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EXISTENCE OF SOLUTIONS FOR FOURTH-ORDER
DIFFERENTIAL INCLUSIONS WITH BOUNDARY
CONDITIONS

A. REZAIGUIA aAND S. KELATATA

ABSTRACT. We prove the existence of solutions for a fourth-order differential in-
clusion with boundary conditions. Our results are obtained by using suitable fixed
point theorems and selection theory. Finally, some examples are given to illustrate
our results. In this work, these results extend the work of A. Cernea [8].

1. INTRODUCTION

Fourth order differential equations and inclusions occur in various physical, engi-
neering, biological, and chemical problems. They usually describe certain phenom-
ena related to the theory of elastic stability. Multi-point boundary value problems
for fourth order differential equations have attracted attention of a lot of authors,
see [1, 4, 5, 14] and the references therein.

Recently, A. Cernea [8] discussed the existence of solutions for the fourth order
differential inclusion given by

W u® e F(t,u), te(0,1),
u(0) = u/(0) =" (1) ="' (1) = 0.

The author obtained existence results for the set of solutions of the problem (1),
when he used nonlinear alternative of Leray-Schauder type on Bressan-Colombo
selection theorem for lower semicontinuous multivalued maps with decomposable
values, and on Kuratowski and Ryll-Nardzewski selection theorem he used several
hypotheses concerning the regularity of the set-valued map F'. Following that we
present some results on fourth-order differential inclusion that provided motivation
for current work.
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In this work, we concentrate on the existence of solutions of the fourth-order
nonlinear differential inclusion
d4
@) 7 (u(t) —a()g(t, u(t) € F(t,u(®)) +b(t)ut),  t€(0,1),
u(0) = u'(0) = u"(1) = u"(1) =0,

where a,b € C([0,1],R), g € C ([0,1] x R,R), F': [0,1] x R — P (R) is a multival-
ued map, and P (R) is the family of all subsets of R.

The rest of this article is organized as follows. In Section 2, we introduce some
notations, lemmas, and some theorems which plays an important role to prove our
main results. In Section 3, we present existence results for the problem (2), when
the right-hand side is compact values, more exactly, we use the Krasnoselskii’s
fixed point theorem (see [15, p. 31]) combined with a selection theorem due to
Bressan and Colombo for lower semicontinuous multivalued maps with nonempty
closed and decomposable values [6], this is especially for the first result. For the
second result, we use the fixed point contraction theorem of multivalued maps due
to Covitz and Nadler [9]. We finish our work by some examples to illustrate our
results.

The results obtained here extend the work of A. Cernea [8].

2. PRELIMINARIES

We begin this section by introducing some notations. As usual, by C ([0, 1], R),
we denote the Banach space of all continuous functions u(-): [0,1] — R when it is
endowed with the supremum norm

||l = sup {Ju(t)], for all ¢t € [0,1]}.

Let L' ([0,1],R), be the Banach space of measurable functions u: [0, 1] — R which
are Lebesgue integrable, normed by

1
lull: = / fu(t)|dt,

and AC*([0,1],R), the space of i-times differentiable functions u: [0, 1] — R, whose
ith derivative u(?is absolutely continuous.

Let A be a subset of [0,1] x R. A is measurable if A belongs to the o-algebra
generated by all sets of the form Z x D, where Z is Lebesgue measurable in [0, 1]
and D is Borel measurable in R.

Definition 2.1. A subset A of L' ([0,1],R) is said to be decomposable if, for
all u,v € A and Z C [0,1] = I measurable, the function uxz + vxr—z € A, where
x denotes the characteristic function.

Let (X, d) be a metric space induced from the normed space (X, |-]). We denote
Po(X) = {AeP(X): A# ¢}, Pa(X) = {A€Po(X): Ais closed}, Pp(X) =
{A € Py(X) : A is bounded}, Peomp(X)={A € Py(X) : A is compact}, Pe,(X)=
{4 € Py(X) : A is convex}.
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Definition 2.2. Pompeiu-Hausdorff distance between the closed subsets
A,B C X is defined by Hy(A, B) = max {d*(4, B),d*(B, A)}, where d*(A4,B) =
sup {d(a, B),a € A}.

Let B be a separable Banach space, C a nonempty closed subset of B, and
F: C — P, (B) a multivalued operator.

Definition 2.3. F is said to be lower semicontinuous (l.s.c.) if the set {z € C :
F(z) N O # 0} is open for any open set O in B.

Definition 2.4. A point z € C is said to be a fixed point of F' if x € F(z).

