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ON STRONGLY-CONVEX SUBTRELLISES
OF A TRELLIS

K. BHARGAVA, S. P. BHATTA anDp C. HEGDE

ABSTRACT. The set CS(L) of all convex sublattices of a lattice L, excluding 0,
was studied by S. Lavanya and S. P. Bhatta using the partial order <, defined as
follows: for A,B € CS(L), A < B if and only if ‘for each a € A, there is b € B
such that a < b’ and ‘for each b € B, there is a € A such that a < b’. They showed
that (CS(L), <) is a lattice such that both L and CS(L) lie in the same equational
class. Also, they obtained many significant results concerning CS(L). The present
paper generalizes many of these results along with some related results of others,
from lattices to trellises, by introducing the notion of ‘strongly-convex subtrellises’
in trellises in place of ‘convex sublattices’ in lattices.

1. INTRODUCTION

Let L be a lattice, and let CS(L) be the set of all convex sublattices of L, excluding
the empty set (). In 1996, S. Lavanya and S. P. Bhatta [8] studied CS(L) under
a partial order <, different from the inclusion relation, defined as follows: for
A,B € CS(L), A < B if and only if ‘for each a € A, there is b € B such that
a < b and ‘for each b € B, there is a € A such that a < ¥’. They proved that
(CS(L),<) is a lattice such that both L and CS(L) are in the same equational
class. They achieved this by embedding CS(L) in I(L) x D(L), where I(L) is the
ideal lattice of L under C, and D(L) is the filter (dual ideal) lattice of L under D.
Later in 2011, S. P. Bhatta and H. S. Ramananda [2] constructed a congruence
relation © on CS(L) corresponding to every congruence relation © on L, satisfying
CS(L/O) = CS(L)/©. They also observed that if © is representable, then so is ©.
Note that the partial order < on CS(L) considered by Lavanya and Bhatta [8] may
also be described as follows: for A, B € CS(L), A < B if and only if (A] C (B] and
[A) D [B), where (A] and [A) denote, respectively, the ideal and the filter on L
generated by A. This partial order < was also termed as ‘bi-domination’ by Duffus
et al. [3], and they characterised the problem of completeness of CS(L), among
others. Futher related works may be found in [9, 10, 14]. A natural question that
arises here is to decide whether these works can be extended when the lattice L is
replaced by a trellis T'.
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The notion of a pseudo-ordered set and a trellis (also known as a weakly asso-
ciative lattice) were first introduced independently by E. Fried [4] and H. Skala
[12, 13]. A pseudo-order on a non-empty set P is a relation < that is reflex-
ive and anti-symmetric on it, and in that case the ordered pair (P, <) is called
a pseudo-ordered set. A transitive pseudo-order is a partial order. A trellis T
is a pseudo-ordered set in which each pair of elements has a least upper bound
and a greatest lower bound. The notions of subtrellises, ideals, dual ideals, order-
preserving (isotone) maps, homomorphisms, congruence relations, etc. are defined
for trellises similar to those in lattices. For a non-empty subset X of a trellis
T and for a,b € T, one writes a Cx b if there exist z1,...,z, € X such that
a<xy <---<dx, <b. In case X =T, the symbol C is used in place of Cr. The
relation C is indeed the transitive closure of <. A trellis T' is weakly V-perfect
[11, Definition 3.2.9] if for any a,b,c € T, a C ¢ and b C ¢ imply a Vb C ¢. If the
dual condition is satisfied, then T is weakly A-perfect. T is weakly perfect if it is
both weakly V-perfect and weakly A-perfect.

The following is a basic fact for lattices [5, .3, Lemma 6]: ‘The intersection of an
ideal and a dual ideal of a lattice L is a convex sublattice, if non-empty. Conversely,
if C'is a convex sublattice of L, then C' can be written as an intersection of an ideal
and a dual ideal in one and only one way’. Skala (see [13, p. 35]) called a subset
X of a trellis T" to be convex if whenever z,y € X and a € T with x < a <y, then
a € X. A convex subtrellis is a subtrellis which is convex. Intersection of an ideal
and a dual ideal of T is a convex subtrellis, but not conversely (see Remark 1).
H. Shashirekha [11, Definition 3.2.2] defined a subset X of T to be convex (shall
be called ‘p-convex’ hereafter), if whenever z,y € X and a € T with z C a C y,
then a € X. Clearly, a p-convex set is convex (in the sense of Skala), but not
conversely (see Remark 1). A p-convex subtrellis is a subtrellis which is p-convex.
Again, intersection of an ideal and a dual ideal of T is a p-convex subtrellis,
but the converse fails (see Remark 1). However, it was observed by Shashirekha
that for a weakly perfect trellis T', the set CS,(T') of all p-convex subtrellises of
T, excluding @), becomes a lattice with respect to a partial order <, defined as
follows: for A, B € CS,(T), A < B if and only if ‘for each a € A, there isb € B
such that ¢ C b and ‘for each b € B, there is a € A such that a C b’. Clearly,
any lattice is weakly perfect. Further, the notions of p-convexity and convexity
coincide in lattices. Hence when T is a lattice, CS,(T') coincides with the lattice
CS(T) given in [8]. Further, many results of [8] were extended by Shashirekha
[11] to CS,(T) when T is weakly perfect. However, it is known that when T is
not weakly perfect, CS,(T") need not be a lattice (see [11, Remark 3.3.3]). Hence
the following problem arises.

Problem. Does there exist a suitable notion of convexity for subsets of an
arbitrary trellis agreeing with the notion of convexity when the trellis is a lattice,
such that the collection of all such convex subsets of the trellis forms a lattice
extending many results of [2, 8, 11]?
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To answer this problem, we introduce the following definition.

