Li,Ly € L7, then LiLy € L7,

If Ly, Ly € L7, then LiLy € L7}

IfUl,Ug e U™, then U1Uy € U™,

IfUl,Ug S Uﬁ, then U1Uq € U7,

IfUl,UQ € U_?_i_, then U;Uq € Uﬁ—i—’

IfL e L™, then L? € L%, moreover if L is nonsingular, then L2 ¢ L.,
IfU e U", then U? € L, moreover if U is nonsingular, then U? ¢ Ly,
IfL € L™ is nonsingular, then L™ € L™,

IfLe L%, then it is nonsingular and L le Ly,

If U € U™ is nonsingular, then U™ € U™,

If U e U}, then it is nonsingular and Ulc Uuy,.

Proof. Denote r;(A) and s;(A) the vector which corresponds to the i-th row and
the j-th column of the matrix A, respectively. Let Lq,Lo € L™ and Uy, Uy € U™. The
statements (a)-(h) then follow from

0 1>
LiLy)i = ri(L1) s (Ly) = T
(LaLa)is = rilLn)"s; (L) { (Ln)ii(L2)ii i = j,
0 <]

(U1Us)y; = Ti(Ul)Tsj(U2) - { (U1)ii(Usa)i; i =j.
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The statements (i)-(1) follow from the fact that the inverse of a nonsingular matrix A
can be obtained from the adjoint of A, more precisely

adj(A)];  (=1)""7 det A(jli)
det A det A ’

where A(j|i) is the submatrix of A obtained by deleting the j-th row and the i-th
column—and from the observation that if L € L™, then [adj(L)];; = 0 for ¢ > j and if
U € U", then [adj(U)l;; =0 for i < j.

(A7 = |

O

Proposition A.5.4 If L € L™ (U € U"), then the eigenvalues of L (U) are the
diagonal entries Ly (Uy; ).

Lemma A.5.1 LetLe L™, UecU"™ Then
(a) L+LY =0 if and only if L =0.
(b)) U+UT =0 if and only if U = 0.
Proposition A.5.5 (a) LetL € L% be fizxed and X € L". Then the equation
LX" + XL" =0
has the only solution X = 0.
(b) Let U c U}, be fivred and X € U". Then the equation
UX" + XU =0
has the only solution X = 0.

Proof. (a) The matrix L is nonsingular and hence LX" + XL" = 0 if and only
if LTY(LXT + XLT)L™" = XTL~7 + L='X = 0. From Proposition A.5.3 it follows
L~ !X € L™ and moreover (L™'X)T = XTL=7. Lemma A.5.1 implies L~'X = 0 and
hence from the nonsingularity of L we obtain X = 0.

The statement (b) can be proved similarly.

d

Corollary A.5.2 IfL € L%, (U € U, ), then the map X — LXT + XLT (X —
UXT + XU7?) is a linear isomorphism L™ — S™ (U™ — S™).
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Corollary A.5.3 Let L € L%, (U € U, ) and W € S™. Then the equation LXT +
XLT =W (UXT + XU? = W) has a unique solution X € L™(U").

Proposition A.5.6 IfL e L" and L+ L" =W, then

Wil
V2

Ll <

Proof.
W% = W e W = 2tr(L?) + 2tr(LLT) > 2||L|)%.



Appendix B

Fréchet derivative of some matrix
functions

In this Appendix we derive the Fréchet derivatives of some special matrix maps that are
used in this thesis. In the first section we recall some basic definitions and properties
(see also [39]). In the section B.2 we focus on concrete matrix maps defined on open
subsets of S™ or L™, respectively.

B.1  Basic definitions and properties

Definition B.1.1 Let X,Y be normed vector spaces and U C X be an open subset of
X. Amap F:U —Y is called Frézhet differentiable at x € U if there exists a bounded
linear operator DF(x) : X —Y, such that

F(x+ h) — F(z) = DF(2)[h] + w(z, h)
and

ol b

im =0
Inll—0  [[A]]

For all h € X it holds DF(x)[h] € Y and the operator DF(z) is called the Fréchet
derivative of F' at x.

Proposition B.1.1 (a) If F(z) =c¢, then DF(z)[h] =0 for all h € X.
(b) If F is a linear map, then DF (z) = F.

