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UNIFIED SETTING OF GENERALIZED CONTRACTIONS
BY EXTENDING SIMULATION MAPPINGS
IN 5-METRIC-LIKE SPACES

K. ZOTO, Z. D. MITROVIC AND S. RADENOVIC

ABSTRACT. This paper presents a new and general class of o — Ky, _ s-contractions,
involving a-admissible and ¥ — s simulation mappings considered in the setting of
b-metric-like spaces. By applying this set of contractions associated with applica-
tions to integral equation, we unify, generalize, and increase the fixed point results
range in the literature.

1. INTRODUCTION AND PRELIMINARIES

The metric fixed point theory has undergone through a lot of extensions and
generalizations due to its simple nature and wide range of applicability in both
pure and applied mathematics. Introducing recent results focused on metric fixed
point theory, we start from paper of F. Khojasteh et al. [19], where many fixed
point theorems were unified by using class of simulating mappings and type of
Z-contraction. In sequel, authors in [3, 18] extended this class of mappings by
defining the notions of W-simulation function, and also types of Z-contractions.

After a research work in [11, 21, 22, 29], in this paper, we enlarge the general
class of ¥ — s simulation functions, and also by using the notion of a-admissible
mappings, define types of a — Ky_ contractions in the setting of b-metric-like
spaces. For more results on this subject, see [2, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 25, 28].

The presented results cover, extend, and unify a large number of generalized
fixed point theorems related to many kinds of contractions introduced in various
general metric spaces.

Let us initiate a review of some primary definitions and notions.

Definition 1.1 ([4]). Let A be a nonempty set. A mapping o,: A X A —
[0,400) is called b-metric-like if the following conditions hold for all z,y,z € A
and for some s > 1:

(i) op(x,y) = 0 implies z = y,
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(ll) O'b(l', y) = 0p (ya 37)7
(lll) O'b('rvy) < S[Ub(xvz) +0’b(2’,y)]~
The pair (A, 0p) is called a b-metric-like space.

In a b-metric-like space (A, 03), if 2,y € X and op(x,y) = 0, then z = y, but
the converse need not be true and oy (z,2) may be positive for x € A.

Definition 1.2 ([4]). Let (4, 03) be a b-metric-like space with parameter s and
{z,} be a sequence in A and x € A. Then
a) {x,} is said to be op-convergent to x if lim,,—, oo op(2p, ) = op(x, ),
b) {x,} is said to be a o,-Cauchy sequence in (A, op,) if limy, ;m—st00 0b(Tns Tm,)
exists and is finite,
¢) (A4, 0y) is said to be a gp-complete b-metric-like space if for every o,-Cauchy
sequence {x,} in A, there exists € A such that

n,n%iinJroo Oy ((En, mm) = nEIBoo Ub(xna (E) = Ub(xa CU),

d) A mapping f: A — A is said to be o,-continuous if for any sequence {z,}
in A such that op(z,, ) — op(z,z) as n — 400, we have oy, (fz,, fx) —
op (fx, fx) as n — +oo.

Definition 1.3 ([23]). Let A be a non-empty set. Let f: A. — A and a:
A x A — [0,00) be given functions. We say that f is an a-admissible mapping if
a(z,y) > 1 implies that a(fz, fy) > 1 for all z,y € A.

Lemma 1.4 ([4]). Let (A, 0p) be a b-metric-like space with parameter s > 1,
and suppose that {x,} is op-convergent to x with op(z,x) = 0. Then for each
y € A, we have

s loy(x,y) <lim inf oy(x,,y) <lm sup oy(z,,y) < sop(x,y).
n—+00 n—-+oo

Lemma 1.5 ([27]). In a b-metric-like space (A, op) with parameter s > 1 for
z,y € A and {z,} C A, we have:

e op(z,y) =0 implies o (z,2) = o4 (y,y) = 0,

e lim op(z,,x =0 implies lim op(x,,z,)= lim op(x T =0
oo b( n n—i—l) P oo b( n n) n—s-too b( n+1, n+1) )

o x £y implies op(x,y) > 0.
Lemma 1.6 ([27]). Let (A, o) be complete b-metric-like space with parameter
s> 1, let {z,} be a sequence such that

(1) HEIEOO 0p (Tpy Tpy1) = 0.