Definition 1.1. A non-empty subset X of a trellis T is said to be strongly-
convex if X = I N D for some ideal I of T and for some dual ideal D of T.

If T is a lattice, then strongly-convex subsets of T" are precisely the convex sub-
lattices of T'. Also, any strongly-convex subset of a trellis T" is a convex subtrellis
of T. We shall prove in Theorem 2.4 that the set SC(T) of all strongly-convex
subtrellises of T' is a lattice with respect to a partial order which is similar to the
one considered by Lavanya and Bhatta in [8]. Also, we observe that when T is
weakly perfect, SC(T) coincides with the lattice CS,(T') given in [11]. Further,
we extend many results of [2, 8] to SC(T'). Thus, a positive answer to the problem
above is obtained.

In Section 2, we obtain a characterization of strongly-convex subtrellises of a
trellis T" in Theorem 2.3. A description of meet and join operations in the lattice
SC(T), similar to the one in CS(T) when T is a lattice, is given in Theorem 2.7.
In Section 3, an embedding of SC(T) in I(T) x D(T) is obtained in Theorem 3.1,
where I(T) is the ideal lattice of T' under C, and D(T') is the filter lattice of T'
under D. Also, the congruence lattice of SC(T) is characterised in Theorem 3.5.
In Section 4, given a congruence relation © on T, a corresponding congruence
relation © is constructed on SC(T) such that SC(T/©) = SC(T)/O (Theorem 4.7).
Theorem 4.3 shows that if two congruence relations © and ¥ on T are permutable,
then so are the congruence relations © and ¥ on SC(T). Theorem 4.10 is about
the representability of ©® when a congruence relation © on T is representable.
Section 5 gives a graph theoretical connection between the lattice (SC(T), <) and
the poset (SC(T), Q).

For terminology and notation not mentioned here, the reader may refer to
[5, 12, 13].

2. THE LATTICE SC(T)

Let T be a trellis. In this paper, the empty set () is not considered as an ideal (a
dual ideal). The ideal (dual ideal) generated by a non-empty subset X of T is the
smallest ideal (dual ideal) containing X, and it is denoted by (X] (respectively by
[X)). If X = {x}, then the symbols (z] and [z) are used in place of ({z}] and

[{«}).
Proposition 2.1. Let T be a trellis, and X € SC(T). Then X = (X]N[X).

Proof. Suppose X = I N D for some I € I(T) and D € D(T). We prove that
I=(X]and D = [X).

Clearly X C I. Let I; be an ideal of T containing X. We show that I C I;.
Let a € I and let z € X be arbitrary. Then a V x € I, since a,z € I and [ is an
ideal. Also aVx € D, because x < aV x, z € D, and D is a dual ideal. Hence
aVzxe X CI. Since a <aVx and I is an ideal, it follows that a € I;. Thus
I C I, and consequently I = (X]. By duality, D = [X). O
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Definition 2.2. Let X be a non-empty subset of a trellis T'.
(i) The initial segment of X with respect to C is defined as follows:

le(X)={yeT:yCxforsomeze X}

If X = {z}, then the symbol |c(z) is used in place of | ({z}).
(ii) The final segment of X with respect to C is defined as follows:

To(X)={yeT:2Cyfor somexz e X}
If X = {z}, then the symbol t¢(z) is used in place of T ({z}).

Note that X C |c(X) C (X] and X C 1 (X) C [X) for any non-empty subset
X of a trellis. A characterization of strongly-convex subtrellises is given in the
following theorem.

Theorem 2.3. A non-empty subset X of a trellis T is strongly-convex if and
only if (X] =lc(X), [X) =1c(X), and X is p-convex.

Proof. Suppose X is strongly-convex, that is X = (X] N [X). Clearly, X is
p-convex. By duality, it is enough to show that (X] = |c(X). For this, it suffices
to prove that | (X) is an ideal of T'. Let a,b € [c(X). If z € X is arbitrary, then
y=(aVb)Va e (X],asabx € (X]. Further y € [X), since z <y. Thus y € X.
Hence aVb € |c(X), asaVb <y. Thus |c(X) is an ideal of T, and therefore
Je(X) = (X].

Conversely, suppose X is p-convex, (X] = Jc(X), and [X) =T (X). To prove
X is strongly-convex, it suffices to prove that (X]N[X) C X. Let y € (X] N [X).
Then a C y C b for some a,b € X. Hence y € X, by p-convexity of X. O

Remark 1.

(i) If X is p-convex, then it is convex, but not conversely. For example, consider
the 3-element trellis T = {a,b, ¢} with the relations a <b<c<a. Clearly,
{a} is convex, but not p-convex.

(ii) A p-convex subtrellis of a trellis may not be strongly-convex. Even a con-
gruence class may not be strongly-convex. Consider the trellis T' given in
Figure 1 (as in [13], the dashed line indicates the removal of transitivity
between its endpoints). Note that {a} is p-convex, and it is a congruence
class under the equality relation, but it is not strongly-convex.

(iii) It follows from [1, Lemma 2.5] that every convex subtrellis of a trellis T is
strongly-convex if and only if T is a lattice.

The proof of the following theorem is routine.

Theorem 2.4. Let T be a trellis. For XY € SC(T), define X <Y if and only
if (X]C (Y] and [X) D [Y). Then < is a partial order on SC(T'), and the poset
(SC(T), <) forms a lattice with respect to the following meet and join operations:

XAY = (XA (Y]) 0 ([X)A[Y),
XVY = (X]v(Y])n (X)V[V),
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STRONGLY-CONVEX SUBTRELLISES 83

X]V (Y]

(X] U (Y]] are the meet and join

) ( =
operations in I(T), and [X) A[Y) = [[X)U[Y)), [X)V[Y)=[X)N]Y) are the
meet and join operations in D(T).