123
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(¢) Let F,G,H be continuous maps from X toY . If the maps are Fréchet differentiable
at x € X, then F + G,aF, FG,FGH are Fréchet differentiable at x and

D(F+G)(z) =
D(aF)(z)
D(FG)(z) =

D(FGH)(x)

DF(z) + DG(z)

aDF(x)

DF(x)G(z) + F(x)DG(x)

DF(z)G(z)H(x) + F(z)DG(x)H (z) + F(x)G(x)DH (x)

(d) Let X,Y,Z be normed vector spaces, O(x) be a neighbourhood of z, F be a contin-
uwous map from O(x) toY and F(z) = y. Let O(y) be a neighbourhood of y and
G be a continuous map from O(y) to Z. If F is Fréchet differentiable at = and
G Fréchet differentiable at y, then the composition G o F (which is defined and
continuous on some neighbourhood of x) is Fréchet differentiable at x and

D(Go F)(z) = DG(y)DF (z).

Theorem B.1.1 Let F : X — Y be continuously differentiable on an open subset V
of X and x € V. If DF(x) is an isomorphism, then there exist an open neighbourhood
O(x) CV of x and a differentiable inverse function F~1: F(O(x)) — O(x), where

DF~

"(y) = [DF(z)]™" and x=F"'(y).

B.2 Fréchet derivatives of some matrix functions

In the following we will be interested in some types of matrix functions on normed vector
spaces (S™, || - 1), (L™, ]| - ||) and (U™, ]| - ||). For two vector spaces V, W we will denote
L(V,W) the space of linear operators mapping V — W.

Example B.2.1 Let A € R™*" and B € S™. Consider the following linear maps:
¢1 (Lt — Unv ¢1(L) = LT7
Py 1 S — 8™, 4hy(X) = AXAT,
P30 S™ — S" h3(X) = BX + XB.

Obviously

Dy : L™ — L(L™,U"), Dtg:S"™ — L(S",S"), Diys:S" — L(S",S")
and for fired L € L™ and X € S™
Dy (L) : L™ — U™, Dy (L)[H] = HT

Dipy(X) : 8™ — S™, Dipy(X

H] = AHAT

)
Dip5(X) : S* — S*, Dys(X)[H] = BH + HB
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We turn our attention to the nonlinear maps:

¢1 :Sn_)sn’ ¢1(X) :X27
¢2 (L — Sn7 ¢2(L) = LLT7
B ST, — ST(ST,), 99(X) = X3,
b1: ST, — L'(LY,), 6a(X) = Lx.

These maps are important for an analysis of the symmetrization maps that are used in
context of the weighted paths (see Chapter 2).

Proposition B.2.1 Let ¢1 : S" — S™, ¢1(X) = X2. Then for any X € S™ it holds
D¢ (X): 8" — 8", D¢ (X)[H] = XH + HX.
Proof. Obviously, for any H € S™
o1(X +H) - ¢1(X) = (X+H)?-X?>=XH+HX + H%
The proposition now follows from the fact that the map H — XH + HX is linear and

- IH2)
|H|[—o |/H]|

since from the matrix norm submultiplicativity we have

122
0< < [IH]J
IH]|

Proposition B.2.2 Let ¢ : L™ — S™, ¢o(L) = LLT. Then for any L € L™ it holds
D¢y(L): L™ — S",  D¢y(L)[H] = LH" + HL”.
Proof. Let H € L™. Then
¢o(L+H) — ¢o(L) = (L+ H)(L+H)T —LL? = LHT + HL” + HHT.
Again, H — LH” + HL” is a linear map L" — S™ and

- |HHT|| _0
|H[|—o0 ||H]|

since

) - IHH|

< < ||| = |1
IH]|
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d

Obviously, the pair of maps <;51\51+ : X — X2 and ¢3 : X — Xz as well as ¢2]L1+ :
L — LL” and ¢, : X — Lx form a pair of inverse maps. Hence we can derive the Fréchet

derivatives of ¢3, ¢4 using Theorem B.1.1. To this aim we will need the following two
lemmas which are simple consequences of Proposition A.4.8 and Proposition A.5.5.

Lemma B.2.1 If X > 0, then D¢ (X) : H — XH + HX is an isomorphism S™ — S™.

Lemma B.2.2 If L € L%, then Dgy(L) : H — LH” + HL” is an isomorphism
L™ — Sm.

From Lemma B.2.1 it follows that if X > 0 is fixed, then for any W € S there exists
a unique solution H € S™ of the equation XH + HX = W. Similarly, from Lemma B.2.2
it follows that if L € L, is fixed, then for any W € S™ there exists unique solution
H € L™ of the equation LH” + HL” = W.

Definition B.2.1 (a) Let X = 0 and W € S™ be fized. The unique solution H € S™ of
the equation XH + HX = W will be denoted as

H=((W))x-

(b) Let L € L and W € S™ be fized. The unique solution H € L™ of the equation
LHT + HLY = W will be denoted as

H = [[W]]L.