If {z,} is not Cauchy (imy, ym—to0 Op (T, Tm) # 0), then there exists an € > 0
and two subsequences {Tm, } {xn, } with ng > my, > k (positive integers) such that

Op ('ka,x’nk) Z g,
Jp (xmmxnk71> < g,

€ .
— <lim sup op (Tmy—1,Tn,—1) < €5,
S k—+oo
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<lim sup op (Tmy, Tn,—1) < es?,
k——+oo

WM »|M

<lim sup oy (xmk—laxnk) < es”.
k—4o00

Additional useful properties were given in [26].

(H) If {x,} is a given sequence in A such that x,, - x € A as n — +o0 and
 (Zp, Tny1) > 1, then there exists a subsequence {x,, } of {x,} such that
a(xpn,,z) > 1for all k € N.

(U) For all z,y. € Fix(.f), we have o (.z,y) > 1, where Fix(f) denotes the set
of fixed points of f.

2. MAIN RESULTS

First, we remind the reader of the notations and definition given in [29].
¥ ([0,400]) represents the collection of continuous functions #: [0, +00) —
[0, +00) with the properties:
(11) 1 is strictly increasing,
(12) ¥ (m) =0 if and only if m =0,
and Ky _, denotes the set of ¥ — s simulation functions presented in the following
definition.

Definition 2.1 ([29]). A function k: [0, +00) — R is a ¥ —s simulation function
if there are v € ¥ and a coefficient p > 1 so that
(k1) kE(t,v) <y (v) — 1 (sPt) for all t,v > 0,
(ko) If {t,}, {vn} are sequences in (0, +0o0) such that
lim ¢,= lim v, =1>0, then limsupk (k,,v,) < 0.

n—+00 n—-+o0o n——+oo

Example 2.2. 1. Let k: [0, +00)? — R be defined by:

1) k(t,v) = cp(v) — ¢ (st) for all t,v € (0,400), where ¢ € (0,1),

2) k(t,v) =vv) — o(v) — ¢ (sPt) for all ¢,v € (0, +00),
where ¢: [0,4+00) — [0, +00) is such that liminf, ,, ¢(t) > 0 for all v > 0,

3) k(t,v) = ¢(v) — ¢ (sPt) for all t,v € (0, +00),
where 1, ¢: [0,+00) — [0,400) are continuous, ¢ is increasing such that
d(v) < y(v) for all v > 0,

4) k(t,v)=F (W), ¢ (v))p—ty (sPt) for all t,v € (0, +00),
where F': RT x RT — R is a C-class where F' is continuous such that
F(t,v) <tforallt >0,

5) k(t,v) =v¢(v) — Lv — ¢ (sPt) for all t,v € (0, 400),
where L € (0,1).

All above functions are in Ky _.

Definition 2.3. Let (A, o) be a b-metric-like space, k € Ky_g, and a: AxA —
[0, +00). The self-mapping f: A. — A is called a generalized o — K _; contraction
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(with respect to k) if it is an a-admissible mapping and

(2) k(a(z,y)oo(fz, fy), M(z,y)) 2 0

for all z,y € A, where

M) = max {"b(xvy% o (&, fx) 00 (3, fy), E Y 00 (0 F2) } |

4s

o If we take the function a(z,y) = 1, then f turns into a K,_s generalized
contraction (with respect to k).

o If we take the function s = 1, then f turns into a o — K, generalized contraction
(with respect to k).

o If we take the function a(z,y) = 1,s = 1, then f turns into a K generalized
contraction (with respect to k).

o If we take the function ¢ (z) = z, then f turns into a o« — K, generalized
contraction (with respect to k).