X0

A trellis T The lattice SC(T")

Figure 1. A trellis T and the corresponding lattice SC(T')

Remark 2.

(i)

The partial order < in SC(T') has the following alternate description, using
Theorem 2.3: for X,Y € SC(T), X <Y if and only if ‘for each z € X,
there is a y € Y such that x C ¢’ and ‘for each y € Y, there isa x € X
such that x C ¢’.

Clearly, the partial order in SC(T) is a common extension of the partial
orders on I(T) and on D(T).

It is proved in [11, Lemma 3.3.2] that the set CS,(T") of all p-convex sub-
trellises of a trellis T is a poset with respect to the relation <, defined as
follows: for X,Y € CS,(T), X <Y if and only if ‘for each x € X, there is
a y € Y such that z C 3’ and ‘for each y € Y, there is a z € X such that
x C y’. Further, it is observed that (CS, (T'), <) may not be a lattice. Now,
it follows that (SC(T), <) is a sub-poset of (CS,(T), <), where (SC(T'), <)
is itself a lattice. Note that if T is weakly perfect, then p-convexity is equiv-
alent to strong-convexity (follows from [11, Lemma 3.2.14] and its dual),
and hence CS,(T) = SC(T).
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Definition 2.5. Let T be a trellis, and let A be a non-empty subset of T
The strongly-convex subtrellis generated by A is defined by (4) = (4] N [A4). If
A = {a}, then the symbol (a) is used in place of ({a}).

Definition 2.5 is justified by the fact that X = (A]N[A) is the smallest strongly-
convex subtrellis of T containing A. Clearly, X is strongly-convex and contains
A. Further, if Y is a strongly-convex subtrellis of T' containing A, then (A] C (Y]
and [A) C [Y), so that X = (A]N[4) C (Y]Nn[Y) =Y.

Remark 3.

(i) Clearly ((4)] = (4] and [(A)) = [A) for any non-empty subset A of a trellis
T. Also, A is strongly-convex if and only if (A) = A. Further, for any two
non-empty subsets A and B of T, if A C B, then (A) C (B).

(ii) Note that, if ‘for every a € A, there is b € B such that a C b’ and ‘for every
b € B, there is a € A such that a C ', then A C (B] and B C [A), and
hence (4) < (B). In particular, for any two elements a,b in T, a C b implies
that (a) < (b). Thus, the map f: T — SC(T), defined by f(a) = {(a), is
order-preserving. However, f may not be a meet or join homomorphism. In
the trellis T of Figure 1, note that (a) = {0,a}, (d) = {d, 1}, f(a) A f(d) =
{0,a}, and f(a) V f(d) = {d,1}. But aAd =0, aVd = 1, and hence
F(and) = {0}, f(avd) = {1}.

Lemma 2.6. Let X and Y be any two non-empty subsets of a trellis T, and
A={zAhy:2eX,yeY}, B={aVy:x € X,ycY}. The following are true:

(i) (Al € (X]N (Y] and [B) S [X)N[Y).

(ii) [A) = [[X)U[Y)) and (B] = (X]U (Y]]

Proof. (i) To prove the first assertion, it suffices to prove that A C (X] N (Y].
Let a € A, say a = x Ay for some z € X and y € Y. Then a € (X] N (Y], as
a < x,y. The second assertion follows by duality.

(ii) By duality, it suffices to prove the first assertion. We first verify that
AC[[X)U]Y)). Let a € A, say a =a Ay forsomez € X and y € Y.
Then a € [[X)UY)), since z,y € [X)U[Y). Thus A C [[X)U[Y)), and hence
[A) C [[X)U]Y)). For the reverse inclusion, it suffices to show that [X),[Y) C [A).
Let € X. If y € Y is arbitrary, then a = 2 Ay € A, and hence € [A). Thus
X CJA), and hence [X) C [A). Similarly [Y) C [A). O

Equality may not hold in Lemma 2.6(i). For instance, consider the trellis T" in
Figure 1. Note that (a] = {0,a},(d] = L, and so (a] N (d] = {0,a}. But aAd =0
and (0] = {0}. However, the theorem below shows that the equality holds in
Lemma 2.6(i), provided that X and Y are strongly-convex. In fact, it gives a
description of meet and join of two elements in SC(T') for any trellis T, analogous
to that in C'S(L) for a lattice L (see [8, p. 64]).

Theorem 2.7. Let X and Y be any two strongly-convex subtrellises of a trellis
T, and A={zAhy:z2€ X,yeY}, B={xzVy:xe€ X,y €Y} Then,
(A] = (X]N(Y] and [B) = [X)N]Y). Consequently, X \Y = (A) and XVY = (B).
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Proof. Let a € (X]N (Y]. Then a C x,y for some z € X, y € Y, since (X] =
lc(X) and (Y] =1{c(Y). ThenaVz € (X], as a,z € (X]. Also aVx € [X), since
x <aVe. ThusaVe € X. Similarly aVy € Y, and hence p = (aVax)A(aVy) € A.
Thus a € (4], as a < p.

The second part follows from the first by using Lemma 2.6(ii). ]

3. PROPERTIES OF THE LATTICE SC(T)

A subposet @ of a poset P is cover preserving if whenever z < y in @ for any
x,y € Q, then z < y in P. A lattice L is said to be semimodular (see [5, IV.2]) if
for any z,y € L, whenever x > x Ay, then z V y > y.

