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NEW METHOD FOR COMPUTING ZEROS OF MONOTONE
MAPS IN LEBESGUE SPACES WITH APPLICATIONS TO
INTEGRAL EQUATIONS, FIXED POINTS, OPTIMIZATION,
AND VARIATIONAL INEQUALITY PROBLEMS

A. U. BELLO, M. O. UBA, M. T. OMOJOLA, M. A. ONYIDO
AND C. I. UDEANI

ABSTRACT. Let £ = Lp, 1 < p < 2, and A: E — E* be a bounded monotone
map such that 0 € R(A). In this paper, we introduce and study an algorithm for
approximating zeros of A. Furthermore, we study the application of this algorithm
to the approximation of Hammerstein integral equations, fixed points, convex op-
timization, and variational inequality problems. Finally, we present numerical and
illustrative examples of our results and their applications.

1. INTRODUCTION

Let H be a real inner product space and A C H x H be a multivalued operator.
A is called monotone if

(u—v,zc—y) >0
for each (z,u),(y,v) € A. A is called maximal monotone if it is not properly
contained in any monotone subset of H x H. If the operator A is single valued,
then A is monotone if for each x,y € H,

(Az — Ay, z —y) > 0.
Let E be a real normed space and A: E — E be a map. A is called accretive if
for each x,y € F, there exists j(x — y) € J(z — y) such that
where J is the normalized duality mapping on E defined by
(1.1) Jr:={f* € B (z, f*) = |l«|* = | f*|*}-
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In Hilbert spaces, J is the identity map on H. Hence, in Hilbert spaces, accretive
operators are monotone.
Let A: E — E* be an operator. A is called monotone if for each z,y € F,

(Az — Ay,z —y) > 0.

A is called maximal monotone if it is monotone and R(J+ A A) = E* for all A > 0.

The study of monotone operators have attracted significant attention owing to
their numerous application and intimate connection with nonlinear evolutionary
equations. Some authors used the concept of monotone operators to establish the
existence of periodic solutions to a general class of nonlinear evolution equations
in Hilbert spaces [5].

Monotone operators have also been found to have strong connection with op-
timization. For example, let E be a real normed space and f: E — RU {+o0}
be a proper lower semi-continuous and convex function. The subdifferential of f,
0f: E = E* is defined by

of (@) ={a* € E*: f(y) — f(x) = (y —z,a*) for all y € E}, x € E.

It is well known that Jf is a monotone operator on E, and that 0 € 9f(x) if
and only if x is a minimizer of f. Setting df = A, it follows that solving the
inclusion 0 € Auw is solving for a minimizer of f. It is also well known that any
maximal monotone map A: R = R is the subdifferential of a proper, convex, and
lower semi-continuous function [16].

e The extension of the monotonicity definition to operators from a Banach
space into its dual has been the starting point for the development of nonlin-
ear functional analysis ... . The monotone maps constitute the most man-
ageable class because of the very simple structure of the monotonicity con-
dition. The monotone mappings appear in a rather wide variety of contexts
since they can be found in many functional equations. They can also be
found in calculus of variations as subdifferential of convex functions ([25],
p. 101).

A fundamental problem of great interest, which has variety of applications, in the
study of monotone maps in Banach spaces is the following;:

e Let F be a real Banach space. Find v € E such that
(1.2) 0 € Au,
where A: E = E* is a monotone-type operator.

There are several studies on existence theorems for Au = 0, where A is of the
monotone-type (see, e.g., [25]). Moreover, for the approximation of zeros of the
equation Au = 0, several convergence results (see, e.g., [8, 14, 21, 27, 28, 29, 32,
38, 39, 40]) have been studied. One important classical way of approximating
a solution of (1.2) is the so-called proxzimal point algorithm (PPA) introduced and
studied in [21], which was further studied by the author of [29] and a host of other
authors. Several attempts have been made to modify the PPA to obtain strong
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convergence theorems. One of the immediate modifications of PPA is presented
in [32], where the authors proved strong convergence result for the PPA.
The following important result was obtained in [7].

Theorem 1.1 ([7]). Let U be a mazimal monotone operator on H with 0 €
R(A). Suppose {\,} and {0,} are acceptably paired, z € H, and the sequence
{zn} € D(U) satisfies

(1.3) Tyl = Ty — A (v + Op(zn — 2)), vp, € U(zy), n> 1.

If {x,} and {v,} are bounded, then {x,} converges strongly to x* a point of U~*(0)
closest to z.

We make the following remarks:

e Setting #,, = 0 in (1.3), the recursion formula reduces to
Tn4+1 = Tp — )\nvna

which has been shown by some authors to converge to a zero of U when U
is strongly monotone. However, when U is monotone, in general, it does
not converge.

e The algorithm in [7] is superior to those in [21] and [32], for the following
reasons: The recursion formula is explicit, i.e., there is no need of solving
an equation at each step of the iteration; there is no computation of sets
(which involve projections) at each step; finally, the recursion formula is
inverse-computation free.

There are several studies on extensions of the result of [7] in more general
Banach spaces when the operator U: E — F is accretive (see, e.g., [8, 10, 27,
28, 38, 39, 40]). Accretive operators are easier to handle when it comes to the
approximation of zeros than their monotone counterpart mainly because of the
presence of the normalized duality mapping in their definition. Moreover, many
inequalities involving duality mappings in Banach spaces are readily available for
accretive operators (see, e.g., [40]). However, not much has been done on the
approximation of monotone operators in more general Banach spaces.

