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PERIODIC TRAVELING WAVES IN A SYSTEM

OF NONLINEARLY COUPLED NONLINEAR OSCILLATORS

ON A TWO-DIMENSIONAL LATTICE

S. BAK

Abstract. The system of ordinary differential equations that describes the dy-
namics of an infinite system of nonlinearly coupled nonlinear oscillators on a two-
dimensional lattice is considered. By means of the critical points method, a result on
existence of non-constant periodic traveling waves with an arbitrary positive speed
is obtained.

1. Introduction

In the present paper, we study equations that describe the dynamics of an infinite
system of nonlinearly coupled nonlinear oscillators on a two dimensional lattice. It
is assumed that each oscillator interacts nonlinearly with its four nearest neighbors.
The equations of motion of the system are of the form

(1)

q̈n,m(t) = W ′1(qn+1,m(t)− qn,m(t))−W ′1(qn,m(t)− qn−1,m(t))

+W ′2(qn,m+1(t)− qn,m(t))−W ′2(qn,m(t)− qn,m−1(t))

− U ′(qn,m(t)), (n,m) ∈ Z2,

where qn,m(t) is a generalized coordinate of the (n,m)-th oscillator at time t,
W1,W2, U ∈ C1(R).

Equations (1) form an infinite system of ordinary differential equations. No-
tice that this system is a representative of a wide class of systems called lattice
dynamical systems extensively studied in last decades. Such systems also include
the Discrete Sine–Gordon type equations as U(r) = K(1 − cos r) and the Fermi–
Pasta–Ulam type systems as U(r) = const. Equations of such type are of interest
in view of numerous applications in physics, [1, 16, 17].

In this area of research, a great attention is paid to an important specific class
of solutions called traveling waves. A traveling wave solution of equation (1) is a
function of the form

qn,m(t) = u(n cosϕ+m sinϕ− ct),
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where the profile function u(s) of the wave, or simply profile, satisfies the
equation

(2)
c2u′′(s) = W ′1(u(s+ cosϕ)− u(s))−W ′1(u(s)− u(s− cosϕ))

+W ′2(u(s+ sinϕ)− u(s))−W ′2(u(s)− u(s− sinϕ))− U ′(u(s)).

The constant c 6= 0 is called the speed of the wave. If c > 0, then the wave moves
to one direction, otherwise to the opposite direction.

In what follows, a solution of equation (2) is understood as a function u from
the space C2(R;R) satisfying this equation.

Papers [2, 6, 8, 10, 21, 22] are devoted to the existence of periodic, homoclinic,
and heteroclinic traveling waves for the discrete sine–Gordon type equations.

The existence of periodic and solitary traveling waves in Fermi–Pasta–Ulam
system on 2D-lattice was studied in [3, 12, 13, 14]. A comprehensive presen-
tation of existing results on traveling waves for 1D Fermi–Pasta–Ulam lattices is
given in [25].

In papers [4, 5, 9, 15, 18, 19], periodic and solitary traveling waves for infinite
systems of linearly and nonlinearly coupled oscillators on 2D-lattice were studied.
While [7, 11, 20, 24] dealt with traveling waves for such systems on 1D-lattice.

G. Iooss and K. Kirchgässner [20] established the existence of traveling waves
for linearly coupled oscillators with weak coupling. The motion of the chain, which
they considered, is described by the system

q̈n(t) = α(qn+1(t) + qn−1(t)− 2qn(t))− V ′(qn(t)), n ∈ Z,
where α is a small parameter, V ′(0) = 0, V ′′(0) = 1.

In paper [11], almost the same system is studied. But in this paper, α is not a
small parameter, and also another type of potentials, which satisfy the Ambrosetti-
Rabinowitz condition, is considered. In paper [4], the system of linearly coupled
nonlinear oscillators on 2D lattice was studied. Note that in [4] and [11], the
profile function is only non-zero, the period of wave 2k ≥ 2, and the speed c > c0
with some c0 (so-called “supersonic waves”). To establish the existence of such
waves, the mountain pass theorem is used. In [7], by means of the linking theorem,
a result on the existence of non-trivial 2k-periodic traveling waves with arbitrary
speed c > 0 and any k ≥ 1 for chain of linearly coupled nonlinear oscillators was
obtained.

