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PERIODIC TRAVELING WAVES IN A SYSTEM
OF NONLINEARLY COUPLED NONLINEAR OSCILLATORS
ON A TWO-DIMENSIONAL LATTICE

S. BAK

ABSTRACT. The system of ordinary differential equations that describes the dy-
namics of an infinite system of nonlinearly coupled nonlinear oscillators on a two-
dimensional lattice is considered. By means of the critical points method, a result on
existence of non-constant periodic traveling waves with an arbitrary positive speed
is obtained.

1. INTRODUCTION

In the present paper, we study equations that describe the dynamics of an infinite
system of nonlinearly coupled nonlinear oscillators on a two dimensional lattice. It
is assumed that each oscillator interacts nonlinearly with its four nearest neighbors.
The equations of motion of the system are of the form

dn,m(t) = Wl/(Qn-i-l,m(t) - Qn,m(t)) - Wl/(qmm(t) - Qn—l,m(t))
(1) + WQI(Qnm’H-l(t) - Qn,m(t)) - WZI(QnA,m(t) - Qn,m—l(t))
- Ul(‘]n,m(t))v (n’ m) € ZZ’

where ¢, () is a generalized coordinate of the (n,m)-th oscillator at time ¢,
Wi, Wy, U € Cl(R)

Equations (1) form an infinite system of ordinary differential equations. No-
tice that this system is a representative of a wide class of systems called lattice
dynamical systems extensively studied in last decades. Such systems also include
the Discrete Sine-Gordon type equations as U(r) = K(1 — cosr) and the Fermi—
Pasta—Ulam type systems as U(r) = const. Equations of such type are of interest
in view of numerous applications in physics, [1, 16, 17].

In this area of research, a great attention is paid to an important specific class
of solutions called traveling waves. A traveling wave solution of equation (1) is a
function of the form

Qn,m(t) = u(ncosp +msinp — ct),
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where the profile function u(s) of the wave, or simply profile, satisfies the
equation

) u'"(s) = Wi (u(s + cosp) —u(s)) — Wi (u(s) — u(s — cos p))
@ + Wi(u(s + sinp) — u(s)) — Wa(u(s) —u(s —sing)) — U’ (u(s)).
The constant ¢ # 0 is called the speed of the wave. If ¢ > 0, then the wave moves
to one direction, otherwise to the opposite direction.

In what follows, a solution of equation (2) is understood as a function u from
the space C%(R;R) satisfying this equation.

Papers [2, 6, 8, 10, 21, 22] are devoted to the existence of periodic, homoclinic,
and heteroclinic traveling waves for the discrete sine-Gordon type equations.

The existence of periodic and solitary traveling waves in Fermi-Pasta—Ulam
system on 2D-lattice was studied in [3, 12, 13, 14]. A comprehensive presen-
tation of existing results on traveling waves for 1D Fermi—Pasta—Ulam lattices is
given in [25].

In papers [4, 5, 9, 15, 18, 19], periodic and solitary traveling waves for infinite
systems of linearly and nonlinearly coupled oscillators on 2D-lattice were studied.
While [7, 11, 20, 24| dealt with traveling waves for such systems on 1D-lattice.

G. Tooss and K. Kirchgéssner [20] established the existence of traveling waves
for linearly coupled oscillators with weak coupling. The motion of the chain, which
they considered, is described by the system

Gn(t) = a(qni1(t) + @n-1(t) = 2¢u(t)) = V'(au (1)),  nEZ,
where « is a small parameter, V'(0) = 0, V"/(0) = 1.

In paper [11], almost the same system is studied. But in this paper, « is not a
small parameter, and also another type of potentials, which satisfy the Ambrosetti-
Rabinowitz condition, is considered. In paper [4], the system of linearly coupled
nonlinear oscillators on 2D lattice was studied. Note that in [4] and [11], the
profile function is only non-zero, the period of wave 2k > 2, and the speed ¢ > ¢y
with some ¢y (so-called “supersonic waves”). To establish the existence of such
waves, the mountain pass theorem is used. In [7], by means of the linking theorem,
a result on the existence of non-trivial 2k-periodic traveling waves with arbitrary
speed ¢ > 0 and any k > 1 for chain of linearly coupled nonlinear oscillators was
obtained.

P. Makita [24], using a variational technique, established the existence of peri-
odic and homoclinic (solitary) traveling waves for a system of the form

QH(t) + f/(Qn(t)) = V/(Qn+1(t) - Qn(t)) - V/(Qn(t) - Q7L—1(t))7 n € Z,
that describes the dynamics of an infinite chain of nonlinearly coupled nonlinear
oscillators. In particular, he established the existence of non-constant supersonic
traveling waves.

