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BOUNDEDNESS OF CERTAIN MULTIPLE

ERDÉLYI–KOBER FRACTIONAL INTEGRAL OPERATORS

ON THE HARDY SPACE H1

X. CHEN and M.-J. LUO

Abstract. In this paper, we establish the boundedness of the multiple Erdélyi–

Kober fractional integral operators involving Fox’s H-function on the Hardy space

H1. Our results generalize recent results of Kwok-Pun Ho [Proyecciones 39 (3)
(2020), 663–677]. Some useful connections related to the Hausdorff operators are

also mentioned.

1. Introduction

The boundedness of fractional integral operators on various function spaces plays
a fundamental role in the theory of Fractional Calculus. For common fractional
integral operators such as the famous Riemann–Liouville fractional integral op-
erators, some useful results have already been obtained (see, for example, [19]
and [13, Chapter 2]). However, for fractional integral operators arising from the
Generalized Fractional Calculus – typically those with integral kernels involving
special functions – the known results remain not so popular and well studied.

In Generalized Fractional Calculus, a typical class of operators is the multiple
Erdélyi–Kober operators introduced by Kiryakova [14], which are closely related
to Meijer’s G-function. For any m ∈ Z, let Z≥m := {n ∈ Z;n ≥ m}. Let
m,n, p, q ∈ Z≥0, 0 ≤ m ≤ q, 0 ≤ n ≤ p and let a1, . . . , ap, b1, . . . , bq ∈ C. Then,
Meijer’s G-function is defined by

(1)

Gm,np,q

[
z

∣∣∣∣(ai)1,p(bj)1,q

]
= Gm,np,q

[
z

∣∣∣∣a1, . . . , apb1, . . . , bq

]

=
1

2πi

∫
L

m∏
k=1

Γ(s+ bk)

n∏
i=1

Γ(1− ai − s)

q∏
k=m+1

Γ(1− bk − s)
p∏

i=n+1

Γ(s+ ai)

z−sds,
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where L is a suitable contour that separates the poles of Γ(s+ bk) from the poles
of Γ(1 − ai − s) (see, for example, [14, p. 313] and [18, p. 1]). The multiple

Erdélyi–Kober operators I
(γk),(δk)
β,m and W

(γk),(δk)
β,m are defined by (see [14, p. 11]

and [16])

(2) I
(γk),(δk)
β,m f(x) =

∫ 1

0

Gm,0m,m

[
σ

∣∣∣∣(γk + δk)1,m
(γk)1,m

]
f(xσ1/β)dσ

and

(3) W
(γk),(δk)
β,m f(x) =

∫ ∞
1

Gm,0m,m

[
1

σ

∣∣∣∣(γk + δk + 1)1,m
(γk + 1)1,m

]
f(xσ1/β)dσ,

respectively. The Lp-boundedness of I
(γk),(δk)
β,m and W

(γk),(δk)
β,m is presented in [14,

p. 37, Theorem 1.2.17]. The generalized fractional calculus operators (2) and (3)

are also extended as I
(γk),(δk)
(βk),m

with kernel functions being more general Fox Hm,0
m,m-

functions, in the same book [14, Chapter 5], and their boundedness in Banach
spaces Lµ,p is proved there in [14, p. 250, Theorem 5.1.3].

Recently, Ho [6] studied the boundedness of the multiple Erdélyi–Kober frac-
tional integral operators (2) and (3) on the Hardy space H1.

Let S and S ′ denote the class of Schwartz functions and the class of tempered
distributions on R, respectively. The convolution of two functions f ∗ g is defined
as usual by

(f ∗ g)(x) :=

∫
R
f(x− y)g(y)dy =

∫
R
f(y)g(x− y)dy

whenever the expression makes sense. We say that f ∈ S ′ is bounded if f ∗ϕ ∈ L∞
for any ϕ ∈ S. The Poisson kernel P is the function

P (x) =
1

π

1

1 + |x|2
, x ∈ R.

For t > 0, let Pt(x) := t−1P (x/t). In addition, we write Dλf(x) = f(x/λ) (x ∈ R)
for any λ > 0.