Theorem 3.1. For a trellis T, the map f: SC(T) — I(T) x D(T) defined by
f(X) = ((X],[X)) is an injective homomorphism (embedding) of lattices. In fact,
SC(T) is isomorphic to the cover preserving sublattice K = { (I, D): I € I(T), D €
D(T),IND#0} of I(T) x D(T).

Proof. Clearly, the map f is well defined and it is one-to-one. Also, for any
X,Y € SC(T), note that (X AY] = (X]A (Y] and [XAY) = [X)A[Y), using The-
orem 2.4. Thus f is a meet homomorphism. By duality, f is a join homomorphism.
Clearly f(SC(T)) = K, and hence SC(T') = K.

To prove that K is cover preserving, let (I1, D), (I2, D2) € K. Assume that
(IlaDl) < (IQ,DQ) in . To prove that (IlyDl) < (IQ,DQ) in I(T) X D(T‘)7 it
suffices to show that either ‘I; = Iy and Dy < D in D(T) or ‘I; < Iy in I(T)
and D1 = D27. Suppose Il 7é IQ and D1 7é D2. Then, Il g_ I2 and D1 2 DQ. Let
a€ly—1I. Take I = I, V (a] and D = D;. Then (I,D) € K and (I;,D;) <
(I,D) < (I2,D2) in K. This contradiction proves that either I = Iy or Dy = Ds.
Suppose Iy = Is. If D1 < D < Dy in D(T) for some D € D(T), then (I5,D) € K
and (I1, D) < (I2, D) < (I2, D2) in K, a contradiction. Hence D1 < Dq in D(T).
Similarly, if Dy = Ds, then I} < Iy in I(T). O

Remark 4.

(i) An element a of a lattice L is called a neutral element [5, ITL.2(iii)] if
(anx)V(eAy)V(yAa) = (aVa)A(xVy A(yVa) for all z,y € L.
It is well-known that a is a neutral element of L if and only if there is an
injective homomorphism ¢ of L into a direct product A x B of lattices,
where A has the maximum 1, B has the minimum 0, and ¢(a) = (1,0).
Hence, for any trellis T, it follows from Theorem 3.1 that T is a neutral
element of SC(T).

(ii) The sublattice K of I(T') x D(T) in Theorem 3.1 may not be convex. This
can be easily seen by considering the two element lattice T = {0, 1}, where
0<1.

Theorem 3.2. For any trellis T, I(T) is the principal ideal of SC(T') generated
by T. Dually, D(T) is the principal dual ideal of SC(T) generated by T.
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Proof. Let X € SC(T) with X <T. Then [X) 2 T, and hence [X) = T. Thus
X =X]Nn[X)=(X]NT = (X], and so X € I(T). Conversely, if X € I(T), then
clearly X < T in SC(T). O

Corollary 3.3. Let T be a trellis, and let V be an equational class of lattices.

(i) If I(T) and D(T) lie in V, then SC(T) also lies in V. Conversely, if SC(T')
lies V, then both I(T) and D(T) also lie in V.

(ii) SC(T) is semimodular if and only if both I(T') and D(T') are semimodular.

Proof. Follows from Theorem 3.1 and Theorem 3.2. U

In general, for a trellis T', the lattices I(T) and D(T') may not lie in the same
equational class. For the trellis T given in [13, Figure 5], I(T") is modular, whereas
D(T) is non-modular.

The congruence lattice of a trellis T is denoted by Con(T). The following lemma
holds as in the case of lattices (see [8, Lemma 4.1]).

Lemma 3.4. Let T be a trellis, and X,Y € SC(T) withY < X. Then Y V
(X]=XAY)=X]Nn[Y)=(XUY).

Theorem 3.5. For any trellis T, Con(SC(T)) = Con(I(T')) x Con(D(T)).

Proof. Define a map f: Con(SC(T)) — Con(I(T)) x Con(D(T)) as follows:
for © € Con(SC(T)), f(©) = O x Op, where Oy is the restriction of © to the
sublattice I(T') of SC(T), and ©p is the restriction of © to the sublattice D(T)
of SC(T).

Define a map ¢: Con(I(T)) x Con(D(T)) — Con(SC(T')) as follows: let I €
Con(I(T)) x Con(D(T)). Then I' = @ x U for some & € Con(I(T)) and ¥ €
Con(D(T)). Define a relation © on SC(T) as follows: for X,Y € SC(T), X =
Y (©) if and only if (X] = (Y](®) and [X) = [YV)(¥). Clearly © € Con(SC(T)).
Define g(T') = ©.

It is readily verified that both f and g are order-preserving, and f o g is the
identity map on the domain of g. To prove that g o f is the identity map on
Con(SC(T)), let © € Con(SC(T)). For any X,Y € SC(T), as in [8, Theorem 4.2],
it can be shown using Lemma 3.4 that, X = Y(0) if and only if (X] = (Y](©;)
and [X) = [Y)(©p). Then clearly g(f(©)) = ©. Hence g o f is the identity map
on Con(SC(T)). Now, the theorem follows by using the fact that the notions of
order isomorphism and isomorphism coincide for lattices. O

An element a of a trellis T is left transitive if whenever ¢ < b < a for b,c € T,
then ¢ < a. A right transitive element is defined dually. The argument in the
following theorem is similar to the proof of [1, Lemma 2.5].

Theorem 3.6. Let T be a trellis and a € T. Then, {a} € SC(T) if and only if
a 1s both left and right transitive.

Proof. Suppose {a} € SC(T). To show a is right transitive, let ¢ < b < ¢ for
some b,c € T. Then aAc € [a), as a,c € [a). Thus a Ac € (a] N[a) = {a}. Hence
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a A ¢ = a, showing that a < c¢. Thus «a is right transitive. By duality, a is left
transitive.