For more details on the multi-valued maps, see the books of Aubin and Cel-
lina [2], Aubin and Frankowska [3], Deimling [10], Gérniewicz [12], and Hu and
Papageorgiou [13].

Prior to studying the problem (2), we assume the following hypotheses:

Let F': [0,1] X R = Peomp(R) be a multivalued map verifying:

(Hy) a) (t,u) = F(t,u) is measurable.
b) w— F(t,u) is lower semicontinuous for a.e. t € [0, 1].

(Hs) F is integrably bounded, that is, there exists a function m € L ([0,1],R,)
such that ||F(t,u)|| = sup{||v| : v € F(t,u)} < m(t) for almost all ¢ € [0, 1].

(Hs) F:[0,1] X R = Peomp (R) is such that F (-,u): [0,1] X R = Peomp (R) is
measurable for each ¢ € [0, 1].

(Hy) Hy(F(t,u), F (t,u)) < p(t)|u —ul for almost all ¢ € [0,1] and u,u € R with
p e L' ([0,1],R*), and d (0, F (t,0)) < p(t) for almost all ¢ € [0, 1].

Definition 2.5. A function u € AC? ([0,1],R) is called a solution to the BVP
(2) if u satisfies the differential inclusion % (u(t) —a(t)g (t,u(t)) € F(t,u(t)) +
b(t)u(t), t € (0,1), and u(0) =’ (0) = «”’(1) = «”(1) = 0 for all te [0, 1].

Definition 2.6. LetY beaseparable metric space and let N: Y— P (L10,1], R))
be a multivalued operator. We say N has the property (BC) if

1) N is lower semi-continuous (l.s.c),
2) N has decomposable values.

Let F': [0,1] X R = Peomp(R) be a multivalued map. Assign the multivalued
operator
F:C([0,1],R) — Po(L* ([0,1],R))
to I’ by letting
F(u) = {w € L* ([0,1],R) : w(t) € F(t,u(t)) for a.e. t €[0,1]}.

The operator F is called the Niemytzki operator associated with F. We say F' is
of the lower semi-continuous type (l.s.c type) if its associated Niemytzki operator
F is lower semi-continuous and has nonempty closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo.

Lemma 2.1 ([11]). Let F': [0,1] X R = Peomp(R) be a multivalued map. As-
sume (Hy) and (Hs) hold. Then F is of the l.s.c type.

Lemma 2.2 ([6]). Let Y be a separable metric space and let N:'Y —
Pa (LY ([0,1],R)) be a multivalued operator which has the property (BC). Then N
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has a continuous selection, i.e, there exists a continuous function (single-valued)
g: Y — L' ([0,1],R) such that g(u) € N(u) for everyu € Y.

Definition 2.7. A multivalued operator N: X — P (X) is called

a) ~-Lipschitz if and only if there exists v > 0 such that
H; (Nz,Ny) < ~vd(z,y) for each z,y € X,
b) a contraction if and only if it is y-Lipschitz with v < 1.

Lemma 2.3 ([9]). Let (X,d) be a complete metric space. If N: X — Py (X)
is a contraction, then Fix # ().

Lemma 2.4. Let h € C([0,1],R) and M € R, then the equation

(3) u""" — Mu = h(t)
with boundary conditions
(4) w(0) =u'(0) =u"(1) =u""(1) =0
has at least one solution, which can be expressed as
1 [t 2
u(t) = 6/0 (t — ) (h(s) + Mu(s))ds — 5/ (1 —=38)(h(s) + Mu(s))ds

2 3

(5 5) [ 0+ as

Proof. Rewriting the differential equation as v””/ — Mu = h(t) and integrating
four times, we obtain

t
(5) u(t) = % / (t — s)* (h(s) + Mu(s))ds + At*> + Bt> + Ct + D,
0
where A, B, C, and D € R. Then
(6) w(0) = ' (0) = C = D =0.

According to condition u”(1) = 0, we have
1
64+ 2B — _/ (1 — s) (h(s) + Mu(s)) ds.
0

Since u'(1) = 0, we have



EXISTENCE OF SOLUTIONS FOR FOURTH-ORDER ... 239

Replacing (6), (7), and (8) in the expression (5), we obtain

t 3 1
u(t) = é/o (t—s)?’(h(s)—i—Mu(s))ds—%/o (h(s) + Mu(s))ds
+2 [ h(s) + Muge)as - . /0 (1= 5)(h(s) + Mu(s))ds

i/ (t—s)3<h(s)+Mu(s))ds—’§/o (1= 5)(h(s) + Mu(s))ds

t2 t3 1
+(5- E) /0 (h(s) + Mu(s))ds.
Which is the solution in the statement of the lemma. This completes the proof. [

Lastly in this section, we cite the Krasnoselskii’s fixed point theorem. For its
proof see [15].