The successes achieved using geometric properties developed from the mid 1980s
to early 1990s in approximating zeros of accretive-type mappings have not been
carried over to approximating zeros of monotone-type mappings. The first problem
is that since A maps F to E* for x,, € E, Ax,, is in E*. Consequently, a recursion
formula involving only z,, and Ax, may not be well-defined. Another difficulty
is that the normalized duality map that appears in most of the Banach space
inequalities developed and in the definition of accretive-type mappings does not
appear in the definition of monotone-type mappings in general Banach spaces.
This creates a number of difficulties. Thus, several attempts have been made to
overcome these difficulties (see, e.g., [19, 20, 28, 41])). A typical recent result
in this direction is the result of [28]. Before stating the result, we consider the
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following algorithm:

T € X
M =&+ 5 (V) = V@), € € Aiyy;
(14) Hi={zeZ: (€2~ yi) < 0k

Hy, =Ny Hiy Wy ={2€ X :(Vf(x0) — Vf(2n), 2 — xn) <0;

Tnt+1 = projén N Wy (.1?0), n Z Oa

where f: X — RU{+4o00} is a proper, lower semi-continuous, and convex function;
Vv f(z) is the gradient of f at x; proijn AW, (z0) is the generalized projection of
xo onto the set H,, (| W,, with respect to the Bregman distance associated with f.
We now give the statement of their result.

Theorem 1.2 ([28]). Let X be a real reflexive space and A;: X — 2%,
i=1,2,..., N be N mazimal monotone operators such that Z = ﬂivzl Ai_l(O*) # 0.
Let f: X — R be a Legendre function, which is bounded, uniformly Fréchet differ-
entiable, and totally convexr on bounded subsets of X. Then, for each xq € X, there
are sequences {Tn} that satisfy (1.4). If for eachi=1,2,3,..., linn_1>i£f/\fz > 0 and
the sequences of errors {€ }nen C X* satisfy limsup(n?,yi) < 0, then each such

n—oo

sequence {x,} converges strongly to projé(aco) as n — oo.

If i = 1 in Theorem 1.2, then the algorithm reduces to approximation of a zero
of single maximal monotone operator. We also remark that though the approxi-
mation method used by the authors in [28], yields strong convergence, one has to
compute some sets involving generalized projections at each step of the algorithm.
Moreover, the gradient of f is not easy to compute in an arbitrary Banach space,
and the six-step algorithm is not easy to implement in any possible application.
Thus, there is need for a more efficient algorithm for monotone operators in general
Banach spaces. In this paper, we introduce and study an explicit algorithm for ap-
proximating a solution of a maximal monotone equation in L, spaces (1 < p < 2).
We prove that the sequence generated by the algorithm converges strongly to a
solution of the equation. The result is applied to approximate a solution of a
convex optimization problem, J-fixed points problem, variational inequality prob-
lem, and a solution of a Hammerstein integral equation. Finally, numerical and
illustrative examples are given to illustrate the implementability and applicability
of our algorithm for approximating a solution of a convex optimization problem,
a maximal monotone equation, and a Hammerstein integral equation.

We remark that in Hilbert spaces (setting z = 0 and A as single valued in
the algorithm in [7]), our recursion formula agrees with that in [7]. Additionally,
our algorithm is a one-step algorithm and does not require computation of sets at
each step. The result is applicable to the class of maximal monotone operators.
Finally, we confine our result to L, spaces (1 < p < 2) for two main reasons.
First, L, spaces are the largest class for which the precise formula for computing
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the normalized duality map J is known (see, e.g., [3]). Second, it is well-known
that if meas(€) < oo, then for p < ¢, Ly(Q) C L,(9Q).

2. PRELIMINARIES

We begin by giving the following definitions and lemmas, which are key to the
proofs of our main results.

Let {a,} and {6,} be two nonnegative real sequences. Then, {a,} and {6,}
are said to be acceptably paired if {6, } is decreasing, nll_}IIOlo 0, = 0 and there exists

a strictly increasing sequence of positive integers {n(7)} such that

n(i+1)
. 2
(2.1) lim > af=0,
i=n(i)
n(i+1)
(2.2) llirglo{)lf Ons) Z aj; >0,
Jj=n(i)
n(i+1)
(2.3) lim inf (6, (s) — On(ir1) > a;=o.

j=n(i)
For more details and examples of acceptably paired sequences, see Bruck [7].
Let E be a smooth real Banach space with dual E*. The function ¢: ExXE — R,
defined by

(2.4) $(a,y) = |l2|* = 2(x, Jy) + ylI*  for z,y € E,

where J is the normalized duality mapping from E into E*, introduced in [1] has
been studied by several authors (see, e.g., [20, 26]). If E = H, a real Hilbert
space, then equation (2.4) reduces to ¢(x,y) = ||z — y||* for z,y € H. It is obvious
from the definition of the function ¢ that

(2.5) (Il = lly1)? < ¢z, y) < (l=ll + llyl)*  for 2,y € E.
Define V: E x E* — R by

(2.6) V(z,2") = [lo|? - 2(x,2*) + [l2"]*.

Then, it is easy to see that

(2.7 V(x,z*) = d(x, JH(x*)) forallx € E, z* € E*.

A map II: F — K defined by I (x) = Z, where Z is the solution of
min{é(z,y), y € K},

is called the generalized projection map. It is well known that if Z = IT;(z), then
(J(z) — J(Z),y—Z) <0 for all y € K.