N
3
)

S

Proposition B.2.3 Let ¢3: S}, — ST, ¢3(X) = X2,
Dg3(X) : 8" — 8", Dg3(X)[W] = ((W))_ 1.
Proof. Consider the map
¢1: 8" — 5", ¢1(X) = X2,

The cone S is an open subset of S™ and ¢1(S%},) = ST, . Let X € S7,. According
to Lemma B.2.1 the map D¢, (X) given by

D¢y (X): 8" — 8", D¢y (X)[H] = XH + HX.

is an isomorphism and hence from Theorem B.1.1 for the map

[NIES

¢3: 5% = Sy, ¢3(X)=X
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it holds )
D¢3(X) = [Dgn (X2)] 7"

Therefore D3 (X)[W] = (<W>>X%

Proposition B.2.4 Let ¢4 : S}, — LT, ¢4(X) = Lx. Then
Dpy(X) : " = L",  Dgy(X)[W] = [[W]]Ly-
Proof. Consider the map
¢o: L"— 8", ¢a(L) = LL".

The cone L7 | is an open set of L™ and ¢o(L"},) = ST, . Let L € L} . According to
Lemma B.2.2 the map D¢y (L) given by

Dgo(L) : L™ — S™, D¢o(L)[H] = LH? + HL'.

is an isomorphism and hence from Theorem B.1.1 for the map ¢4 : ST, — L7}, ¢4(X) =
Lx it holds

D¢s(X) = [Dea(Lx)] ™!
Therefore Dy (X)[W] = [[W]]Lyx-

Proposition B.2.5 Let A € §". The Fréchet derivative of the maps
Wyt ST, — S 1hy(X) = XZAX?

and
s ST, — S 1p5(X) = LxALx,

at X 18

Dyy(X) : 8" — 5", Dya(X)[W] = ((W))_; AX? + XZA ((W))

)

[N
VT

X
Dip5(X) : S* — 8", Dy5(X)[W] = [[W][{ ALx + LY A[[W]]Ly.

Proof. Follows from Proposition B.1.1, Propositions B.2.3 and B.2.4.
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As a consequence of the statements above we obtain the following corollary:

Corollary B.2.1 Consider the maps

(X, S) (XS + SX)/2,
Dy(X,S8) = XiSX:,

04(X,S) = LLSLx,

D4(X,S) = (X3S3+S2X3)/2,
05(X,8) = (ULLx+L%Ug)/2.

Then
D®,(X,S)[AX, AS] = L(AXS + SAX + ASX + XAS),

D®,(X, S)[AX, AS] = ((AX)), 3 SX?2 + X328 ((AX)), 4 + X2 ASX?,

D®3(X,S)[AX, AS] = [[AX]]f, SLx + Lx " S[[AX]|L, + Lx" ASLx,

D®4(X, S)[AX, AS] = F(({AX)), 3 S* +8% (AX)), 3 + ((A8)) 3 X> + X7 ((AS)) 4 ),

[N

1
X2

D®5(X, S)[AX, AS] = 5 ([AX]]{, Us + Us" [[AX]Jryx + [AS]G Lx + Lx " [[AS]lus).



Appendix C

Asymptotic notation

In this Appendix we introduce basic definitions and properties concerning the asymptotic
notation of the matrix functions.

C.1 Definitions

Before we start with defining the asymptotic notations of matrix functions, we recall the
well known definitions of the O-notation, ©-notation and o-notation of real functions.
For our purpose it will be sufficient only to consider the real functions R4y — R.

Definition C.1.1 Let f: Ry — R, g: Ry — R be real functions. We will write

if and only if there exists po > 0 and v > 0 such that for all p € (0, ug) it holds

lg()| < | f ()]

Definition C.1.2 Let f: Ry, — R, g: Ry — R be real functions. We will write

if and only if
ol
=0 [ f ()]

129
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In what follows, we will assume that
AR — R A:pue— Adp)
is a matrix function and
fiRiy — Ry, frue f(p)
is a real function.

Definition C.1.3 We will write

Ap) = O(f (1)
if and only if [|A(p)||lr = O(f(w)) , that is, there exists po > 0 and v > 0 such that for
all € (0, po) it holds

[A ()l <7 f ().

Definition C.1.4 We will write

A(p) = o(f(n))
if and only if |A(u)llr = o(f(n)) that is
i TAWIE
p=0  f(u)

Definition C.1.5 Assume A(p) € S™. We will write A(n) = O(f(1)) if and only if
there exists g > 0 and o > 0 such that for all p € (0, po) it holds

1 A
—I= ﬂ < ol.
a = f(w
Note, that instead X = Y one can write X —Y € S%. By replacing the symmetric
cone S” by the cone L} and U_ﬁl we obtain the following definitions of ©-notation for

lower and upper triangular matrices, respectively.