Theorem 2.1 (Krasnoselskii). Let M be a closed conver nonempty subset of
a Banach space (B, || - 1|). Suppose that Ty and To map M into B such that
(i) =,y € M implies Tix + Tay € M,
(ii) 71 is completely continuous,
(iii) T2 is a contraction mapping.
Then there exists z € M with z = Tiz + Taz.

3. EXISTENCE RESULTS

In this section, shall investigate the existence of solutions of the problem (2). To get

the first result, we use Krasnoselskii’s theorem combined with the selection theorem

of Bressan and Colombo for lower semicontinuous maps with decomposable values.
For some constants K and L, we define the set

M={peC(0,1],R): K <p <L},

which is a closed convex and bounded subset of the Banach space C ([0, 1],R).
Denote

sup a(t) = aq, inf a(t) = ao,
t€(0,1) t€(0,1)

sup b(t) = f1, inf b(t) = Bo.
te(o]i) (t) =B ot (t) = Bo

In our first result, we obtain the existence of solution of the problem (2) by
considering that function g(¢,x) is locally Lipschitz continuous in z. That is,
there exists a positive constant [ such that

(9) lg (t,x) =gty <z -yl for all t € 0,1}, 2,y € M.
We assume that there exist two constants k; and ko such that
(10) k1 <g(t,z) < ko forall t € [0,1], z € M,
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Theorem 3.1. Suppose that hypothesis (Hy) and (Hs) hold. Then the problem
(2) has at least one solution in M if

(11) (k2a1 + % /01 m(s)ds) < L(l - %)
and
(12) (klao - ;/01 m(s)ds) > K(l + %)

Proof. By Lemma 2.1, (H;) and (Hs) give that the multivalued map F' is lower
semi-continuous type. Then, according to Lemma 2.2, there exists a continuous
function f: C([0,1],R) — L* ([0, 1], RR). We consider the problem

4
gy e - aotu®) =bOu®) + f), e te 1]

u(0) = u/(0) =" (1) = u"'(1) = 0.
By Lemma 2.4, the problem (13) has a solution given by

() = a@gtt.u(®) + 5 [ (1= 5 ((s)ul) + 1 (w) s

2t

—5 [ =) (b(s)uls) + f (u))ds
0

+ (g - g) /01 (b(s)u(s) + f(u))ds,

where M = ay, h(t) = (b(t) — aq) u(t) + f (u) + ara(t)g(t, u(t)).

It is clear that all solutions u € C ([0, 1],R) of Problem (13) are solutions of the
problem (2).

Let us transform the problem (13) into a fixed point problem. Define the
operators Ti, T2: M — C ([0, 1],R) as follows:

(14) i () () = a(t)g e, u(t)).

and 1 t t2 1

T (0) (8) = § [ (6= 9" (ls)u(s) + £ () ds = G [ (1=9) Glu(s) + 1 () ds

2 3 1
(15) +(5-5) [ @)+ £ @) as
Let’s start by proving that 71(¢) + T2(¢) € M for all ¢, € M.
i)+ Talo) = altla(t.o(t) + 5 [ (6= (Bs)o(s) + £(0)ds
t2 !

=3 | =9 (b(s)6(s) + F(#)) ds

(5 5) [ 000 + 10 as
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By applying [8, Lemma 2.2] and (Hs), we obtain

T () +To(0) <o stp aft)+5 sup b(0) [ (@(a)ds+ 5 [ mis)as

te(0,1) 2 te(0,1)
L 1!
< koav; + HL + = / m(s)ds.
2 2 Jo

By (11), we obtain
Ti(p)+T2(9) <L
On the other hand,

> kg — % - %/ m(s)ds.
0

By (12), we obtain
Tile) +T2(¢) 2 K
which implies that T1(¢) + T2(¢) € M for all , ¢ € M.
Now we are going to prove the second condition of Krasnoselskii’s fixed point
theorem, that is the operator 75 is a completely continuous.

Firstly, we show that 73 is continuous. Let {u,} be a sequence such that u,
— u in M. Then

175 () () = To(u)(O)] = [ (0= (o) =l + 1) = f () D s
5 [ =) 0=+ 1) = () ) ds

t2 t3 1
+(5-5) [ G =+ 170 s ) as
with the continuity of f, we have
|72 (un) — T2(w)] = 0 as n — 0o.