Definition 2.1 (J-fixed point [13]). Let E be an arbitrary normed space and

E* be its dual. Let T: E — E* be any mapping. A point z* € FE is called a

J-fizxed point of T if Tx* = Jx*. The set of J-fixed points of T is denoted by
F;(T).
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Definition 2.2 (J-pseudocontractive mappings [13]). Let E be an arbitrary
normed space and E* be its dual. A mapping T: E — E* is called J-pseudo-
contractive if for every x,y € E, (Tx — Ty,x —y) < {(Jx — Jy,z — y).

Lemma 2.3 ([1]). Let E be a reflexive striclty conver and smooth Banach space
with E* as its dual. Then,

(2.8) V(z,2*) +2(J 1a* — 2, y*) < V(z, 2" +y*)
forallz € E and z*,y* € E*.

Lemma 2.4 ([9]). Assume 1 < p < oo and t, is the unique solution of the
equation
(p—DtP 4+ (p—DP"2 —1=0, 0<t<l.
Let ¢, = (1+t27 1) (1 + t,)~ P~V Then, we have the following:
If1 <p <2, then for all x,y in Ly,

(2.9) lz + gl = llz]* + 2(y. j(2)) + eIy,

(2.10) (& =y, (@) = J(y) > (p— Dz —yl*.
Observe that this inequality yields

(2.11) 177 () = I ()l < Lz —yll,

where L := ﬁ.

Remark 1. It is clear from inequality (2.9) that since ¢, > 1, we have
lz+ylI* > [l2]* + 2y, 5(x)) + llyl1>.
Interchanging = and y, we obtain
lz+yl* > [yl + 2(z, 5(y)) + [l]>.
Replacing © by —z, we obtain
lz = yl? = [l2]1* = 2(z, () + ly]* = ¢(z, ).
So that
(2.12) = yl* > ¢(x,y) for all z,y € E.

Lemma 2.5 ([20]). Let E be a real smooth and uniformly convex Banach space,
and let {x,} and {y,} be sequences in E. If either {x,} or {yn} is bounded and
d(Tn,yn) = 0 as n — oo, then ||xn, — yn|| — 0 as n — oo.

Lemma 2.6 ([27]). Let E be a real Banach space such that E* is strictly convex
and has a Fréchet differentiable norm. Let A: E — E* be a mazximal monotone
operator. Then for arbitrary z € E*, Jy = (J + MA) "1z converges strongly to Rz
as \ — 0o, where Rz is the unique point of A=1(0) satisfying

(z—J(Rz),Rz—y) >0 for ally € A=*(0).

Remark 2. It is clear that if we replace A by 6,, in Lemma 2.6, where {0,,} is
a real sequence in (0, 1) such that 6,, — 0 as n — oo, and by setting

(2.13) yn::<J4—£¥A)714

n
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we have y, — Rz as n — oo. In particular, taking z = 0 € E* for each n > 1,
there exists a unique y,, such that

(2.14) OnJyn + Ay, =0 for all n > 1.

3. MAIN RESULT

In the sequel, {y,} is the sequence satisfying equation (2.14) for each n > 1.

Theorem 3.1. Let E=L,, 1 <p <2 Let A: E — E* be a mazimal monotone
and bounded map such that 0 € R(A). For arbitrary x1 € E, define the iterative
sequence {x,}°2 ;1 by
(3.1) Tpy1 = Jfl(an — apnAz, — a0, Jxy,), n>1,
where {an S, and {0,152, are real sequences in (0,1) such that 6, — 0 as

n — 0o. Then there exists v > 0 such that whenever o, < ~0, for alln > 1, the
sequence {x,}52 1 is bounded.

Proof. Let z* € A71(0) and r > 0 be such that

4(x/7"+2||x*H)Hx*ll}
(p—1) '

(3.2) 7 > max {¢(m*,x1),
Since A is bounded, define
My := 2L sup {||Ax + Mz x| < lz*|| + v A€ (0, 1)} +1,

_ (p=1r
T oM, + 1)

where L > 0 is the Lipshitz constant of J=1 in (2.11).

We use induction to show that ¢(a*,x,) < r for all n > 1, by construction
d(x*,x1) < r. Suppose that ¢(z*,z,) < r up to some n > 1. We prove that
d(x*, xp11) < r. Using recursion formula (3.1) and Lemma 2.3 with y* = «,, Az, +
anbnJx,, we obtain

d(x*, xpy1) = d(z*, T H(Jxp — an A, — anb,J,))
=V (", Jry, — anAx, — an0,Jx,))
<V(z*, Jay)
- 2<J71(Jmn — anAz, — a0 Jx,) — ¥, an Az, + @0, Jx,)
= ¢(z*, ) — 20 (xy, — 2%, Az + 0, J )
- 2an<J_1(J;vn — anAzy, — a0, Jx,) — J_l(an), Az, + 0pJxy)
< @(z*, xp) — 200 (X — ¥, Ay, + OpJxy)
+ 20, || (T2 —an Ay — e On T2 — T (T2 ||| Ay + O T2 ).
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Using the fact that A is monotone and J is strongly monotone (see inequality
(2.10)), we have

(xp — ™, Ay + Op J ) = (a2, — 2, Az), — A™)
+ 0 (xy — 2", Jxy, — J2¥) + 0, (xy, — 2™, Jz™)
> 0p(p— )|z, — 2||* + Oplz, — x*, J2*).
Thus, we have
H(x*, Tpy1) < d(z*, x0) — 2000, (p — 1) ||z — ]|? = 200000 () — 2, J2)
+ 2an||J_1(an — apnAz, — a0, Jx,)
— T Tz ||| Az + O T ).