Definition 1.1 ([5, p. 56]). Let f ∈ S ′ be bounded. We say that f lies in the
Hardy space H1(R) if the Poisson maximal function

(4) MP f(x) = sup
t>0
|(Pt ∗ f)(x)|

lies in L1(R). If this is the case, we set

(5) ‖f‖H1 = ‖MP f‖L1 .

The Hardy space H1 has the following useful property (see [5, p. 57, Theo-
rem 2.1.2 (b)] and [21, p. 91])

(6) H1 ⊂ L1.

Now we can state Ho’s main result.
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Theorem 1.2 ([6, p. 669]). Let m ∈ Z≥1, β > 0, γi ∈ R and δi > 0.

(1) If min
1≤k≤m

γk >
1

β
− 1 and

m∑
k=1

δk > 0, then for any f ∈ H1,

‖I(γk),(δk)β,m f‖H1 ≤ c1‖f‖H1 ,

where

c1 :=

∫ 1

0

∣∣∣∣Gm,0m,m

[
σ

∣∣∣∣(γk + δk)1,m
(γk)1,m

]∣∣∣∣σ−1/βdσ.

(2) If min
1≤k≤m

γk > −
1

β
, then for any f ∈ H1,

‖W (γk),(δk)
β,m f‖H1 ≤ c2‖f‖H1 ,

where

c2 :=

∫ ∞
1

∣∣∣∣Gm,0m,m

[
1

σ

∣∣∣∣(γk + δk + 1)1,m
(γk + 1)1,m

]∣∣∣∣σ−1/βdσ.

In this paper, we study the H1-boundedness of the multiple Erdélyi–Kober

fractional integral operators I
(γk),(δk)
(βk),(λk),m

and K
(τk),(αk)
(εk),(ξk),n

originally introduced by

Galué et al. [4] and modified by Kiryakova [16].

The operator I
(γk),(δk)
(βk),(λk),m

is defined by [16, p. 1134, Definition 6]

I
(γk),(δk)
(βk),(λk),m

f(x)

:=



∫ ∞
0

Hm,0
m,m

[
u

∣∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m

(γk + 1− 1/λk, 1/λk)1,m

]
f(xu)du,

if

m∑
k=1

δk > 0,

f(x), if δk = 0 and λk = βk (k = 1, . . . ,m),

(7)

where m ∈ Z≥1, βk > 0, λk > 0, δk ≥ 0, and γk ∈ R (k = 1, . . . ,m); and the

operator K
(τk),(αk)
(εk),(ξk),n

is defined by

K
(τk),(αk)
(εk),(ξk),n

f(x)

:=



∫ ∞
0

Hn,0
n,n

[
1

u

∣∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n

(τk + 1/ξk, 1/ξk)1,n

]
f(xu)du,

if

n∑
k=1

αk > 0,

f(x), if αk = 0 and εk = ξk (k = 1, . . . , n),

(8)

where n ∈ Z≥1, εk > 0, ξk > 0, αk ≥ 0, and τk ∈ R (k = 1, . . . , n). In the
present study, we focus on the case when

∑m
k=1 δk > 0 in (7) and the case when∑n

k=1 αk > 0 in (8). Here, Hm,0
m,m and Hn,0

n,n represent particular cases of the Fox
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H-function, which is defined analogously to the Meijer G-function through Mellin–
Barnes integrals. Let m,n, p, q ∈ Z≥0, 0 ≤ m ≤ q, 0 ≤ n ≤ p and let ai, bj ∈ C,
Ai, Bj ≥ 0, where 1 ≤ i ≤ p, 1 ≤ j ≤ q. The Fox H-function is defined as follows
(see [12, p. 1] and [13, p. 58]):

Hm,n
p,q

[
z

∣∣∣∣(ai, Ai)1,p(bj , Bj)1,q

]
= Hm,n

p,q

[
z

∣∣∣∣(a1, A1), . . . , (ap, Ap)
(b1, B1), . . . , (bq, Bq)

]

=
1

2πi

∫
L

m∏
k=1

Γ(Bks+ bk)

n∏
i=1

Γ(1− ai −Ais)

q∏
k=m+1

Γ(1− bk −Bks)
p∏

i=n+1

Γ(Ais+ ai)

z−sds,(9)

where L is a suitable contour that separates the poles of Γ (Bks+ bk) from the
poles of Γ (1− ai −Ais). To further clarify the definition, we take L = L−∞ and
require that

(10) ∆ :=

q∑
j=1

Bj −
p∑
i=1

Ai = 0.