So 73 is continuous.
Secondly, we show that Tz is bounded for all u € M. For each h € Ta(u), b
(H2), we have

|h(t)] < 51L+ /m =c for all t € [0,1].

Then ||h| < c.
Finally, we prove that 7 sends M into equicontinuous sets. Let t1,t2 € [0,1],
t1 < to. For all i € {1,2}, we have

(6 = g [ (6= @6)ute) + 1N as— &[0 5) (o) + sy as

N (% _ %) /01 ((b(s)uls) + f (u))) ds
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So, we obtain

it =) | < 6 [ (102 =9 = (1= 9°) [0ule) + Fu)] ds

+g 2 0 + 7 () s
13— 13

_|_

D) /0 (1 —8) |(b(s)u(s) + f(u))|ds

2 _ 42 3 _ 43 !
n (% _ %) /0 |(b(s)u(s) + f(u))|ds

<t [ (== = 97) (ot + s as
t2 :t:{

1
2 [ e+ mes) as

N (t§ ;t? B té“gti’) /01 D et (a1,

As ty — t1, the right-hand side of the above inequality tends to zero.
By the Arzela-Ascoli theorem, we conclude that T5 is a completely continuous
operator.

For the third condition of Krasnoselskii’s fixed point theorem, we have for every
couple (¢, ) € M?,

[Tip = Tigll = sup [Tip(t) — Tig(t)]
te(0,1)

< sup |a(t)] sup [g(t,0(t) —g(t o)) ] < arlllp — 9l
te(0,1) te(0,1)

Hence 77 is a contraction if
(16) ol <1 for all ¢ € [0,1].

As a consequence of Krasnoselskii’s theorem (see [15, p. 31], we deduce that 7 =
Ti + T3 has a fixed point which is a solution to (13), hence is a solution to the
problem (2)). O

Now, for the second part of our work, we establish an existence result for the
problem (2) wich is not related to any conditions on the functions g(¢, ), a(t), and
b(t) as it was the case in the previous theorem. By applying a fixed point theorem
for multivalued maps due to Covitz and Nadler [9], we can prove that the problem
(2) has an existence of solutions when right-hand side of F' is non convex value.

Theorem 3.2. Assume that (Hs3) and (Hy) hold. Then the problem (2) has at
least one solution on [0,1] if

(17) Ipllz: < 1.



EXISTENCE OF SOLUTIONS FOR FOURTH-ORDER ... 243

Proof. For each u € C (]0,1] x R), define the set of selections of F' by
(18) Spy = {w € L* ([0,1],R) : w(t) € F(t,u(t)) for a.e. t €[0,1]}
and the multi-valued operator Q: C ([0,1] x R) — P (C ([0,1] x R)) by
(19) Qu) = {h € C([0,1] x R) : h(t) = Ta(u)(t) + Ta(u)(t)},

where 77, T2 are given in (11) and (12), respectively with f € Sg .

Observe that the set S, is nonempty for each u € C([0,1] x R), by the as-
sumption Hs, so F' has a measurable selection (see [7, Theorem III.6]). Now we
show that the operator ) satisfies the assumptions of Lemma 2.3. To show that
Q(u) € PuC ([0,1] x R) for each u € C ([0,1] x R), let {v,}n>0 € Q(u) be such
that v, — v (n = 00) in C([0,1] x R). Then v € C (]0,1] x R) and there exists
wy, € Sp, such that for each ¢ € [0, 1],

vaw:aMgwwﬁD+lA(ow@@MA$+wm@Ns

6
2 [t
— 5 [ (=) (b(s)vn(s) + wa(s)) ds
0
2 3 1
(5= ) [ 06t vt as

As F has compact values, we pass onto a subsequence to obtain that w,, con-
verges to w in L' ([0,1] x R). Thus, w € Sp,, and, for each t € [0, 1],

u(®) = 016) = alb)a(t. o) + 5 [ (0= 9 Bla)os) + w()ds

2 [
=5 [ (1= 5) (b(s)o(s) + w(s)) ds
0
2 3 1
(5= 2) [ 61et0-+ (o s

Hence, v € Q(u), therefore, we can conclude that Q(u) € PyC (]0,1] x R) for
each u € C'([0,1] x R).
Next we show that there exists v < 1 such that
Hy (Qu, Q) < v |lu—1 for each u,w € C'([0,1] x R).