Definition C.1.6 Assume A(u) € L". We will write A(u) = O(f(r)) if and only if
there exists g > 0 and o« > 0 such that for all p € (0, po) it holds

A 1 A
ﬂ——IGLﬁ_ and aI—MELi.
o

f(u) f(p)

Definition C.1.7 Assume A(u) € U™. We will write A(u) = O(f(w)) if and only if
there exists g > 0 and o > 0 such that for all p € (0, ug) it holds

M—éIEUﬁ and aI—MGUﬁ.

f(u) f(p)

= 0.

1See Appendix A.5.
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C.2 Basic properties

Proposition C.2.1 Let A(u) € R™"™ and A(n) = O(f(n)) and Ai(u) is a square
submatriz of A(n). Then

(a) Ax(n) = O(f (),
(b) A(n) = O(f (),

(¢) tr(A(n) = O(f (),

(d) If A(u) € S7(LT, UL, then (A (1) = O(f (1)),
(¢) If Ap) € ST(L?,UT), then det(A () = O(f(u)").

Proof. The statement (a) follows from the inequality ||A1(u)|lr < [|[A(u)||r. The
statement (b) is a special case of the statement (a). Using this statement, we obtain that
there exist positive constants v;, i = 1,...n such that for any i it holds |A(u)i| < ¢ f(w).
Denote v =Y ;v > 0. The statement (c) then follows from the inequality

[tr(A(p)| = |ZA(M)2‘2‘| < Z [A(p)is| < (Z%’)f(,u) = (1)
i=1 i=1 i=1

Let us prove the statement (d). If A(u) € S, then its eigenvalues are nonnegative real
numbers and therefore for any i € {1,...,n} it holds

0 < Ni(A(n) < D A(A(w) = tr(A(p) < 7f(w),
j=1

according to the statement (c). Finally, the statement (d) implies the statement (e),
since det(A (1)) = [Ty M(A ().

Proposition C.2.2 Assume A(u) € ST. Then

A(p) =0(f(n) & tr(A(p) = O(f (1)

Proof. The implication from the left to the right is included in the statement (c) of
the Proposition C.2.1. The reverse implication follows from the inequality ||A(p)||r <
tr(A(p)) (see Proposition A.2.8).
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d

Proposition C.2.3 Assume A(n) € ST(L1,UY) and A(pn) = O(f(w)). Then for suffi-
ciently small o the following implication holds

Jdee R: c<Indet ?((’5)) = A(p) =0(f(n),

according to Definition C.1.5 (Definition C.1.6, Definition C.1.7).

Proof. Let A(u) € S and A(u) = O(p). Denote A(p) = %. Obviously A(u) €

S% and A(p) = O(1). Assume that there exists ¢ € R such that
¢ < Indet A(p),

which is equivalent to 3
c1 < det A(p) (C.1)

for some positive real number ¢;. From Proposition C.2.1 (d) we have that Aqq (A (1))
O(1), that is

Amaz (A (1)) < a (C.2)
for some a > 0. We will show, that there also exists b > 0 such that
If this is not true, then there exists a sequence {uj} — 0 such that
Jim Amin (A (1)) = 0. (C.3)

Because of (C.2), the eigenvalues of A(uy) are bounded above and hence (C.3) yields it
holds B
klim det A(ug) =0,

which contradicts to (C.1). Put d = max{a,1/b} > 0. Then for any i € {1,...,n} it
holds

< Ni(A(m)) < d,
which is equivalent to
1 . < <
g1 = diagha(Alur)), - An(Aug))) = dl

or 1
1= A(py) < dL

The proof for A(u) € L'} or A(u) € U} can be carried out analogously.



Appendix D

Assumptions

In this appendix we review the assumptions needed in this thesis.
Assumption (A1): The matrices Ay,...,A,, are linearly independent.
Assumption (A2): P? (), DY £ (.

Assumption (A3): The system (2.3) is solvable.

Assumption (A4): For any j € {1,...,5} let Ab, AC be such that there exists
WO €W, and pg > 0 such that the system (3.1) is solvable for W = W% and u = po.

Assumption (A5): There exists a strictly complementary optimal solution of the
system (2.3).

Note. Recall that Assumption (Al) ensures the one-to-one correspondence between
the dual variables y and S. Assumption (A2) is necessary for the theory of interior point
methods in SDP. The both assumptions together are equivalent to the fact that the
primal and dual optimal solution sets are nonempty and bounded (See [69]). Therefore,
Assumption (A3) is weaker then Assumption (A2). However it is sufficient for studying
the infeasible weighted paths. Assumption (A4) ensures that the parameters Ab, AC
in the system (3.1) are chosen properly, in order to well-define the infeasible weighted
central path (see also Definition 3.6.1). Finally, Assumption (A5) is necessary for the
asymptotic analysis of the weighted paths.
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