Here, L−∞ denotes a left loop situated in a horizontal strip starting at the point
−∞ + iϕ1 and terminating at the point −∞ + iϕ2 with −∞ < ϕ1 < ϕ2 < ∞.
Then the H-function defined by (9) makes sense for 0 < |z| < R, where

(11) R :=

p∏
j=1

A
−Aj

j

q∏
j=1

B
Bj

j .

Therefore, under the assumption ∆ = 0, the limits of integration for operators
(7) and (8) should be properly replaced with 0 to R1 and 1/R2 to∞, respectively.
More precisely, we have

(12) I
(γk),(δk)
(βk),(λk),m

f(x) =

∫ R1

0

Hm,0
m,m

[
u

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
f(xu)du,

where βk, λk > 0 (k = 1, . . . ,m),

(13) R1 =

m∏
k=1

β
1/βk

k λ
−1/λk

k > 0,

and
∑m
k=1 δk > 0. Similarly,

(14) K
(τk),(αk)
(εk),(ξk),n

f(x) =

∫ ∞
1/R2

Hn,0
n,n

[
1

u

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
f(xu)du,

where εk, ξk > 0 (k = 1, . . . , n)

(15) R2 =

n∏
k=1

ε
1/εk
k ξ

−1/ξk
k > 0,

and
∑n
k=1 αk > 0. In particular, if λk = βk (k = 1, . . . ,m) in (12) and ξk = εk

(k = 1, . . . , n) in (14), then we have R1 = R2 = 1 in these integrals.
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Recall that (see [12, p. 31, Property 2.4])

Hm,n
p,q

[
z

∣∣∣∣(ai, 1/β)1,p
(bj , 1/β)1,q

]
= βGm,np,q

[
zβ
∣∣∣∣(ai)1,p(bj)1,q

]
(β > 0)

and [12, p. 32, Property 2.5]

zρGm,np,q

[
z

∣∣∣∣(ai)1,p(bj)1,q

]
= Gm,np,q

[
z

∣∣∣∣(ai + ρ)1,p
(bj + ρ)1,q

]
(ρ ∈ C).

By letting βk = λk = β (k = 1, . . . ,m) in (7), we obtain

I
(γk),(δk)
(β,...,β),(β,...,β),mf(x) =

∫ 1

0

βGm,0m,m

[
uβ
∣∣∣∣(γk + δk + 1− 1/β)1,m

(γk + 1− 1/β)1,m

]
f(xu)du

=

∫ 1

0

Gm,0m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/β)1,m
(γk + 1− 1/β)1,m

]
f(xσ1/β)σ1/β−1dσ

= I
(γk),(δk)
β,m f(x).

Similarly, we have

K
(τk),(αk)
(β,...,β),(β,...,β),nf(x) = W

(γk),(δk)
β,n f(x).

In addition, if all λk = βk (k = 1, . . . ,m) in (7) and ξk = εk (k = 1, . . . , n) in

(8), respectively, we obtain the operators I
(γk),(δk)
(βk),m

and K
(τk),(αk)
(εk),n

introduced by

Kiryakova [14, Chapter 5]; see also [16], and Kalla and Kiryakova [8, 9].
Since the digital copy of the paper [4] is not easily available, the interested

readers may refer to [3], [15], [16] and [20] for details, and specially [16] for
noting some inconsistencies in initial definitions as in [4].

2. Preliminaries

In this section, we present some results concerning the asymptotic behavior of
the H-function, which will play a crucial role in the process of proving the main
conclusions in Section 3.

The asymptotic behaviour of the H-function near z = 0 is well known. Under
the condition ∆ = 0, we have [12, p. 20, Corollary 1.11.1]

(16) Hm,n
p,q

[
z

∣∣∣∣(ai, Ai)1,p(bj , Bj)1,q

]
= O

(
zρ

∗)
(z → 0),

where

ρ∗ := min
1≤k≤m

[
Re (bk)

Bk

]
.