In papers [5, 11, 15, 24], the method of periodic approximations was used to
establish the existence of solitary traveling waves. Each solitary wave is obtained
as a limit of periodic wave when the period goes to infinity.
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By means of topological and variational methods, M. Feckan and V. Rothos
[18] established the existence of periodic traveling waves for a system of the form

(jn,m(t) = Aqn,m(t) - f(qn,m(t))a (n,m) € Z27

where (Aq)n,m = Gnt1,m + Gn—1,m + Gnm+1 + Gnym—1 — 4Gn,m is a two-dimensional
discrete Laplacian, the nonlinearity f is odd and 2x-periodic.

G. Friesecke and K. Matthies [19] showed the existence of solitary traveling
waves for a two-dimensional elastic lattice of particles interacting via harmonic
springs between nearest and diagonal neighbors without external potential.

In paper [9], the results on existence of non-constant periodic traveling waves
with arbitrary speed ¢ > 0 in system (1) with quadratic potentials W;(r) (i = 1,2)
were obtained, while in the present paper, we consider non-quadratic potentials.
In fact, we have carried over the results of P. Makita [24] to a two-dimensional
lattice. But in contrast to his results, we obtain the sufficient existence conditions
of non-constant 2k-periodic traveling waves with arbitrary speed ¢ > 0 for any
k > 0, using a different variational technique. Thus, there are both supersonic
and subsonic waves.

We consider the case of periodic traveling waves. The profile function of such
wave satisfies the following periodicity condition

(3) u(s + 2k) = u(s), s eR,

where k > 0 is an arbitrary real number. In contrast to the previous results, in this
paper the sufficient existence conditions of non-constant periodic traveling waves
with an arbitrary speed ¢ > 0 are obtained.

2. VARIATIONAL SETTING

To equation (2) we associate the functional
k

2
2 = [ 506 - WaAu(s) - WaBu(s) - Uuts))]as,
where B s+cos
(Au)(s) :==u(s + cosp) —u(s) = / o' (1)dT,

s
s+sin ¢

(Bu)(s) := u(s + sinp) —u(s) = / o' (7)dr.

The functional Ji is defined on the Hilbert space
H), ={ue€ H,.(R): u(s+2k)=u(s)}

per

with the scalar product

k
(u, ) = / [u(s)v(s) + v (s)v'(s)] ds
k&
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and corresponding norm

[N

k
Julle = (Fal s + 1) = ([ [0 + @) ds)
“k

i.e., the Sobolev space of 2k-periodic functions.
We always assume that

(i) Wi(r) = 6—217“2 + f1(r), Wa(r) = %27”2 + fa(r), where c1,c2 € R,

(ii) h(0) =A'(0) =0 and h'(r) = o(r) as r — 0, where h € {f1; f2; U},

(iii) there ewists p > 2 such that

0 < wh(r) <rh/(r), r #0.

It is easy to verify (see [7, Lemma 4.4]) that under this assumptions, there exist
d > 0, dy > 0 such that
(1) B) > drlt —do, > 2.

Example 2.1. For example, we consider the potential

V(r) = 517+ h(r),

where h(r) = %Mp, d>0,p>2.

It is easy to see that the potential V' (r) satisfies the assumptions (i)—(iii).

By direct calculation we obtain the following lemma.

Lemma 2.2. Under assumptions (i)-(iii) the functional Jy is C*-functional on
H! and

k
(Jr(w),v) = / [CQU'(S)U'(S) — Wi (Au(s))Av(s) — Wy(Bu(s))Bu(s)
“k

per*

— U’(u(s))v(:s)}ds7 u,v € H}

Corollary 2.3. Under assumptions (i)—(iii), the critical points of Ji in the

space H,,,. are solutions of equation (2) satisfying (3).

Remark. Let u € H!,, be asolutions of equation (2). Then, by (iii), u # Const.

per

3. MAIN RESULTS

Using the linking theorem, we prove the existence of non-trivial traveling waves
with periodic profile function. For this, due to Corollary 2.3, it is enough to prove
the existence of a non-trivial critical points of Jj.

To obtain the main result, we need the linking theorem ([25, 26, 27]).

Let H be a Hilbert space. Consider C''-functional I on H. We say that the
functional I satisfies the Palais—Smale condition:
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(PS) if any sequence {u,} C H such that I'(u,) — 0 and the sequence {I(u,)}
is bounded, then {u,} contains a convergent subsequence.