Theorem 2.4. Let (A,0,) be a complete b-metric-like space with parameter
s>1 a:Ax A — [0,400) and k € Ky_,. Suppose that f: A — A is an
a-admissible mapping and

(1) f is a generalized o — Ky, contraction,
(ii) there ewxists xg € A such that min {o (xo, fzo), a (fro,x0)} > 1,
(iii) the properties (H) and (U) are satisfied.

Then f has a unique fixed point x € A.
Proof. The proof passes into the following steps:

For such zy € A satisfying (ii), consider z,11 = fx, for all n € NU{0}. We
suppose that for all n € N,

3) Tn 7# Tnyrs (0p(Tn, Tng1) > 0).

Then since « (zg, fzo) > 1 and f is an a-admissible mapping, we get
a(zg,x1) = a(xg, frg) > 1, afxg, fr1) = a(xr,z2) > 1.

By induction, we deduce that

(4) a(Tpy Tpg1) > 1 for all n € N.

For M (2, Zn41), we have

M (2, Zp41) = max {Ub (@ Tng1) s b (Try Trg1) 5 O (Tpg1s Tng2)

Op (zna xn+2) + oy (xn—i-h xn—&-l) }
4s
= max {0y (Tn, Tnt1),0b (Tnt1, Tnya)}
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By (4), applying condition (2), we show
0 < k(a(wn,Tnt1) op(fTn, fTni1), M(Tn, Tnt1))
<Y (M(n, Tny1)) — ¥ ((@n, Tng1)sPob(f2n, frni1))
(5) = ¢ (max {op(Tn, Tnt1), 06(Tnt1, Tnt2)})
— Y (T, Tny1)sPop ([T, fTni1))
< ¢ (max {op(Tn, Tnt1), Ob(Tnt1, Tns2)}) — ¥ (8700 (Tnt1, Tnta)) -
By (5) and property of k, we get

Y (8P 0p(Tnt1, Tnt2)) < ¢ (max{oy(2n, Tnt1), 0 (Tnt1, Tny2)}) -
If op(zn, 2nt1) < 0b (Tny1,Tniz), then based on the property of 1, it follows
sPop(Tnt1, Tnt2) < 0b (Tpy1,Tnye) which implies oy (Tn11,2n42) = 0. Then
ob(Tnt1, Tni2) < 0p(Tn, Tny1) for all n € N. Hence the sequence {op(241, Tnia)}
is decreasing sequence in [0, +00) and bounded below, and so it is convergent to [
€ [0, 400). Also,

ngr—sr-loo ab(xn,xn-‘,—l) = gi_Ig_M(xn—laxn) =1

Now we show that [ = 0. On the contrary, we assume that [ > 0. By property ko,
we get
0 <limsupk (o4 (Tn, Tnt1) , M (Tp—1,7s)) < 0.

n—-+oo
That is a contradiction and implies [ = 0. Therefore, we have

(6) ngr-s{loo op(Tn, Tpy1) = 0.

Next, we show that lim,, ;400 0p (T, Zm) = 0. Suppose the contrary, that is,

limy, 1400 Ob (Tns T) > 0. Then by Lemma 1.6, there exist € > 0, and sequences
{my} and {ny} of positive integers with ny > my > k, such that

b (Tmy, Ty ) > €, O (T, s Tng—1) < €,

and

£ .
2 S llm sup oy (Imk—laxnk—l) S s,
k——+o00

< limsup op (T, 1,20, ) < €5°.

k—4o0

(7) £ < limsup oy (Zmy,, Tny—1) < €,

9
S k—+o0 S

From the definition of M(x,y), we have

M (xmkflaxnkfl)