However, the asymptotic behavior of the H-function near z = R, where R is
given by (11), is much more complex and has only recently been clearly char-
acterized. When ∆ = 0, we have (see [10, p. 350, Theorem 1] and [17, p. 22,
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Remark 1])

(17) Hm,0
m,m

[
Rz

∣∣∣∣(ak, Ak)m1
(bk, Bk)m1

]
= O

(
(1− z)µ−1

)
(z → 1−),

where

(18) µ =

m∑
k=1

(ak − bk).

In particular, if Ak = Bk = 1 (k = 1, . . . ,m), we obtain the more familiar result
(see [14, p. 317, equation (A.22)])

(19) Gm,0m,m

[
z

∣∣∣∣(ak)m1
(bk)m1

]
= O

(
(1− z)µ−1

)
(z → 1−),

where µ is given by (18). The estimate (19) can be derived from Nørlund’s famous
formula (see [11, p. 344, equation (2)]).

3. Main results

In this section, we establish the H1-boundedness of the multiple Erdélyi–Kober

fractional integral operators I
(γk),(δk)
(βk),(λk),m

and K
(τk),(αk)
(εk),(ξk),n

given by (12) and (14).

Theorem 3.1. Let m ∈ Z≥1, βk, λk > 0, δk ≥ 0, γk ∈ R (k = 1, . . . ,m). If
(βk)1,m, (λk)1,m, (δk)1,m and (γk)1,m satisfy the following conditions:

(1)

m∑
k=1

1

λk
=

m∑
k=1

1

βk
,

(2)

m∑
k=1

δk > 0,

(3) min
1≤k≤m

(γk + 1)λk > 1,

then for any f ∈ H1,we have

(20)
∥∥∥I(γk),(δk)(βk),(λk),m

f
∥∥∥
H1
≤ k1‖f‖H1 ,

where

k1 ≡
∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ dσ

σ

with R1 defined by (13).

Proof. Let f ∈ H1. For any fixed t > 0, we consider∫
R

∫ R1

0

∣∣∣∣Pt(y − x)Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
f(xσ)

∣∣∣∣dσdx.

As

(21) |Pt(y − x)| = 1

π
· t

t2 + (y − x)2
≤ 1

π
· t−1
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for x, y ∈ R and t > 0, we have∫
R

∫ R1

0

∣∣∣∣Pt(y − x)Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
f(xσ)

∣∣∣∣dσdx

≤ 1

π
· t−1

∫
R

∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
f(xσ)

∣∣∣∣dσdx

=
1

π
· t−1

(∫
R
|f(z)|dz

)(∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ dσ

σ

)
.

Since f ∈ H1 ⊂ L1, we can write∫
R

∫ R1

0

∣∣∣∣Pt(y − x)Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
f(xσ)

∣∣∣∣ dσdx

≤ 1

π
· t−1‖f‖L1

(I1 + I2),

where

I1 :=

∫ c

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ dσ

σ

and

I2 :=

∫ R1

c

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ dσ

σ

with 0 < c < R1.
Under the condition (1), the function Hm,0

m,m is sometimes called delta neutral
[11, p. 346]. For the integral I1, according to (16) and condition (3), we have

Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
= O (σρ0) (σ → 0+),

where ρ0 = min
1≤k≤m

(γk + 1)λk− 1 > 0. Therefore there exists a positive number C1

so that

I1 ≤ C1

∫ c

0

σρ0−1dσ <∞.

For the integral I2, according to (17) and conditions (1) and (2), we obtain

Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
= O

(
(R1 − σ)µ0−1

)
(σ → R1

−),

where

µ0 =

m∑
k=1

δk +

m∑
k=1

(
1

λk
− 1

βk

)
> 0.

Hence there exists a positive number C2 so that

I2 ≤ C2

∫ R1

c

(R1 − σ)µ0−1σ−1dσ <∞.
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Thus we are allowed to use Fubini’s theorem to obtain

Pt ∗ I(γk),(δk)(βk),(λk),m
f

=

∫
R

∫ R1

0

Pt(y − x)Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]
f(xσ)dσdx

=

∫ R1

0

Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

](∫
R
Pt(y − x)f(xσ)dx

)
dσ.

The inner integral can also be represented as∫
R
Pt(y − x)f(xσ)dx =

∫
R
Pt(y − x)D1/σf(x)dx = Pt ∗ (D1/σf).