P. Makita [24], using a variational technique, established the existence of peri-
odic and homoclinic (solitary) traveling waves for a system of the form

q̈n(t) + f ′(qn(t)) = V ′(qn+1(t)− qn(t))− V ′(qn(t)− qn−1(t)), n ∈ Z,
that describes the dynamics of an infinite chain of nonlinearly coupled nonlinear
oscillators. In particular, he established the existence of non-constant supersonic
traveling waves.

In papers [5, 11, 15, 24], the method of periodic approximations was used to
establish the existence of solitary traveling waves. Each solitary wave is obtained
as a limit of periodic wave when the period goes to infinity.
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By means of topological and variational methods, M. Fečkan and V. Rothos
[18] established the existence of periodic traveling waves for a system of the form

q̈n,m(t) = ∆qn,m(t)− f(qn,m(t)), (n,m) ∈ Z2,

where (∆q)n,m = qn+1,m + qn−1,m + qn,m+1 + qn,m−1− 4qn,m is a two-dimensional
discrete Laplacian, the nonlinearity f is odd and 2π-periodic.

G. Friesecke and K. Matthies [19] showed the existence of solitary traveling
waves for a two-dimensional elastic lattice of particles interacting via harmonic
springs between nearest and diagonal neighbors without external potential.

In paper [9], the results on existence of non-constant periodic traveling waves
with arbitrary speed c > 0 in system (1) with quadratic potentials Wi(r) (i = 1, 2)
were obtained, while in the present paper, we consider non-quadratic potentials.
In fact, we have carried over the results of P. Makita [24] to a two-dimensional
lattice. But in contrast to his results, we obtain the sufficient existence conditions
of non-constant 2k-periodic traveling waves with arbitrary speed c > 0 for any
k > 0, using a different variational technique. Thus, there are both supersonic
and subsonic waves.

We consider the case of periodic traveling waves. The profile function of such
wave satisfies the following periodicity condition

(3) u(s+ 2k) = u(s), s ∈ R,
where k > 0 is an arbitrary real number. In contrast to the previous results, in this
paper the sufficient existence conditions of non-constant periodic traveling waves
with an arbitrary speed c > 0 are obtained.

2. Variational setting

To equation (2) we associate the functional

Jk(u) =

k∫
−k

[c2
2

(u′(s))2 −W1(Au(s))−W2(Bu(s))− U(u(s))
]
ds,

where

(Au)(s) := u(s+ cosϕ)− u(s) =

s+cosϕ∫
s

u′(τ)dτ,

(Bu)(s) := u(s+ sinϕ)− u(s) =

s+sinϕ∫
s

u′(τ)dτ.

The functional Jk is defined on the Hilbert space

H1
per =

{
u ∈ H1

loc(R) : u(s+ 2k) = u(s)
}

with the scalar product

(u, v)k =

k∫
−k

[u(s)v(s) + u′(s)v′(s)] ds
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and corresponding norm

‖u‖k =
(
‖u‖2L2(−k,k) + ‖u′‖2L2(−k,k)

) 1
2

=
( k∫
−k

[
(u(s))2 + (u′(s))2

]
ds
) 1

2

,

i.e., the Sobolev space of 2k-periodic functions.
We always assume that

(i) W1(r) = c1
2 r

2 + f1(r), W2(r) = c2
2 r

2 + f2(r), where c1, c2 ∈ R,
(ii) h(0) = h′(0) = 0 and h′(r) = o(r) as r → 0, where h ∈ {f1; f2;U},
(iii) there exists µ > 2 such that

0 < µh(r) ≤ rh′(r), r 6= 0.

It is easy to verify (see [7, Lemma 4.4]) that under this assumptions, there exist
d > 0, d0 ≥ 0 such that

(4) h(r) ≥ d|r|µ − d0, µ > 2.

Example 2.1. For example, we consider the potential

V (r) =
c1
2
r2 + h(r),

where h(r) = d
p |r|

p, d > 0, p > 2.

It is easy to see that the potential V (r) satisfies the assumptions (i)–(iii).

By direct calculation we obtain the following lemma.

Lemma 2.2. Under assumptions (i)–(iii) the functional Jk is C1-functional on
H1
per and

〈J ′k(u), v〉 =

k∫
−k

[
c2u′(s)v′(s)−W ′1(Au(s))Av(s)−W ′2(Bu(s))Bv(s)

− U ′(u(s))v(s)
]
ds, u, v ∈ H1

per.

Corollary 2.3. Under assumptions (i)–(iii), the critical points of Jk in the
space H1

per are solutions of equation (2) satisfying (3).