Using the fact that J~! is Lipschitz, ¢(z*, x,,) < ||z, —2*||? (see inequality (2.12)),
and the definition of My, we obtain

O™, pg1) < (1= 20,0, (p — 1))o(a*, zp) — 20,0 (x, — 2, J2™)
+ 2Ly, || Azy, + 0, J 2,12
< (1 =200, (p — 1))p(2", 20) — 20000 (|| 20|
+ lz" D[« + 2Lam an Mo.
Using inequality (2.5), we observe that
$a*xn) < = (|zall = l2*)* <7 = |zl < |27 + /7
Since a,, < 6,7 for all n > 1, we have

$(@", 2nt1) < (1= 2000 (p — 1)p(2", 2n) + 20000 (v + 2] 2" |2"]| + atnoen Mo

< (1= 2an0n(p = 1)1 + 200,00 (V1 + 2[|2"|) |27 ]| + by Mo.

< (1= 20m0,(p— 1))r + angn(g —Ur anen(g —r

<A —apbp(p—1))r<r.

Therefore, ¢p(z*, zp41) < r for all n > 1. Thus {¢(z*,x,)}>2, is bounded. In-
equality (2.5) implies that {x,}22; is bounded. O

We now give our convergence result. We adopt the method used by Bruck in [7].

Theorem 3.2. Let £ = Ly, 1 < p < 2. Let A: E — E* be a mazrimal
monotone and bounded map such that 0 € R(A). For arbitrary x1 € E, define the
iterative sequence {x,}52 by

(3.3) Tpyr = J T2y — anAz, — anbpJa,), n>1,

where {an,}52, and {0,152, are acceptably paired sequences in (0,1) such that
there exists v > 0 with a, < 0,7y for all n > 1. Then, the sequence {x,}°2, con-
verges strongly to the wunique point x* = TIla-10)0 of A7Y0) satisfying
(Jz*,xz —x*) <0 for allx € A71(0).
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Proof. Let n > i > 1. Using the definition of x,,+1 and y, in (3.3) and (2.14),
respectively, and Lemma 2.3 with y* = o, Az, + a0, J,, we have

A(Yit1, Tny1) = ¢(Yiv1, Jﬁl(an — an Az, — anbpJay,))
=V (¥it1, JTn — an Az, — anbpJy))
<V (igr, Jan) — 20 H(Jxp — anAz, — anby,Ja,)
— Yit1, WAy + anbpJa,)
= O(Yit1, Tn) — 200 (Tn — Yiy1, ATn + OpJan)
— 20, (J N (J2p —nAzy —anOp Jxy)—J H(Jxy), Ay, + 0, J2,)
< O(Yit1,@n) — 200 (Tn — Yit1, ATn + 0ip1JTy)
+ 200 (0it1 — On)|#n — yiga [[[n |
+ 20, | (J2n), Azy + 0 J2n) — T (J2)|||| Az + 05 T2 ||
< O(Yir1, Tn) — 200 {Tn — Yit1, Axy + Oip1J2y)
+ an (041 — 0,) M1 + a2 Mo

for some M7 > 0. Using equation (2.14), we have Ay;+1 = —0;11Jy;+1. Thus, by
the monotonicity of A, we have

(Tn — Yit1, Axp + 0ix1Jyit1) > 0.
Using also the fact that J is strongly monotone (see Lemma 1.4), we have
(T = Yit1, Avn + 01 Jwn) = (Tn = Yir1, AT + Oip1Jyivr)
+ (T = Yir1, Oiv1J 20 — Oip1JYiv1)
> 01 (p = Dlwn — yira |-
Thus, we have
W1, Tnr1) < Wi, Tn) — 20nbip1(p — 1) |20 — yiga ||
+ an(0i1 — 0n) My + o2 M.
Hence,
G(Yir1,Tapr) < [0 P Doy, a,)
+ an (041 — 0,) My + aiMo.

Here, we have used the fact that (1 — 20,0 11(p — 1)) < e~ 2@nlita(p=1),
Applying induction to (3.4) and observing that e=2en%+1(P=1) < 1 e obtain

(3.4)

G(Yir1, Tny1) < e 20nfinr(=1) E QGO(Yit1, Tig1)
i—it1
(3.5) =

n

+M1 Z aj(91-+1 —Hj)+M0 Z a?.
j=i+1 j=i+1
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Since {6, } is decreasing, we have 0,1 —0; < 6,11 — 6,11 for j < n, so that
n

S(yis1swni1) < e 2TV N T sy, miga)
j=i+1

n n
+ M1(9H_1 — 9n+1) Z Qi + MO Z OL?.
Jj=i+1 Jj=i+1

(3.6)

We now use (3.6) to prove first that klim Tpp) = =" (where 2* is the limit of the
—00

sequence {y, } satisfying (2.14)). Indeed, taking i =n(k) —1and n =n(k+1)—1
n (3.6), we have

n(k+1)
S(Un(ry wri1) < e 2O PN G (g ), ) - P A (P
j=n(k)
n(k+1) n(k+1)
+ M1(9n(k) — on(k+1 Z a; + My Z a
j=n(k) j=n(k)
Since lim o, = 0, we have lim e?/»®ne+0®P=1) = 1 Statements (2.1), (2.2),

n— 00 k—o00

(2.3), and (3.6) imply the existence of v € (0,1) such that
(3.7) lim sup ¢(Yn(k), Th+1) < ¥ - Hmsup ¢(Yn (ks Tn(r))-
k—o00

k—o0
The fact that lim 0 Yn(k) = z* implies
11]131 sup ¢(yn(k)7 Tn(kt1)) = hm 7 SUp o™, Tpy) = hm 1 Sup S Yn (k) Tn(k))-