= max {Ub (xﬂlk—la znk—l) 705 (xmk,1 b fzmk—l) b

b (ZTmp—1, [Tny—1) + 06 (Tnp—1, [Tmp—1) }
4s

= max {Ub (xmk,l, (Enkfl) ,O0p (xmk_laxmk) yO0b (xnkfla xnk) 5

(8) Op (xnk—lafxnk—l)

b (Tomp—15Tny,) + b (Trp—1, Tmy,) }
4s '
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Taking the upper limit as k — +o0 in (8), and using (6) and (7), we get

lim sup M (€, —1, Tny—1)
k—+oo

= lim sup max {Jb(xmk_l, Tr—1)s Ob(Tmp_1> Tmg )y Ob(Tny—15 Ty )s
k——+oo

(9)

Ob(Tmp—1,Tny ) + 06(Trp—1, Ty ) }
4s
es? + €

< max {ES,0,0, } < gs.

From the contractive condition, we have

0 < C(a(Tmy—1,Tny—1) 06 (fTmp_ys foni—1), M(Tp—1, Ty—1))
= ((a(@mp—1, Tng—1) 06 (Tmys Tny ), M (T -1, Ty —1))
<YM (Tmp—1,Tnp—1)) — V(@ Xpmp—1, Tnyp—1)P 06 (Tmy, s Tny,))
S PM (@my—1, Tny—1)) — Y(8700 (T, Tny,))-

By property of 9, inequality (10) implies

(10)

(11) sPoy, (mmk’xnk) < M(xmkflamnkfl)-
Taking the upper limit in (11), and using (7) and (9), we obtain
esP < es,

that is a contradiction since & > 0. So limy, 1m—+00 04 (Zn, Zm) = 0 and the sequence
{z,} is a op-Cauchy sequence. And since (A, o) is complete there is u € A such
that {z,} converges to w.

That is,

(12) Jim oy (@a,u) =y (ww) = limoy(an,wm) =0.

By (4) and property (H), there exists a subsequence {z,,} of {z,} such that
& (zp,,u) > 1 for all k € N. Using condition (2), we have

0< C(O‘(znk-‘rlv U)O’b(fl‘nk, fu)7 M(l'nk ) U))
= k(a(xnk-i-lv u)ab(xnk+1 ; fu)v -]\4(1'77.;C ; U))
M(xnw )) ¢(a(xﬂk+17u)spab(xnk+1vfu))
)

u
u Y(sPoy(Tn,, ., fu)),

< 9( -
which implies

(13) Spab (‘rnk+1 ) f’LL) <M ({Enk ’ ’LL) )
where

M (2, ,u) = max {Ub (Tny,> 1), 04 (Tny,s Toyr1) > oo (u, fut),
(14)

b (Tny, fu) + op (U, Tnyt1) }
4s '
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Taking the upper limit for M, and using (6), (12), and Lemma 1.5, we have
(15) limsup M (zp,,u) < op(u, fut).

n—-+oo

Taking the upper limit as k — 400, in (13), and using (15) and Lemma 1.5, we
obtain

1
sP Loy (u, fut) = sP =0y (u, fut) < op(u, fut),
s

which implies oy (u, fut) =0 and fu = u. Hence w is a fixed point of f.

Supposing that u,v are two fixed points of function f, then by using (U) prop-
erty, we have o, (u,v) > 1, and applying again condition (2), we can show the
uniqueness of fixed point. O

In the following, adding an additional condition on the functions k € Ky_;
as being non decreasing regarded with its second variable, we can state Theo-
rem 2.5 on an another type set M (z,y), and also its proof is indicated direct by
Theorem 2.4 (avoiding so the long proof of it).

Theorem 2.5. Let (A,04) be a complete b-metric-like space with parameter
s>1, a: Ax A — [0,+0), and k € Ky_s. Suppose that f: A — A is an
a-admissible mapping and

(i) f satisfies
0 < k(alz,y)os(fz, fy), iow(z,y) + y200 (x, f2) + 300 (4, fy)

(16) V4

+ 15 (z, fy) + oy (y, fz))

for all x,y € A, where coefficients v1, 72,73, Y4 are non-negative with 0 <

YA+r2Fy3 4 <1
(ii) there exists xop € A such that min {« (xq, fzo),a (fre,x0)} > 1.
(iii) the properties (H) and (U) are satisfied.