Remark. Let u ∈ H1
per be a solutions of equation (2). Then, by (iii), u 6= Const.

3. Main results

Using the linking theorem, we prove the existence of non-trivial traveling waves
with periodic profile function. For this, due to Corollary 2.3, it is enough to prove
the existence of a non-trivial critical points of Jk.

To obtain the main result, we need the linking theorem ([25, 26, 27]).
Let H be a Hilbert space. Consider C1-functional I on H. We say that the

functional I satisfies the Palais–Smale condition:
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(PS) if any sequence {un} ⊂ H such that I ′(un)→ 0 and the sequence {I(un)}
is bounded, then {un} contains a convergent subsequence.

Let H = Y ⊕ Z, ρ > r > 0 and z ∈ Z such that ‖z‖ = r. Define

M := {u = y + λz : y ∈ Y, ‖u‖ ≤ ρ, λ ≥ 0},
M0 := {u = y + λz : y ∈ Y, ‖u‖ = ρ and λ ≥ 0 or ‖u‖ ≤ ρ, λ = 0},

i.e., M0 is the boundary of M . Let

N := {u ∈ Z : ‖u‖ = r}.
We say that the functional I possesses the linking geometry

(LG) if β := inf
u∈N

I(u) > sup
u∈M0

I(u) =: α.

Theorem 3.1 (Linking). Suppose that the functional I : H → R of class C1

satisfies (PS) and (LG). Let

b := inf
γ∈Γ

max
u∈M

I(γ(u)) ≥ β,

where Γ := {γ ∈ C(M,H) : γ|M0 = id}. Then b is a critical value of I and

β ≤ b ≤ sup
u∈M

I(u).

The main result of this paper is the following.

Theorem 3.2. Assume (i)–(iii). Then for every k > 0 and c > 0, equation (2)
has a non-trivial solution u that satisfies condition (3). Moreover, this solution is
non-constant for k large enough.

Now we verify the conditions of the linking theorem for the functional Jk. Let
us begin with verifying condition (PS).

Lemma 3.3. Under the assumptions of Theorem 3.2, the functional Jk satisfies
condition (PS).

Proof. We represent the functional Jk in the form

Jk(u) =
1

2
Ψk(u)−

k∫
−k

[f1(Au(s)) + f2(Bu(s)) + U(u(s))] ds,

where Ψk(u) =
k∫
−k

[
c2(u′(s))2 − c1(Au(s))2 − c2(Bu(s))2

]
ds.

Let {un} ⊂ H1
per be a Palais–Smale sequence of Jk at the level b, i.e., J ′k(un)→ 0

and Jk(un)→ b. We prove by contradiction that it is bounded. Suppose that {un}
is unbounded. Then, up to a subsequence (with the same denotation), ‖un‖k →∞
as n→∞.

Consider the operator L defined by

(Lu)(s) := − c2u′′(s) + c1(u(s+ cosϕ) + u(s− cosϕ)− 2u(s))

+ c2(u(s+ sinϕ) + u(s− sinϕ)− 2u(s))
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with 2k-periodic conditions. Let E+
k be the subspace of H1

per generated by the

eigenfunctions of L with positive eigenvalues, E−k be the subspace of H1
per gener-

ated by the eigenfunctions with negative eigenvalues, and E0
k be the subspace of

H1
per generated by the eigenfunctions of L with zero eigenvalues. Then H1

per =

E+
k ⊕E0

k⊕E
−
k and any function u ∈ H1

per can be represented as u = u+ +u0 +u−,

where u+ ∈ E+
k , u0 ∈ E0

k, and u− ∈ E−k .
Denote by

vn =
un
‖un‖k

.

Obviously, ‖vn‖ = 1. Then, up to a subsequence, vn → v weakly in H1
per and

strongly in Lp(−k, k), p ≥ 2, and almost everywhere. We show by contradiction
that v = 0. Suppose the opposite. It is easy to see that

Ψk(u+ + u0 + u−) = Ψk(u+) + Ψk(u−),

‖u‖2k = ‖u+‖2k + ‖u0‖2k + ‖u−‖2k
for u ∈ H1

per and ‖u+‖k ≤ ‖u‖k, ‖u−‖k ≤ ‖u‖k. Then

(5)
0← Jk(un)

‖un‖k
=

1

2
Ψk(v+

n ) +
1

2
Ψk(v−n )− 1

‖un‖2k

k∫
−k

[f1 (‖Aun‖kAvn(s))

+ f2 (‖Bun‖kBvn(s)) + U (‖un‖kvn(s))]ds.