For the converse, the left transitivity of a implies that (a] ={z € T :z <a},
and the right transitivity of a gives [a) = {z € T : a < = }. Hence (a) = (a]N[a) =
{a}. O

Corollary 3.7. Let H be a subtrellis of a trellis T such that each element of H
is both left and right transitive in T. Define a map f: H — SC(T) by f(a) = {a}
for each a € H. Then f is a one-to-one homomorphism.

Proof. Follows from Theorem 2.7. O

Proposition 3.8. Let T be a trellis and a,b € T, a < b. Suppose a,b are both
left and right transitive in T. Let [{a},{b}] = { X € SC(T): {a} < X < {b} }.
Then [{a},{b}] C SC([a,b]), where [a,b] = {z €T :a Iz <b}.

Proof. Clearly K = [a,b] is a p-convex subtrellis of T. Let X € [{a}, {b}]. Then
X C K, by using definition of the partial order in SC(T) and the assumptions
on a and b. Also note that, if |&(X) = {p € K: p Cg z for some x € X } and
tE(X) = {p € K: © Cg pfor some z € X}, then [E(X) = o (X) N K and
TE(X) = (X)) N K. It follows that [Z(X) is an ideal of K, since Ic(X) is an
ideal of T. By duality, 15 (X) is a dual ideal of K. The proof is completed by
noting that

VECO N (X) = 4 (X) N1(X) NK = XN K = X. O

Reverse inclusion may not hold in Proposition 3.8. Consider the trellis T of
Figure 1. Clearly {a} € SC([0,b]), but {a} ¢ SC(T).

The result below generalizes [8, Lemma 5.1] and can be proved on the same
lines.

Proposition 3.9. Let T be a trellis, and © € Con(T) such that [a]® € SC(T)
for every a € T. If a subset K of T/O has a meet in SC(T), then IC has a meet in
T/O also. Consequently, the completeness of SC(T') implies that of T/©, in the
above case.

Proposition 3.10. Let © be a congruence relation on a trellis T. Define a map
f:T/6 — SC(T) by f([a]©) = ([a]®©) for alla € T. Then f is order-preserving.

Proof. Let A = [a]©® and B = [b]© with A < B in T/©. First, we assert that
A C (B]. Let x € A. Then z = a A b(©), since A = AA B = [a Ab]O®. Thus
xVb=0(0), and hence z Vb € B. Hence z € (B]. Thus A C (B], and therefore
(A] C (B]. By duality, [A) D [B). Hence (A4) < (B). O

The following two propositions can be easily proved.

Proposition 3.11. Let A be a non-empty subset of a trellis T, and let T?
denote the dual of T. Then A € SC(T) if and only if A € SC(T?). Consequently,
dual of the lattice (SC(T), <) is nothing but the lattice (SC(T%),<). Hence, if T

is self dual, then so is SC(T).
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Proposition 3.12. Let T1 and Ty be any two trellises, and let A be a non-
empty subset of Ty X To. Then A € SC(Ty x Tv) if and only if A = Ay X As for
some Ay € SC(Th), Az € SC(Ty). Moreover, SC(Ty x Tz) = SC(T1) x SC(T5).

A subset C of a trellis T is a pseudo-chain (p-chain) in 7" if for any two elements
a,b € C, either a Co b or b C¢ a holds. If both these relations hold for all pairs
of elements in C, then C is a cycle. A cycle with one element is a trivial cycle.
A trellis is acyclic if it contains no non-trivial cycle. A p-chain C' = {aq,as,...}
in a trellis is an ascending (descending) p-chain if a; < a;41 (a;41 < a;) for all
1. A trellis satisfies the ascending (descending) p-chain condition if it has no
infinite ascending (descending) p-chain. The proposition below follows from [1,

Lemma 2.3] and its dual.

Proposition 3.13. Suppose T is an acyclic trellis satisfying the ascending and
the descending p-chain conditions. Then, every element X of SC(T) is of the form
X =[a,b]={x€T:a<x<b} for some unique right transitive element a and
for some unique left transitive element b.

4. HOMOMORPHISMS AND CONGRUENCE RELATIONS ON SC(T)

Given a congruence relation © on a lattice L, an extension © of © to I(L), in
a natural way, has been given in G. Grétzer and E. T. Schmidt (see [6, p. 34]),
where for I,J € I(L), I = J(©), if and only if ‘for each a € I, there is b € J
such that a = b(©)’ and ‘for each b € J, there is a € I such that a = b(©)’.
In a similar spirit, an extension © of © to CS(L) can be found in Bhatta and
Ramananda [2, Lemma 3.2], where it is shown that CS(L/©) = CS(L)/O (see [2,
Theorem 3.5]). Analogous to these, for any congruence relation © on a trellis T,
a corresponding congruence relation ©; on I(7T) has been constructed in Bhatta
and Ramananda [1, Lemma 3.5]. By duality, a corresponding congruence relation
©p on D(T) can be constructed. Hence, for any congruence relation © on a
trellis T, one can construct a corresponding congruence relation © on SC(T) as
follows: for X,Y € SO(T), define X = Y(O) if and only if (X] = (Y](Or) and
[X) = [Y)(Op), that is X = Y (0O) if and only if ‘for each x € (X] (respectively
x € [X)), there is a y € (Y] (respectively y € [Y)) such that x = y(©)’ and ‘for
each y € (Y] (respectively y € [Y)), there is a 2 € (X] (respectively x € [X)) such
that 2 = y(©)’. A simple description of © is given below.

Theorem 4.1. Let © be a congruence relation on a trellis T'. Then, for X,Y €
SC(T), X = Y(©) if and only if ‘for each x € X, there is a y € Y such that
x=y(0)" and ‘for each y €Y, there is a x € X such that x = y(0)".