Then f has a unique fized point x € A.
Proof. For all z,y € A, we have
0 < k(alz,y)ou(fz, fy), v105(2,y) + Y200 (x, f2) + 300 (4, fy)
+ 1iou (@, fy) + oy, J)
< k(a(z,y)op(f, fy), (1 + 72 +73) M(x,y))
= k(a(z,y)os(fz, fy), M(z,y)).
Hence, (16) implies (2), and Theorem 2.5 can be concluded from Theorem 2.4. [

«
«

It is natural to consider a few of many consequences of Theorem 2.4.

Theorem 2.6. Let (A,04) be a complete b-metric-like space with parameter
s>1, a: Ax A—[0,40), and 3 € U ([0, +00)). Suppose that f: A — A is an
a-admissible mapping and
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(1) f satisfies the condition

¥ (alz,y)s’on(fz, fy) < ¢ (M(z,y)) — LM(z,y)
forall x,y € A and some 0 < L < 1,
(ii) there ewxists xg € A such that min {o (xo, fzo), a (fro,x0)} > 1,
(iii) the properties (H) and (U) are satisfied.
Then f has a unique fized point x € A.

Proof. Done by taking the function k(t,v) = ¢(v) — Lv — 1(s) for all t,v €
(0,400), where L € (0,1). O

Corollary 2.7. Let (A,0p) be a complete b-metric-like space, f: A — A is a
given self mapping. If there exists k € Ky_, such that

k (Ub(f$7.fy)7M(1‘7y)) Z 0
for all x,y € A, where

oy (z, fy) + o (y,fx)}

M(xay):maX{Ub(x7y)7Ub(x7f‘r)7ob<yafy)’ 4s

then f has a unique fized point x € A.
Proof. Take the function a: A X A — [0,+00) as a(x,y) = 1. O

Corollary 2.8. Let (A,04) be a complete b-metric-like space, f: A — A be a
self mapping satisfying

v (sPou(fx. 1))
< e (max{on(w,y). 00 (z, f2) , 0 (v, f9) , 7 (@] y>4+80b (v, f) 5

for all x,y € A, where ¢ € (0,1),% € ¥ ([0, +00)), and p > 1.
Then f has a unique fized point x € A.

Proof. Follows from Theorem 2.4 by taking o(z,y) =1 and k(t, v) = cyp(v)—)(st)
for all ¢,v € (0,400), where ¢ € (0, 1). O

Corollary 2.9. Let (A,op) be a complete b-metric-like space, a: A x A —
[0,400), and f: A — A be a self mapping satisfying

¥ (e(z,y)sPou(fx, fy)) < F () (M(z,y)), ¢ (M(z,y)))
for all x,y € A, where

Ub(xvfy)—’_o_b(yafx)}
4s ’
F:R*x RT — R is a C-class function, continuous such that F(t,v) < t for
allt > 0, ¥ € U([0,+00)), p > 1, and ¢: [0,400) — [0,+00) is lower semi
continuous with ¢ (m) = 0 if and only if m = 0.

Then f has a unique fixed point x € A.

Proof. Follows from Theorem 2.4, by taking k(t,v) = F (¢(v), o(v)) — ¥(sPt)
for all t,v € (0, +00). O

M(z,y) = max {oy(w,y), o0(x, [), 0 (v, [9)
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3. APPLICATION

Now we present the following application followed by an example, by considering
the integral equation

(17) ﬂMZC/GﬁmﬂH@w@DM for u € [0,1].
0

Let A = C ([0, 1], R) is the set of real continuous functions defined on [0, 1] endowed
with the b-metric-like

(18) oz, y) = m[%ﬁ](\x(u)|+|y(u)\)2 for all 7,y € A.
ue |0,

It is evident that (A, o0p) is a complete b-metric-like space with parameter s = 2.
Consider the mapping f: A — A by

fﬂMZC/GWWﬂﬂmMMNp for u € 0,1],

and 7: A x A — [0,+00) is a given function such that 7(x,y) > 0 implies
m(fx, fy) = 0.