We show that the right part of equation (5) converges to −∞. Indeed, Ψk(v+
n ) is

bounded, Ψk(v−n ) ≤ 0. Furthermore, there exist such constants d > 0 and d0 ≥ 0
that h(r) ≥ d|r|µ − d0, where h ∈ {f1, f2, U}, µ > 2. Then, by (iii), we have

1

‖un‖2k

k∫
−k

[f1 (‖Aun‖kAvn(s)) + f2 (‖Bun‖kBvn(s)) + U (‖un‖kvn(s))] ds

≥ 1

‖un‖2k

k∫
−k

U (‖un‖kvn(s)) ds ≥ d‖un‖µ−2
k

k∫
−k

|vn(s)|µds− d0‖un‖−2
k

= d‖un‖µ−2
k · ‖vn|µLµ(−k,k) − d0‖un‖−2

k → +∞,

because ‖vn|µLµ(−k,k) → ‖v|
µ
Lµ(−k,k), i.e., the right-hand side of (5) tends to −∞

as n→∞. We got a contradiction. Hence, v = 0.
Since the space H1

per is decomposed into an orthogonal direct sum, v+
n → 0,

v0
n → 0 and v−n → 0 weakly in H1

per. But the spaces E0
k and E−k are finite-

dimensional, and therefore v0
n → 0, and v−n → 0 strongly in H1

per. If v+
n → 0

strongly in H1
per, then 1 = ‖v+

n ‖2k = ‖βn‖2k+‖v+
n ‖2k → 0, which is impossible. This

means that v+
n 6→ 0 strongly in H1

per and ‖v+
n ‖k ≥ ε > 0 for some ε > 0 (after

going to a subsequence).
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Thus, we have

0← Jk(un)

‖un‖2k
− 1

µ‖un‖2k
〈J ′k(un), un〉

=
(1

2
− 1

µ

) k∫
−k

[
c2(v′n(s))2 − c1(Avn(s))2 − c2(Bvn(s))2

]
ds

− 1

‖un‖2k

k∫
−k

[
f1(Aun(s))− 1

µ
f ′1(Aun(s))Aun(s)

]
ds

− 1

‖un‖2k

k∫
−k

[
f2(Bun(s))− 1

µ
f ′2(Bun(s))Bun(s)

]
ds

− 1

‖un‖2k

k∫
−k

[
U(un(s))− 1

µ
U ′(un(s))un(s)

]
ds

=
(1

2
− 1

µ

)
Ψk(vn) +

1

‖un‖2k

k∫
−k

[ 1

µ
f ′1(Aun(s))Aun(s)− f1(Aun(s))

]
ds

+
1

‖un‖2k

k∫
−k

[ 1

µ
f ′2(Bun(s))Bun(s)− f2(Bun(s))

]
ds

+
1

‖un‖2k

k∫
−k

[ 1

µ
U ′(un(s))un(s)− U(un(s))

]
ds

=
(1

2
− 1

µ

) (
Ψk(v+

n )Ψk(v−n )
)
+

1

‖un‖2k

k∫
−k

[ 1

µ
f ′1(Aun(s))Aun(s)−f1(Aun(s))

]
ds

+
1

‖un‖2k

k∫
−k

[ 1

µ
f ′2(Bun(s))Bun(s)− f2(Bun(s))

]
ds

+
1

‖un‖2k

k∫
−k

[ 1

µ
U ′(un(s))un(s)− U(un(s))

]
ds.

But, due to the condition (iii), the integrals on the right-hand part of the last
equality are non-negative. Furthermore, Ψk(v−n ) → 0 and in the space E+

k the
quadratic part Ψk is positively defined, i.e., Ψk(v+

n ) ≥ ε0 > 0 because ‖v+
n ‖k ≥ ε.
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That is, the right-hand part of the last equality ≥
(

1
2 −

1
µ

)
ε0 > 0. But the left-

hand part converges to zero. We got a contradiction. Thus, the sequence {un} is
bounded.