Inequality (3.7) together with the fact that v <1 implies that khm ¢(x*, 2p(ky) = 0.
—00
Applying Lemma 2.5, we see that klim Tpk) = T*.
—00
Now, for any n € N such that n+1 > n(1), choose k with n(k) < n+1 < n(k+1).
Thus, taking i = n(k) — 1 in (3.6) and observing that e~ 2*»%+1(P=1) < 1, we have

n(k+1 n(k+1)
S(Ynk)> Tnt1) < OUntk)s Tnk)) + M1(Onk) — On(r)) Z a; + My Z al.
j=n(k) j=n(k)

Since lim ) = lim y, ), then (2.2), (2.3) together with the last inequality im-
k—oc0 k—o0

Py ¢(Yn (), Tny1) — 0 as n, k — oo. Lemma (2.5) implies that ||y, ) —Tny1]| — 0
as n, k — oo. Therefore, x,, — z*. The proof is complete. 1

Remark 3. It is well known that in a real Hilbert space H, the function ¢(z,y)
reduces to ||z — y||>. Thus, the following corollary is immediate.

Corollary 3.3. Let H be a real Hilbert space and A: H — H be a mazimal
monotone and bounded map such that 0 € R(A). For arbitrary 1 € H, define the
iterative sequence {x,}52 by

(3.8) Tl = Tp — @Ay — apbpan,, n>1,
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where {an 2, and {0,}22, are acceptably paired sequences in (0,1) such that
there exists v > 0 with oy, < 6,7 for all n > 1. Then, the sequence {z,}32,
converges strongly to the unique point of A=(0) closest to 0.

Remark 4. All the results presented in this paper are for single valued oper-
ators. The same method can be adopted for multivalued operators. Thus, if the
operator in [7, Theorem 1] is single valued (with z = 0 in the recursion formula),
then the theorem coincides with Corollary 3.3.

Remark 5. Our results hold in L, spaces, 1 < p < 2. Most of the properties of
the normalized duality mapping, J and also the geometric properties of L, spaces
vary with the range of p. For instance, J~! is Lipschitz in L, spaces, 1 <p <2,
while it is only Hélder continuous when p lies between 2 and oo (see, e.g., [3] and
[9, p. 55]). With some modifications, our result can also be proved in L, spaces,
2 < p < oco. However, we do not carry out this extension. It is also well known
that if meas(€) < oo, then for p < ¢, Ly(Q) C L,(9).

Remark 6. The recursion formula in Theorem 3.2 is one-step and does not
involve computation of sets involving generalized projections. Moreover, L,, spaces
are the largest spaces for which the precise value of the duality mapping is known.
In fact, if £ = Ly, 1 < p < oo, and J: E — E* is the normalized duality map,
then for each f € Ly,

1 f
T = P - sien i
A prototype for the parameters used in our theorems are
1 1
(3.9 oy = — and h = ,
n loglog n

with n(i) = i’. See [7] for more details and examples of acceptably paired se-
quences.

4. APPLICATIONS

4.1. Application to Hammerstein integral equations

Let © be a measurable and bounded subset of R”. A nonlinear integral equation
of Hammerstein type is of the form

(4.1) u(z) + / Kz, 9) (g u())dy = w(z),

where dy is a o-finite measure. The function k: Q x Q@ — R is the kernel of
(4.1) and f: 2 x R — R is a measurable real-valued function. The function
w and the unknown function w lie in a suitable Banach space of measurable real-
valued functions, namely, F(£2,R). Suppose we define the operators F': F(2,R) —
F(Q,R) and K: F(Q,R) = F(Q,R) by

(4.2) Fu(z) = f(z,u(x)) and Kuv(z)= Qk(m,y)v(y)dy,
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where z € Q. Then, (4.1) can be re-written in an abstract Hammerstein equation
as

(4.3) u+ KFu=0,

where without loss of generality, w is the zero map in F(9, R).

Interest in Hammerstein integral equations arises primarily from the fact that
various problems that originate in the form of differential equations, for example,
elliptic boundary value problems whose linear parts posses Green’s functions, can
be transformed into the form (4.1) (see, for instance, [25, Chapter IV, p. 164]).
Moreover, the Hammerstein equation also plays essential role in the theory of op-
timal control systems, automation, and network theory. For instance, in the study
of automatic control using a Hammerstein model, the authors in [23] suggested
an iterative method for the identification of nonlinear systems, for samples of in-
puts and outputs in the presence of noise. See, e.g., Dolezal [18] for more details
on problems in optimal control, automation, and network systems that can be
modeled as Hammerstein equations.

Several existence and uniqueness theorems have been proved for equations of
the Hammerstein type (see, for example, [4, 17]). Until now, no method, which
finds the closed form solutions to these nonlinear equations, is known. Thus,
iterative algorithms which estimate these solutions are of great interest (see, e.g.,
[11, 12, 15, 22, 35, 36, 37| and also [9, Chapter 13]).

Here, we apply Theorem 3.2 to approximate a solution of problem (4.3). The
following lemma and remark would be needed in what follows.

Lemma 4.1 ([6]). Let X be a strictly convex reflexive Banach space with a
strictly convex conjugate space X*, Ty be a maximal monotone mapping from X
to X*, Ty be a hemicontinuous monotone mapping of all of X into X* which
carries bounded subsets of X into bounded subsets of X*. Then, the mapping
T =T, + T, is a mazximal monotone mapping of X into X*.