From (4) we have

(22) |Pt ∗ (D1/σf)| ≤MPD1/σf,

and thus∣∣∣Pt ∗ I(γk),(δk)(βk),(λk),m
f
∣∣∣ ≤ ∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣
·MPD1/σf(y)dσ.

For any λ ∈ (0,∞) and f ∈ H1, we have

(Pt ∗Dλf)(x) =

∫
R
Pt(x− y)f

( y
λ

)
dy

=

∫
R
f
(x
λ
− z
)
Pt(λz) · λdz (y = x− λz)

=

∫
R
f
(x
λ
− z
)
Pt/λ(z)dz = (f ∗ Pt/λ)

(x
λ

)
,

and thus

MPDλf(x) = sup
t≥0
|(Pt ∗Dλf)(x)|

= sup
t≥0

∣∣∣(f ∗ Pt/λ) (x
λ

)∣∣∣ = MP f
(x
λ

)
= DλMP f(x).(23)

We now have∣∣∣Pt ∗ I(γk),(δk)(βk),(λk),m
f
∣∣∣ ≤ ∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣
·D1/σMP f(y)dσ.(24)

By taking supremum over t > 0 on both side of (24) gives

MP I
(γk),(δk)
(βk),(λk),m

f = sup
t>0

∣∣∣Pt ∗ I(γk),(δk)(βk),(λk),m
f
∣∣∣

≤
∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣
·D1/σMP f(y)dσ.
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Finally, we obtain∥∥∥I(γk),(δk)(βk),(λk),m
f
∥∥∥
H1

=

∫
R

∣∣∣MP I
(γk),(δk)
(βk),(λk),m

f(y)
∣∣∣dy

≤
∫
R

∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ ·D1/σMP f(y)dσdy

=

∫
R

∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ ·MP f(σy)dσdy

=

(∫
R
MP f(y)dy

)(∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ dσ

σ

)

= ‖f‖H1

(∫ R1

0

∣∣∣∣Hm,0
m,m

[
σ

∣∣∣∣(γk + δk + 1− 1/βk, 1/βk)1,m
(γk + 1− 1/λk, 1/λk)1,m

]∣∣∣∣ dσ

σ

)
,

which is equivalent to (20). This completes the proof. �

Remark. By letting λk = βk = β (k = 1, . . . ,m), Theorem 3.1 reduces to the
first assertion of Theorem 1.2.

Theorem 3.2. Let n ∈ Z≥0, εk, ξk > 0, αk ≥ 0, τk ∈ R (k = 1, 2, . . . , n). If
(εk)1,n, (ξk)1,n, (αk)1,n and (τk)1,n satisfy the following conditions:

(1)

n∑
k=1

1

ξk
=

n∑
k=1

1

εk
,

(2)

n∑
k=1

αk > 0,

(3) min
1≤k≤n

τkξk > −1,

then for any f ∈ H1,we have

(25)
∥∥∥K(τk),(αk)

(εk),(ξk),n
f
∥∥∥
H1
≤ k2‖f‖H1 ,

where

k2 ≡
∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣ dσ

σ

with R2 defined by (15).

Proof. The proof is similar to that of Theorem 3.1. Let f ∈ H1. Then for any
fixed t > 0, we consider∫

R

∫ ∞
1/R2

∣∣∣∣Pt(y − x)Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
f(xσ)

∣∣∣∣ dσdx.
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From (21), we have∫
R

∫ ∞
1/R2

∣∣∣∣Pt(y − x)Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
f(xσ)

∣∣∣∣ dσdx

≤ 1

π
· t−1

∫
R

∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
f(xσ)

∣∣∣∣ dσdx

≤ 1

π
· t−1

(∫
R
|f(z)|dz

)
·

(∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
· 1

σ

∣∣∣∣ dσ

)
.

Since f ∈ H1 ⊂ L1, we have∫
R

∫ ∞
1/R2

∣∣∣∣Pt(y − x)Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
f(xσ)

∣∣∣∣ dσdx

≤ 1

π
· t−1‖f‖L1(I3 + I4),

where

I3 :=

∫ c

1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣ dσ

σ

and

I4 :=

∫ ∞
c

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣ dσ

σ

with 1/R2 < c <∞.
For the integral I3, according to (17) and conditions (1) and (2), we find

Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
= O

((
R2 −

1

σ

)µ1−1
)

(σ → (1/R2)
+

),

where

µ1 =

n∑
k=1

αk +

n∑
k=1

(
1

εk
− 1

ξk

)
> 0.