Since {un} is bounded in Hilbert space H1
per, up to a subsequence, we have

that un → u weakly in H1
per, and hence, Aun → Au, and Bun → Bu weakly in

H1
per, and strongly in L2(−k, k) and C([−k, k]) (by the compactness of Sobolev

embedding).
A straightforward calculation shows that

c2‖un − u‖2k =

k∫
−k

[
c2(u′n(s)− u′(s))2 + c2(un(s)− u(s))2

]
ds

= 〈J ′k(un), un〉+ c1‖Aun −Au‖2L2(−k,k) + c2‖Bun −Bu‖2L2(−k,k)

+

k∫
−k

[f ′1(Aun(s))− f ′1(Au(s))] (Aun(s)−Au(s))ds

+

k∫
−k

[f ′2(Bun(s))− f ′2(Bu(s))] (Bun(s)−Bu(s))ds

+

k∫
−k

[U ′(un(s))− U ′(u(s))] (un(s)− u(s))ds.

Obviously, all the terms on the right-hand part converge to 0 (second and third
terms converge to 0 by strong convergence, and other terms converge to 0 by weak
convergence). Thus, ‖un − u‖k → 0 as n→∞, and proof is complete. �

Lemma 3.4. Under the assumptions of Theorem 3.2, the functional Jk satisfies
condition (LG).

Proof. Let Z be the subspace of H1
per generated by the functions of the op-

erator L with positive eigenvalues and Y be the subspace of H1
per generated by

the functions with non-positive eigenvalues. It is readily verified that Y ⊥ Z and
H1
per = Y ⊕ Z.
Denote by Qk the quadratic part of the functional Jk

Qk(u) =
1

2

k∫
−k

[
c2(u′(s))2 − c1(Au(s))2 − c2(Bu(s))2

]
ds.

Obviously,
Qk(y + z) = Qk(y) +Qk(z),

where y ∈ Y , z ∈ Z.
Note that the quadratic form Qk is positive definite on Z, i.e.,

Qk(u) ≥ α‖u‖2k
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with α > 0. Assumptions (i)–(iii), imply that given ε > 0, there exists r0 > 0 such
that max{|f1(r)|, |f2(r)|, |U(r)|} ≤ εr2 as |r| ≤ r0. Then

Jk(u) ≥ Qk(u)− ε
k∫
−k

(u(s))2ds ≥ Qk(u)− ε‖u‖2k ≥ δ‖u‖2k,

where δ > 0. Hence, Jk(u) > 0 on N = {u ∈ Z : ‖u‖k = r}, provided r > 0 is
small enough.

Now we fix z ∈ Z, ‖z‖k = 1, and set

M = {u = y + λz : y ∈ Y, ‖u‖k ≤ ρ, λ ≥ 0}.
We prove that Jk(u) ≤ 0 on M0 = ∂M provided that ρ is large enough. Recall
that

M0 = {u = y + λz : y ∈ Y, ‖u‖k = ρ and λ ≥ 0, or ‖u‖k ≤ ρ and λ = 0}.
Since there exist constants d > 0, d0 ≥ 0 such that

min{f1(r), f2(r), U(r)} ≥ d|r|µ − d0, µ > 2,

then, given that Qk(y) ≤ 0,

Jk(y + λz) ≤ λ2γ0 + 6kd0 − d
(
‖A(y + λz)‖µLµ(−k,k) + ‖B(y + λz)‖µLµ(−k,k)

)
− d‖y + λz‖µLµ(−k,k)

≤ λ2γ0 + 6kd0 − C‖y + λz‖µLµ(−k,k),

where γ0 = Qk(z), C > 0. Since

ρ2 = ‖y + λz‖2k = ‖y‖2k + λ2,

then λ2 ≤ ρ2. Furthermore, on finite dimensional spaces all norms are equivalent.
Hence,

‖y + λz‖Lµ(−k,k) ≥ c‖y + λz‖k = cρ,

Jk(y + λz) ≤ γ0ρ
2 + 6kd0 − Ccµρµ.

Since µ > 2, the right hand part here is negative if ρ is large enough. Hence,
Jk(y + λz) ≤ 0. If u ∈ M0, ‖u‖k ≤ ρ, and λ = 0, then u = y ∈ Y , and obviously,
Jk(u) ≤ 0. Thus, Jk possesses the linking geometry. �

Proof of Theorem 3.2. Lemmas 3.3 and 3.4 show that Jk satisfies all conditions
of linking theorem. Hence, Jk has non-trivial critical point u ∈ H1

per, which is a

C2-solution of equation (2) that satisfies (3). �
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