Lemma 4.2 ([35]). Let X be a uniformly convex and uniformly smooth real
Banach space with dual space X* and B = XxXX* Let F: X X" and K: X*— X
be monotone mappings. Let A: E — E* be defined by A([u,v]) = [Fu—v, Kv+u].
Then, A is maximal monotone.

Lemma 4.3 ([35]). Let X, X* be uniformly convex and uniformly smooth real
Banach spaces. Let E = X x X* with the norm ||z||g = (|ul> + |v]|2)2 for any
z = [u,v] € E. Let E* = X* x X denote the dual space of E. For arbitrary
x = [x1,22] € E, define the map Jg: E — E* by

Jp(x) = Jplry, xa] = [Jx (1), Jx~(22)],
so that for arbitrary z1 = [u1,v1], 22 = [ua,vs] in E, the duality pairing (-,-) is
given by

<2517 JE> = <UJ1, Jx(U2)> + <U1, Jx*(v2)>.
Then, E is uniformly smooth and uniformly convex.
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Remark 7. We remark that for A defined in Lemma 4.2, [u*,v*] is a zero of
A if and only if u* solves (4.3), where v* = Fu*.

We now present the following theorem.

Theorem 4.4. Let X =Ly, 1 <p<2. Also, let F: X - X" and K: X* = X
be mazimal monotone and bounded maps. Let E: = X x X* and A: E — E* be
defined by A([u,v]) := [Fu —v,Kv+u]. For arbitrary w = (u,v) € E, define the
iterative sequence {w,}>2 ; by
(4.4) Wpt1 = JE}(JEwn — anAw, — ayb, Jpw,), n>1,
where {an,}52, and {0,152, are acceptably paired sequences in (0,1) such that
there exists v > 0 with o, < 0,7 for all n > 1. Assume that u + KFu = 0
has a solution. Then, the sequences {u,}52 1 and {v,}32, converge strongly to
u* and v*, respectively, where u* = Il4-1(0)0 of A7L(0) is a unique solution of
u+ KFu =0 satisfying (Ju*,z —u*) <0 for all z € A71(0).

Proof. By Lemma 4.3, E is uniformly convex and uniformly smooth, and by

Lemma 4.2, A is maximal monotone. Hence, the conclusion follows from Theo-
rem 3.2 and Remark 7. O

Theorem 4.4 can also be stated as follows.

Theorem 4.5 ([36]). Let X = L,, 1 < p < 2. Also, let F: X — X* and
K: X* — X be mazimal monotone and bounded maps such that 0 € R(F). For
arbitrary (ui,v1) € X x X*, define the iterative sequences {un}o2, and {v,}32,
by
(45) {unH = J Y Ju, — an(Fu, —v,) — anbpJuy,), n>1,

Una1 = J N Jvp — an(Kvy + y) — anbnJvy), n>1,

where {an 2, and {0,}22, are acceptably paired sequences in (0,1) such that
there exists v > 0 with o, < 0,7 for all n > 1. Assume that u + KFu = 0
has a solution. Then, the sequences {u,}52, and {v,}32, converge strongly to
u* and v*, respectively, where u* = Il4-1(0)0 of AY0) is a unique solution of
u+ KFu =0 satisfying (Ju*,z —u*) <0 for all z € A=1(0).

4.2. Application to convex optimization problem

The following lemma is very effective in the proof of the theorem in this subsection.

Lemma 4.6 ([30]). Let X be a Banach space and let f: X — RU {oo} be a
proper, convex, and lower semi-continuous function. Then, the subdifferential of
f, Of is a maximal monotone mapping from X to X*.

Remark 8. Let E be a real Banach space with dual E* and let f: X — RU{oc0}
be a proper, convex, and lower semi-continuous function. It is well known that f
posses a subdifferential 0f: E — 2F". Moreover, 0 € df(u*) if and only if u* is a
minimizer of f.

The theorem is given as follows.
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Theorem 4.7. Let E = L,, 1 <p <2. Also, let f: E — [0,00) be a convex,
bounded, and lower semi-continuous Frechet differentiable functional such that
0 € R(Of). For arbitrary x1 € E, define the iterative sequence {x,}> by

(4.6) Tpyr = J N T2y — Qndp — anbnJr,), On € (Of)p, n>1,

where {an}o2, and {0,}22, are acceptably paired sequences in (0,1) such that
there exists v > 0 with oy, < 0,7 for all n > 1. Then, the sequence {x,}2,
converges strongly to the unique point x* = I gp)-1(0)0 of (Of)1(0) satisfying
(Jz*,x —x*) <0 for all x € (Of)~1(0).

Proof. The sub-differential of f, i.e., df, is maximal monotone by Lemma 4.6.
We conclude the proof by employing Theorem 3.2 and Remark 8. (]

4.3. Application to variational inequality problems

Let E be a real Banach space with a dual space £* and C' be a nonempty closed
and convex subset of E. Let T': C C E — E* be an arbitrary nonlinear map with
C C D(T) and f € E. The point z* € C is said to be a solution to the variational
inequality problem VI(T, f,C) if there exists a y € Tx* such that

(4.7 t—a*y—fy>0 forall t € C.

We denote the set of solutions of (4.7) by SOL(T, f,C). The origin of varia-
tional inequality problems can be traced to Stampacchia [33], who proposed and
investigated them in 1964. This kind of problem, which plays a critical role in
nonlinear analysis, is also related to fixed point problems, zeros of nonlinear op-
erators, complementarity problems, and convex minimization problems (see, for
example, [24, 31, 34]).