Let H=Y ® Z, p>r>0and z € Z such that ||z|]| = r. Define
M ={u=y+Xz:yeY, |ul| <p, A>0},
My:={u=y+Xz:y€Y,|ul|=p and A >0 or |jul| < p, A =0},
i.e., My is the boundary of M. Let
N:={ueZ:|ul|=r}
We say that the functional I possesses the linking geometry
(LG) if g := uuelijI(u) > sup I(u) =: a.

u€e My

Theorem 3.1 (Linking). Suppose that the functional I: H — R of class C!
satisfies (PS) and (LG). Let

=i >
b 7nelggrgj}gfcf(’y(’u)) > f,

where I' := {y € C(M, H) : y|p, = id}. Then b is a critical value of I and

B <b< sup I(u).
ueM

The main result of this paper is the following.

Theorem 3.2. Assume (i)—(iii). Then for every k > 0 and ¢ > 0, equation (2)
has a non-trivial solution u that satisfies condition (3). Moreover, this solution is
non-constant for k large enough.

Now we verify the conditions of the linking theorem for the functional Jy. Let
us begin with verifying condition (PS).

Lemma 3.3. Under the assumptions of Theorem 3.2, the functional Jy satisfies
condition (PS).

Proof. We represent the functional J in the form

k
I = 30() ~ [ [AAu() + 2(Bu(s) + Ulu(s)] ds.
k
k
where Uy (u) = _"a [®(u/(s5))? — c1(Au(s))? — c2(Bu(s))?] ds.

Let {u,} C H,,, be a Palais-Smale sequence of J; at the level b, i.e., J; (un) — 0
and Ji(u,) — b. We prove by contradiction that it is bounded. Suppose that {u,}
is unbounded. Then, up to a subsequence (with the same denotation), ||u, ||z — oo
as n — 0o.

Consider the operator L defined by

(Lu)(s) := — 2" (s) + c1(u(s + cos @) + u(s — cos @) — 2u(s))
+ co(u(s + sinp) + u(s — sing) — 2u(s))
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with 2k-periodic conditions. Let E,:r be the subspace of H;er generated by the

o gener-

ated by the eigenfunctions with negative eigenvalues, and EY be the subspace of

H;er generated by the eigenfunctions of L with zero eigenvalues. Then H;er =

Elj @E,g @ E, and any function u € H!_ can be represented as u = ut +u’ +u~,

eigenfunctions of L with positive eigenvalues, £,  be the subspace of H;

per
where ut € Ef, u® € EY, and u™ € E,.
Denote by
Uy,
Up = .
[
Obviously, [|v,| = 1. Then, up to a subsequence, v, — v weakly in H,,, and

strongly in LP(—k, k), p > 2, and almost everywhere. We show by contradiction
that v = 0. Suppose the opposite. It is easy to see that

Uy (ut +u® +u™) = Ug(uh) + Up(u),
lull = et IR + 1R + [l

for u e H,,. and ||ut||x < ||ullg, =[x < ||ul|x. Then

per

k

/ [y (| At [ Avi (5))

1

[[un %

Sl Lyt
6 T Tl ~ 2O )

+ fa (| Bun|[x Bun(s)) + U ([lunlrvn(s))]ds.

We show that the right part of equation (5) converges to —co. Indeed, Wy (v,") is
bounded, ¥y(v,;) < 0. Furthermore, there exist such constants d > 0 and dy > 0
that h(r) > d|r|* — do, where h € {f1, fo,U}, > 2. Then, by (iii), we have

k
/ [f1 ([Aun|rAvn(5)) + f2 (|| Bun |l Bun(s)) + U ([[unllrvn(s))] ds

1

I3

 unll

k k

1 _ _

> / U (Jun l50n(s)) ds > dlfun |2 / (o ()15 — doljun 2
—k —k

_92 _
= dHunHl]: v liu(_hk) - dO”un”k2 — +00,

because ||vn|’iﬂ(7k’k) — ||v|’zu(7k’k), i.e., the right-hand side of (5) tends to —oo
as n — 0o. We got a contradiction. Hence, v = 0.

Since the space H,, is decomposed into an orthogonal direct sum, v} — 0,
n — 0 and v, — 0 weakly in H,_. But the spaces E} and E, are finite-
dimensional, and therefore v} — 0, and v,; — 0 strongly in H),,.. If v;f — 0
strongly in Hy,,, then 1 = [[v}|[¥ = [|8,[I7 + v |7 — 0, which is impossible. This
means that v /4 0 strongly in Hl, and |[v}|x > > 0 for some e > 0 (after

per
going to a subsequence).

v
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Thus, we have
Jk (un) 1

lunlly  pllunllf

<Jl/c(un)vun>

—(5-7) [ P00~ v (o)) - ea(Bon(s)?] ds

: k
k

_ ”ui”%/ [fl(Aun(s)) — %f{(AUn(S))Aun(s)}ds
k

1 1,

_ M_/k [fz(Bun(s)) — ;fg(Bun(s))Bun(s)} ds

k
||U711||i / [U(un(s)) *U’(un(s))un(s)}ds
k
= (% - %)\Ijk(vn) + uili/ {%f{(Aun(s))Aun(s) — fi(Aun(s))|ds

= (37 ) ) + i [ [ () A 6) - (A 5

||Urlz||;2€/ [iU/(u"(S))un(S)*U(Un(S))}ds.