Let u,w € C([0,1] x R) and hq € Q(u). Then there exists v1(t) € Sg,, such that
for each ¢ € [0, 1],

ha(t) = Ta(u)(t) + Ta(u)(t)
= a(t)g(t, u(t)) + %/ (t — )2 (b(s)u(s) +vi(s))ds

_% (1= 9) (bls)u(s) + vi(s)) ds.

By Hy4, we have
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So, there exists w € Sgy such that

(20) v — w| < p(t)|u —l, t €0,1].
Define U: [0,1] — P (R) by
(21) Ut) ={w e R: vy —w| < p(t)[u(t) —u@)|}.

Since the multivalued operator V(¢) = U(t) N F (¢,%(t)) is measurable ([7, Propo-
sition IIL.4]), there exists a function vy (t) which is a measurable selection for V.
So va(t) € Sz, and for each t € [0, 1], we have |v1(t) — va(t)| < p(t)|u(t) — @ (¢) |-
For each t € [0,1], let us define

a(t) = Ti ) (1) + Taw)()
= altaltult) + 5 [ (=) (Ble)u(s) + va(s))ds

2 1 2 3 1
L (1 sppsputs) + va(s) ds + (5 - %)/0 (b(s)u(s) + va(s)) ds.
Thus,
t 2 1
hi(t) — hg(t)‘ < é/o (t — 5)3 vy (s) — va(s)|ds + % ; (1 —9)|v1(s) — va(s)|ds
2 3 1
5= 5] ] I - nlas
1 1
< %A 01 (s) —vg(s)|ds—|—%/0 01 (5) — va(s)] ds
1 1y [t
+ 1(2 — 6) /0 lv1 (8) — va(s)|ds,
< / p(s) [u(s) — (s)| ds.
Hence,
(22) A1 = hall < Ipll 1 [lu— .

Analogously, interchanging the roles of u and @, we obtain
Ha (), 2 (@) <7 llu -2l <|plp llv—al.

By (17), Q2 is a contraction, which gives by the application of the Lemma 2.3, that
Q) has a fixed point u which is a solution of the problem (2). This completes the
proof. O

4. EXAMPLES

To illustrate our results, we give the following examples.

Example 4.1. Consider the differential inclusion

a4 u3 w4 t . cost
o5 @i ta) €T gt D] - S te o,
w(0) = u/'(0) =" (1) =u"(1) = 0.
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We have 1 0
cos cos
=1 =0 - — = — .
aq ; Qo ’ ﬂl 4 60 4
For all f € F', we have
2 t
| /] = max (%ﬁ,i—l—(u—i—l)sinu) < m(t) = 3.5, u € [-2,2].

Let M={p € C([0,1],R): =2 < p <2} for all t € [0,1], x,y € M, we have
lg (t, ) — g (£, y)l| < 0.4]z —y.
Let k1 = —0.27 and ko = 0.27, we can make sure that
—027T=k <g(t,z) < ks =0.27 for all ¢ € [0,1], and x € M.
By the conditions (10)—(12) and (16), we get

041182—1—1 1m(s)ds =202<2(1- A =2.1351,
2 J, 2
<a0k1 - ;/1 m(s)ds) - 1.75> —2(1 + %) — 175,
0

and
a;l =04 < 1.

All conditions of Theorem 3.1 are satisfied. Then the problem (23) has at least
one solution in M={p € C([0,1],R) : =2 < p < 2}.

Example 4.2. Consider the boundary value problem given by

4
oy g () — gt u(®) € F (tu) +bou), ¢ (0.0)

u(0) = u'(0) = v (1) =u"(1) = 0,

where a,b € C([0,1,R), g¢g(t,u(t)) € C([0,1] xR,R) and F(t,u) =
[—sin(t)u, sin(t)u]. We get

H, ([—sin(t)u, sin(t)u] , [ sin(t)w, sin(t)a))

= max sup d(z, [ sin(t)7]),
z€[— sin(t)u,sin(t)u]
sin(t) sup d (z, [— sin(t)u, sin(t)u))
z€[— sin(t)u,sin(t)u]

= sin(1)|u — @|.

So, there exists a function p(t) = sin(1) +¢"™ with n € NX{0,1,2,3,4,5} such that
Hy (F (t,u), F (t,u)) < p(t)|u —ul for almost all ¢ € [0,1] and u,u € R.

Also, we have d(0,F (¢,0)) = 0 < p(t), and for all n € N~ {0,1,2,3,4,5},
lpllz: < 1. By Theorem 3.2, we deduce that (24) has at least one solution on
[0, 1].
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