The subsequent result of Rockafella is very crucial in the proof of the theorem
in this subsection.

Lemma 4.8 ([29]). Let C be a nonempty closed and convex subset of a real
Banach space E with a dual space E*, and let T: E — 2F" be a monotone and
hemicontinuous mapping. Then, the mapping A: E — 2F" defined by

Tz + Ncz ifxeC,
Az = :
0 ife & C,

where Nox = {u € E* : (x —v,u) > 0 for all v € E}, is mazimal monotone.

Moreover, 0 € Au* if and only if u* € SOL(T,0,C).

(4.8)

Now, we employ Theorem 3.2 to estimate a solution of a VIP by proving the
following theorem.

Theorem 4.9. Let £ = L,,1 < p < 2. Also, let T: E — E* be a bounded,
monotone and hemicontinuous mapping such that SOL (T,0,C) # 0. For arbitrary
x1 € E, define the iterative sequence {x,}52 1 in C by

(4.9) zpy=J! [Jzn, — an(Txy + Bn) — anbnJz,],  Bn € No(z,), n > 1,
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where {an 2, and {0,}22, are acceptably paired sequences in (0,1) such that
there exists v > 0 with a,, < 0,7 for all n > 1. Furthermore, assume that the
sequence {8y} is bounded. Then, the sequence {x,}52 1 converges strongly to the
unique point v* = Ilgor, (1,0,c)0 of SOL(T,0,C) satisfying (Jx*,x —x*) <0 for
all z € SOL (T, 0,0C).

Proof. The proof follows from Lemma 4.8 and Theorem 3.2. O

4.4. Application to J-fixed points

Theorem 4.10. Let E = L,, 1 <p <2, and T: E — E* be a J-pseudocon-
tractive and bounded map such that (J-T) is mazimal monotone and F{(T) =
{u € E: Ju = Tu} # (. For arbitrary x1 € E, define the iterative sequence

{wn}oly by
(4.10) xp41 = J1 [(1—ap)Jx, — apTa, —apb,Jz,], n>1,

where {a,}22, and {0,152, are acceptably paired sequences in (0,1) such that
there exists v > 0 with o, < 0,7y for all n > 1. Then, the sequence {x,}>2

converges strongly to the unique point x* = I ;_7)-1(0)0 of (J—T)~1(0) satisfying
(Jx*,x —2*) <0 for all x € (J —T)~1(0).

Proof. Since the map A is monotone if and only if T = (J — A) is J-pseudocon-
tractive, the zeros of A correspond to the J-fixed points of T (see, e.g., [13]).
Re-writing (J — T) as A in (4.10) and applying Theorem 3.2 yield the result. O

5. NUMERICAL ILLUSTRATIONS

In this section, we present some numerical examples to show the accuracy and
effectiveness of Algorithms (3.3), (4.5), and (4.6) on L,([0,1]), 1 < p < 2. Numer-
ical experiments were carried out on Matlab R2013a version. All programs were
run on a PC with Intel(R) Core(TM)2 Duo CPU and 3GB RAM. All figures were
plotted using the loglog plot command, while integrals were approximated using
the trapz command on MATLAB over the interval [0, 1], being partitioned into
3

100 subintervals. For all experiments, we suppose that zlv + % =1, where p = 3.

Example 1 (Approximation of zero of Maximal monotone operators).
Let A: L3 ([0,1]) = Lg([0,1]) be defined by
(5.1) (Af)Yt) =(t+1)f(t) for all ¢ € [0, 1].

Obviously, A is maximal monotone and bounded. Observe that the normalized
duality map J: L,([0,1]) — L,([0,1]) and its inverse J~': Ly([0,1]) — L,([0,1])
can be defined by (see, for instance, [2])

(5.2) J(f) = IFIE2fIFP7P for all fe Ly([0,1])
and
(5.3) T g) = llgllz%glgl*™  for all g € Ly([0,1]),
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respectively. Moreover, the norm and inner product on L,([0,1]) are defined,

respectively, as

ol = ( /[ 1] |<z><t>|1’dt)’i

)

for all ¢, € L,([0,1]). The initial points used here are presented in Table 1, while
the stopping criteria are given by ||z, — zn—1|, < TOL, where TOL represents the
tolerance error. The TOL used in each experiment is also portrayed in Table 1,
whereas NFE denotes the number of function evaluations. The control sequences
{ay,} and {6,} for this example are given by equation (3.9), where n := i + 1,

1> 1.

Figure 1 and the second part of Table 1 show the numerical results for Algorithm
(3.3) when the maximal monotone operator is defined by (5.1), with diverse choices
of initial points and TOL = e — 6. Moreover, Figure 2 and the first part of Table
1 illustrate the strong convergence of our algorithm using several TOLs. These
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and  (g,p) = / o()p(t)dt

confirm the efficiency and accuracy of the proposed method.