Proof. Suppose X =Y (©). Let © € X. Then, there is a € (Y] and a b € [Y)
such that = a(©) and = = b(©). Let z € Y be arbitrary, and y = (2 V a) A b.
Clearly z = y(©). Now y € (Y], sincey <zVaand zVa € (Y]. Alsoy € [Y), as
zVa€elY)andbe [Y). Hence y € Y. Similarly, for each y € Y, thereisaz € X
such that =z = y(©).
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Converse follows by a more general result proved below, whose proof is similar
to that of [1, Lemma 3.5]. O

Lemma 4.2. Let © be a congruence relation on a trellis T. Let A and B be
any two non-empty subsets of T with the property that ‘for each a € A, there is
b € B such that a = b(©)’ and ‘for each b € B, there is a € A such that a = b(©) .
Then (A) = (B)(0©).

Proof. By duality, it suffices to prove that (A] = (B](0r) in I(T). Using [1,
Lemma 3.4], (A] = U2 I, and (B] = US2J,, where Iy = A, Jy = B, and for
n>1,

I, = {x e€T:xz<dp(xy,...,x), for some k > 1, where p is a trellis
polynomial and x; € I,,_; for 1 <i <k }

A similar description holds for J,, n > 1.

We claim that given any n, for each « € I, thereis ay € J,, such that x = y(0).
This is proved by induction on n. The assumptions on A and B in the hypothesis
prove the claim for n = 0. Suppose that claim holds for some n > 0. Let x € I,,41.
Then = < p(xq,...,zk), for some k > 1, where p is a trellis polynomial and
x; € I, for 1 < i < k. By induction assumption, for each i, there is a y; € J,
such that z; = y;(0). Hence x = x A p(x1,...,25) = x Ap(y1,...,yx)(0), where
2 ADPW1,---,Yk) € Jur1. This proves the claim. Similarly given any n, for each
y € Jp, there is a z € I,, such that z = y(0). Hence (A] = (B](©;) in I(T). O

Two congruence relations © and ¥ on a trellis T are permutable if ©-¥ = U.O,
where ©-W is the binary relation on T defined as follows: for a,b € T, a = b(0-¥)
if and only if there exists a ¢ € T such that a = ¢(©) and ¢ = b(V).

Theorem 4.3. Let T be a trellis, and ©,¥ € Con(T). If © and ¥ are per-
mutable, then so are the congruence relations © and ¥ on SC(T).

Proof. Tt suffices to prove that ©-¥ = ©-W. Let A, B € SC(T).

Suppose A = B(©-W¥). Then, there is a C € SC(T) such that A = C(©) and
C = B(¥). Let a € A. There is a ¢ € C such that a = ¢(0), as A = C(0). There
is a b € B such that ¢ = b(¥), since C = B(¥). Hence a = b(0-¥). Similarly, for
each b € B, there is a € A such that a = b(©-V¥). Hence A = B(0-V).

Suppose A = B(©-V¥). To show A = B(O-¥). Let C = {c € T : a =
¢(©) and ¢ = b(¥) for some a € A and for some b € B}. As A= B(0-V), C # 0.
Clearly, for each a € A, there is a ¢ € C such that a = ¢(0), and for each ¢ € C,

there is a € A such that a = ¢(0). Hence A = (C)(©), by Lemma 4.2. Similarly
(C) = B(V). Thus A = B(©-V). O

The next result is an extension of [2, Lemma 3.1] to trellises.

Lemma 4.4. Let © be a congruence relation on a trellis T, and A € SC(T).
Suppose x,y,z € T with x T z C y, where = a(O) and y = b(O) for some
a,b € A. Then, there is c € A such that z = ¢(©).
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Proof. We may assume that a C b (otherwise we work with x Ay C z C 2V y,
Wherex/\y—a/\b(@) xVy=aVbO),anbe A avbe A,and aAbC aVb).

Note that (z) < (z) < (y > and {(a) < (b) in SC(T). Furthermore, () = {(a)(O)
and (y) = <b>((:)) since z = a(0) and y = b(©). Clearly, the closed interval
C = [(a),(b)] is a convex sublattice of SC(T). Hence, there is a B € C such
that (z) = B(©), by [2, Lemma 3.1]. The proof is completed, by proving that
B C A. Let p € B. Thereis a’ € (a) and a b’ € (b) such that o’ C p C ¥/,
since (a) < B < (b). Clearly {(a), (b) C A, and hence a’,b' € A. Thus p € A, by
p-convexity of A. O

Lemma 4.5. Let © be a congruence relation on a trellis T, and A € SC(T).
Suppose x,y,a,b € T with x C a and y T b, where a = a/(©) and b = V/(©) for
some a’,b/ € A. Then there exist ¢ € T and ¢ € A such that x Vy C ¢ and
c = (0).

Proof. Clearly (z), (y) < (a Vb), and hence (z) V (y) < (aVb) in SC(T'). Then
there is ¢ € (a VvV b) such that x Vy C ¢, as x Vy € (x) V (y). Furthermore,
{aVb) = {a' V) (O), since aVb=a' Vb (0O). Thus, there is a ¢’ € (a’ Vb') such
that ¢ = ¢/(0). Note that (a’ V¥') C A. Hence ¢’ € A. O

Remark 5.

(i) Let f: T — K be any homomorphism of a trellis T to a trellis K. Note
that if X is an ideal (a dual ideal) of K, then f~1(X) is either empty or an
ideal (a dual ideal) of T. Hence, if X € SC(K), then either f~1(X) =0 or
f~HX) € SC(T).