Theorem 3.1. Consider the integral equation (17) and suppose that the fol-
lowing assertions hold:

(i) G:10,1] x [0,1] = [0,400) and H: [0,1] Xx R = R are continuous,
(ii) there exists a coefficient ¢ such that 2|¢|* < 1,

(iii) there exists xg € A with T (xo, fxg) > 0,

(iv) property (H) is satisfied;

(v) there exists A € (0,1) such that for all p € [0,1], x,y € A,

[H (p,z(p))| + [H(p,y(p))] < A(|z(p)| + |y(p)]);

1
(vi) for all p € [0,1], sup,ejo1) [ G (u,p) dp < 1.
0
Then the integral equation (17) has a unique solution in A.

Proof. For a function a: A x A — [0, +00) defined as

1 it 7 (x(u),y(u) >0,
oz,y) = { 0 otherwise,

can be noted that f is a-admissible. For all u € [0,1] and z,y € A with a(x,y) > 0,
( 7 (x(u),y(u)) > 0), respectively, we have:

sop (fr(u), fy(u)) = 2 max, (J(u)] + [y (w)])®

_ 2(‘C/la(u7p)H(p,x(p))dP‘ + ’g/lG(u,p)H([%y(ﬂ))dpr
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1 1 2
< 2(|C|/G(u7p)IH(pw(p))lderICI/G(um)IH(p,y(p))Idp(wp))
0

— 2068
<2 (
(/e

ﬂ%mmww(|®+/Gu0H@w@N®)

G, A (Jao)| + 1y (o )

N|=

=20¢P ([ Gl oA (120l + 1y ()))?)

o O~ _ O\H

o)

> - (O/G(u,p)dp) oy (x(p),y(p))

[N

g(/ammM%@www»

1 ) \2
< (sw [ Gtunan) Voo < M),
u€[0,1] 0
So, 32
(19) son (fr(u). Fy(w)) < 2 M(2.y)

Hence, by taking 1, ¢: [0, +00) — [0, +00) as ¥(v) = v, ¢(v) = 2, and p = 1,
from (19), we obtain

k@ y)ou (Faw), £ (), Mz )
= 6 (M () ~ ¥ (a(z )50y (2(u). ] (y(w))
< 6 (M(a,)) ~ 6 (sPoy (Fr(u). ] (4(w))

= 2 M(a.9) — oy (o), fy(w) 0.

Therefore, Theorem 2.4 can be applied to obtain a solution of the integral equa-
tion (17). O

Example 3.2. Let A = C ([0,1],R) be the set of real continuous functions on
[0, 1] equipped with the distance defined by (18). (A, o) is a complete b-metric-like
space with parameter s = 2. Let have the integral equation

1

(20) z(u) = ;/ups(j_l_pp)m(p)dp for p € [0, 1].
0

1
By putting G(u,p) = %, where sup,c(o1) [ G(u,p)dp < 5, ¢ = §, H(p,x(p)) =
0

1+4+p

119,%(p), A= 1, we see that the integral equation takes the form of (17).
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For all p € [0,1], we observe that

H(p o)+ 1 (05050 =

(1+p)x(p) (1+p)y(p)
4+2p 4+2p
1+p 1+p

. o) = 5o

BECET R Tora

<2 () +ly (o))

(lz(P)] + ly(p)])

Therefore, all the conditions of Theorem 3.1 are satisfied, and so the integral
equation (20) has a solution x € A.

CONCLUSION

This paper expresses some knew generalized contractions related to fixed points,
supported by applications. Also our work is a development and an unified setting

of
b,

the latest results in the existing literature, which generates types of ¢, ¥ —
a— 1 — ¢, a — F (¢, p)-contractions as special cases. For some details, see

(11, 14, 24]).

10.

11.

12.

13.
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