Table 1. Computational results and time for Example 1.

z1  TOL NFE lzvre — 2nrE—1|p Time (secs)

lﬁ e—3 15 8.4352 x 1077 1.6066 x 10~2
e—6 112 9.7360 x 107 6.4984 x 1072
e—9 1,114 9.9867 x 10719 5.6356 x 107!
e—12 12,266 9.9987 x 10713 5.9324
e—15 142,097 9.9999 x 10716 69.6167

TOL 3 NFE ||znrE — TnrE—1]|p Time (secs)

e—6 ¢ 128 9.9784 x 10~ 8.0637 x 1077
2 +1 125 9.7860 x 107 7.2729 x 1072
cos(t)e™" 101 9.9679 x 1077 5.8967 x 1072
TTemm 112 9.8481 x 1077 6.5506 x 102

Norm convergence in L,([0,1])
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—_—a =241
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a1 =(1+tsint)”!
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Figure 1. loglog plots in Table 1.
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Figure 2. loglog plots in Table 1.
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Example 2 (Estimation of minimizers).
Define a functional f: L,([0,1]) — R by f(z) = ||z|p, for all € L,([0,1]). The
subdifferential of f at « € L,([0,1]) is given by

{pph =70

B(0,1), =0,

Of(x) =

where 0 is the zero function and B(0,1) is the closed unit ball in L,([0,1]). Then,
the map F' := Jf is maximal monotone and bounded. The normalized duality map
and its inverse are defined in (5.2) and (5.3), respectively. Moreover, the initial
points and TOLs are presented in Table 2, where acceptably paired sequences
{ay,} and {0, } are defined by equation (3.9), with n: =i+ 1,4 > 1.

As illustrated in Figure 3 and the second part of Table 2, the sequence generated
by Algorithm (4.6) converges strongly to the zero of ||-||,, which is also a minimizer
of || - ||p, under different choices of initial points. Choosing z1 = H-%’
from Table 2 and Figure 4 that the sequence {z,,}, under various TOLs, converges
to the minimizer of | - ||,.

we infer

Table 2. Computational results and time for Example 2.

z1 TOL NFE |znre — 2nrE—1]]p Time (secs)
ﬁ e—1 47 9.9459 x 1072 0.0427
e—2 465 9.9863 x 10732 0.3459
e—3 4,643 9.9971 x 1074 3.3063
e—4 10,339 9.6881 x 107° 7.1476

TOL z1  NFE lzvre — 2nrE—1|p Time (secs)
e—2 el 586 9.9833 x 10~° 0.4492
t?4+1 586 9.9844 x 1073 3.3063
cos(t)e™® 586 9.9818 x 1073 0.4416
i 465 9.9853 x 10~° 0.3530

Norm convergence in L,([0,1])

[|lzin — Ti“b

i — zill2

°F Approximation of the minimizer of -1l
when TOL =e¢—4

10

10 °f 27618 (27679 k! 10

10 10" 10° 10° 10° 10' 10° 10° 10°
Number of iterations i Number of iterations i

Figure 3. loglog plots in Table 2. Figure 4. loglog plots in Table 2.
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Example 3 (Approximation of Hammerstein integral solutions).
Define F, K : L]Hi([o7 1)) — L]H,S([O7 1)) by (Fu)(t) = (t+ 1u(t) and (Ku)(t) = u(t),
respectively for all t € [0, 1]. Then, it is clear that F' and K are maximal monotone
and bounded. The initial points and TOLs for this example are presented in Table
3. For the algorithm’s stopping criteria, we have set them to satisfy both of these
inequalities ||u,, — wp—1||, < TOL and ||vy, — vp—1]l, < TOL. The aforementioned
acceptably paired sequences {«, } and {6,,} used in the previous examples are also
used here.

As depicted in Figures 5 and 6, as well as the second portion of Table 3, the
sequences {u,} and {v,} generated by Algorithm (4.5) converge to u* = 0 and
v* = 0, respectively. Using different tolerance errors, we present the loglog plots
of ||up — un—1||p and ||v, — vp_1||p in Figures 7-10 as well as their numerical

values in Table 3, where the initial points u; = — and v; = Hence, we

1
1+¢2 1+tsin(t)
conclude that our algorithm successfully estimates the solution of Hammerstein

integral equations.

Table 3. Computational results and time for Example 3.

TOL NFE | ||unre — unFE—1llp | llvnrE — vnrE—1llp | Time (secs)
up = ﬁ e—3 25 9.6154x 104 1.8714x10~4 2.4732x102
V1 = Trrmm | €~ 6 247 | 7.9082x1077 9.8339x1077 | 2.5633x10~!

e—9 3,231 1.0182x 1010 9.9992 x 10— 10 3.1548

e—12 39,934 9.9997x 10~ 13 7.2162x 10713 | 41.260
T@]L Ul NFE ||uN]F]E — UNFE—1 Hp ”'UN]F]E — UNFE—1 ||p Time (secs)
e—6 et 242 9.9425x 107 9.5546 x 10~ 7 2.4282x10~1

2 +1 246 9.4360x 107 9.9829x 107 2.5453x10~!

cos(t)e™t 247 5.6191x10~7 9.9832x10~7 2.5403 x 1071

et 209 9.9707x 107 8.3985x 107 2.3012x10~1

Norm convergence in L,([0, 1]) Norm convergence in L,([0,1])
o 10° v = coste™
—— v = (1 +tsint)!
w =1 +1 107 = (L4
‘ u = mffe ‘ . —— vy =tcost
=102} =107¢
i T_ 10°F
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Hammerstein integral equations
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10 'r Hammerstein integral equations
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Number of iterations i Number of iterations i

Figure 5. loglog plots in Table 3. Figure 6. loglog plots in Table 3.
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Norm convergence in L,([0, 1]) Norm convergence in L,([0,1])
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Figure 7. loglog plots in Table 3. Figure 8. loglog plots in Table 3.
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Figure 9. loglog plots in Table 3. Figure 10. loglog plots in Table 3.
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