Therefore there exists a positive number C3 so that

I3 ≤ C3

∫ c

1/R2

(σR2 − 1)µ1−1σ−µ1dσ <∞.

For the integral I4, according to (16) and condition (3), we get

Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
= O

(
σ−ρ1

)
(σ →∞),

where ρ1 = min
1≤k≤n

τkξk + 1 > 0. Thus there exists a positive number C4 so that

I4 ≤ C4

∫ ∞
c

σ−ρ1−1dσ <∞.
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Thus, we are allowed to use Fubini’s theorem to obtain

Pt ∗K(τk),(αk)
(εk),(ξk),n

f

=

∫
R

∫ ∞
1/R2

Pt(y − x)Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
f(xσ)dσdx

=

∫ ∞
1/R2

Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

] ∫
R
Pt(y − x)f(xσ)dxdσ

=

∫ ∞
1/R2

Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]
· Pt ∗ (D1/σf)dσ.

From (22) and (23) we can see that∣∣∣Pt ∗K(τk),(αk)
(εk),(ξk),n

f
∣∣∣ ≤ ∫ ∞

1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣MPD1/σf(y)dσ

=

∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣D1/σMP f(y)dσ.(26)

By taking supremum over t > 0 on both side of (26), we have

MPK
(τk),(αk)
(εk),(ξk),n

f = sup
t>0

∣∣∣Pt ∗K(τk),(αk)
(εk),(ξk),n

f
∣∣∣

≤
∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣D1/σMP f(y)dσ.

Finally, we obtain∥∥∥K(τk),(αk)
(εk),(ξk),n

f
∥∥∥
H1

=

∫
R

∣∣∣MPK
(τk),(αk)
(εk),(ξk),n

f(y)
∣∣∣dy

≤
∫
R

∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣D1/σMP f(y)dσdy

=

∫
R

∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣ ·MP f(xσ)dσdx

=

(∫
R
MP f(y)dy

)∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣ dσ

σ

=

(∫ ∞
1/R2

∣∣∣∣Hn,0
n,n

[
1

σ

∣∣∣∣(τk + αk + 1/εk, 1/εk)1,n
(τk + 1/ξk, 1/ξk)1,n

]∣∣∣∣ dσ

σ

)
· ‖f‖H1 ,

which is equivalent to (25). This completes the proof. �

Remark. By letting ξk = εk = β (k = 1, . . . , n), Theorem 3.2 reduces to the
second assertion of Theorem 1.2.
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4. Concluding remarks

In this section, we provide some useful observations regarding the connections

between the operators I
(γk),(δk)
(βk),(λk),m

and K
(τk),(αk)
(εk),(ξk),n

and the Hausdorff operators of

the form (see, for example, [1, p. 1647] and [2, p, 143]):

(27) Hφf(x) :=

∫ ∞
0

φ(u)f(xu)dx.

Note that operators of the form (27) have been proposed as operators of generalized
fractional integration by Kalla in 1970; see [7]. For the operator Hφ, we have the
following result.

Theorem 4.1 ([2, p. 144]). If φ(u) ≥ 0, then Hφ is bounded on H1(R) if and
only if

φ(u)u−1/p ∈ L1(0,∞).

Note that the assumption φ(u) ≥ 0 in Theorem 4.1 cannot be removed [2,

p. 144]. Therefore, while operators I
(γk),(δk)
(βk),(λk),m

and K
(τk),(αk)
(εk),(ξk),n

can both be in-

terpreted as Hausdorff operators defined by (27), the theory of these Hausdorff

operators cannot be directly applied to I
(γk),(δk)
(βk),(λk),m

and K
(τk),(αk)
(εk),(ξk),n

unless certain

positivity conditions are imposed. Furthermore, we need to point out that placing

I
(γk),(δk)
(βk),(λk),m

and K
(τk),(αk)
(εk),(ξk),n

within the framework of Hausdorff operators will not

allow us to bypass the analysis of the H-function, which is precisely what makes
these operators so interesting to study.

Acknowledgment. We sincerely thank the reviewer for many insightful com-
ments and meticulous suggestions, which substantially improved the manuscript.
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