(ii) Let © be a congruence relation on a trellis 7', and a,b € T. Clearly, ifa C b
in T, then [a]® C [b]© in T/O. Conversely, if [a]© C [b]© in T/O, then it
can be verified that a C b’ for some b’ € [b]O.

Let f: T'— K be any homomorphism of a trellis T to a trellis K. Consider the
induced map f: SCO(T) — SC(K), defined by f(A) = (f(A)) for A € SC(T). Let
A,B € SC(T). Then, f(AANB) C f(A)A f(B). For, ANB = (X), f(A)A f(B) =
(YY), where X ={aAb:ac A, be B} and Y ={pAq: pe (f(A)), g€ (f(B))},
using Theorem 2.7. Clearly, f(X) CY C (Y). So X C f~}((Y)), and hence
(X) C f7Y((Y)). Thus f(AA B) = f({X)) C (Y), and therefore f(AA B) =
(f(ANDB)) C(Y) = f(A) A f(B). Similarly, f(AV B) C f(A) Vv f(B). However,
f may not be a homomorphism even when f is a one-to-one homomorphism. For
example, consider the subtrellis H = {0, a,d, 1} of the trellis T of Figure 1. Take
f to be the inclusion map of H into T, and let A = {0,a}, B = {0,d}. Then
A,B € SC(H) and AA B = {0} in SC(H). Note that f(A) = {0,a}, f(B) =T
and f(A A B) = {0}. But f(A) A f(B) = {0,a} in SC(T).

Theorem 4.6. Let © be a congruence relation on a trellis T, and let f: T —
T/© denote the onto homomorphism defined by f(a) = [a]® for a € T. Then, the
induced map f: SC(T) — SC(T/O), defined by f(A) = f(A) for A € SC(T), is
an onto homomorphism.
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Proof. The map f is well defined. Let A € SC(T). To prove f(A) is p-convex,
let a,b € A with [a]® C []© C [b)]©. Then a C ¢ C V for some ¢,V € T
with ¢ = ¢(©) and ¥ = b(©). Hence there is a € A such that ¢ = z(0),
by Lemma 4.4. Thus [c]© = [z]©® € f(A). Therefore f(A) is p-convex. Also,
1c(f(A)) is an ideal of T/O. For, if [2]© C [a]© and [y]© C [b]©, with a,b € A,
then © C o and y C bV for some o/,b/ € T with o’ = a(0) and V' = b(O).
Then there exist ¢ € T and ¢ € A, such that 2z Vy C ¢ and ¢ = ¢/(0), by
Lemma 4.5. Hence [z]® V [y]® = [z V y]© C [¢]O, where []© = []O € f(A).
Thus |c(f(A)) is an ideal of T/©. By duality, Tc(f(A)) is a dual ideal of T'/O.
Thus f(A) = f(A) € SC(T/O).

Also, f is onto. For, if X € SC(T/O), then A = f~1(X) € SC(T) and f(A) =
f(A)=X. Note that A={aeT: [a]® X} =0X#0.

To prove that f is a homomorphism, let A, B € SC(T). It is already observed
that f(AA B) C f(A) A f(B). Note that AA B = (X) and f(A) A f(B) = (Y),
where X = {aAb:ac A, beB}andY ={f(a) A f(b): a € A, be B}. Clearly
f(X)=Y. Thus Y C f({X)), and hence f(A)Af(B) = (Y) C f((X)) = f(AAB).

Therefore f is a A-homomorphism. Similarly, f is a V-homomorphism. U

Note that the congruence kernel of the onto homomorphism f of Theorem 4.6 is
nothing but ©. Hence, the homomorphism theorem for lattices gives the following
theorem, which generalizes [2, Theorem 3.5] to trellises:

Theorem 4.7. Let T' be a trellis, and let © be a congruence relation on T
Then, SC(T/O) =2 SC(T)/0O.

Theorem 4.8. Let f: T — K be an onto homomorphism of trellises. Then,
the induced map f: SC(T) — SC(K), defined by f(A) = f(A) for A e SC(T), is
an onto homomorphism.

Proof. Similar to the proof of Theorem 4.6. O

Remark 6. Let X be a subtrellis of a trellis T such that each element of X is
both left and right transitive in T. Then, it can be verified that (X) = {a € T :
x da <y for some z,y € X }.

Lemma 4.9. Let f: H — T be a one-to-one homomorphism of trellises. Sup-
pose that each element of f(H) is both left and right transitive in T'. Then, the
induced map f: SC(H) — SC(T), defined by f(A) = (f(A)) for Ae SC(H), is a

one-to-one homomorphism.

Proof. First, note that the given conditions imply that H is a lattice. So
SC(H) = CS(H).

To prove f is one-to-one, let A, B € CS(H) with f(A) = f(B). Then A = B.
For, if a € A, then f(b1) < f(a) < f(b2) for some by,bs € B, since f(a) €
(f(A)) = (f(B)). Thus f(b1) = f(by Aa) and f(a) = f(a Ab2). Hence by = b1 Aa
and a = a A bg, since f is one-to-one. Thus by < a < by, and hence a € B. Thus
A C B. Similarly, B C A.