But, due to the condition (iii), the integrals on the right-hand part of the last
equality are non-negative. Furthermore, ¥y (v, ) — 0 and in the space E; the
quadratic part Wy, is positively defined, i.e., Uy (v;") > g9 > 0 because |[v;]||x > e.
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That is, the right-hand part of the last equality > (% - %) €o > 0. But the left-

hand part converges to zero. We got a contradiction. Thus, the sequence {u,} is
bounded.

Since {u,} is bounded in Hilbert space H]:;er7 up to a subsequence, we have

that u, — uw weakly in H! ., and hence, Au,, — Au, and Bu, — Bu weakly in

per?

H! . and strongly in L?*(—k, k) and C([—k, k]) (by the compactness of Sobolev

per?

embedding).
A straightforward calculation shows that
k
Hlun =l = [ [ (5) = /(6] + S un(s) = u(s))*]ds
—k

= (S (un), un) + 1| Auy, — Au||2L2(—k,k) + c2||[Bun — Bu||2L2(—k,k)
k

+ / [f1(Aun(s)) — fi(Au(s))] (Aun(s) — Au(s))ds
i

+ / [f2(Bun(s)) = f5(Bu(s))] (Buy(s) — Bu(s))ds
&
k

+ / [U' (un(s)) = U'(u(s))] (un(s) — u(s))ds.
—k
Obviously, all the terms on the right-hand part converge to 0 (second and third

terms converge to 0 by strong convergence, and other terms converge to 0 by weak
convergence). Thus, |lu, — u||x — 0 as n — oo, and proof is complete. O

Lemma 3.4. Under the assumptions of Theorem 3.2, the functional Jy satisfies
condition (LG).

Proof. Let Z be the subspace of H;er generated by the functions of the op-
erator L with positive eigenvalues and Y be the subspace of H;er generated by
the functions with non-positive eigenvalues. It is readily verified that Y | Z and

H[}er =Y®Z
Denote by @ the quadratic part of the functional Jj,
k
1
Qulw) = 5 [ [P0~ er(Aul)? ~ ex(Bu(s)?] .
—k
Obviously,

Qr(y +2) = Qr(y) + Qu(2),
wherey €Y, z € Z.
Note that the quadratic form Q) is positive definite on Z, i.e.,

Qi(u) = offull;
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with @ > 0. Assumptions (i)—(iii), imply that given € > 0, there exists ro > 0 such
that max{|fi(r)], |f2()|, |U(r)|} < er? as |r| < rg. Then

k
Jr(u) = Qr(u) — 5/(U(S))2d8 > Qn(w) = ellulli > dllullz,
k

where 6 > 0. Hence, Ji(u) >0on N ={u € Z: ||u|x = r}, provided r > 0 is
small enough.
Now we fix z € Z, ||z]|r = 1, and set

M={u=y+Xz: y€Y, [[ullx <p, A >0}
We prove that Ji(u) < 0 on My = OM provided that p is large enough. Recall
that
My={u=y+Xz: ye€v, |lulx=pand A >0, or ||u|x < pand A =0}.
Since there exist constants d > 0, dy > 0 such that
min{ f1(r), fo(r),U(r)} > d|r|* — do, > 2,
then, given that Qx(y) <0,
Jk(y + )\Z) < )\Q’YO + 6kdy — d (HA(y + Az)||iu(_k,k) + HB(y + AZ)||ZH(—k,k))
—dlly + )\Zleu(ik’k)
< A%y 4 6kdy — C||y + )\z||‘£“(_k7k)7
where 79 = Qx(2), C > 0. Since
p* =Ny + Nl = llyllE + %
then A% < p?. Furthermore, on finite dimensional spaces all norms are equivalent.
Hence,
[y + Azllpn(—km) = clly + Az|lk = cp,
Ji(y + A2) < vop? + 6kdy — CctpH.
Since p > 2, the right hand part here is negative if p is large enough. Hence,

Ji(y +Az) <0. If u € My, ||u|lxg < p, and A =0, then u = y € Y, and obviously,
Ji(u) < 0. Thus, Ji possesses the linking geometry. O

Proof of Theorem 3.2. Lemmas 3.3 and 3.4 show that J; satisfies all conditions

of linking theorem. Hence, J; has non-trivial critical point u € ngw which is a

C?-solution of equation (2) that satisfies (3). O
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