To prove f is a A-homomorphism, let A, B € CS(H). Observe that f(A) A
F(B) = (v) where Y = {pAqip € (F(A),q € (f(B))}, and F(AAB) =
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(f(AA B)). We prove that to each y € Y, there exist 21,22 € f(A A B) such
that z3 < y < z3, and to each z € f(A A B), there exist y1,y2 € Y such that
y1 9z < ys. Let y = pAgq for some p € (f(A)) and ¢ € (f(B)). Then,
flar) 2 p < f(az) and f(b1) < g I f(bz) for some aj,az € A and by,by € B.
Then f(a1 Ab1) I<pAg=1y < f(ag Absa), since f(aj Aby) is right transitive, and
f(a2), f(ba) are left transitive. Next, let z = f(z) for some 2z € A A B. Then
a1 ANby <z < ag A by for some ay,a: € A and by,bs € B, using an observation in
(8, p. 64]. Thus f(a1) A f(b1) Q f(x) = 2 < f(az) A f(b2). Hence f(A) A f(B) =

(VY= (f(AAB)) = f(AA B). Therefore f is a A-homomorphism. Similarly, f is
a V-homomorphism. O

A congruence relation © on a trellis 7" is representable if there exists a subtrellis
K of T such that the map K — T/O given by a — [a]O is an isomorphism. The
subtrellis K is said to represent © in this case. The following is an extension of
[2, Theorem 3.8] to trellises.

Theorem 4.10. Let © be a congruence relation on a trellis T. Suppose © is
representable by a subtrellis H of T' such that each element of H is both left and
right transitive in T. Then © is also representable.

Proof. The inclusion homomorphism H — T gives rise to the one-to-one ho-
momorphism:

CS(H) — SC(T)
X+ (X) for X € OS(H),

using Lemma 4.9. Denote the image of CS(H) under this one-to-one homomor-
phism by H. Hence H = { (X) : X € CS(H) } is a sublattice of SC(T) and it is
isomorphic to CS(H). Isomorphism given in the hypothesis induces the following
isomorphism:

CS(H) — SC(T/©)
X {[2]0:2€ X} =X (say).
Also, Theorem 4.7 furnishes the following isomorphism:

SC(T/©) = SC(T) /8
X — [UX]6.

The proof is completed by proving that (X) = UX(0©), for any X € CS(H), where
X ={[z]0: 2z € X }. Clearly X C UX, and hence (X) C UX. Also, if a € UX,
then a = z(0) for some = € X. O

Remark 7. Let © be a non-trivial congruence relation on a trellis 7. It may
happen that both © and © are representable, but there is no subtrellis H of T’
representing © satisfying the property that all elements of H are both left and
right transitive in T'. For example, consider the 5-element trellis ' = {0, a, b, ¢, 1},
where 0 is the minimum, 1 is the maximum and a <b<c<a. Let © denote the
congruence relation on T with congruence classes {0}, {a,b,c}, and {1}. Note
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that © coincides with the equality relation on SC(T). Clearly, both © and © are
representable. Further, if H is any subtrellis of T representing O, then H must
contain either a or b or ¢, and none of these are left or right transitive in 7T'.

5. A RELATIONSHIP BETWEEN THE LATTICE (SC(T), <)
AND THE POSET (SC(T'), Q)

Theorem below is inspired by a result of Lavanya [7, Theorem 2.6.1].

Theorem 5.1. Let T be a trellis, and A, B € SC(T). If A < B in (SC(T), <),
then A < B or B < A in (SC(T),C). Conversely, if A< B in (SC(T),C), then
A=<BorB=<Ain(SC(T),<).

Proof. Suppose A < B in (SC(T'), <). We assert that either A C B or B C A.
Suppose not. Put X = (AU B). Clearly, (A] C (X] and [B) C [X). Also
[A) D [B) 2 B, and hence [A) D [AU B) = [X). Further A C (A] C (B], and
hence (X] = (AUB] C (B]. Thus A < X < Bin (SC(T),<). If A = X, then
B C A, and if X = B, then A C B, both of which are contrary to our assumption.
Hence A < X < Bin (SC(T), <), a contradiction. Thus, either A C B or B C A.
Suppose A C B. Then A < Bin (SC(T), C). For, suppose Y € SC(T) is such that
ACY C B. Clearly, (A] C (Y] C (B] and [4) C [Y) C [B). Also [4) 2 [B), as
A< Bin (SC(T),<). Hence [A) =[Y) = [B),and thus A <Y < Bin (SC(T), <),
a contradiction. Thus, if A C B, then A < B in (SC(T), C). Similarly, if B C A,
then B < A in (SC(T), Q).

Conversely, suppose that A < Bin (SC(T),C). Then, either A < Bor B < Ain
(SC(T),<). If not, then [A) 2 [B) and (B] € (A], since A C B. Let p € [B) —[4)
and ¢ € (B] — (4]. Put X = (AU {qV a}), where a € A is arbitrary. Note
that ¢Va € (BJN[B) = B,asa € B. Thus A C X C B. If X = A, then
gV a € A, and hence ¢ € (4], a contradiction. If X = B, then p € [X). Also
[X)=[AU{qVa}) C[A), as qVa € [A). Hence p € [A), a contradiction. Thus
A C X C B, a contradiction. Hence, either A < B or B < A in (SC(T), <).
Suppose A < B in (SC(T),<). Then A < B in (SC(T),<). Otherwise, there
exists a Y € SC(T) with Y # A and Y # B, such that A <Y < B in (SC(T), <).
Then [A) = [Y) = [B), since A C B. Now, 1fa € A, then a € (4] C (Y], and hence
acYIN[Y)=Y. Also, ify €Y, theny € (Y] C (B], andsoy € (B]N[B) = B.
Thus A CY C B, a contradiction. Hence, if A < B in (SC(T),<), then A < B
n (SC(T), <). Similarly, if B < A in (SC(T), <), then B < A in (SC(T),<). O

With every poset P, there is an associated graph (undirected), determined by
the covering relation on P, in the following fashion: ‘declare any two elements a
and b of P to be adjacent if and only if either ¢ < b or b < a in P’. In this context,
the theorem above implies the following:

Corollary 5.2. For any trellis T, there is a graph-isomorphism between the
graphs representing the lattice (SC(T'), <) and the poset (SC(T), C).
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